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Preface

This. publication. is. dedicated. to. engineers. who. work. in. the. field. of. gears. and. gear.
production.

Gearing.is.a.specific.area.of.mechanical.engineering..Gearing.encompasses.gear.design,.
production,. inspection,.and. implementation,.as.well.as.some.other.supplementary.sub-
jects..This.book.is.primarily.focused.on.gear.design.and.gear.production.

This.book.is.a.revised,.updated,.and.enlarged.version.of.the.earlier.published.book.by.
Darle.W..Dudley.entitled.Handbook of Practical Gear Design..The.book.was.first.published.
by.McGraw-Hill.Book.Company.in.1984,.and.by.CRC.Press.ten.years.later.in.1994..Both.
editions.originated.from.an.earlier.book.by.the.same.author.entitled.Practical Gear Design,.
which.was.published.by.McGraw-Hill.Book.Company.in.1954..The.last.edition.(1984/1994).
of.the.Gear Handbook.is.highly.recognized.by.the.gear.community.worldwide.

As.time.passes.new.knowledge.is.accumulated.by.the.gear.industry,.and.along.with.that.
some.of.the.experiences.summarized.in.the.Gear Handbook.have.become.obsolete..Obsolete.
data.should.be.removed.from.the.book,.while.novel.data.in.the.field.should.be.added.

Keeping.in.mind.the.importance.of.the.Gear Handbook.for.practical.gear.engineers.and.
practitioners,.I.appreciated.and.supported.the.attempt.undertaken.by.CRC.Press.to.revise,.
update,.and.enlarge.the.1994.edition.of.the.Handbook.

Among.the.critical.problems.that.arose.when.working.on.the.new.edition.of.the.Gear 
Handbook.were.as.follows:

•. The.new.edition.of.the.Gear Handbook.should.fulfill.the.current.demands.of.the.
gear.industry..This.requires.a.significant.revision.of.the.original.text.

•. At.that.same.time.much.effort.was.undertaken.to.preserve.the.original.text.of.the.
Handbook.to.retain.the.tone.of.Dudley’s.text.

This. contradiction. between. the. desire. to. comprehensively. update. the. book. and. the.
desire.to.limit.the.revisions.culminated.in.the.compromise.to.entitle.the.book.as.Dudley’s 
Handbook of Practical Gear Design and Manufacture.

Two.options.were.considered.
The. first. is. to. make. significant. changes. to. the. original. text. of. Dudley’s. book.. By. fol-

lowing.this.path,.the.charm.and.philosophy.of.Dudley’s.book.would.be.lost.(or.it.will.be.
largely.ruined)..In.this.case.Dudley’s.book.will.no.longer.be.Dudley’s.book..It.will.be.a.
different.book.on.gearing.having.no.need.for.the.word.“Dudley’s”.in.the.title.

The.second.option.is.to.keep.the.original.text.of.Dudley’s.book.as.intact.as.possible..In.
this.case.Dudley’s.philosophy.and.his.vision/understanding.of.gearing.can.be.preserved.

Both.options.have.their.own.merit,.and.it.was.hard.to.make.a.decision.which.way.to.fol-
low..Ultimately,.the.decision.to.make.reasonable.but.limited.changes.to.the.original.text.
(where.appropriate).was.made..With.that.said,.some.repetitions.are.inevitable,.and.the.best.
effort.was.made.to.minimize.these.repetitions.

Before.beginning.the.revision.of.the.Gear Handbook,.all.earlier.editions.of.Dudley’s.book.
[starting.from.the.1954.McGraw-Hill.edition,.and.ending.with.the.latest.1994.CRC.Press.
edition. (including. the. 1962. and. 1984. McGraw-Hill. editions)]. were. carefully. studied.. To.
update.the.book,.obsolete.material.was.removed.from.the.text.body.where.appropriate,.
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and.several.new.chapters.and.new.appendices.were.added..The.author.appreciates.CRC.
Press. for. the. idea. to. publish. a. new. revised. and. updated. edition. of. the. Gear Handbook..
Personal. thanks. go. to. Mr.. Jonathan. W.. Plant,. executive. editor,. Mechanical,. Aerospace,.
Nuclear.and.Energy.Engineering,.who.has.approached.the.author.with.the.proposal. to.
revise.the.Gear Handbook,.and.to.prepare.this.new.edition.for.publication.by.CRC.Press.

Stephen	P.	Radzevich
Sterling Heights, Michigan

PRE FAC E	( TO	T HE	198 4 / 19 94	EDI T ION)

This.is.a.revision.of.the.book.Practical Gear Design,.published.by.the.McGraw-Hill.Book.
Company.in.1954..This.book.is.now.called.a.“handbook”.because.of.its.broader.coverage.of.
subjects.pertaining.to.gear.design.and.the.recognition.that.the.content.of.the.original.book.
made.it.a.lasting.reference.that.saw.constant.use.in.day-to-day.gear.work.

Although.this.revision.is.broader.in.scope.and.has.more.pages,.the.plan.of.the.book.and.
the.way.many.aspects.of.the.gear.art.are.treated.has.been.kept.just.the.same..Those.famil-
iar.with.Practical Gear Design.will.find.themselves.right.at.home.as.they.read.the.Handbook 
of Practical Gear Design..The.main.difference.is.that.new.things.learned.in.the.1960s.and.
1970s.about.how.to.better.design,.build,.and.use.gears.are.included.in.this.book..Gear.tech-
nology.has.made.rapid.progress,.just.as.space.technology.and.computer.technology.have.
made.rapid.progress.in.the.same.time.period.

This.book.has.been.written.with.the.general.engineer.or.technician.in.mind..It. is.my.
hope.that.alert.shop.planning.engineers,.tool.engineers,.engineering.students,.cost.ana-
lysts,. shop. supervisors,. and. progressive. machine-tool. operators. will. find. this. book. of.
value.and.assistance.when.confronted.with.problems.involving.gear.design.or.manufac-
ture.or.involving.failure.in.service.

The.scope.of.the.work.includes.the.geometry.of.gear.design,.manufacturing.methods,.
and.causes.of.gear.installation.failures..A.gear.design.is.not.good.design.unless.it.is.practi-
cal.and.economical.to.manufacture.and.unless.it.is.well.enough.thought.out.to.meet.all.the.
hazards.of.service.in.the.field..It.has.been.my.aim.to.show.how.a.practical.gear.design.must.
be.based.on.the.limitations.and.availability.of.machine.tools.and.tooling.setup.

As.in.most.phases.of.engineering,.there.are.often.divergent.methods.advocated.to.gain.a.
given.result..The.gearing.art.is.no.exception..For.instance,.in.Chapter.7,.equations.are.given.
to.calculate. the. length.of. time.required.to.make.gear. teeth.by.various.processes..Several.
experts.in.the.gear.field.reviewed.the.data.and.equations.in.this.chapter..Their.comments.
indicated.that.the.data.would.be.very.helpful.to.most.designers,.but.they.also.pointed.out.
that.some.gear.designs.would.be.difficult.to.manufacture.and.a.shop.might—through.no.
fault.of.its.own—be.unable.to.meet.production.rates.estimated.by.the.material.in.this.chapter.

In.spite.of.all. that.has.been. learned.about.how.to.design.gears,.how.to.rate. them.for.
load-carrying.capacity,.and.how.to.use.them.properly.in.service,.there.is.still.an.urgent.
need.to.do.more.bench.testing,.to.make.better.analyses.of.gear-tooth.stresses,.and.to.learn.
more.about.effects.of.lubricants,.variations.in.gear.material.quality,.and.peculiarities.of.
the.environment.(corrosion,.dirt.in.the.oil,.temperature.transients,.load.transients,.etc.).in.
which.the.gears.operate.

This.book.refers.to.many.standards.for.gears.that.are.in.current.use..It.can.be.expected.
that.present.standards.will.be.revised.and.enlarged.as.gear.technology.progresses..This.
book,.in.several.places,.advises.the.reader.to.expect.more.and.better.standards.for.gear.
work. as. the. years. go. by.. The. book. gives. practical. advice. about. what. to. do,. but. it. also.
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cautions.the.reader.to.always.consider.the.latest.rules.and.data.in.a.constantly.changing.
array.of.gear.trade.standards.

AC K NOW LEDGM EN TS

The.writing.of.a.technical.book.covering.a.whole.field.of.work.is.a.very.sizable.project..The.
author.is.faced.not.only.with.organizing.and.writing.the.text.material.and.equations.but.
also.with.computing.data,.preparing.tables.and.figures,.and.locating.good.reference.data.
for.a.multiplicity.of.items.

I.wish.to.wholeheartedly.thank.all.of.the.people.who.have.helped.prepare.this.work.
The. initial. typing. and. equation. work. was. done. by. Mrs.. M.. Irene. Galarneau. (a. long-

time.secretary.of.mine),.Mrs..Violet.Daughters,.and.Mrs..Dorothy.Dudley.(my.wife)..The.
final. typing,. proofreading,. and. preparation. of. illustrations. was. done. by. Mrs.. Carolyn.
Strickland.(a.technical.assistant).

Many.of.the.illustrations.in.the.book.have.been.furnished.by.companies.that.have.also.
helped.me.get.items.of.technical.data..(Note.the.company.names.given.in.the.figure.leg-
ends.).The.assistance.of.all.of.these.companies.is.greatly.appreciated.

The.American.Gear.Manufacturers.Association.(AGMA).has.been.most.helpful.to.me..
The.officers.and.staff.are.dedicated.to.the.advancement.of.gear.technology.and.have.long.
provided. forums. for. the.decision.and.evaluation.of.gear.experience..The.great.body.of.
standards.that.have.been.issued.by.AGMA.is.of.immense.reference.value..The.reader.will.
note.that.this.book.has.made.much.use.of.AGMA.standards.

I. wish. to. particularly. acknowledge. the. assistance. of. a. few. individuals. with. unusual.
knowledge.and.experience.in.the.gear.trade.

Dr.. Hans. Winter. of. the. Technical. University. of. Munich. in. Germany. (Technische.
Universität.München).has.reviewed.parts.of.this.book.and.has.helped.me.obtain.data.and.
a.better.understanding.of.the.many.aspects.of.gear.research.and.gear.rating.

Dr..Giovanni.Castellani,.a.gear.consultant.in.Modena,.Italy,.has.helped.me.in.comparing.
European.and.American.gear.rating.practices.and.gear-tooth.accuracy.limits.

Mr..Eugene.Shipley.of.Mechanical.Technology.Inc.. in.Latham,.New.York,.has.helped.
me—on.the.basis.of.his.worldwide.experience.with.gears.in.service—in.many.discussions.
about.gear.wear.and.gear.failures.

Dr..Daniel.Diesburg.of.the.Climax.Molybdenum.Company.in.Ann.Arbor,.Michigan,.was.
most.helpful.in.reviewing.data.on.gear.metals.and.gear.heat-treating.procedures.

Mr..Dennis.Townsend.of.the.NASA.Lewis.Research.Center.in.Cleveland,.Ohio,.has.done.
unusual.research.work.and.also.has.brought.together.many.key.people.in.the.gear.trade.
under.the.auspices.of.ASME.international.meetings..The.international.ASME.gear.meet-
ing.in.Chicago,.Illinois,.in.1977.was.of.much.value.to.me.

Dr..Aizoh.Kubo.of.Kyoto.University.in.Kyoto,.Japan,.has.directly.contributed.to.this.book.
in.the.section.on.dynamic.loading..Indirectly,.he.has.helped.me.greatly.in.getting.to.know.
the.leading.people.in.gear.research.in.Japan.

While.I.acknowledge.with.much.thanks.the.assistance.of.these.and.many.other.experts.
during. this. work,. I. must. accept. the. responsibility. for. having. made. the. final. decisions.
on the.technical.content.of.this.book..I.have.tried.to.present.a.fair.consensus.of.opinion.
and.the.best.gear.design.guidance.from.all.the.somewhat.divergent.theories.and.practices.
in.the.gear.field.

Darle	W.	Dudley
San Diego, California
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Introduction

This. book. (hereafter. the. Gear Handbook). deals. with. gears. and. gearing. in. both. aspects,.
namely.gear.design.and.gear.production.

Gears.are.produced. in.enormous.amounts—billions.of.gears.are.produced.by. indus-
tries.every.year..While.the.automotive.industry.ranks.as.the.primary.consumer.of.gears,.
numerous. other. industries. also. require. huge. amounts. of. gears:. aerospace. (helicopter.
transmission,.etc.),. construction.machinery,.and.agricultural.machinery,. to.name.a. few..
If.we.place.cost.savings.in.the.production.of.every.gear.in.the.range.of.just.10.cents,.the.
total.cost.savings.could.reach.hundreds.of.millions.of.dollars..This.makes.it.clear.that.the.
processes.of.gear.design.and.gear.production.require.careful.treatment.

There.is.much.room.for.gear.engineers.and.gear.practitioners.to.further.improve.cost-
saving.processes..The.Gear.Handbook.can.be.helpful.in.solving.many.of.the.problems.of.
both.areas.of.gear.design.and.gear.production.

Uniqueness	of	This	Book

Many.books.on.gears.and.gearing,.in.both.the.design.and.manufacture.areas,.have.been.
published.thus.far..This.second.edition.of.the.Gear.Handbook.is.a.unique.one.many.reasons.

First,. the.Gear.Handbook. is.based.on.practical.experience.of.designing.and.producing.
gears..The.collection.of.data.in.the.Gear.Handbook.is.invaluable.to.practitioners.in.areas.of.
both.gear.design.and.gear.production.

Second,.this.second.edition.of.the.Gear.Handbook. is.significantly.enlarged.in.compari-
son. to. the. earlier. 1994. edition.. New. chapters. and. a. few. more. appendices. were. added..
This.makes.the.Gear.Handbook.a.comprehensive.source.of.information.for.those.who.are.
involved.in.the.design.and.production.of.gears.

Third,.the.uniqueness.of.the.Gear.Handbook.is.proven.by.several.earlier.editions,.starting.
from.the.1954.edition..For.decades.the.earlier.editions.of.the.book.have.been.successfully.
used.by.gear.experts.worldwide.. It. is.anticipated.that. this.newly.revised,.updated,.and.
enlarged.edition.of.the.Gear.Handbook.will.be.acknowledged.by.the.reader.

Intended	Audience

Many. readers. will. benefit. from. the. Gear. Handbook,. specifically. mechanical. and. manu-
facturing.engineers.involved.in.continuous.design.and.manufacturing.process.improve-
ment,.and.those.who.are.active.or.intend.to.become.active.in.the.field..Among.them.are.
senior.undergraduate.and.graduate.university.students.of.mechanical.and.manufacturing.
engineering.

The.Gear.Handbook.is.intended.to.be.used.as.a.reference.book,.as.well.as.an.invaluable.
source.of.practical.data.for.gear.design.engineers.and.gear.manufacturers.
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Organization	of	This	Book

The.Handbook.is.organized.into.twelve.chapters.followed.by.four.appendices.
Gear.design.trends.are.considered.in.Chapter.1..Both.manufacturing.trends,.as.well.as.

selection.of.the.right.kind.of.gear.are.disclosed.
The. subsection. Manufacturing. Trends. encompasses. small,. low-cost. gears. for. toys,.

gadgets,.and.mechanisms,.and.then.the.application.gears—control.gears,.vehicle.gears,.
marine.gears,.aerospace.gears,.and.others—are.discussed.

The.kinds.of.external.spur.and.helical.gears,.straight.bevel.gears,.spiral.bevel.gears,.hyp-
oid,.and.face.gears.are.covered.in.the.subsection.Selection.of.Right.Kind.of.Gear.

Gear.types.and.nomenclature.are.discussed.in.Chapter.2..The.discussion.begins.with.
classification. of. gears,. which. includes. parallel. axis. gearing,. nonparallel. coplanar. gears.
operating.on.intersecting.axes,.nonparallel.noncoplanar.gears.operating.on.nonintersect-
ing.axes,.and.special.gear.types..The.discussion.is.followed.by.nomenclature.of.all.practi-
cal.kinds.of.gears,.which.includes,.but.is.not.limited.to,.nomenclature.of.spur.and.helical.
gears,.both.external.and.internal;.crossed.helical.gear.nomenclature.and.formulas;.bevel.
gear.nomenclature.and.formulas;.worm.gear.nomenclature.and.formulas;.and.nomencla-
ture.of.face.gears,.beveloid.gears,.and.other.gear.types.

Gear.tooth.design.is.discussed.in.Chapter.3..This.includes.basic.requirements.of.gear.
teeth,. standard. systems. of. gear. tooth. proportions,. general. equations. relating. to. center.
distance,.along.with.elements.of.center.distance.

Preliminary.design.considerations.are.summarized.in.Chapter.4..Here,.stress.formula.
is.discussed.in.detail..This.consideration.is.followed.by.data.needed.for.gear.drawings.

Design.formulas.are.discussed.in.Chapter.5..Calculation.of.gear.tooth.data.and.gear.rat-
ing.practice.are.covered.in.this.chapter.

Chapter.6.is.devoted.to.consideration.of.gear.materials..Steel.for.gears,.localized.harden-
ing.of.gear.teeth,.cast.irons.for.gears,.as.well.as.nonferrous.gear.metals.and.nonmetallic.
gears.are.considered.in.this.section.of.the.book.

In. parallel. to. gear. design,. gear. manufacturing. methods. are. considered. in. the. book..
Chapter. 7. is. devoted. to. a. detailed. consideration. of. various. methods. for. producing. the.
gears..This.includes.gear.tooth.cutting.by.hobbing,.shaping,.milling,.broaching,.and.oth-
ers.. Gear-grinding. methods,. such. as. form. grinding,. generating. grinding,. and. thread.
grinding.are.discussed..This.subsection.of.the.chapter.is.followed.by.a.discussion.on.gear.
shaving,.rolling,.and.honing.methods..The.consideration.of.the.gear.manufacturing.meth-
ods.ends.with.a.discussion.of.gear.casting.and.forming.methods.

Design.of.tools.used.to.make.gear.teeth.is.discussed.in.Chapter.8..Design.of.shaper.cut-
ters,.gear.hobs,.spur-gear.milling.cutter,.gear-shaving.cutter,.punch.tools,.and.sintering.
tools.are.considered.in.this.section.of.the.book.

Chapter.9. is.devoted. to.consideration.of. the.kinds.and.causes.of.gear. failures..This.
includes. an. analysis. of. gear. system. problems,. an. analysis. of. tooth. failures. and. gear-
bearing.failures,.along.with.the.consideration.of.some.causes.of.gear.failure.other.than.
excess.transmission.load.

Special.design.problems.are.discussed.in.Chapter.10..Center.distance.problems,.profile.
modification.problems,.as.well.as.load.rating.problems.are.considered.in.detail.in.this.sec-
tion.of.the.book.

Gear.reactions.and.mountings.are.outlined.in.Chapter.11..The.discussion.begins.with.an.
analysis.of.mechanics.of.gear.reactions,.which.is.then.followed.by.consideration.of.basic.
reactions,. bearing. loads,. and. mounting. types.. Then. basic. mounting. arrangements. are.
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considered.and.corresponding.recommendations.are.given..This.subsection.of.the.book.
is.followed.by.an.analysis.of.bearing.load.calculations.for.spur.and.for.helical.gears..Then.
mounting.practice.for.bevel.and.hypoid.gears.along.with.calculation.of.bevel.and.hypoid.
bearing.loads.is.considered..This.section.of.the.book.ends.with.an.analysis.of.bearing.load.
calculations.for.worms,.Spiroid,.and.other.gear.types,.as.well.as.of.the.design.of.the.gear.
body.

Finally,.gear.vibration.is.discussed.in.Chapter.12..This.section.of.the.book.begins.with.
the.fundamentals.of.vibration..Then.measurement.of.vibration. is.considered..Examples.
of.vibration.in.geared.units.are.provided..Approximate.vibration.limits.are.outlined,.and.
control.of.vibration.in.manufacturing.gears.and.in.the.field.are.discussed.

Four.appendices.are.attached.at.the.very.end.of.the.book.

Appendix.A:.Evolution.of.Gear.Art
Appendix.B:.Complementary.Material
Appendix.C:.Numerical.Data.Tables
Appendix.D:.On.the.Concept.of.Novikov.Gearing.and.the.Inadequacy.of.the.Terms.

“Wildhaber–Novikov.Gearing”.and.“W–N.Gearing.”

Stephen	P.	Radzevich
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1
Gear Design Trends

Gears are used in most types of machinery. Like nuts and bolts, they are common machine 
elements that will be needed from time to time by almost all machine designers. Gears 
have been in use for over 3000 years,* and they are an important element in all machinery 
used nowadays (see Appendix A).

Gear design is a highly complicated art. The constant pressure to build less expensive, 
quieter running, lighter, and more powerful machinery has resulted in a steady change 
in gear designs. At present much is known about gear load-carrying capacity, and many 
complicated processes for making gears are available.

Industrialized nations are all doing gear research work in university laboratories and in 
manufacturing companies. Even less-developed countries are doing a certain amount of 
research work in the mathematics of gears and in gear applications of particular interest. 
At the 1981 International Symposium on Gearing and Power Transmission in Tokyo, Japan, 
delegates from 24 nations presented 162 papers. After excellent world gear conferences in 
Paris, France, in 1977, and Dubrovnik, Yugoslavia, in 1978, the even larger Tokyo gear con-
ference in 1981 was the high water mark in the gear art.

Most machine designers do not have the time to keep up with all the developments in the 
field of gear design. This makes it hard for them to quickly design gears that will be com-
petitive with the best that are being used in their field. There is a great need for information 
on practical gear design. Even though there is a wealth of published information on gears, 
gear designers often find it hard to quickly locate the information they need. This book is 
written to help gear designers obtain the vital information they need as easily as possible.

Those who are just starting to learn about gears need to start by learning some basic 
words that have special meaning in the field of gear design. The glossary in Table 1.1 is 
intended to give simple definitions of these terms as they are understood by “gear peo-
ple.” Table 1.2 shows the metric and English gear symbols for the terms that are used in 
this chapter. The glossary in Chapter 5 (Table 5.1) defines gear-manufacturing terms. See 
American Gear Manufacturers Association (AGMA) 1012-G05† for English and metric gear 
nomenclature.

In Appendix B—Section  B.1 gives a simple explanation of some basics of gearing. 
Beginners will probably find it helpful to read Section 9.1 and the tables mentioned above 
before they continue with this chapter’s text.

M A N U FAC T U R ING T REN DS:   Before plunging into the formulas for calculating gear 
dimensions, it is desirable to make a brief survey of how gears are presently being made 
and used in different applications.

* The book The Evolution of the Gear Art, 1969, by D.W. Dudley gives a brief review of the history of gears through 
the ages (Dudley 1969, Appendix A). Consult the reference section at the end of the book for complete data on 
this book and on other important references. A slightly edited version of The Evolution of the Gear Art can be 
found in Appendix A.

† AGMA 1012-G05 refers to a specific published standard of AGMA. Complete titles of AGMA standards men-
tioned in the text are given in the reference section at the end of the book.
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TABLE 1.1

Glossary of Gear Nomenclature, Chapter 1

Term Definition

Gear A geometric shape that has teeth uniformly spaced around the circumference. In general, 
a gear is made to mesh its teeth with another gear. (A sprocket looks like a gear but is 
intended to drive a chain instead of another gear.)

Pinion When two gears mesh together, the smaller of the two is called the pinion. The larger is 
called the gear.

Ratio Ratio is an abbreviation for gear tooth ratio, which is the number of teeth on the gear 
divided by the number of teeth on its mating pinion.

Module A measure of tooth size in the metric system. In units, it is millimeters of pitch diameter 
per tooth. As the tooth size increases, the module also increases. Modules usually range 
from 1 to 25.

Diametral pitch A measure of tooth size in the English system. In units, it is the number of teeth per inch of 
pitch diameter. As the tooth size increases, the diametral pitch decreases. Diametral 
pitches usually range from 25 to 1.

Circular pitch The circular distance from a point on one gear tooth to a like point on the next tooth, 
taken along the pitch circle. Two gears must have the same circular pitch to mesh with 
each other. As they mesh, their circles will be a tangent to one another.

Pitch diameter The diameter of the pitch circle of a gear.
Addendum The radial height of a gear tooth above the pitch circle.
Dedendum The radial height of a gear tooth below the pitch circle.
Whole depth The total radial height of a gear tooth (whole depth = addendum + dedendum).
Pressure angle The slope of the gear tooth at the pitch-circle position. (If the pressure angle were 0º, the 

tooth is parallel to the axis of the gear—and is really a spur-gear tooth.)
Helix angle The inclination of the tooth in a lengthwise direction. (If the helix angle is 0º, the tooth is 

parallel to the axis of the gear—and is really a spur-gear tooth.)
Spur gears Gears with teeth straight and parallel to the axis of rotation.
Helical gears Gears with teeth that spiral around the body of the gear.
External gears Gears with teeth on the outside of a cylinder.
Internal gears Gears with teeth on the inside of a hollow cylinder. (The mating gear for an internal gear 

must be an external gear.)
Bevel gears Gears with teeth on the outside of a conical-shaped body (normally used on 90º axes).
Worm gears Gear sets in which one member of the pair has teeth wrapped around a cylindrical body 

like screw threads. (Normally this gear, called the worm, has its axis at 90º to the worm 
gear axis.)

Face gears Gears with teeth on the end of the cylinder.
Spiroid gears A family of gears in which the tooth design is in an intermediate zone between bevel, 

worm, and face gear design. The Spiroid design is patented by the Spiroid Division of 
Illinois Tool Works, Chicago, Illinois.

Transverse section A section through a gear perpendicular to the axis of the gear.
Axial section A section through a gear in a lengthwise direction that contains the axis of the gear.
Normal section A section through the gear that is perpendicular to the tooth at the pitch circle. (For spur 

gears, a normal section is also a transverse section.)

Note: For terms relating to gear materials, see Chapter 4. For terms relating to gear manufacture, see Chapter 5. 
For terms relating to the specifics of gear design and rating, see Chapters 2 and 3. For a simple introduction 
to gears, see Chapter 9, Section 9.1.
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3Gear Design Trends

TABLE 1.2

Gear Terms, Symbols, and Units, Chapter 1

Term

Metric English

First Reference or DefinitionSymbol Unitsa Symbol Unitsa

Module m mm – – Equation 1.1
Pressure angle α deg ϕ deg Figures 1.18 and 1.33
Number of teeth or threads z – N –
Number of teeth, pinion z1 – Np or n – Equation 1.7
Number of teeth, gear z2 – NG or N – Equation 1.7
Ratio (gear or tooth ratio) u – mG – u = z2/z1 (mG = NG/Np)
Diametral pitch – – Pd or P in.–1 Equation 1.1
Pi π – π – π ≅ 3.1415927
Pitch diameter, pinion dp1 mm d in. Figure 1.18, Equation 1.3
Pitch diameter, gear dp2 mm D in. Figure 1.18, Equation 1.3
Base (circle) diameter, pinion db1 mm db in. Figure 1.18
Base (circle) diameter, gear db2 mm Db in. Figure 1.18
Outside diameter, pinion da1 mm do in. Figure 1.18 (abbrev. O.D.)
Outside diameter, gear da2 mm Do in. Figure 1.18
Form diameter d′f mm df in. Figure 1.18
Circular pitch p mm p in. Figure 1.18, Equation 1.2
Addendum ha mm a in. Figure 1.18
Dedendum hf mm b in. Figure 1.18
Face width b mm F in. Figure 1.18
Whole depth h mm ht in. Figure 1.18
Working depth h′ mm hk in. Figure 1.18
Clearance c mm c in. Figure 1.18
Chordal thickness s mm tc in. Figure 1.18

Chordal addendum ha mm ac in. Figure 1.18

Tooth thickness s mm t in. Figure 1.18
Center distance a mm C in. Equation 1.4
Circular pitch, normal pn mm pn in. Equation 1.19, Equation 1.5
Circular pitch, transverse pt mm pt in. Equation 1.19, Equation 1.5
Lead angle γ deg λ deg Equation 1.19, Equation 1.33
Helix angle β deg ψ deg Equation 1.19, Equation 1.8
Pitch, base or normal pb or pbn mm pb or pN in. Equation 1.19
Diametral, base or normal – – pn in.−1 Equation 1.10
Axial pitch px mm px in. Equation 1.11
Inside (internal) diameter di mm Di in. Figure 1.20 (abbrev. I.D.)
Root diameter, pinion df1 mm dR in. Figure 1.29
Root diameter, gear df2 mm DR in. Figure 1.20
Pitch angle, pinion δ′1 deg γ deg Figure 1.21, Equation 1.16
Pitch angle, gear δ′2 deg Γ deg Figure 1.21, Equation 1.16
Root angle, pinion δf1 deg γR deg Figure 1.21
Root angle, gear δf2 deg ΓR deg Figure 1.21
Face angle, pinion δa1 deg γo deg Figure 1.21
Face angle, gear δa2 deg Γo deg Figure 1.21

(continued)
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4 Dudley’s Handbook of Practical Gear Design and Manufacture

The methods used for manufacturing gears depend on design requirements, available 
machine tools, quantity required, cost of materials, and tradition. In each particular field of 
gear work, certain methods have become established as the standard way of making gears. 
These methods tend to change from time to time, but the tradition of the industry tends to 
act as a brake to restrain any abrupt changes that result from technological developments. 
The gear designer, studying gears as a whole, can get a good perspective of gear work by 
reviewing the methods of manufacture in each field.

1.1 Small, Low-Cost Gears for Toys, Gadgets, and Mechanisms

There is a large field of gear work in which tooth stress is of almost no consequence. Speeds 
are slow, and life requirements do not amount to much. Almost any type of “cog” wheel 
that could transmit rotary motion might be used. In this sort of situation, the main thing 
the designer must look for is low cost and high volume of production.

The simplest type of gear drive—such as those used in toys—frequently uses punched 
gears. Pinions with a small number of teeth may be die-cast or extruded. If loads are light 
enough and quietness of operation is desired, injection-molded gears and pinions may be 
used. Molded-plastic gears from a toy train are shown in Figure 1.1. Things like film projec-
tors, oscillating fans, cameras, cash registers, and calculators frequently need quiet-running 
gears to transmit insignificant amounts of power. Molded-plastic gears are widely used 
in such instances. It should be said, though, that the devices just mentioned often need 
precision-cut gears where loads and speeds become appreciable.

Die-cast gears on zinc alloy, brass, or aluminum are often used to make small, low-cost 
gears. This process is particularly favored where the gear wheel is integrally attached to 
some other element, such as a sheave, cam, or clutch member. The gear teeth and the 
special contours of whatever is attached to the gear may all be finished to close accuracy 
merely by die-casting the part in a precision metal mold. Many low-cost gadgets on the 
market today would be very much more expensive if it were necessary to machine all the 
complicated gear elements that are in them.

TABLE 1.2 (Continued)

Gear Terms, Symbols, and Units, Chapter 1

Term

Metric English

First Reference or DefinitionSymbol Unitsa Symbol Unitsa

Dedendum angle θf deg δ deg Figure 1.21
Shaft angle Σ deg Σ deg Figure 1.21, Equation 1.18
Cone distance R deg A deg Figure 1.21
Circular (tooth) thickness s mm t in. Figure 1.21
Backlash j mm B in. Figure 1.21
Throat diameter of worm dt1 mm dt in. Figure 1.29
Throat diameter of worm 
gear

dt2 mm Dt in. Figure 1.29

Lead of worm pzW mm LW in. Equation 1.32

a Abbreviation for units: mm, millimeters; in., inches; deg, degrees.
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5Gear Design Trends

Metal forming is more and more widely used as a means of making small gear parts. 
Pinions and gears with small numbers of teeth may be cut from rod stock with cold-drawn 
or extruded teeth already formed in the rod. Figure 1.2 shows some rods with cold-drawn 
teeth. Small worms may have cold-rolled threads. The forming operations tend to pro-
duce parts with very smooth, work-hardened surfaces. This feature is important in many 
devices where friction losses in the gearing tend to be the main factor in the power con-
sumption of the device.

Figure 1.3 shows an assortment of stamped and molded gears used in small mechanisms.

FIGURE 1.1
Plastic gears in a toy.

Rod sections

Drawn rods

FIGURE 1.2
Samples of cold-drawn rod stock for making gears and pinions. (From Rathbone Corp., Palmer, MA, USA.)
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1.2 Appliance Gears

Home appliances such as washing machines, food mixers, and fans use large numbers of 
small gears. Because of competition, these gears must be made for only a relatively few 
cents apiece. Yet they must be quiet enough to suit a discriminating homemaker and must 
be able to endure for many years with little or no more lubrication that that given to them 
at the factory.

Medium-carbon-steel gears finished by conventional cutting used to be the standard in 
this field. Cut gears are still of widespread use, but the cutting is often done by high-speed 
automatic machinery. The worker on the cutting machine does little more than bring up 
trays of blanks and take away trays of finished parts.

Modern appliances are making more and more use of gears other than cut steel 
gears. Figure 1.4 shows some sintered-iron gears from an automatic washer. Sintered-
iron gears are very inexpensive (in large quantities), run quietly, and frequently wear 
less than comparable cut gears. The sintered metal is porous and may be impregnated 
with a lubricant. It may also be impregnated with copper to improve its strength. Gear 
teeth and complicated gear-blank shapes may all be completely finished in the sinter-
ing process. The tools needed to make a sintered gear may cost as much as $50,000, but 

FIGURE 1.4
Sintered-iron gears used in an automatic washing machine.

FIGURE 1.3
Assortment of gears used in small mechanisms. (From Winzeler Manufacturing and Tool Co., Chicago, IL, 
USA.)
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this does not amount to much if 100,000 or more gears are to be made on semiautomatic 
machines.

Laminated gears using phenolic resins and cloth or paper have proved very good where 
noise reduction is a problem. The laminates in general have much more load-carrying 
capacity than molded-plastic gears. Nonmetallic gears with cut teeth do not suffer nearly 
so much from tooth inaccuracy as do metal gears. Under the same load, a laminated 
phenolic-resin gear tooth will bend about 30 times as much as a steel gear tooth. It has 
often been possible to take a set of steel gears that were wearing excessively because of 
tooth error effects, replace one member with a nonmetallic gear, and have the set stand up 
satisfactorily.

Nylon gear parts have worked very well in situations in which wear resulting 
from  high sliding velocity is a problem. The nylon material seems to have some of 
the characteristics of a solid lubricant. Nylon gearing has been used in some process-
ing equipment where the use of a regular lubricant would pollute the material being 
processed.

1.3 Machine Tools

Accuracy and power-transmitting capacity are important in machine tool gearing. 
Metal gears are usually used. The teeth are finished by some precise metal-cutting 
process.

The machine tool is often literally full of gears. Speed-change gears of the spur or helical 
type are used to control feed rate and work rotation. Index drives to work or table may be 
worm or bevel. Sometimes they are spur or helical. Many bevel gears are used at the right-
angle intersections between shafts in bases and shafts in columns. Worm gears and spiral 
gears are also commonly used at these places.

Machine tool gearing is often finish machined in a medium-hard condition (250–300 HV 
or 25–30 HRC). Mild-alloy steels are frequently used because of their better machinability 
and physical properties. Cast iron is often favored for change gears because of the ease in 
casting the gear blank to shape, its excellent machinability, and its ability to get along with 
scanty lubrication.

The higher cutting speeds involved in cutting with tungsten carbide tools have forced 
many machine tool builders to put in harder and more accurate gears. Shaving and 
grinding are commonly used to finish machine tool gears to high tooth accuracy. In 
a few cases, machine tool gears are being made with such top-quality features as full 
hardness (700 HV or 60 HRC), profile modification, and surface finish of about 0.5 μm or 
20 μin.

The machine tool designer has a hard time calculating gear sizes. Loads vary widely 
depending on feeds, speeds, size of work, and material being cut. It is anybody’s guess 
what the user will do with the machine. Because machine tools are quite competi-
tive in price, an overdesigned machine may be too expensive to sell. In general, the 
designer  is faced with the necessity of putting in gears that have more capacity than 
the average load, knowing that the machine tool is apt to be neglected or overloaded on 
occasions.

Figure 1.5 shows an example of machine tool gears.
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1.4 Control Gears

Guns or ships, helicopters, and tanks are controlled by gear trains with the backlash held 
to the lowest possible limits. The primary job of these gears is to transmit motion. What 
power they may transmit is secondary to their job of precise control of angular motion. 
In power gearing, a worn-out gear is one with broken teeth or bad tooth-surface wear. In 
control gears, a worn-out gear may be one whose thickness has been reduced by as small 
an amount as 0.01 mm (0.0004 in.)!

Some of the most spectacular control gears are those used to drive radio telescopes and satel-
lite tracking antennas. These gears are so large that the only practical way to make them is to 
cut rack sectors and then bend each section into an arc of a circle. Figure 1.6 shows an example 
of a very large antenna drive made this way. The teeth on the rack sections are cut so that they 
will have correct tooth dimensions when they are bent to form part of the circular gear.

The radar units on an aircraft carrier use medium-pitch gears of fairly large size. Radar-
unit gearing is generally critical on backlash, must handle rather high momentary loads, 
and must last for many years with somewhat marginal lubrication. (Radar gears are often 
somewhat in the open, and therefore can only use grease lubrication.)

Control gears are usually spur, bevel, or worm. Helical gears are used to a limited extent. 
Control gears are often in the fine-pitch range—1.25 module (20 diametral pitch) or finer. 
Figure 1.7 shows a control device with many small gears.

In few cases, control gears become quite large. Gears that train a main battery must be 
very rugged. The reaction on the gears when the main battery is fired can be terrific.

Control gears are usually made of medium-alloy, medium-carbon steels. In many cases, 
they are hardened to a medium hardness before final machining. In other cases, they are 
hardened to a moderately high hardness after final machining. These gears need hardness 
mainly to limit wear. Any hardening done after final finishing of the teeth must be done in 

FIGURE 1.5
Example of change gears on a machine tool. (From Warner & Swansea Co., Cleveland, OH, USA.)
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such a way as to give only negligible dimensional change or distortion. To eliminate back-
lash, it is necessary to size the gear teeth almost perfectly (or use special “anti-backlash” 
gear arrangements).

Shaving and/or grinding are used to control tooth thickness to the very close limits 
needed in control gearing. The inspection of control gears is usually based on checking 
machines that measure the variation in center distance when a master pinion or rack is 

FIGURE 1.6
Gears are used to position large radio telescopes. (From Harris Corporation, Melbourne, FL, USA.)

FIGURE 1.7
Control device with many small gears.
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rolled through mesh with the gear being checked. A spring constantly holds the mas-
ter and the gear being checked in tight mesh. The chart obtained from such a checking 
machine gives a very clear picture of both the tooth thickness of the gear being checked 
and the variations in backlash as the gear is rolled through the mesh. If the backlash varia-
tion can be held to acceptable limits in control gear sets, there is usually no need to know 
the exact involute and spacing accuracy. In some types of radar and rocket-tracking equip-
ment, control gear teeth must be spaced very accurately with regard to accumulated error. 
For instance, it may be necessary to have every tooth all the way around a gear wheel 
within its true position within about 10 seconds of arc. On a 400-mm (15.7-in.) wheel, this 
would mean that every tooth had to be correctly spaced with respect to every other tooth 
within 0.01 mm (0.0004 in.). This kind of accuracy can be achieved only by special gear-
cutting techniques. Inspection of such gears generally requires the use of gear-checking 
machines that are equipped to measure accumulated spacing error. The equipment com-
monly used will measure any angle to within 1 second of arc or better.

1.5 Vehicle Gears

The automobile normally uses spur and helical gears in the transmission and bevel gears 
in the rear end. If the car is a front-end drive, bevel gears may still be used or helical gears 
may be used. Automatic transmissions are now widely used. This does not eliminate gears, 
however. Most automatic transmissions have more gears than manual transmissions.

Automotive gears are usually cut from low-alloy-steel forgings. At the time of tooth cut-
ting, the material is not very hard. After tooth cutting, the gears are case-carburized and 
quenched. Quenching dies are frequently used to minimize distortion. The composition 
of heats (batches) of steel is watched carefully, and all steps in manufacture are closely 
controlled with the aim of having each gear in a lot behave in the same way when it is 
carburized and quenched. Even if there is some distortion, it can be compensated for in 
machining, provided that each gear in a lot distorts uniformly and by the same amount. 
Since most automotive gear teeth are not ground or machined after final hardening, it is 
essential that the teeth be quite accurate in the as-quenched condition. The only work that 
is done after hardening is the grinding of journal surfaces and sometimes a small amount 
of lapping. Finished automotive gears usually have a surface hardness of about 700 HV or 
60 HRC and a core hardness of 300 HV or 30 HRC.

A variety of machines are used to cut automotive gear teeth. In the past, shapers, hob-
bers, and bevel gear generators were conventional machines. New types of these machines 
are presently favored. For instance, multistation shapers, hobbers, and shaving machines 
are used. A blank is loaded on the machine at one station. While the worker is loading 
other stations, the piece is finished. This means that the worker spends no time waiting for 
work to be finished.

There is a wide variety of special-design machines to hob, shape, shave, or grind auto-
motive gears. The high production of only one (or two or three) gear design makes it pos-
sible to simplify a general-purpose machine tool and then build a kind of processing center 
where these functions are performed:

• Incoming blank is checked for correct size.
• Incoming blank is automatically loaded into the machine.
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• Teeth are cut (or finished) very rapidly.
• Finished parts are checked for accuracy and sorted into categories of accept, 

rework, or reject.
• Outgoing parts are loaded onto conveyor belts.

Sometimes the processing center may be developed to the point where cutting, heat 
treating, and finishing are all done in one processing center.

The gears for the smaller trucks and tractors are made somewhat like automotive gears, 
but the volume is not quite so great and sizes are large. Examples of large vehicles are 
shown in Figures 1.8 and 1.9. Large tractors, large trucks, and “off-the-road” earth-moving 
vehicles use much larger gears and have much lower volume than automotive gears. More 
conventional machine tools are used. Special-purpose processing centers are generally not 
used.

Vehicle gears are heavily loaded for their size. Fortunately, their heaviest loads are of 
short duration. This makes it possible to design gears with limited life at maximum motor 
torques but will last many years under average driving torques.

FIGURE 1.8
Tractor power unit. (From International Harvest Co., Chicago, IL, USA.)

FIGURE 1.9
Motorized wheels drive large earth-moving trucks. (From General Electric Co., PA, USA.)
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Although carburizing has been widely used as a means of hardening automotive gears, 
other heat treatments are being used on an increased scale. Combinations of carburizing 
and nitriding are used. Processes of this type produce a shallower case for the same length 
of furnace time, but tend to make the gear tooth surface harder and the distortion less. 
Induction hardening is being used on some flywheel starter gears as well as on some other 
gears. Flame hardening is also used to a limited extent.

1.6 Transportation Gears

Buses, subways, mine cars, and railroad diesels all use large quantities of spur and helical 
gears. The gears range up to 0.75 m (30 in.) or more in diameter (see Figure 1.10). Teeth are 
sometimes as coarse as 20 module (1.25 diametral pitch). Plain carbon and low-alloy steels 
are usually used. Much of the gearing is case-carburized and ground. Through hardening 
is also used extensively. Induction-hardened gears are used limitedly.

Transportation gears are heavily loaded. Frequently their heaviest loads last for a long 
time. Diesels that pull trains over high mountain ranges have long periods of operation 
at maximum torque. In some applications, severe but infrequent shock loads are encoun-
tered. Shallow-hardening, medium-carbon steels seem to resist shock better than gears 
with a fully hardened carburized case. Both furnace and induction hardening techniques 
are used to produce shallow-hardened teeth with high shock resistance.

Gear cutting is done mostly by conventional hobbing or shaping machines. Some gears 
are shaved and then heat treated, while others are heat treated after cutting and then 
ground. In this field of work, the volume of production is much lower and the size of 
parts is much larger than in making vehicle gears. Both these conditions make it harder to 
keep heat treatment distortion so well under control that the teeth may be finished before 
hardening.

The machine tools used to make transportation gears are quite conventional in design. 
The volume of production in this field is not large enough to warrant the use of faster and 
more elaborate types of machine tools used in making vehicle gears.

FIGURE 1.10
Railroad wheel drive. (From Electro-Motive Division, General Motors Corp., La Grande, IL, USA.)
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1.7 Marine Gears

Powerful, high-speed, large gears power merchant marine and navy fighting ships. 
Propeller drives on cargo ships use bull gears up to 5 m (200 in.) in diameter. First reduc-
tion pitch-line speeds on some ships go up to 100 m/s (meters per second) or 20,000 fpm 
(feet per minute). Single-propeller drives in a navy capital ship go up to ≥40,000 kW (kilo-
watts) of power. Some of the new cargo ships now in service have 30,000 kW [40,000 hp 
(horsepower)] per screw. Figure 1.11 shows a typical marine gear unit.

Marine gears are almost all made by finishing the teeth after hardening. Extreme accu-
racy in tooth spacing is required to enable the gearing to run satisfactorily at high speeds. 
As many as 6000 pairs of teeth may go through one gear mesh in one second!

There is an increased use of carburized and ground gears in the marine field. The fully 
hard gear is smaller and lighter. This lowers pitch-line velocity and helps keep the engine 
room reasonably small. Hard gears resist pitting and wear better than medium-hard gears 
(through-hardened gears).

Single-helical gears have long been used for electric-power-generating equipment. 
Double-helical gears have generally been used for the main propulsion drive of large ships. 
Single-helical gears—with special thrust runners on the gears themselves—are becoming 
fairly commonly used even on large ships.

Spur and bevel gear drives are often used on small ships, but they are seldom used on 
large turbine-driven ships. (Some slower-speed diesel-driven ships use spur gearing.)

Marine gears generally use medium-alloy carbon steel. It is difficult or impossible to 
heat treat plain carbon and low-alloy carbon steels in large sizes and get hardnesses over 
about 250 HV (250 HB) and a satisfactory metallurgical structure. Special welding tech-
niques for large gear wheels make it possible to use medium-alloy steels and get good 
through-hardened gears up to 5 m (200 in.) with gear tooth hardness at 320 HV (300 HB) 
or higher. The smaller pinions are not welded and can usually be made up to 375 HV 
(350 HB) or higher in sizes up to 0.75 m (30 in.).

FIGURE 1.11
Partially assembled double-reduction marine gear unit. (From Transamerica Delaval Inc., Trenton, NJ, USA.)
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There is a growing use of carburized and ground gears for ship propulsion. Some of 
these gears are now being made as large as 2 m (80 in.) in size. In a very large marine drive, 
it is quite common to have fully hard, carburized gears in the first reduction and medium-
hard, through-hardened gears in the second reduction. Figure 1.12 shows a large marine 
drive unit being lowered into position.

The designer of marine gearing has to worry about both noise and load-carrying capac-
ity. Although the tooth loads are not high compared with those on aircraft or transporta-
tion gearing, the capacity of the medium-hard gearing to carry load is not high either. 
Considering that during its lifetime a high-speed pinion on a cargo ship may make 10–11 
billion cycles of operation at full-rated torque, it can be said that load-carrying capacity is 
very important.

Gear noise is a more or less critical problem on all ship gearing. The auxiliary gears 
that drive generators are frequently located quite close to passenger quarters. The pecu-
liar high-pitched whine of a high-speed gear can be dangerous for either an engine room 
operator or a passenger who may be quartered near the engine room.

On fighting ships, there is the added problem of keeping enemy submarines from pick-
ing up water-borne noises and of operating the ship quietly enough to be able to hear 
water-borne noises from the enemy.

Quietness is achieved on marine gears by making gears with large numbers of teeth 
and cutting the teeth with extreme accuracy. A typical marine pinion may have around 
60 teeth and a tooth-to-tooth spacing accuracy of 5 μm (0.0002 in.) maximum. A pinion of 
the same diameter used in railroad gears would have about 15 teeth and a tooth-spacing 
accuracy of 12 μm (0.0005 in.). In the comparison just made, the marine gear teeth would 
be only one-quarter the size of the railroad-gear teeth.

FIGURE 1.12
Lowering a very powerful marine gear unit into engine space of a supertanker. (From Transamerica Delaval 
Inc., Trenton, NJ, USA.)
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1.8 Aerospace Gears

Gears are used in a wide variety of applications on aircraft. Propellers are usually driven 
by single- or double-reduction gear trains. Accessories such as generators, pumps, hydrau-
lic regulators, and tachometers are gear driven. Many gears are required to drive these 
kinds of accessories even on jet engines—which have no propellers. Additional gears are 
used to raise landing wheels, open bomb-bay doors, control guns, operate computers for 
gun- or bomb-sighting devices, and control the pitch of propellers. Helicopters have a 
considerable amount of gearing to drive main rotors and tail rotors (see Figure 1.13). Space 
vehicles often use power gears between the turbine and the booster fuel pumps.

The most distinctive types of aircraft gears are the power gears for propellers, accesso-
ries, and helicopter rotors. The control and actuating types of gears are not too different 
from what would be used for ground applications of a similar nature (except that they are 
often highly loaded and made of extra hard, high-quality steel).

Aircraft power gears are usually housed in aluminum or magnesium casings. The gears 
have thin webs and light cross sections in the rim or hub. Accessory gears are frequently 
made integral with an internally splined hub.

Spur or bevel gears are usually used for accessory drives. Envelope clearance required 
to mount the accessory driven by the gear often make it necessary to use large center 
distance but narrow face width. This fact plus the thrust problem tends to rule out helical 
accessory gears. Propeller-driven gears have wider face widths. Spur, bevel, and helical 
gear drives are all currently in use. To obtain maximum power capacity with small size 
and lightweight gearboxes, it is often desirable to use an epicyclic gear train. In this kind of 
arrangement, there is only one output gear, but several pinions drive against it.

FIGURE 1.13
Cutaway view of a helicopter gear unit. Last two stages are epicyclic. First stage is spiral bevel. (From Bell 
Helicopter Textron, Fort Worth, TX, USA.)
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Aerospace power gears are usually made of high-alloy steel and fully hardened (on the 
tooth surface) by either case carburizing or nitriding. In some designs it is feasible to cut, 
shave, case-carburize, and grind only the journals. Many designs have such thin, nonsym-
metrical webs as to require grinding after hardening. In general, piston engine gearing 
runs more slowly than gas turbine gearing. This makes some difference in the required 
accuracy. Thus far, many more piston engine gears have been successfully finished before 
hardening than have gas turbine gears.

The tooth loads and speeds are both very high on modern aircraft gears. The designer 
must achieve high tooth strength and high wear resistance. In addition, the thin oils used 
for low-temperature starting of military aircraft make the scoring type of lubrication fail-
ure a critical problem. Several special things are done to meet the demands of aircraft 
gear service. Pinions are often made long addendum and gears short addendum to adjust 
the tip sliding velocities and to strengthen the pinion. Pinion tooth thicknesses are often 
increased at the expense of the gear to strengthen the pinion. High pressure angles such 
as 22.5°, 25°, and 27.5° are often used to reduce the base. Involute profile modifications are 
generally used to compensate for bending and to keep the tips from cutting the mating 
part.

The most highly developed aerospace gears are those used in rocket engines. The 
American projects Vanguard, Mercury, Gemini, and Apollo succeeded in boosting heavy pay-
loads into orbit and eventually putting men on the moon. Unusual aerospace gear capabil-
ity was developed to meet the special requirements of power gears and control gears in 
space vehicles.

Materials and dimensional tolerances must be held under close control. A gear failure 
can frequently result in the loss of human life. The gear designer and builder both have a 
grave responsibility to furnish gears that are always sure to work satisfactorily. Extensive 
ground and flight testing are required to approve new designs.

The machine tools used to make aircraft gears are conventional hobbers, shapers, bevel 
gear generators, shavers, and gear grinders. For the close tolerances, the machinery must 
be in the very best condition and precision tooling must be used. A complete line of check-
ing equipment is needed so that involute profile, tooth spacing, helix angle, concentricity, 
and surface finish can be precisely measured.

1.9 Industrial Gearing

A wide range of types and sizes of gears that are used in homes, factories, and offices come 
under the “industrial” category (see examples in Figures 1.14 and 1.15). In general, these 
gears involve electric power from a motor used to drive something. The driven device may 
be a pump, conveyor, or liquid stirring unit. It may also be a garage door opener, an air 
compressor for office refrigeration, a hoist, a winch, or a drive to mix concrete on a truck 
hauling the concrete to the job.

Industrial gearing is of relatively low speed and low horsepower. Typical pitch-line 
speeds range from about 0.5 m/s to somewhat over 20 m/s (100–4000 fpm). The types of 
gears may be spur, helical, bevel, worm, or Spiroid® (Spiroid Division of the Illinois Tool 
Works, Chicago, IL, USA). The power may range from less than 1 kW up to a few hundred 
kW. Typical input speeds are those of the electric motor, like 1800, 1500, 1200, and 100 rpm 
(revolutions per minute).
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The industrial field also includes drives with hydraulic motors. The field is characterized 
more by relatively low pitch-line speeds and power inputs than by the means of making 
or using the power.

Much of the gearing used in industrial work is made with through-hardened steel used 
as cut. There is, however, growing use of fully hardened gears where the size of the gearing 
or the life of the gearing is critical.

FIGURE 1.14
Truck-mounted, two-speed gear unit used to drive a piston pump for oil-well fracturing. (From Sier-Bath Gear 
Co. Inc., North Bergen, NJ, USA.)

FIGURE 1.15
Two-stage epicyclic gear, close-coupled to a high-speed gas turbine. This unit is used to drive a generator. (From 
Solar Turbines Incorporated, San Diego, CA, USA.)
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In the past, industrial gearing has not generally required long life or high reliability. The 
trend now—in the more important factory installations—is to obtain gears of moderately 
long life and reliability. For instance, a pump drive with an 80% probability of running 
OK for 1000 hours might have been quite acceptable in the 1960s. In the past, pump buyers 
may be more concerned with the cost of downtime and parts replacement, and may want 
to get gears good enough to have a 95% probability of lasting for 10,000 hours at rated load.

1.10 Gears in the Oil and Gas Industry

The production of petroleum products for the world’s energy needs requires a consider-
able amount of high-power, high-speed gearing. Gear units are used on oil platforms, 
pumping stations, drilling sites, refineries, and power stations. Usually the drive is a tur-
bine, but it may be a large diesel engine. The power range goes from about 750 kW to over 
50,000 kW. Pitch-line speeds range from 20 to 200 m/s (4000–40,000 fpm).

Bevel gears are used to limited extent. Sometimes a stage of bevel gearing is needed to 
make a 90° turn in a power drive. (As an example, a horizontal-axis turbine may drive a 
vertical-axis compressor.)

Hardened and ground gears are widely used. With better facilities to grind and measure 
large gears and better equipment to case-harden large gears has come a strong tendency to 
design powerful gears for turbine and diesel applications with fully hardened teeth. This 
reduces weight and size considerably. Pitch-line speeds become lower. Less space and less 
frame structure is required in a power package with the higher-capacity, fully hardened gears.

1.11 Mill Gears

Large mills make cement, grind iron ore, make rubber, roll steel, or do some other basic 
functions (see Figure  1.16). It is common to have a few thousand kilowatts of power 

FIGURE 1.16
Large mill gear drive. Note twin power paths to bull gear. (From the Falk Corporation, Milwaukee, WI, USA.)
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going through two or more gear stages to drive some massive processing drum or roll-
ing device.

The mill is usually powered by electric motors, but diesel engines or turbines may 
be used. Mill drives characteristically have high power (and frequently unusually high 
torques).

A process mill will often run continuously for months at a time. Downtime is critical 
because the output ceases completely when a mill unit is shut down.

Spur and helical gears are generally used. Pitch-line speeds are usually quite low. A 
first stage may be doing around 20 m/s (4000 fpm), but the final stage in a mill may run as 
slowly as 0.1–1.0 m/s (20–200 fpm). Some bevel gears are also used—where axes must be 
at 90°.

The larger mill gears are generally made medium hard, but they may even be of low 
hardness. The very large sizes involved often make it impractical to use the harder gears. 
There is an increasing use, however, of fully hardened mill gears up to gear pitch diam-
eters of about 2 m.

Mill gears are commonly made in sizes up to 11 m. Such giant gears have to be made in 
two or more segments. Figure 1.17 shows a large two-segment mill gear. The segments are 
bolted together for cutting and then unbolted for shipping. (It is impractical to ship round 
pieces of metal over about 5 m in diameter.)

SELEC T ION OF T HE R IGH T K IN D OF GE A R :  The preceding section gave some general 
information on how gears are made and used in different fields. In this part of the chapter, 
we shall concentrate on the problem of selecting the right kind of gear. The first step in 
designing a set of gears is to pick the right kind.

FIGURE 1.17
Jumbo-size drive gear for a large mill application. (From David Brown Gear Industries, Huddersfield, UK.)
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In many cases, the geometric arrangement of the apparatus that needs a gear drive will 
considerably affect the selection. If the gears must be on parallel axes, then spur or helical 
gears are the ones to use. Bevel and worm gears can be used if the axes are at right angles, 
but they are not feasible with parallel axes. If the axes are nonintersecting and nonparallel, 
then crossed-helical gears, hypoid gears, worm gears, or Spiroid gears may be used. Worm 
gears, however, are seldom used if the axes are not at right angles to each other. Table 1.3 
shows in more detail the principal kinds of gears and how they are mounted.

There are no dogmatic rules that tell the designer just which gear to use. Frequently the 
choice is made after weighing the advantages and disadvantages of two or three kinds of 
gears. Some generalizations, though, can be made about gear selection.

In general, external helical gears are used when both high speeds and high horsepower 
are involved. External helical gears have been built to carry as much as 45,000 kW of power 
on a single pinion and gear. This is not the limit for designing helical gears—bigger ones 
could be built if anyone needed them. It is doubtful if any other kind of gear could be built 
and used successfully to carry this much power on a single mesh.

Bevel gears are ordinarily used on right-angle drives when high efficiency in needed. 
These gears can usually be designed to operate with 98% or better efficiency. Worm gears 
often have a hard time obtaining above 90% efficiency. Hypoid gears do not have as good 
efficiency as bevel gears, but they make up for this by being able to carry more power in 
the same space—provided the speeds are not too high.

Worm gears are ordinarily used on right-angle drives when very high ratios are needed. 
They are also widely used in low-to-medium ratios as packaged speed reducers. Single-
thread worms and worm gears are used to provide indexing accuracy on many machine 
tools. The critical job of indexing hobbing machines and gear shapers is nearly always 
done by a worm gear drive.

Spur gears are ordinarily thought of slow-speed gears, while helical gears are thought 
of as high-speed gears. If noise is not a serious design problem, spur gears can be used at 
almost any speeds that can be handled by other types of gears. Aircraft gas-turbine spur 
gears sometimes run at pitch-line speeds above 50 m/s (10,000 fpm). In general, though, 
spur gears are not used much above 20 m/s (4000 fpm).

1.12 External Spur Gears

Spur gears are used to transmit power between parallel shafts. They impose only radial 
loads on their bearing. The tooth profiles are ordinarily curved in the shape of an involute. 
Variations in center distance do not affect the trueness of the gear action unless the change 

TABLE 1.3

Kinds of Commonly Used Gears

Parallel Axes Intersecting Axes Nonintersecting Nonparallel Axes

Spur external Straight bevel Crossed-helical
Spur internal Zerol bevel Single-enveloping worm
Helical external Spiral bevel Double-enveloping worm
Helical internal Face gear Hypoid

Spiroid
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is so great as to either jam the teeth into the root fillets of the mating member or withdraw 
the teeth almost out of action.

Spur gear teeth may be hobbed, shaped, milled, stamped, drawn, sintered, cast, or shear 
cut. They may be given a finishing operation such as grinding, shaving, lapping, rolling, or 
burnishing. Speaking generally, there are more kinds of machine tools and processes avail-
able to make spur gears than to make any other gear type. This favorable situation often 
makes spur gears the choice where manufacturing cost is a major factor in the gear design.

The standard measure of spur-gear tooth size in the metric system is the module. In the 
English system, the standard measure of tooth size is diametral pitch. The meanings are as 
follows:

Module is millimeters of pitch diameter per tooth.
Diametral pitch is number of teeth per inch of pitch diameter (a reciprocal function).

Mathematically,

 Module
diametral pitch

=
25 400.

 (1.1)

or

 Diametral pitch
module

=
25 400.

 (1.2)

Curiously, module and diametral pitch are size dimensions that cannot be directly mea-
sured on a gear. They are really reference values used to calculate other size dimensions 
that are measurable.

Gears can be made to any desired module or diametral pitch, provided that cutting tools 
are available for that tooth size. To avoid purchasing cutting tools for too many different 
tooth sizes, it is desirable to pick a progression of modules and design to these except 
where design requirements force the use of special sizes. The following commonly used 
modules are recommended as a start for a design series: 25, 20, 15, 12, 10, 8, 6, 5, 4, 3, 2.5, 2.0, 

1.5, 1, 0.8, 0.5. Many shops are equipped with English system diametral pitches series: 1, 

1
1
4

, 1
1
2

, 1
3
4

, 2, 2
1
2

, 3, 4, 5, 6, 8, 10, 12, 16, 20, 24, 32, 48, 64, 128. Considering the trend toward 

international trade, is desired to purchase new gear tools in standard metric sizes so that 
they will be handy for gear work going to any part of the world. (The standard measuring 
system of the world is the metric system.)

Most designers prefer a 20° pressure angle for spur gears. In the past the 14.5° pressure 
angle was widely used. It is not popular today because it gets into trouble with undercut-
ting much more quickly that the 20° tooth when small numbers of pinion teeth are needed. 
Also, it does not have the load-carrying capacity of the 20° tooth. A pressure angle of 22.5° 
or 25° is often used. Pressure angles above 20° give higher load capacity but may not run 
quite as smoothly or quietly.

Figure 1.18 shows the terminology used with a spur gear or a spur rack (a rack is a sec-
tion of a spur gear with an infinitely large pitch diameter).

The following formulas apply to spur gears in all cases:
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Circular pitch pi module metric

pi diametral pit

= ×

= ÷ cch English

 (1.2a)
  (1.2b)

 
Pitch diameter no. of teeth module metric

no. of

= ×

= teeth diametral pitch English÷

 (1.3a)

  (1.3b)

The nominal center distance is equal to the sum of the pitch diameter of the pinion and 
the pitch diameter of the gear divided by 2:

 Center distance =
pinion pitch dia. + gear pitchh dia.

2
 (1.4)

Since the center distance is a machined dimension, it may not come out to be exactly 
what the design calls for. In addition, it is common practice to use a slightly larger center 
distance to increase the operation pressure angle. For instance, if the actual center distance 
is made 1.7116% larger, gears cut with 20° hobs or shaper-cutters will run at 22.5° pressure 
angle. (See Section 8.1 for methods of design for special center distance.)

For the reasons just mentioned, it is possible to have two center distances, a nominal cen-
ter distance and an operating center distance. Likewise, there are two pitch diameters. The 

Pressure
angle Face width

Addendum of mating gear
Tooth fillet
Working depth

Whole depth

Chordal
thickness

Chordal
addendum

Addendum

Arc thickness

Rise of arc

Circular pitchTooth thickness

Form
diameter

Outside
diameter

Pitch
diameter

Dedendum
Addendum

Circular pitch

Clearance

Base
circle

diameter

Spur gear

Spur rack

FIGURE 1.18
Spur gear and rack terminology.
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pitch diameter for the tooth-cutting operation is the nominal pitch diameter and is given 
by Equation 1.3. The operating pitch diameter is

 Pitch dia. (operating) of pinion =
2 operating× ccent. dist.

ratio + 1
 (1.5)

 Pitch dia. (operating) of gear = ratio × pitch dia. (operating) of pinion (1.6)

were

 Ratio =
no. gear teeth
no. pinion teeth

 (1.7)

1.13 External Helical Gears

Helical gears are used to transmit power or motion between parallel shafts. The helix 
angle must be of the same degree on each member, but the hand of the helix on the pinion 
is opposite to that on the gear. (An RH pinion meshes with LH gear, and LH pinion meshes 
with a RH gear.)

Single-helical gears impose both thrust and radial load on their bearings. Double-helical 
gears develop equal and opposite thrust reactions that have the effect of canceling out the 
thrust load. Usually, double-helical gears have a gap between helices to permit a runout 
clearance for the hob, grinding wheel, or other cutting tool. One kind of gear shaper has 
been developed that permits double-helical teeth to be made continuous (no gap between 
helices).

Helical-gear teeth are usually made with an involute profile in the transverse section (the 
transverse section is a cross section perpendicular to the gear axis). Small changes in cen-
ter distance do not affect the action of helical gears.

Helical-gear teeth may be made by hobbing, shaping, milling, or casting. Sintering has 
been used with limited success. Helical teeth may be finished by grinding, shaving, roll-
ing, lapping, or burnishing.

The size of helical-gear teeth is specified by module for the metric system and by 
diametral pitch for the English system. The helical tooth will frequently have some of 
its dimensions given in the normal section and others given in transverse section. Thus 
standard cutting tools could be specified for either section—but not for both sections. 
If the helical gear is small (less than 1 m pitch diameter), most designers will use the 
same pressure angle and standard tooth size in the normal section of the helical gear as 
they would use for spur gears. This makes it possible to hob helical gears with standard 
spur gear hob. (It is not possible, though, to cut helical gears with standard spur-gear 
shaper-cutters.)

Helical gears often use 20° as the standard pressure angle in the normal section. However, 
higher pressure angles, such as 22.5° or 25°, may be used to get extra load-carrying capacity.

Figure  1.19 shows terminology of a helical gear and a helical rack. In the transverse 
plane, the elements of a helical gear are the same as those of a spur gear. Equations 1.1 
through 1.7 apply just as well to the transverse plane of a helical gear as they do to a spur 
gear. Additional general formulas for helical gears are as follows:
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 Normal circ. pitch = circ. pitch × cosine helix angle (1.8)

 Normal module = transverse module × cosine helix angle (1.9)

 Normal diam. pitch = transverse diam. pitch × cosine helix angle (1.10)

 Axial pitch = circ. pitch ÷ tangent helix angle (1.11)

 = norm. circ. pitch ÷ sine helix angle (1.12)

1.14 Internal Gears

Two internal gears will not mesh with each other, but an external gear may be meshed 
with an internal gear. The external gear must not be larger than about two-thirds the pitch 
diameter of the internal gear when full-depth 20° pressure angle teeth are used. The axes 
on which the gears are mounted must be parallel.

Internal gears may be either spur or helical. Even double-helical internal gears are used 
occasionally.

An internal gear is a necessary in an epicyclic type of gear arrangement. The short center 
distance of an internal gear set makes it desirable in some applications where space is very 
limited. The shape of internal gear forms natural guards over the meshing gear teeth. This 
is very advantageous for some types of machinery.
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Helical gear and rack terminology.
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Internal gears have the disadvantage that fewer types of machine tool can produce them. 
Internal gears cannot be hobbed.* They can be shaped, milled, or cast. In small sizes they 
can be broached. Both helical and spur internals can be finished by shaving, grinding, lap-
ping, or burnishing.

An internal gear has the same helix angle in degrees and the same hand as its mating 
pinion (right-hand pinion meshes with right-hand gear and vice versa).

Figure 1.20 shows the terminology used for a spur internal gear. All the previously given 
formulas apply to internal gearing except those involving center distance (Equations 1.4 
through 1.6 do not hold for internals). Formulas for internal-gear center distance are

 Center distance =
pitch dia. of gear pitch dia.− of pinion

2
 (1.13)

 Pitch dia. (operating) of pinion =
2 op. cent.× ddist.

ratio 1−
 (1.14)

 Pitch dia. (operating) of gear =
2 op. cent. di× sst. ratio

ratio 1
×

−
 (1.15)

* Some very special hobs and hobbing machines have been used—to a rather limited extent—to hob internal 
gears.
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1.15 Straight Bevel Gears

Bevel gear blanks are conical in shape. The teeth are tapered in both tooth thickness and 
tooth height. At one end the tooth is larger, while at the other end it is small. The tooth 
dimensions are usually specified for the large end of the tooth. However, in calculating 
bearing loads, central-section dimensions and forces are used.

The simplest type of bevel gear is the straight bevel gear. These gears are commonly used 
for transmitting power between intersecting shafts. Usually the shaft angle is 90°, but it 
may be almost any angle. The gears impose both radial and thrust load on their bearing.

Bevel gears must be mounted on axes whose shaft angle is almost exactly the same as the 
design shaft angle. Also, the axes on which they are mounted must either intersect or come 
very close to intersecting. In addition to the accuracy required of the axes, bevel gears 
must be mounted at the right distance from the cone center. The complications involved in 
mounting bevel gears make it difficult to use sleeve bearings with large clearances (which 
is often done on high-speed, high-power spur, and helical gears). Ball and roller bearings 
are the kinds commonly used for bevel gears. The limitations of these bearings’ speed 
and load-carrying capacity indirectly limit the capacity of bevel gears in some high-speed 
applications.

Straight bevel teeth are usually cut on bevel gear generators. In some cases, where accu-
racy is not too important, bevel gear teeth are milled. Bevel teeth may also be cast. Lapping 
is the process often used to finish straight bevel teeth. Shaving is not practical for straight 
bevel gears, but straight bevels may be ground.

The size of bevel gear teeth is defined in module for the metric system and in diametral 
pitch for the English system. The specified size dimensions are given for the large end 
of the tooth. A bevel gear tooth that is 12 module at the large end may be only around 
10 module at the small end. The commonly used modules (or diametral pitches) are the 
same as those used for spur gears (see Section 1.12). There is no particular advantage to 
using standard tooth sizes for bevel gears. A set of cutting tools will cut more than a single 
pitch.

The two views of bevel gears in Figure 1.21 show bevel gear terminology. Bevel gear 
teeth have profiles that closely resemble an involute curve. The shape of a straight bevel 
gear tooth (in a section normal to the tooth) closely approximates that of an involute spur 
gear with a larger number of teeth. This larger number of teeth, called the virtual number 
of teeth, is equal to the actual number of teeth divided by the cosine of the pitch angle.

Straight bevel gear teeth have been commonly made with 14.5°, 17.5°, and 20° pressure 
angles. The 20° design is the most popular.

The pitch angle of a bevel gear is the angle of the pitch cone. It is a measure of the amount 
of taper in the gear. For instance, as the taper is reduced, the pitch angle approaches zero 
and the bevel gear approaches a spur gear.

The pitch angles in a set of bevel gears are defined by lines meeting at the cone center. 
The root and face angles are defined by lines that do not hit the cone center (or apex). In 
old-style designs these angles did meet at the apex, but modern designs make the outside 
cone of one gear parallel to the root cone of its mate. This gives a constant clearance and 
permits a better cutting tool design and gear tooth design than the old-style design with 
its tapering clearance.

The circular pitch and the pitch diameters of bevel gears are calculated the same as for 
spur gears (see Equations 1.1 through 1.3). The pitch-cone angles may be calculated by one 
of the following sets of equations:
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 Tan pitch angle, pinion
no. teeth in pinion
no.

=
tteeth in gear

 (1.16)

 Tan pitch angle, gear
no. teeth in gear
no. teet

=
hh in pinion

 (1.17)

When the shaft angle is less than 90°,

 Tan pitch angle, pinion
sin shaft angle

ratio co
=

+ ss shaft angle
 (1.18)
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 Tan pitch angle, gear
sin shaft angle

1/ratio co
=

+ ss shaft angle
 (1.19)

When the shaft angle is over than 90°,

 Tan pitch angle, pinion
sin (180 shaft angle)

r
=

−°
aatio cos (180 shaft angle)− −°

 (1.20)

 Tan pitch angle, gear
sin (180 shaft angle)

1/r
=

−°
aatio cos (180 shaft angle)− −°

 (1.21)

In all the above cases,

 Pitch angle, pinion + pitch angle, gear = shaft angle (1.22)

1.16 Zerol Bevel Gears

Zerol® (Gleason Works, Rochester, NY, USA) bevel gears are similar to straight bevel gears 
except that they have a curved tooth in the lengthwise direction (see Figure 1.22). Zerol 
bevel gears have 0° spiral angle. They are made in a different kind of machine from that 
used to make straight bevel gears. The machine that generates straight bevel gears has 
a cutting tool that moves back and forth in a straight line. Zerol is generated by a rotary 
cutter that is like a face mill. It is the curvature of this cutter that makes the lengthwise 
curvature in the Zerol tooth.

The Zerol gear has a profile that somewhat resembles an involute curve. The pressure 
angle of the tooth varies slightly in going across the face width. This is caused by the 
lengthwise curvature of the tooth.

Zerol gear teeth may be finished by grinding or lapping. Since the Zerol gear can be 
ground, it is favored over straight bevel gears in applications in which both high accu-
racy and full hardness are required. Even in applications in which cut gears of machin-
able hardness can be used, Zerol may be the best choice if speeds are high. Because of its 
lengthwise curvature, the Zerol tooth has s slight overlapping action. This tends to make it 

FIGURE 1.22
A pair of Zerol bevel gears. (From the Gleason Works, Rochester, NY, USA.)
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run more smoothly than the tooth of straight bevel gears. A cut Zerol bevel gear is usually 
more accurate than a straight bevel gear.

In making a set of Zerol gears, one member is made first, using theoretical machine set-
tings. Then a second gear is finished in such a way that its profile and lengthwise curva-
ture will give satisfactory contact with the first gear. Several trial cuts and adjustments to 
machine settings may be required to develop a set of gears that will conjugate properly. If 
a number of identical sets of gears are required, a matching set of test gears is made. Then 
each production gear is machined so that it will mesh satisfactorily with one or the other 
of the test gears. In this way a number of sets of interchangeable gears may be made.

Zerol gears are usually made to a 20° pressure angle. In a few ratios where pinion and 
gear have small numbers of teeth, 22.5° or 25° is used.

The calculations for pitch diameter and pitch-cone angle are the same for Zerol bevel 
gears as for straight bevel gears.

1.17 Spiral Bevel Gears

Spiral bevel gears have a lengthwise curvature like Zerol gears. However, they differ from 
Zerol gears in that they have an appreciable angle with the axis of the gear (see Figure 1.23). 
Although spiral bevel teeth do not have a true helical spiral, a spiral bevel gear looks some-
what like a helical bevel gear.

Spiral bevel gears are generated by the same machines that cut or grind Zerol gears. The 
only difference is that the cutting tool is set at an angle to the axis of the gear instead of 
being set essentially parallel to the gear axis.

Spiral bevel gears are made in matched sets like Zerol bevel gears. Different sets of the 
same design are not interchangeable unless they have been purposely built to match a 
common set of test gears.

Generating types of machines are ordinarily used to cut or grind the teeth of spiral bevel 
gears. In some high-production jobs, a special kind of machine is used that cuts the teeth 
without going through a generating motion. Teeth of spiral bevel gears are frequently 
given a lapping operation to finish the teeth and obtain the desired tooth bearing.

In high-speed gear work, the spiral bevel is preferred over the Zerol bevel because its 
spiral angle tends to give the teeth a considerable amount of overlap. This makes the gear 
run more smoothly, and the load is distributed over more tooth surface. However, the spi-
ral bevel gear imposes much more thrust load on its bearings than does a Zerol bevel gear.

FIGURE 1.23
A pair of spiral bevel gears. (From the Gleason Works, Rochester, NY, USA.)
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Spiral bevel gears are commonly made of 16°, 17.5°, 20°, and 22.5° pressure angles. The 20° 
angle has become the most popular. It is the only angle used on aircraft and instrument 
gears. The most common spiral angle is 35°.

1.18 Hypoid Gears

Hypoid gears resemble bevel gears in some respects. They are used on crossed-axis shafts, 
and there is a tendency for the parts to taper as do bevel gears. They differ from true bevel 
gears in that their axes do not intersect. The distance between a hypoid pinion axis and 
the axis of a hypoid gear is called offset. This distance is measured along the perpendicular 
common to the two axes. If a set of hypoid gears had no offset, they would simply be spiral 
bevel gears. See Figure 1.24 for offset and other terms.

Hypoid pinions may have as few as five teeth in a high ratio. Since the various kinds of 
bevel gears do not often go below 100 teeth in a pinion, it can be seen that it is easier to get 
high ratios with hypoid gears.

Contrary to the general rule with spur, helical, and bevel gears, hypoid pinions and 
gears do not have pitch diameters that are in proportion to their numbers of teeth. This 
makes it possible to use a large and strong pinion even with a high ratio and only a few 
pinion teeth (see Figure 1.25).

Hypoid teeth have unequal pressure angles and unequal profile curvatures on the two 
sides of the teeth. This results from the unusual geometry of the hypoid gear rather than 
from a nonsymmetrical cutting tool.
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FIGURE 1.24
Hypoid gear arrangement.
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Hypoid gears are matched to run together, just as Zerol or spiral gear-sets are matched. 
Interchangeability is obtained by making production gears fit with test masters.

Hypoid gears and pinions are usually cut on a generating type of machine. They may be 
finished by either grinding or lapping.

The hypoid gears and pinions are usually cut on a generating type of machine. They 
may be finished by either grinding or lapping.

The hypoid gears for passenger cars and for industrial drives usually have a basic pres-
sure angle of 21°15′. For tractors and trucks, the average pressure angle is 22°30′. Pinions 
are frequently made with a spiral angle of 45° or 50°.

In hypoid gearing, module and diametral pitch are used for the gear only. Likewise, the 
pitch diameter and the pitch angle are figured for the gear only. If a pitch were used for 
the pinion, it would be smaller than that of the gear. The size of a hypoid pinion is estab-
lished by its outside diameter and the number of its teeth. The geometry of hypoid teeth is 
defined by the various dimensions used to set up the machines to cut the teeth.

1.19 Face Gears

Face gears have teeth cut on the end face of a gear, just as the name “face” implies. They 
are not ordinarily thought of as bevel gears, but functionally they are more akin to bevel 
gears than to any other kind.

A spur pinion and a face gear are mounted—like bevel gears—on shafts that intersect 
and have a shaft angle (usually 90°). The pinion bearing carries mostly radial load, while 
the gear bearing has both thrust and radial load. The mounting distance of the pinion 
from the pitch-cone apex is not critical, as it is in bevel or hypoid gears. Figure 1.26 shows 
the terminology used with face gears.

The pinion that goes with a face gear is usually made spur, but it can be made helical if nec-
essary. The formulas for determining the dimensions of a pinion to run with a face gear are 
no different from those for the dimensions of a pinion to run with a mating gear on parallel 
axes. The pressure angles and pitches used are similar to spur-gear (or helical gear) practice.

The pinion may be finished or cut by all the methods previously mentioned for spur and 
helical pinions. The gear, however, must be finished with a shaper cutter with almost the same 
size as the pinion. Equipment to grind face gears is not available. The teeth can be lapped, and 
they might be shaved without too much difficulty, although ordinarily they are not shaved.

FIGURE 1.25
Pair of hypoid gears. (From the Gleason Works, Rochester, NY, USA.)
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The face-gear tooth changes shape from one end of the tooth to the other. The face width 
of the gear is limited at the outside end by the radius at which the tooth becomes pointed. 
At the inside end, the limit is the radius at which undercut becomes excessive. Practical 
considerations usually make it desirable to make the face width somewhat short of these 
limits.

The pinion to go with a face gear is usually made with 20° pressure angle.

1.20 Crossed-Helical Gears (Nonenveloping Worm Gears)

The word “spiral” is rather loosely used in the gear trade. The word may be applied to both 
helical and bevel gears. In this section we shall consider the special kind of worm gear that 
is often called a “spiral gear.” More correctly, though, it is called a crossed-helical gear.

Crossed-helical gears are essentially nonenveloping worm gears. Both members are 
cylindrical (see Figure 1.27). In comparison, the single-enveloping worm gear set has a cylin-
drical worm, but the gear is throated so that is tends to wrap around the worm. The double-
enveloping worm gear set goes still further; both members are throated, and both members 
wrap around each other.

Crossed-helical gears are mounted on axes that do not intersect and that are at an angle 
to each other. Frequently the angle between the axes is 90°. The bearings for crossed-helical 
gears have both thrust and radial load.

A point contact is made between two spiral gear teeth in mesh with each other. As the 
gears revolve, this point travels across the tooth in a sloping line. After the gears have 
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Face gear terminology.
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worn in for a time, a shallow, sloping line of contact is worn into each member. This makes 
the original point contact increase to a line as long as the width of the sloping band of con-
tact. The load-carrying capacity of crossed-helical gears is quite small when they are new, 
but if they are worn in carefully, it increases quite appreciably.

Crossed-helical gears are able to stand small changes in center distance and small 
changes in shaft angle without any impairment in the accuracy with which the set trans-
mits motion. This fact, and the fact that shifting either member endwise makes no differ-
ence in the amount of contact obtained, makes this the easiest of all gears to mount. There 
is no need to get close accuracy in center distance, shaft alignment, or axial position—pro-
vided the teeth are cut with reasonably generous face width and backlash.

Crossed-helical gears may be made by any of the processes used to make single-helical 
gear of the same hand. Up to the point of mounting the gear in a gearbox, there is no dif-
ference between a crossed-helical gear and a helical gear.

Usually a crossed-helical gear of one hand is meshed with a crossed-helical gear of the 
same hand. It is not necessary, though, to do this. If the shaft angle is properly set, it is pos-
sible to mesh opposite hands together. Thus the range of possibilities is

• RH drive with RH drive
• LH drive with LH drive
• RH drive with LH drive
• LH drive with RH drive

The pitch diameters of crossed-helical gears—like those of hypoid gears—are not in 
proportion to the tooth ratio. This makes the use of the word pinion for smaller member 
of the pair inappropriate. In a crossed-helical gear set, the small pinion might easily have 
more teeth than the gear!

The same helix angle in degrees does not have to be used for each member. Whenever 
different helix angles are used, the module (or diametral pitch) for two crossed-helical 
gears that mesh with each other is not the same. The thing that is the same in all cases 

FIGURE 1.27
Crossed helical gear drive.
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is the normal module (and the normal circular pitch). This makes the normal module (or 
normal diametral pitch) the most appropriate measure of tooth size.

Designers of crossed-helical gears usually get the best results when there is a contact 
ratio in the normal section of at least 2. This means that in all positions of tooth engage-
ment, the load will be shared by at least two pair of teeth. To get this high contact ratio, 
a low normal pressure angle and a deep tooth depth are needed. When the helix is 45°, a 
normal pressure angle of 14.5° gives good results.

Some of the basic formulas for crossed-helical gears are

 Shaft angle = helix angle of driver ± helix angle of driven (1.23)

 Normal module = normal circ. pitch ÷ pi (1.24)

 Normal diam. pitch
pi

normal circ. pitch
=  (1.25)

 Pitch dia.
no. of teeth normal module

cosine of
=

×
hhelix angle

 (1.26)

 Center distance
pitch dia. driver pitch dia. dr

=
+ iiven
2

 (1.27)

 Cosine of helix angle =
no. teeth normal circ.× ppitch

pi pitch dia.×
 (1.28)

1.21 Single-Enveloping Worm Gears

Figure 1.28 shows a single-enveloping worm gear. Worm gears are characterized by one 
member having a screw thread. Frequently the thread angle (lead angle) is only a few 

FIGURE 1.28
Single-enveloping worm gear set. (From Transamerica Delaval, Delroyd Worm Gear Division, Trenton, NJ, 
USA.)
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degrees. The worm in this case has the outward appearance of the thread on a bolt, greatly 
enlarged. When a worm has multiple threads and a lead angle approaching 45°, it may be 
(if it has an involute profile) geometrically just the same as a helical pinion of the same lead 
angle. In this case the only difference between a worm and a helical pinion would be in 
their usage.

Worm gears are usually mounted on nonintersecting shafts that are at a 90° shaft angle. 
Worm bearings usually have a high thrust load. The worm-gear bearing has a high radial 
load and a low thrust load (unless the lead angle is high).

The single-enveloping worm gear has a line contact that extends either across the face 
width or across the part of the tooth that is in the zone of action. As the gear revolves, 
this line sweeps across the whole width and height of the tooth. The meshing action is 
quite similar to that of helical gears on parallel shafts, except that much higher sliding 
velocity is obtained for the same pitch-line velocity. In a helical gear set, the sliding 
velocity at the tooth tips is usually not more than about one-quarter the pitch-line veloc-
ity. In a high-ratio worm gear set, the sliding velocity is greater than the pitch-line veloc-
ity of the worm.

Worm gear sets have considerably more load-carrying capacity than crossed-helical gear 
sets. This is because they have line contact instead of point contact. Worm gear sets must be 
mounted on shafts that are very close to being correctly aligned and at the correct center 
distance. The axial position of a single-enveloping worm is not critical, but the worm gear 
must be in just the right axial position so that it can wrap around worm properly.

Several different kinds of worm-thread shapes are in common use. These are

• Worm thread produced by straight-sided conical milling or grinding wheel
• Worm thread straight-sided in the axial section
• Worm thread straight-sided in the normal section
• Worm thread an involute helicoid shape

The shape of the worm thread defines the tooth shape of the worm gear. The worm gear 
is simply a gear element formed to be “conjugate” to a specified worm thread.

A worm and a worm gear have the same hand of helix. An RH worm, for example, 
meshes with an RH gear. The helix angles are usually very different for a worm and a 
worm gear. Usually the worm has a more than 45° helix angle, and the worm gear has a 
less than 45° helix angle. Customarily the lead angle—which is the complement of the helix 
angle—is used to specify the angle of the worm thread. See Figure 1.29 for a diagram of the 
worm gear and its terminology. When the worm gear set has a 90° shaft angle, the worm 
lead angle is numerically equal to the worm-gear helix angle.

The axial pitch is the dimension that is used to specify the size of worm treads. It is the 
distance from thread to thread measured in an axial plane. When the shaft angle is 90°, 
the axial pitch of the worm is numerically equal to the worm-gear circular pitch. In the 
metric system, popular axial pitch values are 5, 7.5, 10, 15, 20, 30, and 40 mm. In the English 
system, commonly used values have been 0.250, 0.375, 0.500, 0.750, 1.000, 1.250, and 1.500 
in. Fine pitch worm gears are often designed to standard lead and pitch diameter values 
so as to obtain even lead angle values.

Worm threads are usually milled or cut with a single-point lathe tool. In fine pitches, 
some designs can be formed by rolling. Grinding is often employed as a finishing process 
for high-hardness worms. In fine pitches, worm treads are sometimes ground from the 
solid.
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Worm gear teeth are usually hobbed. The cutting tool is essentially a duplicate of the 
mating worm in size and threads design. New worm designs should be based on avail-
able hobs wherever possible to avoid the need for procuring a special hob for each worm 
design.

A variety of pressure angles are used for worms. Single-thread worms used for indexing 
purposes frequently have low axial pressure angles, like 14.5°. Multiple-threaded worms 
with high lead angles like 30° or 40° are often designed with about 30° axial pressure 
angles.

The following formulas apply to worm gears that are designed to run on 90° axes:

 Axial pitch of worm = circ. pitch of woman gear (1.29)

 Pitch dia. of gear =
no. of teeth circ. pitch

pi
×

 (1.30)

 Pitch dia. of worm = 2 × center distance − pitch dia. of gear (1.31)
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 Lead of worm = axial pitch × number of threads (1.32)

 Tan lead angle =
lead of worm
pitch dia. pi×

 (1.33)

 Lead angle of worm = helix angle of gear (1.34)

1.22 Double-Enveloping Worm Gears

The double-enveloping worm gear is like the single-enveloping gear except that the worm 
envelopes the worm gear. Thus both members are throated (see Figure 1.30).

Double-enveloping worm gears are used to transmit power between nonintersecting 
shafts, usually those at 90° angle. Double-enveloping worm gears load their bearings with 
thrust and radial loads the same as single-enveloping worm gears do.

Double-enveloping worm gears should be accurately located on all mounting dimen-
sions. Shafts should be at the right shaft angle and at the right center distance.

The double-enveloping type of worm gear has more tooth surface in contact than a single-
enveloping worm gear. Instead of line contact, it has area contact at any one instant of time. 
The larger contact area of the double-enveloping worm gear increases the load-carrying 
capacity. On most double-enveloping worm gear sets, the worm rubbing speed is below 10 
m/s (2000 fpm). Above 10 m/s, it is possible to get good results with oil lubrication, using 
a circulating system and coolers. The lubrication system must be good enough to prevent 
scoring and overheating.

The only double-enveloping worm gear that is in widespread use today is the Cone 
Drive® (Ex-Cell-O Corp., Cone Drive Division, Traverse City, MI, USA) design. Figure 1.31 
shows the terminology used with Cone Drive worm gears.

The Cone Drive worm has a straight-sided profile in the axial section, but this profile 
changes its inclination as you move along thread. At any one position, this slope is deter-
mined by a line that is tangent to the base cylinder of the gear. The base cylinder of a Cone 
Drive gear is like an involute base circle in that it is an imaginary circle used to define a 

FIGURE 1.30
Double-enveloping worm gear set. (From Ex-Cell-O Corp., Cone Drive Division, Traverse City, MI, USA.)
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profile. Geometrically, though, the base circle of a Cone Drive gear is not used in the same 
way as the base circle of an involute gear.

The size of Cone Drive gear teeth is measured by the circular pitch of the gear.
The normal pressure angle is ordinarily 20° to 22°. The Cone Drive worm and gear diam-

eters are not in proportion to the ratio. With low ratios, it is possible (although not recom-
mended) to have a worm that is larger than the gear!

Equations 1.30 and 1.31 apply to Cone Drive gears as well as to regular worm gears. 
The other formulas for single-enveloping worm gears apply only to the center of the 
Cone Drive worm since it does not have a fixed axial pitch and lead like a cylindrical 
worm.

In both single-enveloping worm gears and Cone Drive gears, it is generally recom-
mended that the worm or pinion diameter be made a function of the center distance. Thus

 Pitch dia. of worm =
(center distance)

2.2

0.875

 (1.35)

Following the recommendation of Equation 1.35 is, of course, not necessary. This formula 
merely recommends a good proportion of worm to gear diameter for best power capacity. 
In instrumental and control work, the designer may not be interested in power transmis-
sion at all. In such cases, it may be desirable to depart considerably from Equation 1.35 
in picking the size of a worm or pinion. In fact, the source shows a whole series of worm 
diameters for fine-pitch work that do not agree with Equation 1.35.
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Cone Drive worm gear terminology.
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When a worm diameter is picked in accordance with Equation  1.35, the gear diame-
ter and the circular pitch may be obtained by working backward through Equation 1.31, 
Equation 1.30, and Equation 1.29.

The helix angle of a worm gear or a Cone Drive gear may be obtained from the following 
general formula:

 Tan center helix angle of gear
pitch dia. of ge

=
aar

pitch dia. of worm ratio×
 (1.36)

1.23 Spiroid Gears

The Spiroid® family of gears (Illinois Tool Works Inc., Chicago, IL, USA) operates on nonin-
tersecting, nonparallel axes. The most famous family number is called Spiroid. It involves 
a tapered pinion that somewhat resembles a worm (see Figure 1.32). The gear member is a 
face gear with teeth curved in a lengthwise direction; the inclination to the tooth is like a 
helix angle—but not a true helical spiral.

Figure 1.33 shows the schematic relation on the Spiroid type of gear to worm gears, hyp-
oid gears, and bevel gears.

The Spiroid family has Helicon® and Planoid® types as well as the Spiroid type. The 
Helicon is essentially a Spiroid with no taper in the pinion. The Planoid is used for lower 
ratios than the Spiroid, and its offset is lower—more in the range of the hypoid gear.

The Spiroid pinions may be made by hobbing, milling, rolling, or thread chasing. 
Spiroid gears are typically made by hobbing, using an especially built (or modified) hob-
bing machine and special hobs. The gear may be made with molded or sintered gear teeth 
using tools (dies or punches) that have teeth resembling hobbed gears. Shaping and mill-
ing are not practical to use in making Spiroid gears.

Spiroid gears may be lapped as a final finishing process. Special “shaving” type hobs 
may also be used in a finishing operation.

FIGURE 1.32
Double-reduction Spiroid linear actuator unit. (From Spiroid Division of Illinois Tool Works Inc., Chicago, IL, 
USA.)
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Spiroid gears are used in a wide variety of applications, ranging from aerospace 
actuators to automotive and appliance use. The combination of a high ratio in compact 
arrangements, low cost when mass produced, and good load-carrying capacity makes the 
Spiroid-type gear attractive in may situations. The fact that the gearing can be made with 
lower-cost machine tools and manufacturing processes is also an important consideration.
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2
Gear Types and Nomenclature

Before we can discuss the different types of gears, we would do well to define just what 
we mean by a “gear.” Perhaps the most sufficient definition ever heard was provided by 
a loading dock worker who asked where he should deliver the “wheels with notches in 
them.” In more technically correct terms, a gear is a toothed wheel that is usually, but not 
necessarily, round. The teeth may have any of an almost infinite variety of profiles. The 
purpose of gearing is to transmit motion and/or power from one shaft to another. This 
motion transfer may or may not be uniform, and may also be accompanied by changes in 
direction, speed, and shaft torque.

Ultimately, even among gear specialists, there is some ambiguity in the terms used to 
describe gears and gear-related parameters. In our treatment herein, to the extent pos-
sible, we follow the conventions recommended by the American Gear Manufacturers 
Association.

2.1  Types of Gears

The first part of this chapter covers the types of gears in common use. The basic nomen-
clature and formulas for each type of gear are covered in the second part of this chapter.

The text material for each type of gear gives some comments on where the gears are 
used, how the gears may be made, the possible efficiency, and occasional comments on 
lubrication of the gears. These comments should all be considered introductory. Much 
more specific information is given in the following chapters of this book. Also, the refer-
ences given in this book show the reader where more comprehensive data can be obtained.

2.1.1  Classifications

In general, gears may be divided into several broad classifications based on the arrange-
ment of the axes of the gear pair. The most general type of gearing consists of a gear pair 
whose axes are neither perpendicular nor parallel and do not intersect (i.e., they do not lie 
in the same plane). All other types are special cases of this basic form. In the ensuing sec-
tions we discuss most of the major gear types, generally in order of increasing complexity. 
We limit our discussion to specific gear types and do not include arrangements of these 
types.

Our discussions consider, qualitatively, the various aspects of many different types of 
gears. To provide an easy basis for comparing these many and varied gear types, Table 2.1 
provides a broad-based comparison. It is by no means an exhaustive comparison, but it 
serves to provide a reasonable basis for preliminary design. In using this table, the reader 
must keep clearly in mind the fact that the data are “typical” or “nominal.” Surely any 
experienced gear technologist can point out specific cases that vary substantially in virtu-
ally every category.
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TABLE 2.1

General Comparison of Gear Type

Type of Gear

Approx. 
Range of 
Efficiency

Maxa Width 
Generally 

Usedb

Type of 
Load 

Imposed 
on Support 

Bearings

Nominal 
Range of 

Reduction 
Ratioc

Nominal Max Pitch Line 
Velocity, fpm

(5.08 × 10−3 m/s)

Member of 
Pair

Methods of 
Manufacture

Methods of 
Refining

Aircraft 
and High 
Precision Commercial

Parallel Axes
External spur 
gears

97–99.5 F = d Radial 1:1–5:1 20,000 4,000 Both Hob, shape, 
mill, broach, 
stamp, sinter

Grind, shave, 
lap (crossed 
axis only), 

hone
Internal spur 
gears

97–99.5 Directed by 
mating gear

Radial 1:5–7:1 20,000 4,000 Shape, mill, 
broach, stamp, 

sinter

Grind, shave, 
lap (crossed 
axis only), 

hone
External helical 
gears

97–99.5 F = d Radial and 
thrust

1:1–10:1 40,000 4,000 Both Hob, shape, 
mill

Grind, shave, 
lap, hone

Internal helical 
gears

97–99.5 Directed by 
mating gear

Radial and 
thrust

5:1–10:1 20,000 4,000 Shape, mill Shave, grind, 
lap, hone

Internal 
herringbone or 
double helical

97–99.5 Directed by 
mating gear

Radial 2:1–20:1 20,000 4,000 Shape Lap, shave, 
hone

External 
herringbone or 
double helical

97–99.5 F = 2d Radial 1:1–20:1 40,000 4,000 Both Hob, shape, 
mill

Grind, shave, 
lap, hone

Intersecting Axis
Straight bevel 
gear

97–99.5 1/3 cone 
distance

Radial and 
thrust

1:1–8:1 10,000 1,000 Both Generating 
forming

Grind

Zerol bevel gear 97–99.5 28% of cone 
distance

Radial and 
thrust

1:1–8:1 10,000 1,000 Both Gear Generating 
forming

Grind
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Spiral bevel 
gear

97–99.5 1/3 cone Radial and 
thrust

1:1–8:1 25,000 4,000 Both Gear Generating 
forming

Grind, lap

Face gear 95–99.5 From 0.2d at 
a low ratio to 

d at a high 
ratio

Radial and 
thrust

3:1–8:1 5,000 4,000 Pinion Same as 
external spur 

gear

Lap, grind, 
shave, hone

Gear Shape Shape, lap
Beveloid 95–99.5 5/pn Radial and 

thrust
1:1–8:1 5,000 4,000 Both Hob 

generating
Lap, grind

Crossed-helical 50–95 F1 = 4pn sin ψ1

F2 = 4pn sin ψ2

Radial and 
thrust

1:1–100:1 10,000 4,000 Both Hob, shape, 
mill

Grind, lap, 
shave

Cylindrical 
worm

50–90 Fw = 5pn cos λ
Fg = 0.67d

Radial and 
thrust

3:1–100:1 10,000 5,000 Pinion Mill, hob Grind
Gear Hob Lap

Double-
enveloping 
worm

50–98 Fw = 0.9D
Fg = 0.9d

Radial and 
thrust

3:1–100:1 10,000 4,000 Worm Shape, hob Lap, grind
Wheel Hob, mill

Hypoid 90–98 Fg = 1/3 cone 
distance

Radial and 
thrust

1:1–10:1 10,000 4,000 Both Generating
Forming

Grind, lap

High-reduction 
hypoid

50–90 Fg = 0.15D Radial and 
thrust

10:1–50:1 10,000 4,000 Pinion Generating Grind, lap
Gear Forming Grind, lap

Spiroid 50–97 Fp = 0.24D
Fg = 0.14D

Radial and 
thrust

9:1–100:1 10,000 6,000 Pinion Mill, hob Grind, chase
Gear Hob, mold

Planoid 90–98 F = 1/3 cone 
distance

Radial and 
thrust

1.5:1–10:1 10,000 4,000 Pinion Hob Lap, grind
Gear Mill, broach Grind

Helicon 50–98 Fp = 0.21D
Fg = 0.12D

Radial and 
thrust

3:1–100:1 10,000 6,000 Pinion Mill, hob Grind, chase
Gear Hob, mold

Face gear 95–99.5 From 0.2D at 
low ratio to D 
at a high ratio

Radial and 
thrust

3:1–8:1 10,000 4,000 Pinion Same as 
external spur

Same as 
external spur

Gear Shape Lap
Beveloid 50–95 5/pn Radial and 

thrust
1:1–100:1 10,000 4,000 Both Generating, 

hob
Grind, lap

a Face width given is only a “nominal” maximum. Consult other parts of the Gear Handbook for detail limitations on face width.
b d = pinion pitch diameter; D = gear pitch diameter; λ = lead angle; ψ = helix angle; pn = normal circular pitch.
c Gear types showing an upper ratio of 100:1 can be built to 300:1 or higher. The ratio of 10:1 is shown as a normal maximum limit.
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Within each type of gear classification there exist many variations in actual tooth form. 
The involute or involute-based form is, at least for parallel axis gears, the most common 
tooth form; however, many other special forms exist. We do not discuss tooth forms, per 
se, in this section.

2.1.2  Parallel Axis Gears

The simplest types of gears are those that connect parallel shafts. They are generally rela-
tively easy to manufacture and are capable of transmitting large amounts of power with 
high efficiency. Parallel axis gears transmit power with greater efficiency than any other 
type or form of gearing.

2.1.2.1  Spur Gears

The spur gear has teeth on the outside of a cylinder and the teeth are parallel to the axis of 
the cylinder. This simple type of gear is the most common and most used type.

The shape of the tooth is that of an involute form. There are, however, some notable 
exceptions. Precision mechanical clocks very often use cycloidal teeth since they have 
lower separating loads and generally operate more smoothly than involute gears and have 
fewer tendencies to bind. The cycloidal form is not used for power gearing because such 
gears are difficult to manufacture, sensitive to small changes in center distance, and not as 
strong or as durable as their involute brothers.

Figure 2.1 shows a close-up view of the teeth on a set of spur gears having about a 5:1 
ratio. The teeth are 20° involute tooth form. The pinion is made with more than a standard 
addendum, and the gear addendum is shorter than standard. The whole depth is standard 
for high-strength gears. Note the large radius of curvature in the root fillet region. This 
reduces the bending stress due to a lower stress concentration factor. Also note that the 
pinion teeth look very sturdy. This is an effect of the long- and short-addendum design just 
mentioned. (Details of specific design strategy are covered in later chapters of this book.) 
Figure 2.2 shows a set of spur gears in an accessory gear box.

The most common pressure angles used for spur gears are 14.5°, 20°, and 25°. In gen-
eral, the 14.5° pressure angle is not used for new designs (and has, in fact, been with-
drawn as an AGMA standard tooth form); however, it is used for special designs and 
for some replacement gears. Lower pressure angles have the advantage of smoother and 

FIGURE 2.1
Sixteen-tooth spur pinion driving a gear with ~75 teeth. This is a special design of 20° involute teeth for high 
load-carrying capacity.
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quieter tooth action because of the large profile contact ratio. In addition, lower loads are 
imposed on the support bearings because of a decreased radial load component; however, 
the tangential load component remains unchanged with pressure angle. The problem of 
undercutting associated with small numbers of pinion teeth is more severe with the lower 
pressure angle. Gears with lower pressure angles also have lower bending strength and 
surface durability ratings and operate with higher sliding velocities (which contribute to 
their relatively poor scoring and wear performance characteristics) than their counterparts 
having higher pressure angles.

Higher pressure angles have the advantage of better load-carrying capacity, with respect 
to both strength and durability, and lower sliding velocities (thus better scoring and wear 
performance characteristics). In some cases, very high pressure angles, for example, 28° or 
30°, and, in a few cases, as high as 45°, are employed in some special slow-speed gears for 
very high load capacity where noise is not the predominant consideration.

Minimal equipment is required to produce this type of gear; thus it is usually the least 
expensive of all forms of gearing. While the most common tooth form for spur gears is the 
involute, other tooth forms are possible as long as they provide conjugate motion.

2.1.2.2  Helical Gears

When gear teeth are cut on a spiral that wraps around a cylinder, they are designed as 
helical. Helical teeth enter the meshing zone progressively and, therefore, have a smoother 
action than spur gear teeth and tend to be quieter. In addition, the load transmitted may be 
somewhat larger, or the life of the gears may be greater for the same loading, than with an 
equivalent pair of spur gears. Conversely, in some cases, smaller helical gears (compared 
with spur gears) may be used to transmit the same loading. Helical gears produce an end 
thrust along the axis of the shafts in addition to separating and tangential (driving) loads 
of spur gears. Where suitable means can be provided to take this thrust, such as thrust 
collars or ball or tapered roller bearings, it is no great disadvantage. The efficiency of a 
helical gear set, which is dependent on the total normal tooth load (as well as the sliding 

FIGURE 2.2
With the cover removed, a set of high-speed spur gears can be seen in an accessory box. (From Gleason Works, 
Rochester, NY.)
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velocity and friction coefficient, etc.), will usually be slightly lower than for an equivalent 
spur gear set.

Conceptually, helical gears may be thought of as stepped spur gears in which the size 
of the step becomes infinitely smaller. For external parallel axis helical gears to mesh, 
they must have the same helix angle but be of different hand. Just the opposite is true for 
an internal helical mesh; that is, the external pinion and the internal gear must have the 
same hand of helix. For crossed-axis helical gears (discussed later in this section), the helix 
angles on the pinion and gear may or may not be of the same hand, depending on the 
direction of rotation desired and the magnitude of their individual helix angles.

Involute profiles are usually employed for helical gears and the same comments made 
earlier about spur gears hold for helical gears.

To provide significant improvement in noise over spur gears, the face overlap must be 
at least unity. That is, one end of the gear face must be advanced at least one circular pitch 
from the other. If the face overlap (also called face contact ratio) is less than unity, the heli-
cal gear, for most analytical purposes (i.e., stress calculations) is treated as if it were a spur 
gear with no advantage taken of the fact that it is helical.

Helix angles from only a few degrees up to about 45° are practical. As the helix angle 
increases from zero, in general, the noise level is reduced and the load capacity is increased. 
At angles much above 15° to 20°, however, the tooth bending capacity generally begins to 
drop off. This is due to the fact that the transverse tooth thickness decreases rapidly.

Double-helical or herringbone gears are frequently used to obtain the noise benefits of 
single-helical gears without the disadvantage of thrust loading. The common types of heli-
cal gears are shown in Figure 2.3, while Figure 2.4 shows a typical single-helical set. The 
terms double-helical and herringbone are sometimes used interchangeably. Actually, her-
ringbone is more correctly used to describe double-helical teeth that are cut continuously 

Center
distance

Center
distance

(b)(a)

(c)

Conventional Staggered Continuous
(herringbone)

FIGURE 2.3
Types of helical gear teeth. (a) Single helical; (b) double helical; (c) types of double helical.
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into a solid blank, as shown in Figure 2.3c. Double-helical gears may be cut integral with 
the blank, either inline or staggered, or two separate parts may be assembled to form the 
double.

While double-helical or herringbone gears eliminate the net thrust load on the shaft, it is 
important to note that the two halves of the gear must internally react to full thrust load. 
This being the case, the design of the gear blank for one-piece gears, or the construction 
of the assembly, must be carefully evaluated to ensure that it is strong enough to take the 
thrust loads and to provide enough rigidity so that the deflections are not excessive.

The efficiency of helical gears is quite good although not quite equal to that of simple 
spurs. This is because all other things being equal, the normal (or total) tooth load on a 
helical gear is higher than that or a spur for an equivalent tangential load.

2.1.2.3  Internal Gears

The internal gear has teeth on the inside of a cylinder. The teeth may be made either spur 
or helical. The teeth of an involute-form internal gear have a concave rather than a convex 
shape. Internal gears are generally more efficient since the sliding velocity along the profile 
is lower than for an equivalent external set. Because of the concave nature of the internal 
tooth profile, its base is thicker than an equivalent external gear tooth (either spur or heli-
cal). The tooth strength of an internal gear is greater than that of an equivalent external 
gear.

The internal gear has other advantages. It operates at a closer center distance with its 
mating pinion than do external gears of the same size. This permits a more compact 
design. The internal gear eliminates the use of an idler gear when it is necessary to have 
two parallel shafts rotate in the same direction. The internal gear forms its own guard over 
the meshing gear teeth. This is highly desirable for preventing accidents in some kinds of 
machines.

Internal gears cannot be used where the number of teeth in the pinion is almost the 
same as that of the gear. When this occurs, the tips of the pinion teeth interfere with the 
tips of the gear teeth. While a good guide is to maintain a ratio of 2:1 between the num-
ber of teeth on the internal gear and its mating pinion, lower ratios may be practical in 
some cases, particularly if the tooth utilizes shifted involute design characteristics. For 

FIGURE 2.4
Single-helical gear set designed for high speed and high horsepower. (From Maag Gear Wheel Company, 
Zurich, Switzerland.)
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full-depth 20°–pressure-angle teeth, for example, the internal gear pitch diameter must be 
at least one and one-half times that of the external gear; smaller ratios require consider-
able modification of the tooth shape to prevent interference as the teeth enter and leave the 
mating gear. Internal gears also have the disadvantage that few machine tools can produce 
them.

It may be more difficult to support a pinion in mesh with an internal gear because the 
pinion must usually be overhung mounted. Internal gears tend to find their greatest appli-
cation in various forms of epicyclic gear systems and in large slewing-type drives, gener-
ally with integral bearings. In such configurations, the internal gear is frequently much 
larger than its mating external pinion, and thus it is usually possible to build a carrier 
structure inside the internal gear so that the pinion can be straddle mounted.

A typical internal gear arrangement is shown in Figure 2.5, while Figure 2.6 shows a 
large internal spur gear. In the case of an internal helical gear, its hand of helix must be the 
same as its mating pinion; that is, both the external helical pinion and its mating helical 
internal gear must be either right or left handed.

2.1.3  Nonparallel, Coplanar Gears (Intersecting Axes)

While the involute is the tooth form of almost universal choice for parallel axis gears, most 
gears that operate on nonparallel, coplanar axes do not employ involute profiles. A wide 
variety of gear types fall into this category. The most obvious use for gears of this type is 
the reduction of power flow around a corner, such as might be required, for example, when 
connecting a horizontally mounted turbine engine to the vertically mounted rotor shaft 
on a helicopter. In fact, while power flow is a frequent reason for choosing one of these 
gear types, other features unique to a particular type of gear, such as the ability of straight 
bevel gears to be used in a differential arrangement for a rear-wheel-drive automobile, 
might well be the determining factor in making the decision to use one of these gear types. 
Description of the major, and some interesting minor, ones follow.

2.1.3.1  Bevel Gears

There are four basic types of bevel gears: straight, Zerol® (Gleason Works, Rochester, NY), 
spiral, and skew tooth. In addition, there are three different manufacturing methods (face 

Cutter clearance

Center distance

Width of face

FIGURE 2.5
Typical internal gear arrangement.
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milling, face hobbing, and tapered hobbing) that are employed to produce true curved 
tooth bevel gears, each of which produces different tooth geometry. In our discussion 
herein we address the overall generic attributes of the different types of bevel gears with-
out addressing the manufacturing variations.

All bevel gears impose both thrust and radial loads in addition to the transmitted tan-
gential forces on their support bearings. The thrust is a result of the tapered nature of the 
bear blank regardless of the tooth form employed (i.e., even straight bevel gears produce 
an axial thrust). The diametral pitch for all bevel gears is conventionally measured at the 
heel of the tooth, while the pressure and spiral angles are conventionally measured at 
the mean section (tooth mid-face). In all cases, the pitch apex of the pinion and that of its 
mating gear must intersect at the point at which the axes of the pinion and gear shafts 
intersect. Figure 2.7 shows the basic bevel gear configuration that is common to all types 
of bevel gears. By convention, the direction of rotation of a bevel gear is specified as 
clockwise or counterclockwise as viewed from the heel end of the gear looking toward 
the pitch apex.

Straight. This is the simplest form of the bevel gear. Except for the thrust load pro-
duced by the blank taper, straight bevel gear teeth are a three-dimensional analogy to 
spur gear teeth. One very common use for straight bevel gears is in a bevel gear differen-
tial. Extensions of the straight teeth intersect at the axis of the gear. The tooth profile in a 
section normal to the tooth approximates that of an involute spur gear having a number 
of teeth equal to the actual number of teeth in the bevel gear divided by the cosine of the 
pitch angle (equivalent number of teeth). The teeth are always tapered in thickness and 
may have either constant or tapering height. The outer or heel part of the tooth is larger 
than the inner part called the toe (see Figure 2.8). Also, straight bevel gears have instanta-
neous line contact, they are often manufactured to have localized contact to permit more 

FIGURE 2.6
Ninety-inch-diameter internal-ring gear for an epicyclic speed reducer being measured on a 200-in.-diameter 
Maag gear checker. (From Philadelphia Gear Corp., King of Prussia, PA.)
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tolerance in mounting. One method of achieving this type of contact is the Coniflex® sys-
tem, employed by Gleason Works.

Zerol. An improvement over straight bevel gears in terms of contact conditions, noise 
level, and power capacity is the Zerol bevel gear (Figure 2.9). This gear is similar to a 
straight bevel gear except that the teeth are curved along their axis; however, the mean 
spiral angle is zero, thus the bearing reaction loads (particularly the thrust loads) are the 
same as for straight bevels. (Actually, the term Zerol applies to any “spiral” bevel gear with 
a spiral angle of 10° or less, but most often Zerol bevels have a zero mean spiral angle.) 
Zerol gears are manufactured with the same type of cutters and on the same machines as 
spiral bevel gears. This is economically important as it eliminated the need for more than 
one type of bevel gear cutting equipment. Localized tooth bearing of Zerol gears is accom-
plished by lengthwise mismatch (face curvature mismatch) and profile modification. The 
face width of a Zerol bevel gear is restricted to specific values due to cuter limitations. 
Zerol bevel gears are very frequently used in turbine engine, helicopter, and other high-
speed devices such as accessory drives.

Zerol bevel gears may be compared with double-helical or herringbone parallel axis gear 
teeth in that they have no more thrust load than their straight counterparts but provide 
advantages related to the improved contact ratio owing to their lengthwise curvature. A 
pressure angle of 20° is the most common; however, Zerol gears may be manufactured 
with 14.5°, 22.5°, or 25° as well. Because Zerol gears are not generally used in very-high-

FIGURE 2.7
Basic bevel gear configuration. Teeth may be tapered in depth or they may be made with parallel depth, depend-
ing on manufacturing system used.

FIGURE 2.8
Straight bevel gears. (From Gleason Works, Rochester, NY.)
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load applications, the use of high pressure angles, which tend to reduce contact ratio and 
thus increase noise, should be carefully considered.

Spiral. The most complex form of bevel gear is the spiral bevel. It is commonly used in 
applications that require high load capacity at higher operating speeds than are typically 
possible with either straight or Zerol bevel gears. The relationship between spiral and 
straight bevel gears is comparable with that between helical and spur gears. By conven-
tion, the hand of spiral is defined as either left or right hand as determined by viewing the 
gear from the apex end looking toward the heel end.

The teeth of spiral bevel gears are curved and oblique (Figure 2.10), and as a result they 
have a considerable amount of overlap. This increases more than one tooth in contact at all 
times and results in gradual engagement and disengagement with continuous multiple-
tooth contact. This results in higher overlap contact ratios than are possible with either 
straight or Zerol gears. Because of this improved contact ratio and the resultant load shar-
ing, spiral bevel gears have better load carrying capacity and run more smoothly and qui-
etly than either straight or Zerol bevel gears of the same size. The improved load capacity 
of spiral bevel gears also allows them to be smaller in size for a given load capacity than 
an equivalent straight or Zerol bevel gear.

Spiral bevel gears impose significantly more thrust load on their support bearings 
than do either Zerol or straight bevel gears. While plain thrust bearings have been used 

FIGURE 2.9
Zerol bevel gears. (From Gleason Works, Rochester, NY.)

FIGURE 2.10
Spiral bevel gears. (From Gleason Works, Rochester, NY.)
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successfully, a rolling element thrust bearing is usually required with spiral bevel gears. 
The more common pressure angles for spiral bevel gears are 16° and 20°, with the latter 
now being almost standard. The most common spiral angle in use is 35°. In more highly 
loaded applications, particularly those that operate at high speeds as well, such as aircraft 
or helicopter transmissions, a higher pressure angle (typically 20.5° to 25°) and lower spiral 
angles (typically 15° to 25°) are more often used.

The profile contact ratio on all bevel gears is usually substantially lower than equivalent 
spur gears; thus they tend to be somewhat noisier. In addition, due to their higher total 
load for a given tangential load and the higher sliding that accompanies the localized 
contact, they are less efficient than either spur or helical gears. Still, the efficiency of a well-
made set of bevel gears is generally better than 98%, and that of hardened and ground sets 
is usually above 99.2%.

Spiral bevel gears can be made by any of three generic methods. Each of these three 
methods produces a unique lengthwise tooth curvature and profile. In general, while 
gears within one system may be interchangeable, and gear sets made by each system are 
set-wise interchangeable, pinions and gears are not interchangeable between systems, 
despite the fact that the basic configuration (i.e., diametral pitch, spiral angle, pressure 
angle, etc.) may be identical.

 1. Circular lengthwise tooth curvature. For this system, developed in the United States, 
face-milled cutters with multiple blades are used. While several methods of imple-
menting this process exist, they are all somewhat similar in their basic motions. 
The blank executes a rolling motion relative to the cutter, which simulates one 
tooth of the imaginary crown gear. This is repeated for every tooth space, the cut-
ter being withdrawn and turned back into starting position every time while the 
job is indexed for the next gap. This process is known as single indexing.

  All tooth spaces have first to undergo a roughing operation and are finished by 
a subsequent operation. In general, the root lines of the teeth are not parallel to the 
pitch line, but set at a specific root angle. The cutters must be set parallel to the root 
lines while producing the gears; that is, they must be tilted relative to the pitch 
line. This causes the normal pressure angle to change, so that the pressure angles 
of the cutters must be corrected accordingly. This correction depends on the root 
angle and on the spiral angle and is different for either tooth side. In operation, the 
concave tooth surfaces of one member are always in mesh with the convex tooth 
side of the other. This system is used by Gleason machines and is the only one for 
which grinding machines have been developed.

 2. Involute lengthwise tooth curvature. This system was originally developed in 
Germany. The tooth is a tapered hob, usually single-thread, with a constant pitch 
determined in accordance with the normal diametral pitch. The machining pro-
cess is by continuous indexing: The tool and hob rotate continuously and uni-
formly, the relationship between the two rotary motions being established by 
change gears as a function of the number of teeth being cut. The job is adjusted 
with its cone surface tangential to the surface of the imaginary flat gear.

  This system is utilized by some Klingelnberg machines but is rapidly being 
replaced by the more versatile face-milling and face-hobbing processes.

 3. Epicycloidal lengthwise tooth curvature. This system, originally evolved in Italy and 
England but still not free from some shortcomings, has been further developed 
in Switzerland and Germany. The machines available for producing this type of 
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spiral bevel gear, also known as cyclo-palloid tooth form bevel gears, are similar 
to the one for the production of circular tooth length curves in that the tool is also 
a face-type milling cutter with inserted blades, which can be of the inside-cutting, 
outside-cutting, and gashing type, alternatively. The indexing is now, however, 
not intermittent but continuous. The cutter and the blank rotate continuously and 
uniformly so that not only is one tooth space generated at a time, but all tooth 
spaces consecutively. Accordingly, the blades are not evenly distributed over 
the periphery of the cutter, but combined in groups (i.e., the cutter has multiple 
starts). One group generally comprises one roughing, one outside-cutting, and 
one inside-cutting blade, and allows simultaneous machining of the tooth bottom 
and both tooth sides. The number of blade groups depends on the size of the cutter 
and usually varies from 3 to 11. This basic system is utilized by both Oerlikon and 
Klingelnberg, with some variation on each.

Skew. The final type of bevel gear is the skew tooth. This is similar to a spiral bevel gear 
and is quite often also referred to (incorrectly) as a spiral bevel gear. Actually, the skew 
tooth has no lengthwise curvature; rather the teeth are simply cut straight but at an angle 
to the shaft centerline (as shown in Figure 2.11) so that some face overlap may occur. This 
provides an improvement in load capacity (Figure 2.12) when compared with a straight 
bevel gear, but not to the level possible with a true spiral (curved tooth) bevel gear. Skew 
tooth gears are used primarily in large [over 30-in. (762 mm) gear pitch diameter] sizes 
only. They are produced on planing generator machines.

Until the late 1980s, because of limitations in the size of the face-milling machines avail-
able, most “spiral” bevel gears over 30 to 40 in. (762–1016 mm) in diameter were planed; thus 
they were actually skew tooth, not true spiral bevel gears. Since the pinion and gear must 
be conjugate, the pinions that mate with these large gears must also be planed. Relatively 
recent advances in spiral bevel gear manufacturing have led to the development of large 
machines of both the face-milling and face-hobbing type that can cut true spiral bevel gear 
teeth on gears over 100 in. (2540 mm) in pitch diameter.

2.1.3.2  Face Gears (On-Center)

A face gear set is actually composed of a spur or helical pinion that is in mesh with a “face” 
gear. The pinions are really not any different from their parallel axis counterparts except 
for the fact that they are in mesh with a face gear. Face gears have teeth cut into the blank 
such that the axis of the teeth lies in a plane that is perpendicular to the shaft axis. The 
mating pinion is either a spur or a helical gear. The pinion and gear axes are coplanar for 
on-center face gears. The pinion and face gear most often form a 90° shaft angle; however, 

FIGURE 2.11
Skew bevel gear.
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small deviations from 90° are possible. In operation, this type of gear is similar to an 
equivalent set of straight bevel gears.

Face gear tooth changes shape from one end of the tooth to the other. The load capacity 
of face gears, compared with that of bevel gears, is rather small; thus they are used mostly 
for motion transmission rather than as power gears. Face gears are, relative to bevel gears, 
easy to make and somewhat less expensive as well. A typical arrangement is shown in 
Figure 2.13. Toys and games make extensive use of face gears.

2.1.3.3  Conical Involute Gearing

Conical involute gearing is a completely generalized form of involute gear. It is an involute 
gear (as shown in Figure 2.14) with tapered tooth thickness, root, and outside diameter. 
Commonly known as Beveloid gears, they are useful primarily for precision instrument 
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drives where the combination of high precision and limited load-carrying ability fits the 
application. Like other involute gears, Beveloid gears are relatively insensitive to positional 
errors although shaft angles must be quite accurate. They will mate conjugately with all 
other involute gears (spur, worms, helical gears, and racks). Like crossed-axis helical gears 
(see later discussion), however, the area of contact of these gears and Beveloid gears is 
limited; thus load capacity is low. For small tooth numbers and large cone angles, under-
cutting is quite severe.

This type of gear is not in widespread use at this time, but may be used to advantage in 
some circumstances, especially for precision motion-transmission applications in which 
the gear shafts must be located at varying orientations in space.

2.1.4  Nonparallel, Noncoplanar Gears (Nonintersecting Axes)

Gears in this classification are generally the most complex, both in terms of geometry and 
manufacture. The simpler types, discussed first in the following discussions, are, how-
ever, quite easy to manufacture and are reasonably inexpensive, but they do not carry 
large loads. The more complex types are generally more expensive but provide better load 
capacity and other features that make them especially suited for a wide variety of special 
applications.

2.1.4.1  Crossed-Axis Helical Gears

Crossed-helical gears are satisfactory for the normal range of ratios used for single reduc-
tion helical gears. They provide both speed reductions and extreme versatility of shaft 
positioning at a relatively low initial cost. At higher ratios or for anything above moderate 
loads, however, worm, or Spiroid® or Helicon® gears (Illinois Tool Works, Chicago, IL) are 
generally preferable. See Figure 2.15 for typical crossed-helical gears.

Crossed-axis helical gears are usually cut in the same manner as conventional heli-
cal gears using identical tooling, since they are, until mounted on their crossed axes, 
actually nothing more than conventional helical gears! Since crossed-helical gears have 
a great deal of sliding action, special attention must be given to the selection of gear 

Beveloid angles

FIGURE 2.14
Beveloid gear arrangement.
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materials and their lubricants to reduce friction to a minimum and eliminate any pos-
sibility of seizing between mating gears. Experience has indicated that iron-on-iron func-
tions satisfactorily. However, a hardened steel pinion driving a bronze gear will also 
work quite well.

Figure 2.16 shows some of the special relations that must exist for this type of gearing 
to function properly. It is interesting to note that, while mating parallel-axis external heli-
cal gears must have opposite hands of helix, crossed-axis helical gears can have either the 
same or opposite hands of helix, depending on the shaft angle and the relative directions 
of rotation of the driver and driven gears. Additionally, the reduction ratio between the 
pinion and the gear is a function of their relative numbers of teeth but not directly of their 
pitch diameters. This provides a great deal of flexibility in choosing the ratio, center dis-
tance, and diameters of the gears.

Finally, because the relative contact between the mating gears is the theoretical intersec-
tion of two cylinders, the load capacity of the gears is not directly influenced by the face 
width; that is, once the face width is extended such that it covers the full cylindrical inter-
section, extending either or both face widths farther is of no practical value since the extra 
face width will not be in contact.

FIGURE 2.15
Crossed-axis helical gear set, driving a pump and governor for a steam turbine application. (From General 
Electric Co., Lynn, MA.)
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FIGURE 2.16
Crossed-axis helical gear arrangement.
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2.1.4.2  Cylindrical Worm Gearing

The most basic form of worm gearing is a straight cylindrical worm in mesh with a simple 
helical gear. In reality, this is really an extreme case of crossed-axis helical gearing. Such 
gears can provide considerably higher reduction ratios than simple crossed-axis gear sets, 
but their load capacity is low, and the wear rate is high. For light loads, however, this con-
figuration can be an economical alternative.

2.1.4.3  Single-Enveloping Worm Gearing

Better load capacity can be achieved if the simple helical gear is modified such that it is 
throated to allow the worm to fit down farther into the gear to achieve greater tooth con-
tact area and thus smoother operation and improved load capacity. This common worm 
gear set is often referred to as single-enveloping since the gear envelopes the worm but the 
worm remains straight. While many variations of this configuration are used, in the most 
common case the worm is essentially straight-sided while the gear or wheel is generally 
involute form. The contact point is theoretically a line varying in length up to full-face 
width of the gear with different tooth designs. Under load, this line becomes a thin ellipti-
cal band of contact. See Figure 2.17 for a two-stage worm gear drive.

Basic arrangement views are shown in Figure 2.18. The hand of helix for both mem-
bers is the same. While the worm is generally made of steel, the wheel is usually made 
of either cast iron or, more frequently, one of several types of bronze. The worm teeth 
may be through hardened, but they are often, especially in higher-load and higher-speed 
applications, case hardened and ground. In some cases, however, to improve accuracy and 
efficiency, the worm teeth are ground even though they are not hardened after cutting. 
The wheel, due to the high sliding conditions that exist in this type of gearing, is usually 
made of cast iron or bronze, as noted in the foregoing; however, in some high-temperature 
environments it is necessary to make the wheel from steel as well.

By virtue of their inherent high contact ratio, the mechanical power rating of worm gears 
is quite high; however, in practice, their actual continuous-duty rating is substantially 
lower. This is due to high heat generation that can raise the lubricant temperature to unac-
ceptable levels when the box is operated continuously. Fan-cooled worm boxes are quite 

FIGURE 2.17
Two stages of cylindrical worm gears. (From Hamilton Gear and Machine Co., Ltd., Hamilton, Canada.)
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common, and higher-power-capacity worm housings are almost always finned to aid heat 
dissipation. This large difference between the thermal and mechanical ratings of the typi-
cal worm gear drives an increase to a peculiar property associated with worm drives: that 
is, their apparent ability to sustain relatively high short-term overloads without experienc-
ing any damage. In reality, worm gears do not have a particularly good overload capacity; 
rather, their thermal limitations cause them to be operated at loads below their mechanical 
limits. When operated for short periods of time at overload, they are actually operating 
above their continuous-duty thermal limits but below their mechanical (stressed-related) 
ratings; thus, since it takes an appreciable period of time for the temperature to rise, they 
sustain these short-term overloads quite well.

The advent of synthetic fluids has been a boon for worm drives of all types for two rea-
sons. First, synthetic fluids have the ability to operate at higher bulk temperatures than the 
compounded mineral-based fluids that are commonly used for worm gears. Second, the 
friction coefficient associated with the use of synthetic fluids tends to be somewhat lower 
than that associated with compounded worm gear oils; thus less heating is produced. 
These factors combine to decrease the margin between the thermal and mechanical limits 
of newer work gear sets designed and rated to run with synthetic fluids; thus their appar-
ent overload capability is reduced.

Worm gear efficiency is quite dependent on operating speed. The same set may show an 
efficiency of, say, 75% at a low speed and 85% at a higher speed. Ratio, material, accuracy, 
and geometric design all affect worm gear efficiency. Typical efficiencies run from 35% to 
90%, with higher or lower values occurring in special cases.

A worm set can be used where irreversibility is desired, since, if the lead angle is less 
than the friction angle, the wheel cannot drive the worm. Usually, worms with lead angles 
less than 5° are self-locking. Care should be exercised when designing self-locking worms 
since this feature is a static one. Vibration can cause the set to slip under dynamic condi-
tions (i.e., during a cutoff of power under load, the wheel, due to the inertia of the driving 
load, may overdrive the worm for a considerable time). Similarly, a worm set that, when 
stationary, cannot be driven through the gear shaft, may well begin to rotate if the unit is 
subjected to vibrations. The property of self-locking or irreversibility is better thought of 
as anti-back-driving rather than positive irreversibility. In critical applications, a brake on 
the worm should also be provided to ensure that the system will positively not back-drive.

Linear pitch

Circular pitch

FIGURE 2.18
Schematic of cylindrical worm gears.
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When the gears are assembled into their housing, the position of the gear along its axis 
must be adjusted such that an acceptable contact pattern is obtained on the bench. This 
contact pattern should favor the leaving side of the mesh so that a wedge is formed at the 
entering side of the mesh. This wedge at the entering side will cause lubricant to be drawn 
in the contact zone and thus minimize wear.

2.1.4.4  Double-Enveloping Worm Gearing

The capacity of a single-enveloping worm gear set as described in the foregoing discussion 
is improved by allowing the gear or wheel to envelope the worm. A further improvement 
in capacity may be achieved by allowing the worm to envelope the wheel as well. Such 
drives are known as double-enveloping. Double-enveloping worm gear drives, by getting 
more teeth into contact, tend to provide higher load capacity than do cylindrical or single-
enveloping worm sets. This is accomplished by changing the shape of the worm (as shown 
in Figure 2.19) from a cylinder to an hourglass.

All of the comments made earlier pertaining to cylindrical worms also apply to double-
enveloping worms. Because of the shape of the worm, clearly shown in Figure 2.20, this 
type of worm gearing is more expensive to produce; but where weight or size are consid-
erations, the cost differential is relatively small.

The forms of the worm and the gear in the double-enveloping drive design are regenera-
tive; that is, the worm and gear tend to reproduce each other in use. This condition aids 
proper break-in and contact pattern development. Since the worm and wheel envelope each 
other, assembly is not as straightforward with double-enveloping gear sets as it is with a 
single-enveloping set. In general, the worm and wheel must be assembled obliquely, and 
thus provisions must be made in the design of the housing to accommodate this require-
ment. This can often be accomplished by splitting the housing such that the worm is one 
part and the wheel is the other half. In addition, the position of the worm along its axis 
and the position of the gear along its axis must be adjusted simultaneously such that an 
acceptable pattern is obtained. This bench patterning procedure is in contrast to the simpler 
procedure required of a single-enveloping set in which only the position of the gear along 
its axis need be adjusted at assembly to obtain an acceptable contact pattern at assembly.

Circular pitch

Circular pitch

FIGURE 2.19
Schematic of double-enveloping worm gears.
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2.1.4.5  Hypoid Gears

Hypoid gears (Figure 2.21) resemble spiral bevel gears except that the teeth are asymmetrical; 
that is, the pressure angle on each side of the tooth is different. Many of the same machines 
used to manufacture spiral bevel gears can also be used to manufacture hypoid gears.

The pitch surfaces of hypoid gears are hyperboloids of revolution. The teeth in mesh 
have line contact; however, under load, these lines spread to become elliptical regions of 
contact inclined across the face width of the teeth. One condition that must exist if a hyp-
oid gear set is to have conjugate action is that the normal pitch of both members must be 
the same. The number of teeth in a gear and pinion are not, however, directly proportional 
to the ratio of their pitch diameters. This makes it possible to make large pinions while 
minimizing the size of the driven gear. This one of the most attractive features of hyp-
oid gearing. High reduction ratios with small offsets must usually utilize an overhung-
mounted pinion. Frequently, however, the pinion must be straddle mounted (Figure 2.22) 

FIGURE 2.20
Double-enveloping worm gear set.

(a) (b)

(c) (d)

FIGURE 2.21
Hypoid gear data. (1) Hypoid tooth profile showing unequal pressure angles and unequal profile curvatures on 
two sides of tooth. (2) Hypoid gears and pinions (a) and (b) are referenced to having offset below center, while 
those in (c) and (d) have offset above center. In determining direction of offset, it is customary to look at gear 
with pinion at right. For below-center offset, pinion has left-hand spiral, and for above-center offset pinion has 
right-hand spiral.
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if sufficient offset exists. Aside from space considerations, the tradeoff usually centers on 
efficiency since efficiency generally decreases with increasing offset.

In operation, hypoid gears are usually smoother and quieter than spiral bevel gears due 
to their inherent higher total contact ratio. However, as in all cases of nonintersecting gear 
sets, high sliding takes place across the face of the teeth. The efficiency of hypoid gears 
is thus much less than that or a similar set of spiral bevel gears, typically 90% to 95% as 
compared with over 99% for many spiral bevel gears. Hypoid gears do, however, generally 
have greater tolerance to shock loading and can frequently be used at much higher single-
stage ratios than spiral bevel gears.

2.1.4.6  Spiroid and Helicon Gearing

Like most other skew axis concepts, Spiroid and Helicon are primarily screw action gears 
while, by comparison, spur, helical, and bevel gears are primarily rolling action gears.

The gear member of either a Spiroid (Figure 2.23) or Helicon (Figure 2.24) set resembles 
a high-pitch-angle bevel gear, while the pinions are more akin to worms. Both forms have 
more teeth in contact than an equivalent size worm set. The primarily difference between 
Spiroid and Helicon gears is their minimum ratio capabilities [about 0:1 for Spiroid and 4:1 
for Helicon (although lower ratios are practical if powdered metal fabrication is employed)] 

FIGURE 2.22
Hypoid gear set. Both pinion and gear are straddle mounted. (From the Gleason Works, Rochester, NY.)

FIGURE 2.23
Spiroid gear set. (From Illinois Tool Works, Spiroid Division, Chicago, IL.)
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and the range of acceptable offsets. Spiroid pinions (Figure 2.23) are typically tapered by 
about 5° or 10° on a side, while Helicon pinions (Figure 2.24) are cylindrical. Pinions of both 
types, used in lower ratio designs (i.e., less than 30:1), typically utilize multiple threads so 
that the number of teeth in the gear may be maintained at least at 30.

This type of gearing fits in between bevel and worm gears (Figure 2.25) in terms of ratio, 
and generally provides performance that worm gearing does. They can, like worms, be 
designed to be anti-back-driving, but again like worms, they cannot be designed to entirely 
self-locking under all operating conditions, particularly where significant vibrations are 
present. They can also incorporate accurate control of backlash since the contact pattern is 
largely controlled by adjusting the pinion position, while the backlash is largely controlled 
by adjusting the position of the gear along its axis at assembly. These features make them 
a good choice for positioning drives such as radar or other antenna. These gear types are 
relatively in sensitive to small position shifts; thus, in precision position-control applica-
tions, they are usually shimmed into intimate double flank contact to eliminate backlash.

The contact conditions are line, again like worm and hypoid gears, but the contact line is 
essentially radial; thus, the flow of oil onto the contact zone is good, and efficiency is improved 
over worms—usually about as good as hypoid gearing. As with worms, the efficiency of 
Spiroid or Helicon set varies with speed, but not to the large extent that occurs with worms.

One feature of Spiroid and Helicon gears that makes them both quiet and capable of 
great positional accuracy is the relatively high number of teeth in contact. The multiplic-
ity of teeth in contact (for a typical design perhaps 10% of the gear teeth are theoretical 

FIGURE 2.24
Helicon gear set. (From Illinois Tool Works, Spiroid Division, Chicago, IL.)
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FIGURE 2.25
Schematic comparison of worm, Spiroid, Helicon, hypoid, and spiral bevel gears.
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contact) provides an error averaging function so that individual tooth errors are not sig-
nificant in terms of gear position.

Although generally less efficient than spur or helical gears, Spiroid or Helicon gears are 
usually superior to worm drives particularly at ratios les than 40:1, when compared on the 
basis of constant pinion size.

The offset required for a typical Spiroid gear set is about one-third the gear diameter, but 
small variations can also be accommodated. Similarly, the shaft angle is usually limited to 80° 
to 100°, with 90° being the standard in the vast majority of cases. In some special applications, 
shaft angle as low as 70° or as high as 120° are possible, but each case is a special design.

In general, the gears may be cut on standard hobbing machines. For a given configura-
tion, a Spiroid gear set will have a greater load capacity than a Helicon set, but the Helicon 
position is somewhat easier to manufacture owing to the cylindrical nature of its pinion as 
compared with the tapered shape of the Spiroid pinion.

2.1.4.7  Face Gears (Off-Center)

If the pinion of a face gear set is offset such that its axis and that of the gear do not inter-
sect, it is termed off-center. The discussion provided earlier for on-center face gears applies 
equally well here. Such gear sets are not ordinarily used to transmit significant amounts 
of power; rather they are generally used in motion-transmission applications where uni-
formity of motion is not a critical factor.

2.1.5  Special Gear Types

Our discussion to this point would lead the reader to believe that all gears are in the form 
of surfaces of revolution (i.e., cylinders and cones). Such is not the case. There are many 
applications in which gears are used to transmit motions that are intentionally nonuni-
form. There are few areas in which man’s mechanical ingenuity can be employed more 
effectively than in the design of special-motion gears. The variety is almost endless, lim-
ited only by application and imagination. To provide some insight into the subject, we 
discuss some representative cases.

2.1.5.1  Square or Rectangular Gears

Consider the case in which a constant input speed is to be converted into varying output 
speed. Gears that are square or rectangular, depending on actual output required, can be 
used to produce such motion (as shown in Figure 2.26). While the gears are in the position 
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FIGURE 2.26
Square gear characteristics.
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shown, the greatest radius of the driver mates with the smallest radius of the driven gear; 
the speed of the driven gear is, therefore, then in its maximum. As the gears revolve in the 
directions indicated by the arrows, the radius of the driver gradually decreases, and that 
of the driven gear gradually increases, until the points b and bʹ are in contact. The speed 
of the driven gear, therefore, gradually decreases during this eighth of a revolution. From 
the moment of contact between the points b and b ,́ the reverse action takes place, and 
the speed of the driven gear gradually increases until the points c and cʹ are in contact. 
Thus, during the entire revolution, the driven gear continues to alternate from a gradually 
decreasing to a gradually increasing speed, and vice versa.

For rectangular gears to work properly together, it is necessary first that the pitch periph-
eries of the two gears be equal in length, and, second, that the sum of the radii of each pair 
of points (points that come into contact with each other) on the two pitch peripheries be 
equal to the distance between the centers of the gears.

2.1.5.2  Triangular Gears

Figure 2.27 represents a pair of triangular gears, the object of which is to obtain an alternat-
ing, varying speed from the uniformly rotating driver, as in rectangular gears. Triangular 
gears give fewer changes of speed per revolution than do rectangular gears. In Figure 
2.27, the speed of the driven gear is at its minimum when the gears are in the position 
shown in the figure. Since, from the positions, the radius of the driver gradually increases, 
and that of the driven gear decreases, as far as the points b and b ,́ the speed of the driven 
gear will gradually increase until the points b and bʹ are in contact—or for one-sixth of an 
entire revolution. The reverse action will then take place until the points c and cʹ are in 
contact, and so on. Thus, while in rectangular gears each gradually increasing or decreas-
ing period takes place during one-eighth of a revolution, in triangular gears there are eight 
alternatively increasing and decreasing periods in one entire revolution of the driven gear, 
and in triangular gearing there are but six.

2.1.5.3  Elliptical Gears

With elliptical gears (Figure 2.28), we have still another means of obtaining the same 
result, with the difference that in elliptical gears each period of gradually increasing and 
decreasing speed takes place during one-quarter of a revolution. In other words, there 
are but four periods of increasing and decreasing speed during an entire revolution of 
the driver.
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FIGURE 2.27
Triangular gear characteristics.
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2.1.5.4  Scroll Gears

Figure 2.29 shows a pair of scroll gears. From the positions shown in the figure (in which 
the greatest radius of the driver meshes with the smallest radius of the driven gear), as the 
gears revolve in the directions indicated by the arrows, the radius of the driver gradually 
and uniformly decreases, while that of the driven gear gradually and uniformly increases. 
The speed of the driven gear is, therefore, at its maximum when the gears are in the positions 
shown, and gradually and uniformly decreases during the entire revolution. The moment 
before the positions shown in the figure are reached, the smallest radius of the driver gears 
with the greatest radius of the driven gear, the speed of the latter is at its minimum and sud-
denly (as the gears assume the positions in the figure) changes to its maximum.

2.1.5.5  Multiple-Sector Gears

The mechanism represented in Figure 2.30 is a pair of multiple-sector gears, and the object 
is to obtain a series of discrete, different uniform speeds. In the figure, as long as the arcs 
ab and aʹbʹ are in mesh, the speed of the driven gear is the same. When the arcs cd and 
cʹdʹ come into mesh, the speed of the driven gear becomes slower, but remains the same 
throughout the meshing of these two arcs. Similarly, when the arcs ef and eʹfʹ come into 
mesh, the speed of the driven gear becomes still slower, but remains uniform during the 
meshing of these arcs. Thus, during each revolution, the driven gear has three periods of 
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FIGURE 2.28
Elliptical gear characteristics.
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FIGURE 2.29
Scroll gear characteristics.
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uniform speed, each differing from the others. For sector gears to work properly together, 
it is necessary that the arcs that mesh together be equal in length (ab = aʹb ,́ cd = cʹd ,́ etc.) 
and that the sum of the arc lengths on one gear be equal to the sum of the arc lengths on 
the other (ab + cd + ef = aʹbʹ + cʹdʹ + eʹfʹ). Also, the sum of the radii of each two arcs together 
must be equal to the distance between the centers of the gears. Sector gears are somewhat 
difficult to construct because considerable care must be taken to ensure that no two sectors 
of the driver gear mesh at the same time with the driven gear. To illustrate, suppose that 
the arcs ab and aʹbʹ mesh together at the same time as do the arcs ef and eʹf ;́ that is, that the 
last few teeth of ab mesh with the driven gear at the moment when the first few teeth of cf 
do the same. The driven gear will then strive to drive the driven gear at its maximum and 
minimum speeds at the same time, an attempt that must obviously result in a fracture. In 
the figure, the arc cf ceases to mesh with the driven gear at the moment when the arc ab 
begins to gear. Thus, each arc of the driver must escape engagement just in time for its suc-
cessor to begin engagement, and yet leave between these events no appreciable interval to 
disturb the uniformity of motion.

In actuality, a discontinuous condition will exist for all sector-type gears at the time 
when different sectors exchange control of the speed of the driven member. These seem-
ingly instantaneous periods of acceleration and deceleration limit the application of such 
gears to very low speeds lest the acceleration becomes exceedingly large.

2.2  Nomenclature of Gears

In this part of the chapter the technical nomenclature of the various types of gears is given. 
Table 2.2 shows metric system symbols and English system symbols. The following tables 
(due to space limitations) show nomenclature tables in English symbols only.
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FIGURE 2.30
Multiple-sector gear characteristics.
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67Gear Types and Nomenclature

TABLE 2.2

Gear Terms, Symbols, and Units Used in the Calculation of Gear Dimensional Data

Term

Metric English

Symbol Units Symbol Units

Number of teeth, pinion z1 – NP or n –
Number of teeth, gear z2 – NG or N –
Number of threads, worm z1 – NW –
Number of crown teeth z – Nc –
Tooth ratio u – mG –
Addendum, pinion ha1 mm aP in.
Addendum, gear ha2 mm aG in.
Addendum, chordal ha mm ac in.
Rise of arc – mm – in.
Dedendum hf mm b in.
Working depth hʹ mm hk in.
Whole depth h mm ht in.
Clearance c mm c in.
Tooth thickness s mm t in.
Arc tooth thickness, pinion s1 mm tP in.
Arc tooth thickness, gear s2 mm tG in.
Tooth thickness, chordal s mm tc in.

Backlash, transverse j mm B in.
Backlash, normal jn mm Bn in.
Pitch diameter, pinion dp1 mm d in.
Pitch diameter, gear dp2 mm D in.
Pitch diameter, cutter dp0 mm dc in.
Base diameter, pinion db1 mm db in.
Base diameter, gear db2 mm Db in.
Outside diameter, pinion da1 mm do in.
Outside diameter, gear da2 mm Do in.
Inside diameter, face gear di2 mm Di in.
Root diameter, pinion or worm df1 mm dR in.
Root diameter, gear df2 mm DR in.
Form diameter dʹf mm df in.
Limit diameter dl mm dl in.
Excess involute allowance Δdl mm Δd1 in.
Ratio of diameters ε – m –
Center distance a mm C in.
Face width b mm F in.
Net face width bʹ mm Fe in.
Module, transverse m or mt mm – –
Module, normal mn mm – –
Diametral pitch, transverse – – Pd or Pt in.–1

Diametral pitch, normal – – Pn in.–1

Circular pitch p mm p in.
Circular pitch, transverse pt mm pt in.
Circular pitch, normal pn mm pn in.

(continued)
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2.2.1  Spur Gear Nomenclature and Basic Formulas

Figure 2.31 shows tooth elements that apply directly to spur gears. The same elements 
apply to other gear types.

Table 2.3 shows spur gear formulas. Note that the value of π may need to be used as 
3.14159265 when very precise calculations are needed. Also, the determination of tooth 
thickness has complications of what backlash is needed and effects of long or short adden-
dum. (These matters are covered later in this book.)

2.2.2  Helical Gear Nomenclature and Basic Formulas

Helical gear teeth spiral a “base” cylinder. The angle of this spiral with respect to the axis 
is the helix angle. The advance of the spiral in going 360° around the base cylinder is a 
fixed quantity called the lead.

The spur gear tooth is parallel to the axis. This means that a spur gear can be thought of 
a special case of a helical gear in which the numerical value of the lead is infinity!

Figure 2.32 shows the nomenclature of helical gear teeth. View (a) shows a section 
through the teeth that is perpendicular to the gear axis. This is known as the transverse 

TABLE 2.2 (Continued)

Gear Terms, Symbols, and Units Used in the Calculation of Gear Dimensional Data

Term

Metric English

Symbol Units Symbol Units

Base pitch pb mm pb in.
Axial pitch px mm px in.
Lead (length) pz mm L in.
Pressure angle α or αt deg ϕ or ϕt deg
Pressure angle, normal αn deg ϕn deg
Pressure angle, axial αx deg ϕx deg
Pressure angle of cutter α0 deg ϕc deg
Helix angle β deg ψ deg
Lead angle γ deg λ deg
Shaft angle Σ deg Σ deg
Roll angle θr deg εr deg
Pitch angle, pinion δʹ1 deg γ deg
Pitch angle, gear δʹ2 deg Γ deg
Pi π – π –
Contact ratio εa – mp –
Zone of action ga mm Z in.
Edge radius, tool rao mm rT in.
Radius of curvature, root fillet ρf mm ρf in.
Circular thickness factor k – k –
Cone distance R mm A in.
Outer cone distance Ra mm Ao in.
Mean cone distance Rm mm Am in.
Inner cone distance Rf mm Ai in.

Note: Abbreviations for units: mm = millimeters, in. = inches, deg = degrees.
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69Gear Types and Nomenclature

section. View (b) shows how a “normal” section data can be taken through a tooth perpen-
dicular to a point on the pitch helix.

Both the transverse section and the normal section data must be used in helical gear cal-
culations. Table 2.4 shows the formulas needed to calculate date for both of these sections.

A rack is a gear part in which the number of teeth in a 360° circle is infinite. Circular 
gears, of course, become straight when the radius of curvature is infinite.

Whole depth Working
depth

Tooth fillet

Tooth
profile

Top land

Backlash
Clearance

Addendum

Chordal
addendum

Circular thickness

Base circular
  thickness

Chordal thickness

Dedendum

Bottom
land

Pitc
h ra

dius

Base radius

Circular
pitch

FIGURE 2.31
Spur gear nomenclature.

TABLE 2.3

Spur Gear Formulas

To Find Having Formula

Diametral pitch Number of teeth and pitch diameter P
N
D

=

Diametral pitch Circular pitch P
p

=
3 1416. a

Pitch diameter Number of teeth and diametral pitch D
N
P

=

Outside diameter Pitch diameter and addendum Do = D + 2a
Root diameter Outside diameter and whole depth DR = Do − 2ht

Root diameter Pitch diameter and dedendum DR = D − 2b
Number of teeth Pitch diameter and diametral pitch N = D × P
Base-circle diameter Pitch diameter and pressure angle Db = D × cos ϕ

Circular pitch Pitch diameter and number of teeth p
D

N
=
3 1416.

Circular pitch Diametral pitch p
P

=
3 1416.

Center distance Number of gear teeth and number of 
pinion teeth and diametral pitch

C
N N

P
D D

=
+

=
+G P G P

2 2

Approximate thickness of tooth Diametral pitch t
Pt ⊕

1 5708.

a Exact value for π is 3.14159265….
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Involute teeth become straight-sided for the rack tooth form. Figure 2.33 shows rack 
tooth parts for spur, helical, and straight bevel teeth. The helical rack shows very clearly 
the difference between the normal plane and the front plane (which corresponds to the 
transverse plane of circular gears).

2.2.3  Internal Gear Nomenclature and Formulas

The internal gear has teeth on the inside of a ring rather than on the outside. An internal 
gear must mesh with a pinion having external teeth. (Two internal gears cannot mesh with 
each other.)

The nomenclature for the transverse section of an internal gear drive is shown in Figure 2.34. 
Note that the internal tooth tends to have concave curves rather than convex curves. Also note 
that the pips of the teeth tend almost to hit each other as they enter and leave the meshing zone.

Formulas for internal gear dimensions are given in Table 2.5. Note that some of these 
formulas are similar to formulas in Table 2.3 (except of minus sign).

Internal gears may be either spur or helical. It the teeth are helical, data for the teeth in 
the normal section may be determined by formulas in Table 2.4.

2.2.4  Crossed-Helical Gear Nomenclature and Formulas

Since the axes of crossed-helical gears are not parallel to each other and do not intersect, 
the two meshing gears tend to have different helix angles. (If the numerical amount of 
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FIGURE 2.32
Helical gear nomenclature.
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TABLE 2.4

Helical Gear Formulas

To Find Having Formula

Normal diametral pitch Number of teeth, pitch diameter, and helix angle P
N

Dn = cosψ

Normal diametral pitch Normal circular pitch P
pn
n

=
3 1416.

Normal diametral pitch Transverse diametral pitch and helix angle P
P

n = cosψ

Normal circular pitch Normal diametral pitch p
Pn
n

=
3 1416.

Normal circular pitch Transverse circular pitch pn = p cos ψ

Pitch diameter Number of teeth, normal diametral pitch, and 
helix angle

D
N

P
=

n cosψ

Center distance Pinion and gear pitch diameter C
D D

=
+P G

2

Outside diameter Pitch diameter and addendum Do = D + 2a

Approximate normal tooth 
thickness

Normal diametral pitch t
Pn
n

⊕
1 571.

Transverse tooth thickness Normal tooth thickness and helix angle t
t

t
n=

cosψ

Normal pressure angle Transverse pressure angle and helix angle tan ϕn = tan ϕ cos ψ

Circular pitch

Lead
angle

Helix angle
Front plane

Gear axis

Helical rack

Spur rack

Straight bevel rack

Tooth thickness

Normal plane

Circular pitch

Normal
pitch    
line      

FIGURE 2.33
Spur, helical, and bevel gear racks.
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FIGURE 2.34
Internal gear and pinion nomenclature.

TABLE 2.5

Internal Spur Gear Formulas

To Find Having Formula

Pitch diameter of gear Number of teeth in gear and diametral pitch D
N
P

= G

Pitch diameter of pinion Number of teeth in pinion and diametral pitch d
N
P

= P

Internal diameter, gear Pitch diameter and addendum Di = D − 2a
Center distance Number of teeth in gear and pinion; diametral 

pitch C
N N

P
=

−G P

2

Center distance Pitch diameter of gear and pinion C
D d

=
−
2
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each helix angle is the same, then the two gears cannot have opposite helix angles because 
this would make the axes parallel instead of crossed.) Figure 2.35 shows standard nomen-
clature for the crossed axis situation with helical gears. The basic formulas are given in 
Table 2.6.

2.2.5  Bevel Gear Nomenclature and Formulas

Section 2.1.3 gave general information on gear types in bevel gear family of gears. 
Nomenclature and formulas will now be given for three of these types that are in rather 
common usage.

2.2.5.1  Straight

Figure 2.36 shows a section through of a pair of straight bevel gears in mesh. Note how the 
teeth are on the outside of cones. Dimensions are measured to a “crown point” that exists 
in space but may not exist in metal! (Usually this sharp corner is rounded off in the process 
of actual manufacture.)

Driven
Helix angle
of driver

Shaft
angle

Σ ψ1

ψ2

Driver

Helix angle of driven
Axis of driven

Axis of driver

FIGURE 2.35
Crossed-helical shaft angle and helix.

TABLE 2.6

Crossed-Helical Gear (Nonparallel Shaft, Helicals)

To Find Having Formula

Shaft angle Helix angle of pinion and helix angle of gear Σ = ψP + ψG

Pitch diameter of pinion Number of teeth in pinion, normal diametral pitch, 
and helix angle of pinion D

N
PP

P

n P

=
× cosψ

Pitch diameter of gear Number of teeth in gear, normal diametral pitch, 
and helix angle of gear D

N
PG

G

n G

=
× cosψ

Center distance Pitch diameter of pinion, and pitch diameter of 
gear C

D D
=

+P g

2
Speed ratio Number of teeth in gear, and number of teeth in 

pinion m
N
NG

G

P

=
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The formulas for the straight bevel are given in Table 2.7. By tradition, the pitch 
diameters are taken at the large end of the tooth. This end also goes by names such 
as the back face or the heel end. (The other end of the tooth is termed the front face or toe 
end.)

2.2.5.2  Spiral

The spiral bevel gear has a curved shape (lengthwise). This curved shape is positioned 
at an angle to a pitch cone element. The angle at the center of the face width (not the 
large end of the tooth where the pitch diameter is specified). Figure 2.37 shows the spiral 
angle.

The formulas for conventional spiral bevel gears are given in Table 2.8. Spiral bevel gears 
are often made to pressure angles other than 20°. They can also be made for shaft angles 
other than 90°. Beyond this, there is more than one system for the design and manufacture 
of bevel gears. Considerably more bevel gear data can be found out in later chapters of the 
book.

2.2.5.3  Zerol

The Zerol bevel gear tooth has lengthwise curvature like the spiral bevel gear tooth. At the 
center of the face width, though, the spiral angle is 0°.
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FIGURE 2.36
Bevel gear nomenclature.
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TABLE 2.7

Straight Bevel Gear Formulas (20° Pressure Angle, 90° Shaft Angle)

To Find Having Formula

Pitch diameter of pinion Number of pinion teeth and diametral pitch d
N
P

= P

d

Pitch diameter of gear Number of gear teeth and diametral pitch D
N
P

= G

d

Pitch angle of pinion Number of pinion teeth and number of gear 
teeth

γ = −tan 1 N
N

P

G

Pitch angle of gear Pitch angle of pinion Γ = 90° − γ

Outer cone distance of 
pinion and gear

Gear pitch diameter and pitch angle of gear A
D

o = 2sinΓ

Circular pitch of pinion and 
gear

Diametral pitch p
P

=
3 1416.

d

Dedendum angle of pinion Dedendum of pinion and outer cone distance δP
oP

o

= −tan 1 b
A

Dedendum angle of gear Dedendum of gear and outer cone distance δG
oG

o

= −tan 1 b
A

Face angle of pinion blank Pinion pitch angle and dedendum angle of gear γo = γ + δG

Face angle of gear blank Gear pitch angle and dedendum angle of pinion Γo = Γ + δP

Root angle of pinion Pitch angle of pinion and dedendum angle of 
pinion

γR = γ − δP

Root angle of gear Pitch angle of gear and dedendum angle of gear ΓR = Γ − δG

Outside diameter of pinion Pinion pitch diameter, pinion addendum, and 
pitch angle of pinion

do = d + 2aoP cos γ

Outside diameter of gear Pitch diameter of gear, gear addendum, and 
pitch angle of gear

Do = D + 2aoG cos Γ

Pitch apex to crown of 
pinion

Pitch diameter of gear, addendum, and pitch 
angle of pinion

x
D

ao oP= −
2

sin γ

Pitch apex to crown of gear Pitch diameter of pinion, addendum, and pitch 
angle of gear

X
d

ao oG= −
2

sinΓ

Circular tooth thickness of 
pinion

Circular pitch and gear circular tooth thickness t = p − T

Chordal thickness of pinion Circular tooth thickness, pitch diameter of 
pinion and backlash t t

t
d

B
c = − −

3

26 2

Chordal thickness of gear Circular tooth thickness, pitch diameter of gear 
and backlash T T

T
D

B
c = − −

3

26 2

Chordal addendum of 
pinion

Addendum angle, circular tooth thickness, pitch 
diameter and pitch angle of pinion

a a
t

dcP oP= +
2

4
cos γ

Chordal addendum of gear Addendum angle, circular tooth thickness, pitch 
diameter and pitch angle of gear

a a
T

DcG oG= +
2

4
cosΓ

Tooth angle of pinion Outer cone distance, tooth thickness, dedendum 
of pinion, and pressure angle

3 438
2

.
tan

A
t

b
o

oP , min+ φ

Tooth angle of gear Outer cone distance, tooth thickness, dedendum 
of gear, and pressure angle

3 438
2

.
tan

A
T

b
o

oG , min+ φ

Note: tan−1 means “the angle whose tangent is.”
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FIGURE 2.37
Spiral bevel gear nomenclature.

TABLE 2.8

Spiral Bevel Gear Formulas (20° Pressure Angle, 90° Shaft Angle)

To Find Having Formula

Pitch diameter of pinion Number of pinion teeth and diametral pitch d
N
P

= P

d

Pitch diameter of gear Number of gear teeth and diametral pitch D
N
P

= G

d

Pitch angle of pinion Number of pinion teeth and number of gear teeth γ = −tan 1 N
N

P

G

Pitch angle of gear Pitch angle of pinion Γ = 90° − γ

Outer cone distance of pinion and 
gear

Pitch diameter of gear and pitch angle of gear A
D

o = 2sinΓ

Circular pitch of pinion and gear Diametral pitch p
P

=
3 1416.

d

Dedendum angle of pinion Dedendum of pinion and outer cone distance δP
oP

o

= −tan 1 b
A

Dedendum angle of gear Dedendum of gear and outer cone distance δG
oG

o

= −tan 1 b
A

Face angle of pinion blank Pitch angle of pinion and dedendum angle of gear γo = γ + δG

Face angle of gear blank Pitch angle of gear and dedendum angle of pinion Γo = Γ + δP

Root angle of pinion Pitch angle of pinion and dedendum angle of 
pinion

γR = γ − δP

Root angle of gear Pitch angle of gear and dedendum angle of gear ΓR = Γ − δG

Outside diameter of pinion Pitch diameter, addendum, and pitch angle of 
pinion

do = d + 2aoP cos γ

Outside diameter of gear Pitch diameter, addendum, and pitch angle of gear Do = D + 2aoG cos Γ

Pitch apex to crown of pinion Pitch diameter of gear, pitch angle, and addendum 
of pinion x

D
ao oP= −

2
sin γ

Pitch apex to crown of gear Pitch diameter of gear, pitch angle, and addendum 
of gear X

d
ao oG= −

2
sinΓ

Circular tooth thickness of pinion Circular pitch of pinion and circular pitch of gear t = p − T
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Zerol bevel gears

Zerol bevel gears
Right hand Left hand

Zerol bevel pinions
Right handLeft hand

FIGURE 2.38
Zerol bevel gear nomenclature.

TABLE 2.9

Zero Bevel Gear Formulas (20° Pressure Angle, 90° Shaft Angle)

To Find Having Formula

Pitch diameter of pinion Number of pinion teeth and diametral pitch d
N
P

= P

d

Pitch diameter of gear Number of gear teeth and diametral pitch D
N
P

= G

d

Pitch angle of pinion Number of pinion teeth and number of gear teeth γ = −tan 1 N
N

P

G

Pitch angle of gear Pitch angle of pinion Γ = 90° − γ

Outer cone distance of 
pinion and gear

Pitch diameter of gear and pitch angle of gear A
D

o = 2sinΓ

Circular pitch of pinion 
and gear

Diametral pitch p
P

=
3 1416.

d

Face angle of pinion blank Pitch angle of pinion, and dedendum angle of gear γo = γ + δG

Face angle of gear blank Pitch angle of gear, and dedendum angle of pinion Γo = Γ + δP

Root angle of pinion Pitch angle of pinion and dedendum angle of pinion γR = γ − δP

Root angle of gear Pitch angle of gear and dedendum angle of gear ΓR = Γ − δG

Outside diameter of pinion Pitch diameter, pitch angle, and dedendum of pinion do = d + 2aP cos γ
Outside diameter of gear Pitch diameter, pitch angle, and dedendum of gear Do = D + 2aG cos Γ
Pitch apex to crown of 
pinion

Pitch diameter of gear, pitch angle, and addendum of 
pinion

x
D

ao P= −
2

sin γ

Pitch apex to crown of gear Pitch diameter of pinion, pitch angle, and addendum of 
gear X

d
ao G= −

2
sinΓ

Circular tooth thickness of 
pinion

Circular pitch of pinion and circular thickness of gear t = p − T

Circular tooth thickness of 
gear

Circular pitch, pressure angle, and addendum of pinion 
and gear

T
p

a a= − −
2

( )tanP G φ
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Figure 2.38 shows how the hand of Zerol bevel gear is designated. Note that a right-hand 
spiral bevel pinion has to have left-hand spiral bevel gear to mesh with it, and vice versa. 
This same rule applies to spiral bevel gears.

Table 2.9 shows formulas for Zerol bevel gears. Both Zerol and spiral bevel gears have 
the pitch diameters specified at the large end of the tooth.

2.2.6  Worm Gear Nomenclature and Formulas

When the word worm is used in connection with gear types, the implication is that there is 
some “enveloping.” A single-enveloping set of worm gears has a cylindrical worm in mesh 
with a gear that is throated to tend to wrap around the worm. Figure 2.39 shows a typical 
arrangement.

When both the worm and the gear wrap around each other, the combination is desig-
nated as double-enveloping. Figure 2.40 shows a typical arrangement of this kind.
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FIGURE 2.39
Cylindrical worm gear nomenclature.

  



79Gear Types and Nomenclature

Gear face

Gear axis

Base circle dia.

Worm  axis

0.5 Gear
face

0.5 Gear width
at od

0.5 worm
face

Worm face

	rust shoulder

Angular end
Relief

90° end

Gear face
angle

G
ea

r o
d

Ce
nt

er
 d

ist
an

ce

M
ax

. h
ob

ra
di

us

Begin
relief

Worm
face

angle

W
or

m
 o

d

W
or

m
th

ro
at

 d
ia

.

G
ea

r t
hr

oa
t d

ia
.

Gear
width
at od

Max.
hob rad.Gear hob

radius

CL

FIGURE 2.40
Double-enveloping worm gear nomenclature.

TABLE 2.10

Worm Gear Formulas

To Find Having Formula

Worm
Lead Number of threads in worm and axial pitch L = NW × px

Pitch diameter Center distance d
C C

=
0 875 0 875

1 7 3

. .

.
to

Rood diameter Outside diameter of pinion and whole depth of tooth dR = do − 2ht

Outside diameter Pitch diameter and addendum do = d + 2a

Minimum face Throat diameter, pitch diameter, and addendum f
D D

a= − −2
2 2

2 2

t

Lead angle Lead and pitch diameter tan
.

λ =
×

L
d3 1416

Normal pitch Axial pitch and lead angle pn = p × cos λ

Gear

Nominal pitch diameter Number of teeth in gear and axial pitch D
N p

=
×G x

3 1416.
Throat diameter Nominal pitch diameter and addendum Dt = D + 2a

Effective face Pitch diameter and working depth F d h de k= + −( )2 2

Center distance Pitch diameter of gear and pitch diameter of worm C
D d

=
+
2
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2.2.6.1  Cylindrical Worm Gears

The worm thread (of tooth) may be dimensioned in both a normal section and an axial 
section. The traverse section is normally not used. Figure 2.39 shows the nomenclature 
that is used.

The special formulas for worm gearing are given in Table 2.10. The pitch diameter of 
the throated gear changes as you go across the face width. The standard practice is to 

TABLE 2.11

Double-Enveloping Worm Gear Formulas

To Find Having Formula

Worm root diametera Pitch diameter of pinion and dedendum of gear dR = d − 2bG

Worm root diametera Center distance d
C

R (approx.)=
0 875

3

.

Worm pitch diametera Center distance d
C

=
0 875

2 2

.

.
(approx.)

Gear pitch diameter Center distance and worm pitch diameter D = C − 2d

Axial circle pitch Gear pitch diameter and number of teeth in gear p
D

Nx
G

=
π

Normal circular pitch Axial circular pitch and pitch cone angle of pinion pn = px cos λ

Whole depth of tootha Normal circular pitch h
p

t
n=
2

Working depth of tootha Whole depth of tooth hk = 0.9ht

Dedenduma Working depth of tooth bG = 0.611hk

Normal pressure anglea – ϕn = 20°
Axial pressure angle Normal pressure angle and lead angle at center of 

worm φ
φ
λx
n

c

= −tan
tan
cos

1

Lead angle at center of worm Pitch diameter, gear ratio, and worm pitch diameter λc
g

= −tan 1 D
m d

Lead angle averagea Pitch diameter, gear ratio, and worm pitch diameter λ = −tan
.1 0 87D
m dg

a Proportions given in these formulas represent recommendations of Cone Drive® gears. Cone Drive is a regis-
tered trademark of Cone Drive Textron, Traverse City, Michigan.

Outer diameter
Inner

diameter
Face width

Face gear
Registering
surface

Mounting
surface

Mounting
distance

Gear
axis

Involute spur
pinion

Pinion axis

Pitch
cone

Face to
mounting
surfaceFace to

registering
surface

FIGURE 2.41
On-center face gear nomenclature.
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take the pitch diameter at the center of the throat. Note the details of how this is done in 
Figure 2.39.

2.2.6.2  Double-Enveloping Worm Gears

The typical style of design and the normal nomenclature for this kind of gearing is shown 
in Figure 2.40. The pitch diameters are specified at the center of the throat on the worm and 
the center of the throat of the gear.

The formulas for double-enveloping worm gears are given in Table 2.11.

2.2.7  Face Gears

The gear member of a face gear set has teeth cut on the end of a cylindrical blank. Figure 
2.41 shows a typical face gear arrangement and the nomenclature used.

The formulas for an on-center 90°–shaft-angle set of face gears are given in Table 2.12. 
Additional design data (for a standard design) are given in Tables 2.13 and 2.14.

There are other possible face gear designs with shaft angles that are not 90° or condi-
tions of not being on-center. These can be thought of as special designs and are beyond the 
scope of this book.

2.2.8  Spiroid Gear Nomenclature and Formulas

There is a family of gears that is generally described by the names Spiroid and Helicon. 
The gear member of each of these kinds of gear sets has teeth cut on the end of a blank. 
The pinion member does not mesh on center but instead meshes with a considerable offset 
from the central position. Figure 2.42 shows a standard Spiroid arrangement. The dimen-
sion A in Table 2.15 is the offset.

TABLE 2.12

Face Gears—On-Center 90° Shaft Angle

To Find Having Formula

Gear ratio Number of gear and pinion teeth m
N
NG

G

P

=
 
(from 1.5 to 12.5)

Inside diameter Diametral pitch, number of gear and 
pinion teeth, pressure angle D

P
N Ni P G= +

1
8 2cos φ

Outside diameter (pointed 
teeth)

Diametral pitch, number of gear teeth, 
pressure angle, and tangency pressure 
angle

D
N

PoG
G o=
cos secφ φ

(see Table 2.13)

Maximal face width Face-gear inside and outside diameters F
D D

g
o i=
−
2

Face to pinion axis Pinion outside diameter and working 
depth of tooth Face to pinion axis o

k= −
d

h
2

Face to mounting surface Mounting distance and face to pinion axis Face to mounting surface =
= mounting distance −

− face to pinion axis
Minimal number of teeth – (see Table 2.14)

Source: Based on AGMA standard 203.03, Fine-Pitch On-Center Face Gears for 20-Degree Involute Spur Pinions.
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TABLE 2.13

Tangency Pressure Angle at Face Gear Outside Diameter

NP ϕo sec ϕo

12 40.765 1.32–31
13 39.669 1.29913
14 38.692 1.28120
15 37.815 1.26583
16 37.022 1.25249
17 36.300 1.24081
18 36.012 1.23626
19 35.778 1.23261
20 35.557 1.22919
21 35.346 1.22598
22 35.145 1.22295
23 34.954 1.22009
24 34.771 1.21738
25 34.596 1.21481
26 34.429 1.21237
27 34.268 1.21005
28 34.113 1.20783
29 33.965 1.20572
30 33.821 1.20369
31 33.683 1.20176
32 33.550 1.19990
33 33.421 1.19812
34 33.297 1.19640
35 33.176 1.19475
36 33.059 1.19317
37 32.946 1.19164
38 32.837 1.19016
39 32.730 1.18874
40 32.627 1.18736
41 32.525 1.18602
42 32.427 1.18473
43 32.332 1.18352
44 32.240 1.18228
45 32.150 1.18111
46 32.061 1.17996
47 31.976 1.17887
48 31.893 1.17781
49 31.810 1.17675
50 31.734 1.17578
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The Spiroid pinion is tapered. The teeth spiral around the pinion somewhat like threads 
on a worm, but they are on the surface of a cone rather than on a cylinder. The Helicon 
pinion differs from the Spiroid pinion by being cylindrical. This makes it quite comparable 
to a cylindrical worm.

Table 2.16 gives some formulas for Spiroid gear sets. Other dimensions needed to make 
a standard design are given as part of Figure 2.42. Specific data for Helicon gear sets are 
not given. The Spiroid Division of the Illinois Tool Works in Chicago, Illinois, should be 
consulted for additional data.

2.2.9  Beveloid Gears

This special type of gear is patented by Vinco Corporation. Vinco Corporation went out 
of business about twenty years ago, but this type of gear is still in use. Invincible Gear 

TABLE 2.14

Minimum Numbers of Teeth in Pinion and Face Gear

Diametral Pitch Range

Minimum Number of Teeth

Pinion Gear

20–48 12 18
49–52 13 20
53–56 14 21
57–60 15 23
61–64 16 24
65–68 17 26
69–72 18 27
73–76 19 29
77–80 20 30
81–84 21 32
85–88 22 33
89–92 23 35
93–96 24 36
97–100 25 38

Tapered
outside cone

Tapered
root

Base
cylinder

Involute
helicoid

Dished
(or flat)
front face

FIGURE 2.42
Beveloid tooth and gear nomenclature.

  



84 Dudley’s Handbook of Practical Gear Design and Manufacture

Company in Livonia, Michigan, now holds the patent rights on this gear type and still 
manufactures Beveloid gears.

Figure 2.24 shows a Beveloid gear and its features. Beveloid gears can be engaged with 
spur gears, helical gears, cylindrical worms, racks, and other Beveloid gears. They can be 
used with intersecting, parallel, or skew shafts. They are relatively insensitive to mounting 
errors.

TABLE 2.15

Spiroid Gear Dimensions

H point
dia.

F dia.
max.

G
E

Pinion
mtg. dist

Gear
mtg. dist

D

Pinion OD

B dia. max.
A

C dia.
8°

8°

8°

K
dia. max.

A B C D E F G H K

0.500 0.625 1.500 0.129 0.596 0.2969 0.365 1.101 0.2031
0.750 1.000 2.250 0.176 0.894 0.4219 0.548 1.651 0.2812
1.000 1.375 3.000 0.248 1.192 0.5938 –0.731 2.202 0.3750
1.250 1.625 3.750 0.295 1.490 0.7031 0.914 2.752 0.4531
1.500 2.000 4.500 0.338 1.788 0.8281 1.096 3.303 0.5312
1.875 2.625 5.625 0.402 2.236 1.0156 1.370 4.129 0.6406
2.250 3.187 6.750 0.461 2.683 1.1562 1.644 4.954 0.7500
2.750 4.000 8.250 0.536 3.279 1.3594 2.010 6.055 0.8750
3.250 4.750 9.750 0.608 3.875 1.5625 2.375 7.156 1.0156
3.750 5.625 11.250 0.677 4.471 1.7656 2.741 8.257 1.1406
4.375 6.750 13.125 0.757 5.216 2.000 3.197 9.633 1.2969
5.125 8.000 15.375 0.851 6.111 2.2812 3.745 11.285 1.4844

TABLE 2.16

Spiroid Gear Formulas

To Find Having Formula

Ratio Number of teeth in gear, number of threads in pinion m
N
NG

G

P

=

Pinion spiral angle Theoretical lead, pinion OD cone angle, pinion pitch 
radius tan

sec
α

τ
πP =

L
r2

Gear spiral angle Ratio, pinion pitch radius, gear pitch radius, pinion 
spiral angle

sin sinα αG G
G

P= m
r
R

Pinion pitch point Length of pinion primary pitch cone =
1
3
axial length primary pitch

cone from ssmall end
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3
Gear Tooth Design

In this chapter the subject of the design of the gear tooth shape is covered. To the casual 
observer, some gear teeth appear tall and slim while others appear short and fat. Gear 
specialists talk about things like the “pressure angle,” long and short addendum, root fillet 
design, and the like. Obviously, there is some well-developed logic in the gear trade with 
regard to how to choose and specify factors related to the shape of gear teeth. This chapter 
presents the basic data that are needed to exercise good judgment in gear tooth design.

3.1  Basic Requirements for Gear Tooth Design

Gear teeth mesh with each other and thereby transmit non-slip motion from one shaft to 
another. Those making and using gear teeth may expect the teeth to conform to some stan-
dard design system. If this is the case, the gear maker may be able to use some standard 
cutting tools that are already on hand. If a standard design is used that is already familiar 
to the gear user, the functional characteristics of the gears, such as relative load-carrying 
capacity, efficiency, quietness of operation, and the like, can be expected to be similar for 
new gear drives to those of gear drives already in service.

It should be kept in mind that the art of gear making has progressed to a point where 
there is much more versatility than before. Machine tools are computer controlled and can 
be programmed to cover many more variations than were possible in the past. In the gear 
design office, computers can find what may be believed to be truly optimum design for 
some important applications. Frequently, the design chosen does not agree with a design 
that might have been considered standard in earlier years.

What this means is that a great variety of gear tooth designs are being used. This trend 
in gear engineering can be a good one—providing the gear designer has an in-depth 
knowledge of all the things that need to be considered. Serious mistakes, though, can be 
made when a decision is made on the basis of computer data and the computer program 
failed to consider some critical constraints in the application.

3.1.1  Definition of Gear Tooth Elements

Many features of gear teeth need to be recognized and specified with appropriate dimen-
sions (either directly or indirectly).

Spur and helical gears are usually made with an involute tooth form. If a section 
through the gear tooth is taken perpendicular to the axis of the part, the features shown in 
Figures 3.1 and 3.2 are revealed. Note the nomenclature used.

Outside diameter (dashed line in Figure 3.1) is the maximum diameter of the gear blank 
for spur, helical, worms, or worm gears. All tooth elements lie inside this circle. A toler-
ance on this diameter should always be negative.

A S U S
Highlight



86 Dudley’s Handbook of Practical Gear Design and Manufacture

Modification diameter (dashed line in Figure 3.1) is the diameter at which any tip modifica-
tion is to begin. It is a reference dimension and may be given in terms of degrees of roll.

Pitch diameter (dashed line in Figures 3.1 and 3.2) is the theoretical diameter established 
by dividing the number of teeth in the gear by the diametral pitch of the cutter to be used 
to produce the gear. This diameter can have no tolerance.

Limit diameter (dashed line in Figure 3.1) is the lowest portion of a tooth that can actually 
come in contact with the teeth of a mating gear. It is a calculated value and is not to be 
confused with form diameter. It is the boundary between the active profile and the fillet 
area of the tooth.

Form diameter (dashed line in Figure 3.1) is a specified diameter on the gear above which 
the transverse profile is to be in accordance with drawing specification on profile. It is an 
inspection dimension and should be placed at a somewhat smaller radius than the limit 
diameter to allow for shop tolerances.

Name of circle

Active
profile

Outside diameter
Effective outside diameter
Start of modification diameter

Pitch diameter

Limit diameter
Form diameter
Undercut diameter
Base circle diameter
Working depth diameter

Root diameter

FIGURE 3.1
Nomenclature of gear circles.
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round
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du
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Space width

Outside circle of
mating tooth

Tip of mating
tooth

Fillet

Pitch circle
diameter

Form circle
diameter

Root circle
diameter

Origin of involute

Base circle
diameter

Outside circle
diameter

Clearance

Tooth thickness
Arc Cordal

Active
profile

Circular pitch

W
or

ki
ng
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ep

th
W

ho
le 

de
pt

h

FIGURE 3.2
Gear tooth nomenclature.
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87Gear Tooth Design

Undercut diameter (dashed line in Figure 3.1) is the diameter at which the trochoid pro-
ducing undercut in a gear tooth intersects the involute profile.

Base circle diameter (dashed line in Figures  3.1 and 3.2) is the diameter established by 
multiplying the pitch diameter (see above) by the cosine of the pressure angle of the cutter 
to be used to cut the gear. It is a basic dimension of the gear.

Root diameter (dashed line in Figures 3.1 and 3.2) is the diameter of the circle that estab-
lishes the root lands of the teeth. All tooth elements should lie outside this circle. The toler-
ance should be negative.

Figure  3.3 shows a side view of a spur gear tooth to further depict the features and 
nomenclature of gear teeth.

Active profile (shaded area in Figure 3.3a) is a surface and is that portion of the surface of 
the gear tooth which at some phase of the meshing cycle contacts the active profile of the 
mating gear tooth. It extends from the limit diameter (see Figure 3.1) near the root of the 
tooth to the tip round (see Figure 3.2) at the tip of the tooth and, unless the mating gear is 
narrower, extends from one side of the gear or edge round (see Figure 3.3k) at one end of 
the tooth to the other side of the gear or edge round.

Top land (shaded area in Figure 3.3b) is a surface bounded by the sides of the gear (see 
Figure 3.3d) and active profiles; or if the tooth has been given end and tip rounds (see 
Figure 3.3h and Figure 3.3i), the top land is bounded by these curved surfaces. The top 
land forms the outside diameter of the gear.

Fillet. The fillet of a tooth (shaded area in Figure 3.3c) is a surface that is bounded by the 
form diameter (see Figure 3.3) and the root land (if present) (see Figure 3.3e) and by the 
ends of the teeth. In full-fillet teeth, the fillet of one tooth is considered to extend from 
the center line of the space to the form diameter.

Sides of gear. The sides of gear (shaded area in Figure 3.3d) are surfaces and are the ends 
of the teeth in spur and helical gears.

(a) Active profile (b) Top land (c) Fillet (d) Sides of gear

(h) Tip round(g) Normal section(f ) Transverse profile(e) Root land

(i) End round (j) Fillet radius (k) Edge round

R

R

FIGURE 3.3
Nomenclature of gear tooth details (a–k).
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Root land (also known as bottom land). The root land (shaded area in Figure 3.3e) is a 
surface bounded by fillets (see Figure 3.3c) of the adjacent teeth and sides of the gear blank.

Transverse profile (heavy line in Figure 3.3f) is the shape of the gear tooth as seen in a 
plane perpendicular to the axis of rotation of the gear.

Axial profile (heavy line in Figure 3.3g) is the shape of the gear tooth as seen in a plane 
tangent to the pitch cylinder at the surface of the tooth. In the case of helical gears, it is the 
shape of a tooth as seen on a pitch cylinder and may be developed to be shown in a plane.

Tip round (shaded area in Figure 3.3h) is a surface that separates the active profile and 
the top land. It is sometimes applied to gear teeth either to remove the burrs or to lessen 
the chance of chipping, particularly in the case of hardened teeth. It may also be added as 
a very mild and crude form of profile modification.

End round (shaded area in Figure 3.3i) is a surface that separates the sides and the top 
land of the tooth. It is sometimes applied to gear teeth to reduce the chance of chipping, 
particularly in the case of hardened teeth.

Fillet radius (shaded area in Figure 3.3j) is the minimum radius that a gear tooth may 
have.

End round (shaded area in Figure 3.3k) is the surface that separates the active profiles of 
the teeth from the sides of the gear. These edges are of importance in the cases of helical 
gears, spiral bevel gears, and worms, since they become very sharp on the leading edge.

3.1.2  Basic Considerations for Gear Tooth Design

Gear teeth are a series of cam surfaces that contact similar surfaces on a mating gear in an 
orderly fashion. To drive in a given direction and to transmit power or motion smoothly 
and with a minimum loss of energy, the contacting cam surface on mating gears must have 
the following properties:

• The height and the lengthwise shape of the active profiles of the teeth (cam sur-
faces) must be such that, before one pair of teeth goes out of contact during mesh, 
a second pair will have picked up its share of the load. This is called continuity of 
action.

• The shape of the contacting surfaces of the teeth (active profiles) must be such that 
the angular velocity of the driving member of the pair is smoothly imparted to the 
driven member in the proper ratio. The most widely used shape for active profiles 
of spur gears and helical gears that meets these requirements is the involute curve. 
There are many other specialized curves, each with specific advantages in certain 
applications. This subject is developed further in Section 3.1.2.2.

• The spacing between the successive teeth must be such that a second pair of tooth-
contacting surfaces (active profiles) is in the proper position to receive the load 
before the first leave mesh.

Continuity of action and conjugate action are achieved by proper selection of the gear 
tooth proportions. Manufacturing tolerances on the gears govern the spacing accuracies of 
the teeth. Thus, to achieve a satisfactory design, it is necessary to specify correct toot pro-
portions, and, in addition, the tolerances on the tooth elements must be properly specified.

As a general rule, gearing designed in accordance with the standard systems will not 
have problems of continuity of action or conjugate action. In those cases where it is nec-
essary to depart from the tooth proportions given in the standard systems, the designer 
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89Gear Tooth Design

should check both the continuity of action and the conjugate action of the resulting gear 
design.

3.1.2.1  Continuity of Action

As discussed above, all gear tooth contact must take place along the “line of action.” 
The shape of this line of action is controlled by the shape of the active profile of the gear 
teeth, and the length of lines of action is controlled by the outside diameters of the gears 
(Figure 3.4). To provide a smooth continuous flow of power, at least one pair of teeth must 
be in contact at all times. This means that during a part of the meshing cycle, two pairs of 
teeth will be sharing the load. The second pair of teeth must be designed such that they 
will pick up their share of the load and be prepared to assume the full load before the first 
pair of teeth goes out of action.

Control of the continuity of action is achieved in spur by varying:

• The slope of the line of action (in the case of involute gears, the operating pressure 
angle).

• The outside diameters of the pinion and the gear.
• The shape of the active profile.
• The relative sizes of the limit diameter and undercut diameter circles (limit circle 

must be larger).

Control of the continuity of action in internal-type spur and helical gears is achieved by 
varying:

• The slope of the line of action (in the case of involute gears, the operating pressure 
angle).

• The inside diameter of the internal gear and the outside diameter of the pinion.

Outside diameter
circles

Effective length
of line of action

Base pitch (pb)

pb pb

a'

b'

FIGURE 3.4
Zone of tooth action.
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• The shape of the active profile.
• The relative sizes of the limit diameter and undercut diameter circles. The internal 

gear will not be undercut, but the external member may. Thus the limit diameter 
of the pinion must be larger than the undercut diameter.

Control of the continuity of action in helical gears is achieved by varying:

• The slope of the line of action (in the case of involute gears, the operating pressure 
angle).

• The outside diameters of the pinion and of the gear.
• The shape of the active profile.
• The relative sizes of the limit diameter and the undercut diameter circles (limit 

circles must be larger). All the foregoing elements control the continuity of action 
in the transverse plane.

• The lead of the tooth.
• The length of the tooth. These two elements control the continuity of action in 

the axial plane. To assure continuity of action, the portion of the line of action 
bounded by the outside diameter circles (the straight-line segment ab) must be 
somewhat longer than the base pitch (see Figure 3.4).

The base pitch pb is defined as follows:

 p p
Pb
d

= =cos
cos

φ
π φ

 (3.1)* 

where
p—circular pitch of gear
ϕ—pressure angle of gear
Pd—diametral pitch

Thus, either the outside diameter circles, the operating pressure angle, or the base pitch 
must be adjusted so that ab exceeds the base pitch pb by from 20% to 40%.

The most general way of checking continuity of action is by calculating the contact ratio.
A numerical index of the existence and degree of continuity of action is obtained by 

dividing the length of the line of action by the base pitch of the teeth (see Figure 3.4). This 
is called contact ratio, mp.

The American Gear Manufacturers Association (AGMA) recommends that the contact 
ratio for spur gears not be less than 1.2:

 m
L
pp
a

b

= ≥ 1 2.  (3.2)

* Equations 3.1 through 3.6 are given dimensionless. For English system calculations, use inches for all dimen-
sions. For metric system calculations, use millimeters for all dimensions.
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91Gear Tooth Design

A spur gear mesh has only a transverse contact ratio, mp, whereas a helical gear mesh 
has a transverse contact ratio, mp, an axial contact ratio, mF, (face contact ratio), and a total 
contact ratio, mt.

Equations for contact ratio are as follows:

• Spur and helical gears

 m

d d D D

p

o b o b

=

− + −
2 2 2 2

2 2 2 22

−C

p

sinφ

b

 (3.3)

• Internal, spur, and helical gears

 m

d d D D

p

o b i bi

=

− + −
2 2 2 2

2 2 2

−
2

C

p

sinφ

b

 (3.4)

• Helical gears, axial contact ratio

 m
F

pF =
tanψ

 (3.5)

• Helical gears, total contact ratio

 mt = mP + mF (3.6)

where
d′o—outside diameter (effective) of pinion
D′o—effective outside diameter of gear (diameter to intersection of tip round and active 

profile); see the following discussion
D′i—inside diameter (effective), internal gear
db—base diameter of pinion
Db—base diameter of gear
Dbi—base diameter of internal gear
C′—operating center distance of pair
ϕ′—operating pressure angle
p—circular pitch (in plane of rotation)
pb—base pitch
F —length of tooth, axial, the face width of the gear
ψ —helix angle of helical gears

(To achieve correct answers on contact ratio, the following points should be observed.)

• The effective outside diameter d′o or D′o is actually the diameter to the beginning 
of the tip round, usually D′o = Do − 2 (edge round specification) (max). This value 
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rather than the drawing outside diameter should be used since in many cases 
manufacturing practices for removing burrs produce a large radius, particularly 
in fine-pitch gears. Thus, a considerable percentage of the addendum may not be 
effective. If the teeth are given a very heavy profile modification, consideration 
should be given to performing the calculation under (a) full load, assuming con-
tact to the tip of the active profile, and (b) light load, assuming contact near the 
start of modification. In this case d′o or D′o is selected to have a value close to the 
diameter at the start of modification. This will give an index to the smoothness of 
operation at these conditions.

• This equation also assumes that the form diameter is a larger value than the 
undercut diameter. If not, use the value of undercut diameter.

• On occasion, the outside diameter of one or both members is so large relative to 
the center distance and operating pressure angle that the tip extends below the 
base circle when it is tangent to the line of action. Since no involute action can take 
place below the base circle, the value C sin ϕ (the total length of the line of action) 

should be substituted in the equation in place of the value ( ) − ( )d do b/ /2 2
2 2

 or 

( ) − ( )D Do b/ /2 2
2 2

 in the case that one or both become larger than the value of 

C sin ϕ.

3.1.2.2  Conjugate Action

Gear teeth are a series of cam surfaces that act on similar surfaces of the mating gear to 
impart a driving motion. Many different shapes of surfaces can be used on the teeth to 
produce uniform transmission of motion. Curves that act on each other with a resulting 
smooth driving action and with a constant driving ratio are called conjugate curves. The 
fundamental requirements governing the shapes that any pair of these curves must have 
are summarized in Willis’ “basic law of gearing” (1841), which states, “normals to the pro-
files of mating teeth must, at all points of contact, pass through a fixed point located on the 
line of centers” (Willis 1841).

In the case of spur- and helical-type gears, the curves used almost exclusively are those 
of the involute family. In this type of curve, the fixed point mentioned in the basic law is 
the pitch point. Since all contact takes place along the line of action, and since the line of 
action is normal to both the driving and driven involutes at all possible points of contact, 
and, lastly, since the line of action passes through the pitch point, it can be seen that the 
involute satisfies all requirements of the basic law of gearing. Many years ago, the cycloidal 
family of curves was in common use; however, clockwork gears are about the only applica-
tion of this type of tooth today. The involute curve has supplanted the cycloid because of 
its greater ease of design and because it is far less sensitive to manufacturing and mount-
ing errors. In addition, the tools used to generate the cycloid are more difficult to make 
with the same degree of accuracy as those for the involute.

The use of the involute has become so universal that, with few exceptions, it is hardly 
necessary to specify on spur and helical gear drawings that the involute form is desired. 
It is only when a designer wishes to use a noninvolute tooth for a special application that 
it becomes apparent how much work must be done to design a satisfactory profile prop-
erly. The results of standardization and the deep understanding of gears on the part of 
competent manufacturers are appreciated most by those who require quality designs of a 
nonstandard nature.
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93Gear Tooth Design

Worm gearing, like bevel gearing, is noninvolute. The tooth form of worm gearing is usu-
ally based on the shape of the worm; that is, the teeth of the worm gear are made conjugate 
to the worm. In general, worms can be chased, as on a lathe, or cut by such processes as 
milling or hobbing, or can be ground. Each process, however, produces a different shape of 
worm thread and generally requires a different shape of worm gear tooth to run properly.

In the case of face gearing, the pinion member is a spur or helical gear of involute form, 
but the gear tooth is a special profile conjugate only to the specific pinion. Thus pinions 
having a number of teeth larger or smaller than the number for which the face gear was 
designed will not run properly with the face gear.

3.1.2.3  Pitch Diameter

Although pitch circles are not the fundamental circles on gears, they are traditionally the 
starting point on most tooth designs. The pitch circle is related to the base circle, which is 
the fundamental circle, by the relationships that follow. Some authorities list as many as 
nine distinct definitions of pitch circles. The following definitions cover the pitch circles 
considered in this chapter.

Standard pitch diameter. The diameters of the circle on a gear determined by dividing the 
number of teeth in the gear by the diametral pitch.

The diametral pitch is that of the basic rack defining the pitch and pressure angle of the 
gear.

AGMA (1974) gives the following equation for standard pitch diameter in the fine-pitch 
standards:

 D
N
P

=
d

 (3.7)

where
D—diameter of standard pitch circle
Pd—diametral pitch of basic rack
N—number of teeth in gear

Operating pitch diameter. The diameter of the circle on a gear, which is proportional to the 
gear ratio, and to the actual center distance, at which the gear pair will operate.

A gear does not have an operating pitch diameter until it is meshed with a mating gear. 
The equations for operating pitch diameter are

• External spur and helical gearing

 =
+

d
C

m
2

1g

pinionmember  (3.8)*

 =
+

D
C m

m

2
1
g

g

gear member  (3.9)

* Equations 3.8 through 3.13 should use inches for English calculations, and millimeters for metric calculations.
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• Internal spur and helical gearing

 =
−

d
C

m
2

1g

pinionmember  (3.10)

 =
−

D
C m

m

2

1
g

g

gear member  (3.11)

where
d′—operating pitch diameter of pinion
D′—operating pitch diameter of gear
C′—operating center distance of mesh

mg—gear ratio =
number of teeth in gear
number of teeth in pinioon

The operating and the standard pitch circles will be the same for gears operated on 
center distances that are exactly standard. The distinction to be made usually involves tol-
erances on the gear center distance. Most practical gear designs involve center distance 
tolerances that are the accumulated effects of machining tolerances on the center bores 
and tolerances in bearings (clearances, runout of outer races, etc.). Thus, gears all operate 
with maximum and minimum operating pitch diameters. The most important application 
occurs on gears operated on nonstandard center distances.

In Figure 3.5, a pair of gears designed to operate on enlarged center distances is shown. 
Both the standard and operating pitch circles are shown. It will be noted that the pitch 
circles are related to the base circle as follows:

 D
D

= b standard pitch diameter
cosφ

 (3.12)

 =D
Db operating pitch diameter

cosφ
 (3.13)

It will also be noted that the standard pitch circles do not contact each other by the 
amount that the center distance has been increased from standard.

In worm gearing, it is convenient to use pitch circles. In this case, however, it is common 
practice to make the pitch circle of the gear go through the teeth at a diameter at which the 
tooth thickness is equal to the space width. In the case of the worm, the pitch circle also 
defines a cylinder at which the width of the threads and spaces are equal. It is also good 
practice to modify the worm teeth slightly to achieve the required backlash. When this is 
done, the space widths are greater than the thread thicknesses, as measured on the “stan-
dard” pitch cylinder, by the amount of backlash introduced. The pitch cylinder also defines 
the diameter at which the lead angle, as well as the pressure angle, is to be measured.

3.1.2.4  Zones in Which Involute Gear Teeth Exist

Although many gear designs utilize standard or “equal-dedendum” tooth proportions, it 
is not always necessary or even desirable to use these proportions. One of the outstanding 
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features of the involute tooth profile is the opportunity it affords for the use of different 
amounts of addendum and tooth thicknesses on gears of any given pitch and numbers 
of teeth. These variations can be produced with standard gear-tooth-generating tools. It 
is not necessary to buy different cutting or checking tooling for each new value of tooth 
thicknesses or addendum if the proper tooth thicknesses–addendum relationship is main-
tained in the design.

As discussed in other chapters of this handbook, the limits of true involute action 
are established by the length of the line of action. It has been shown that the end limits 
defining the maximum usable portion of the line of action are fixed by the points at 
which this line becomes tangent to the basic circles. These limits, a and b, are shown 
in Figure  3.6a. The largest pinion or gear that will have correct gear tooth action is 
defined by circles that pass through points a and b (Figure 3.6b). Therefore, any gear 
teeth that lie fully within the crosshatched area on Figure 3.6b will have correct invo-
lute action on any portions of the teeth that are not undercut. Undercut limitations 
are discussed more fully under Section 3.1.2.6. One should not infer that the largest 
usable outside diameters will be used simultaneously on both members on a given gear 
design.

Standard pressure angle

Operating pressure angle

Standard
pressure anglePinion

Gear

Operating
pressure angle

Root diameter circle, gear
Base diameter circle, gear
Form diameter circle, gear

Form diameter circle,
pinion
Base diameter circle,
pinion
Root diameter circle,
pinion

Standard pitch diameter
circle, gear

Standard pitch diameter
circle, pinion

Operating pitch diameter
circle, gear

Operating pitch diameter
circle, pinion

Outside diameter circles

FIGURE 3.5
Nomenclature for gear cut to standard pressure angle and operated at increased center distance.
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FIGURE 3.6
Study of involute tooth development. (a) Maximum usable length of line of action; (b) maximum zone in which conjugate action can take place; (c) operating pitch 
circles; (d) development of involute profiles; (e) standard addendum tooth proportions; (f) short (pinion)-addendum tooth proportions; (g) long (pinion)-addendum 
(abnormal) tooth proportions; (h) long (pinion)-addendum (normal) tooth proportions.

  

A S U S
Sticky Note
نقاط a و b محدوده خط عمل هستند.در این نقاط خط عمل مماس بر دایره های مبنا است.

A S U S
Sticky Note
دندانه های چرخ دنده در قسمت هاشور خورده عمل اینولوت صحیح را خواهند داشت



97Gear Tooth Design

The equations for maximum usable outside diameter are

 D C
DG

oG = ( ) +2
2

2
2

sin cos maxφ φ  (3.14)*

 D C
D

oP
P= ( ) +2
2

2
2

sin cos minφ φ  (3.15)

where
C′—operating center distance
ϕ—cutting or standard pressure angle
ϕ′—operating pressure angle
DG—pitch diameter of gear
DP—pitch diameter of pinion

Operating pitch circles for the gear ratio (2:1) and center distance chosen for this illustra-
tion are shown in place in Figure 3.6c. If this center distance is standard for the number of 
teeth and pitch, the operating pitch circles shown also be the standard pitch circles.

To transmit uniform angular motion, a series of equally spaced involute curves are 
arranged to act on each other. These are shown in place in Figure 3.6d. On both the pinion 
and the gear member, the involute curves originate at the base circles and theoretically can 
go on forever. The more practical lengths are suggested by solid lines. The spacing of the 
involutes of both members measured on the base circles must be equal, and the interval 
chosen is called the base pitch. The base pitch of the gear or pinion times the number of 
teeth in the member must exactly equal the circumference of the base circles.

If similar involute curves of opposite hand are drawn for both base circles, the familiar 
gear teeth are achieved. It is customary to measure the distance from one involute curve 
to the next along the standard pitch circle. This distance is called the circular pitch. It is also 
customary to make standard tooth proportions with tooth thicknesses equal to one-half 
the circular pitch. The standard addendum used for the gearing system shown in this 
chapter is equal to the circular pitch divided by π.

Figure 3.6e shows standard teeth developed on the base circles of Figures 3.6a through 
3.6d. It will be noted that the addendum of the 12-tooth pinion is equal to that of the gear 
and that the outside diameters thus established do not reach out to the maximum values 
established by the line-of-action limits.

In modern gear-cutting practice, the tooth thickness of gears, as measured on the stan-
dard pitch circle, is established by the depth to which the generating-type cutter (usually 
hob or shaper cutter) is fed, relative to the standard pitch diameter. To obtain a correct 
whole depth of tooth, the outside diameters of the gear blanks are made larger or smaller 
than standard by twice the amount that the cutter will be fed in or held out relative to 
the normal or standard amount that would be used for standard gears. If the cutter is to 
be held out a distance Δc, the outside diameter of the blank is made 2Δc larger than stan-
dard and the resultant gear is said to be long addendum. Figure 3.6f shows an example 
of a gear in which the cutter was held out sufficiently so that the outside diameter of the 
gear was equal to the diameter of the maximum useable outside diameter circle (see also 

* Equations 3.14 through 3.18 should use inches for English calculations, and millimeters for metric calculations.
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Figure 3.6b). This is called a long addendum gear. The cutter was fed into the pinion an 
equal amount, making it short addendum. Reasons for making pinions short addendum 
are discussed under Section 3.1.3.2, and the effects of the undercutting produced are dis-
cussed under Section 3.1.2.6.

To avoid undercut, or to achieve a more equal balance in tooth strength, it is custom-
ary to make the pinion addendum long and that of the gear short. If an attempt is made 
to design a pinion with the maximum usable outside diameter as established by the line 
of action (see Figure 3.6b), difficulties may arise. In the example shown having 12 and 24 
teeth, it is not possible to generate a pinion having such an outside diameter.

Figure 3.6g shows the tooth form resulting from such an attempt. The pinion blank was 
turned to the maximum usable outside diameter, and the cutter was held out an equiva-
lent distance Δc. As a result of the generating action, the sides of the teeth are involute 
curves “crossed over” at a diameter smaller than the desired outside diameter. Thus the 
teeth are pointed at the outside diameter and also the whole depth is less than anticipated. 
This effect is less serious in gears having large number of teeth.

The gear tooth that results from this extreme modification is badly undercut. This effect 
would not have been so great if the gear had more teeth.

The amount of long and short addendum that may be applied to each member of a gear 
mesh is limited by the three following considerations:

• The length of the usable portion of the line of action will form a maximum limit 
on the outside diameter of a gear. Diameters in excess of this will not provide 
additional tooth contact area since there is no involute portion on the mating gear 
that can contact this area.

• The diameter at which the teeth become pointed limits the actual or effective out-
side diameter.

• Undercutting may limit the short-addendum gear. The undercut diameter should 
always be less than the form diameter.

These three considerations show the extreme limits that bound gear tooth modifications. 
The designer should not infer that it is necessary to approach these limits in any given gear 
design. In the treatment of gear tooth modifications, some reasons for making given tooth 
modifications are considered. In each case, however, the designer must be sure that the 
amount actually used does not exceed the limits discussed here.

3.1.2.5  Pointed Teeth

The previous sections have shown how gear teeth generated by a specific basic rack can 
have different tooth thicknesses, and that the outside diameters of such gears are altered 
from standard as a function of the change in tooth thickness. In practice, these tooth pro-
files are achieved by “feeding in” or “holding out” the gear-generating tools. It is custom-
ary to feed a specific cutter to a definite depth into the gear blank that has a greater than 
standard outside diameter. The cutter, when working at its full cutting depth, will still be 
held out from the standard N/Pd pitch circle.

Teeth generated thicker than standard will have tips of a width less than standard 
since the cutter must be “held out.” For any given number of teeth, the tooth thickness 
can be increased such that the tip will become pointed at the outside diameter circle. In 
Figure 3.7, four gears all having the same number of teeth, diametral pitch, and pressure 
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99Gear Tooth Design

angle are shown. In Figure 3.7a, the cutter shown by a rack has been fed to the standard 
depth. The outside diameter of this gear is standard, (N + 2)Pd. Note the tooth thickness 
at the tip. In Figure 3.7b, the outside diameter was somewhat enlarged and the cutter fed 
in the standard whole-depth distance starting from the enlarged outside diameter. This 
results in the thicker tooth (which would operate correctly with a standard gear on an 
enlarged center distance) and a somewhat thinner tip. In Figure 3.7c, the outside diameter 
has been established at a maximum value at which it is still possible to achieve a standard 
whole-depth tooth; the tooth thus generated is pointed. Figure 3.7d shows what happens 
if the maximum outside diameter and tooth thickness are exceeded. The resulting tooth 
does not have the correct whole depth because the involute curves cross over below the 
expected outside diameter. This tooth is similar to the one shown on the pinion member 
in Figure 3.6g.

The amount that the outside diameter of a gear is to be modified is usually a function of 
the tooth thickness desired. Equation 3.18 below gives the relationship usually employed.

The maximum amount that the tooth thickness of a gear can be increased over stan-
dard to just achieve a pointed tooth can be calculated from the simultaneous* solution of 
Equations 3.16 and 3.17.

* Equations 3.16 and 3.17 are solved by assuming a series of values for ϕ″. Curves are plotted for ∆ oDmax versus 
ϕ″. The point where the curves cross indicate a simultaneous solution for the two equations. For instance, a 
20-tooth pinion of 1 pitch having a 20° pressure angle and cut with a standard cutter has a crossing point for ϕ″ 
of 39.75° and ∆ oDmax of 2.44 in. It should be kept in mind that these equations solve problems for one pitch only 
(divided by pitch to adjust answer for other pitches) and make no allowance for backlash. In the metric system 
the solution is in millimeters and for one module. (For other modules, multiply the answer by the module.)

Standard pitch
line of cutter

Standard pitch
line of cutter Standard pitch

line of cutter

Standard pitch
line of cutter

Standard pitch
circle of gear

Standard pitch
circle of gear Standard pitch

circle of gear

Standard pitch
circle of gear

Tooth thickness

Outside diameter circle
for full-depth teeth
Resultant outside diameter
circle

Tooth
thickness Tooth

thickness

Amount cutter
is “held out”

Amount cutter
is “held out”

Amount cutter
is “held out”

Circular
pitch

Outside diameter
circle

Outside diameter
circle

Outside diameter
circle

(a) (b)

(c) (d)

FIGURE 3.7
Cutting long-addendum teeth. (a) Standard tooth; (b) long-addendum tooth; (c) long-addendum (pointed) tooth; 
(d) long-addendum (over-enlarged) tooth.
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 ∆D No
max cos

cos
= − −

φ
φ

1 2  (3.16)

 ∆D
N

o

inv inv
max

tan
=

−( ) −φ φ
π

φ
2  (3.17)

The equivalent amount that the tooth thickness must be increased above the standard to 
achieve this increase in outside diameter is given by Equation 3.18.

	 ΔT = d (inv ϕ″	−	inv ϕ) −T (3.18)

where Do
max  is the maximum outside diameter at which a tooth having full working depth 

will come to a point, as follows

 D
N
P

Do o
max =

+
+

2
∆  (3.19)

where
T—tooth thickness at standard pitch diameter
ϕ—standard pressure angle of hob or rack
ϕ″—pressure angle at tip of tooth

3.1.2.6  Undercut

An undercut tooth is one in which a portion of the profile in the active zone has been 
removed by secondary cutting action. Under certain conditions, the path swept out by the 
tip of a generating-type cutter will intersect the involute active profile at a diameter greater 
than the limit diameter. Such a tooth is said to be undercut since no contact with the mat-
ing gear can take place between the undercut and the limit circles.

The amount of undercut will depend on the type of tool used to cut the gears; in gen-
eral, a hob will undercut a gear to a greater degree than will a circular, shaper-type cutter. 
Form-type cutters do not normally produce undercut. In calculating the undercut diam-
eter, it is customary to use an equation based on the type of tooling that will produce 
the greatest undercut, usually a hob. This is done to give the shop the greatest freedom 
of choice in selecting tools. If the most adverse choice will produce a satisfactory tooth 
profile, then all other types of cutter that might be chosen by the shop would prove to be 
satisfactory, except in those cases where undercut is intended to provide clearance for the 
tips of the mating teeth.

In general, spur gears of 20° pressure angle having 18 or more teeth and made to stan-
dard- or long-addendum tooth proportions will not be undercut. In each of the “standard 
systems” for different types of gear, the minimum number of teeth recommended for each 
pressure angle is usually based on undercut.

Helical gears can usually be made with fewer teeth than can spur gears without getting 
into problems of undercut.
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Figure 3.8 shows three gears having the same number of teeth, each produced by gen-
erating-type cutters. Figure 3.8a is the tooth form of a gear having standard addendum. 
Figure 3.8b shows the same shape of the tooth that results when the tip of the rack-type 
cutter is operating at a depth exactly passing through the point of intersection of the line 
of action and the base circle. Figure 3.8c shows the shape of a tooth with results when the 
cutter works at a depth somewhat below the intersection of the line of action and the base 
circle.

Undercutting is a product of generating-type cutters. Gears cut by forming-type cutters 
do not usually have undercut. In certain cases, undercut may ensure tip clearance in mat-
ing gears. Racks operating with gears having a few teeth may show tip interference unless 
the pinions were generated with special shaper-type cutters or hobs.

3.1.3  Long- and Short-Addendum Gear Design

The previous section shows the geometric limitations on the amount that gears can be 
made long or short addendum. This section indicates cases in which long and short adden-
dum should be considered.

Modification of the addendum of the pinion, and in most cases the gear number, is rec-
ommended for gears serving the following applications:

• Meshes in which the pinion has a few teeth
• Meshes operating on nonstandard center distances because of limitations on ratio 

or center distances
• Meshes of speed-increasing drives
• Meshes designed to carry maximum power for the given weight allowance (This 

type of gearing is usually designed to achieve the best balance in strength, wear, 
specific sliding, pitting, or scoring.)

Standard pitch
line of cutter

Standard pitch
line of cutter

Standard pitch
line of cutter

Standard
pitch circle
of gear

Standard
pitch
circle

Standard
pitch
circle

Outside diameter
circle

Outside diameter
circle

Outside diameter
circle

Amount cutter
is “fed in”

Amount cutter
is “fed in”

(a) (b)

(c)

FIGURE 3.8
Cutting short-addendum teeth. (a) Standard tooth; (b) short-addendum tooth; (c) short-addendum (abnormal) 
tooth.
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• Meshes in which an absolute minimum of energy loss through friction is to be 
achieved

3.1.3.1  Addendum Modification for Gears Having a Few Teeth

Undercutting is one of the most serious problems occurring in gearing having small num-
bers of teeth. The amount that gears with small numbers of teeth should be enlarged (made 
long addendum) to avoid undercut, has been standardized by the AGMA. The values of 
modification are based on the use of a hob or rack-type cutter and as a result are more than 
adequate for gears cut with circular, shaper-type cutters. The values of addendum modifi-
cation recommended for each number of teeth are shown in Table 3.1.

When two gears, each containing a few teeth, must be operated together, it may be nec-
essary to make both members long addendum to avoid undercut. Such teeth will have a 
tooth thickness that is larger than standard and that will necessitate the use of greater-
than-standard center distance for the pair.

Modifications to avoid undercut fall into three categories.

• If both members have fewer teeth than the number critical to avoid undercut, 
increase the center distance so that the operating pressure angle is increased. 
Then get appropriate values of the addendum and whole depth for the pinion and 
for the gear.

TABLE 3.1

Values of Addendum

No. of 
Teeth 
in 
Pinion

Coarse-Pitch Teeth (1 through 
19 Pd) per AGMA 201.02

20°

Coarse-Pitch Teeth (1 through 
19 Pd) per AGMA 201.02

25°

Fine-Pitch Teeth (20 Pd and 
finer) per AGMA 207.04

20°

αP 
Pinion

αG 
Gear

Recommended 
Min. No. of 

Teeth
αP 

Pinion
αG 

Gear

Recommended 
Min. No. of 

Teeth
αP 

Pinion
αG 

Gear

Recommended 
Min. No. of 

Teeth

7 – – – – – – 1.4143a 0.4094 42
8 – – – – – – 1.4369a 0.4679 39
9 – – – – – – 1.4190a 0.5264 36
10 1.468 0.532 25 1.184 0.816 15 1.4151 0.5849 33
11 1.409 0.591 24 1.095 0.905 14 1.3566 0.6434 30
12 1.351 0.649 23 1.000 1.000 12 1.2982 0.7019 27
13 1.292 0.708 22 1.000 1.000 12 1.2397 0.7604 25
14 1.234 0.766 21 1.000 1.000 12 1.1812 0.8189 23
15 1.175 0.825 20 1.000 1.000 12 1.1227 0.8774 21
16 1.117 0.883 19 1.000 1.000 12 1.0642 0.9358 19
17 1.058 0.942 18 1.000 1.000 12 1.0057 0.9943 18
18 1.000 1.000 – 1.000 1.000 12 1.0000 1.0000 –

Note: The values in this table are for gears of 1 diametral pitch. For other sizes, divide by the required diametral 
pitch. The values of addendum shown are the minimum increase necessary to avoid undercut. Additional 
addendum can be provided for special applications to balance strength. See Table 3.2.

a These values are less than the proportional amount that the tooth thickness is increased (see Table 3.15) to pro-
vide a reasonable top land.
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• If the pinion member has fewer teeth than the critical number, and the mating 
gear has considerably more, the usual practice is to decrease the addendum of the 
gear by the amount proportional to the amount that the pinion is increased. This 
results in a pair of gears free from undercut that will operate on a standard center 
distance.

• If the pinion member has fewer teeth than the critical number, and the gear just 
slightly more, a combination of the first two practices above may be employed.

An alternate is to increase the pinion addendum by the required amount and increase 
the center distance by an equivalent amount to make it possible to use a standard gear.

3.1.3.2  Speed-Increasing Drives

Most gear trains are speed reducing (torque increasing), and most data on gear tooth pro-
portions are based on the requirements of this type of gear application. The kinematics 
of speed-increasing drives is somewhat different, and as a result, special tooth propor-
tions should be considered for this type of gear application. As in the case of conventional 
drives, the problems to be discussed here are most serious in meshes involving a few teeth.

The first of these problems involves the tendency of the tip edge of the pinion tooth to 
gouge into the flank of the driving gear tooth. This gouging can come about as a result 
of spacing errors in the teeth of either member, which allow the flank of the gear tooth to 
arrive at the theoretical contact point on the line of action before the pinion does. The pin-
ion tooth has to deflect to get into the right position or it will gouge off a sliver of gear tooth 
side. If the gears are highly loaded, the unloaded pinion tooth entering the mesh will be 
out of position (lagging) since it is not deflected. The gear tooth is in effect slightly ahead of 
where it should be. The result is the same as if the gear tooth had an angular position error. 
The bearing and lubricating problems at the beginning point of contact are particularly 
bad. The edge of the pinion tooth tends to act as a scraper and remove any lubricating film 
that may be present, for some distance along the flank of the tooth.

One possible solution to this problem is to give the tip of the pinion tooth a moderate 
amount of tip relief. This provides a sort of sled-runner condition that is easier to lubricate 
and that helps the pinion tooth find the proper position relative to the gear tooth with less 
impact.

A better solution, which may also be combined with the tip modification, is to modify 
the tooth thickness and addendums so as to get as much of the gear tooth contact zone in 
the arc of recess as possible.

The action of gear teeth in the arc of approach and recess may be likened to a boy pushing 
or dragging a stick down the street. A gear tooth driving a pinion in the arc of approach is 
like the case where the boy pushes the stick along ahead of him. It tends to gouge into the 
ground. The gear tooth action in the arc of recess is like the case where the boy drags the 
stick along behind him. It has no tendency to gouge in; it rides up over bumps and is easier 
to pull. The relative gear efficiencies in each case are discussed below under Section 3.1.3.4.

3.1.3.3  Power Drives (Optimal Design)

As shown in other chapters, gears fail in one or more of the following ways: actual break-
ing of the teeth, pitting, scoring, or by wear. In the case of drives with gears of standard 
tooth proportions and similar metallurgy, the weakest member is the pinion, and if tooth 
breakage does occur, it is generally in the pinion. This is a result of the weaker shape of 
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the pinion tooth, as well as the larger number of fatigue cycles that it accumulates. This 
problem can be relieved to a considerable degree by making the pinion somewhat longer 
and, in so doing, increasing the thickness of the teeth and also improving their shapes. If a 
standard center distance is to be maintained, the gear addendum is reduced a proportional 
amount. If the proper values are chosen, the pinion tooth strength will be increased and 
the gear tooth strength somewhat reduced, which will result in almost equal gear and pin-
ion tooth strength. This will result in an overall increase in the strength of the gear pair.

Several authorities have suggested addendum modifications that will balance scor-
ing, specific sliding, and tooth strength. Unfortunately, each balance results in different 
tooth proportions so that the designer has to use proportions that will balance only one 
feature or else proportions that are a compromise. Table 3.2 gives values that are such a 
compromise.

Experimental data seem to indicate that a pair that is corrected to the degree that seems 
to be indicated by tooth layouts or by calculation for balanced tooth strength will usually 
result in an overcorrection to the pinion member. The gear is not as strong as form factors 
seem to indicate. Notch sensitivity in higher hardness ranges seems to be a problem, espe-
cially if the gear is to experience a great number of cycles of loading.

TABLE 3.2

Values of Addendum for Balance Strength

mG, (Gear Ratio) 
NG/NP a (Addendum) mG, (Gear Ratio) NG/NP a (Addendum)

From To Pinion, aP Gear, aG From To Pinion, aP Gear, aG

1.000 1.000 1.000 1.000 1.421 1.450 1.240 0.760
1.001 1.020 1.010 0.990 1.451 1.480 1.250 0.750
1.021 1.030 1.020 0.980 1.481 1.520 1.260 0.0740
1.031 1.040 1.030 0.970 1.521 1.560 1.270 0.730
1.041 1.050 1.040 0.960 1.561 1.600 1.280 0.720
1.051 1.060 1.050 0.950 1.601 1.650 1.290 0.710
1.061 1.080 1.060 0.940 1.651 1.700 1.300 0.700
1.081 1.090 1.070 0.930 1.701 1.760 1.310 0.690
1.091 1.110 1.080 0.920 1.761 1.820 1.320 0.680
1.111 1.120 1.090 0.910 1.821 1.890 1.330 0.670
1.121 1.140 1.100 0.900 1.891 1.970 1.340 0.660
1.141 1.150 1.110 0.890 1.971 2.060 1.350 0.650
1.150 1.170 1.120 0.880 2.061 2.160 1.360 0.640
1.170 1.190 1.130 0.870 2.161 2.270 1.370 0.630
1.190 1.210 1.140 0.860 2.271 2.410 1.380 0.620
1.210 1.230 1.150 0.850 2.411 2.580 1.390 0.610
1.231 1.250 1.160 0.840 2.581 2.780 1.400 0.600
1.251 1.270 1.170 0.830 2.781 3.050 1.410 0.590
1.271 1.290 1.180 0.820 3.051 3.410 1.420 0.580
1.291 1.310 1.190 0.810 3.411 3.940 1.430 0.570
1.311 1.330 1.200 0.800 3.941 4.820 1.440 0.560
1.331 1.360 1.210 0.790 4.821 6.810 1.450 0.550
1.361 1.390 1.220 0.780 6.811 ∞ 1.460 0.540
1.391 1.420 1.230 0.770 – – – –

Note: Do not select values from this table for the pinion members that are smaller than those given in Table 3.1.
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In small numbers of teeth, the correction required to avoid undercut on gears operated 
on standard center distances is excessive, in many cases, in respect to equal tooth strength. 
An overcorrection in pinion tooth thickness can lead to an excessive tendency to score. 
As a result, the values of addendum recommended in Table 3.2 represent a compromise 
among balanced strength, sliding, and scoring.

Gears with teeth finer than about 20 diametral pitch (generally) cannot score since the 
tooth is not strong enough to support a scoring load; therefore, the values for addendum 
increase in fine-pitch gears are somewhat larger than the values for coarse-pitch power 
gearing.

3.1.3.4  Low-Friction Gearing

In cases where a speed-increasing gear train is to transmit power or motion with the least 
possible loss of energy, the selection of the tooth proportions is of considerable importance. 
The sliding should be kept as low as possible, and as much of the tooth action should be 
put into the arc of recess as possible.

Figure 3.9 shows two involute curves (tooth profiles) in contact at two different points 
along the line of action. The direction in which the driven pinion tooth slides along the 
driving gear tooth is shown by the arrows. This example is a speed-increasing drive that is 
the most sensitive to friction between the teeth. At the pitch point (where the line of centers 
crosses the line of action) there is no sliding, and it is at this point that the direction of rela-
tive sliding of one tooth on the other changes.

The forces shown in Figure 3.9 are those acting on the driven pinion. The subscripts “a” 
are the values considered in the arc of approach and “r” are those considered in the arc of 
recess. The normal driving force WN is the force that occurs at the pitch point; if there were 
no friction at the point of gear tooth contact, it would be the force at all other points of con-
tact along the line of action. Since there is friction, the friction vectors fa and fr oppose the 
sliding of the gear teeth in the arcs of approach and recess. Note the change in direction 
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RNG

Wfa

RfPr

RfGa

TaR
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Wfr

WN
Φ

Φ
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FIGURE 3.9
Effect of friction on tooth reactions.
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due to the change in direction of sliding. The angle of friction is Φ and is assumed to be the 
same in both cases. The torque exerted by the shaft driving the driving gear TDR manifests 
itself in arc of approach as follows:

 T W RDR N NGa
if no friction= ×  (3.20)

 T W RDR f fGa a a
if friction is assumed= ×  (3.21)

and in the arc of approach as:

 T W RDR N NGa
if no friction= ×  (3.22)

 T W RDR f fGr r r
if friction is assumed= ×  (3.23)

The resisting moments are, in the arc of approach:

 T W RDN N NPa
if no friction= ×  (3.24)

 T W RDN f fPa a a
if friction is assumed= ×  (3.25)

and the corresponding moments are, in the arc of recess:

 T W RDN N NPr
if no friction= ×  (3.26)

 T W RDN f fPr r r
if friction is assumed= ×  (3.27)

Note that, in all cases above, single tooth contact is assumed.
Efficiency is output divided by input and in this case is the torque that would appear on 

the driven shaft when friction losses are considered, compared with the torque that would 
result if no losses occurred.

Equation 3.28 below shows the efficiency of the mesh (single tooth contact) for the con-
tacts occurring in the arc of approach, and Equation 3.29 shows the efficiency in the arc of 
recess:

 E
R
R

R
Rapproach

fP

fG

NG

NP

a

a

= ⋅  (3.28)*

 E
R
R

R
Rrecess

fP

fG

NG

NP

r

r

= ⋅  (3.29)

* Equations 3.28 and 3.29 can be used in the metric system by using newtons for force and millimeters for dis-
tance. This makes the units of torque N · mm.
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In the case of speed-increasing drives, the increased efficiency can have considerable 
significance; cases have occurred in which, for any high ratios and poor lubrication, the 
speed increase actually became self-locking.

3.1.4  Special Design Considerations

Several special considerations should be kept in mind during the evolution of gear design.

3.1.4.1  Interchangeability

Two types of interchangeability are related to gearing.
The first, and most generally recognized, is part interchangeability. This means that, if a 

part made to a specific drawing is damaged, a similar part made to the same drawing can 
be put in its place and can be expected to perform exactly the same quality of service. To 
achieve this kind of interchangeability, all parts must be held to carefully selected toler-
ances during manufacture, and the geometry of the parts must be clearly defined.

The second kind is engineering interchangeability. This type provides the means 
whereby a large variety of different sizes or number of teeth can be produced with a very 
limited number of standard tools. Parts so made may or may not be designed to have part 
interchangeability. The several systems of gear tooth proportions are based on engineer-
ing interchangeability. By careful design and skill in the application of each system, it is 
possible to design gears that will perform in almost any application and that can be made 
with standard tools. Only in the most exceptional cases will special tools be required. The 
advantages of gearing designed with engineering interchangeability are the lower tool 
costs and the ease with which replacement or alternate gears can be designed.

Gears procured through catalogue sources are good examples of gears having both part 
and engineering interchangeability.

3.1.4.2  Tooth Thickness

The thickness of gear teeth determines the center distance at which they will operate, the 
backlash that they will have, and, as discussed in previous sections, their basic shape. One 
of the most important calculations made during the design of gear teeth is establishment 
of tooth thickness.

It is essential to specify the distance from the gear axis at which the desired tooth thick-
ness is to exist. The usual convention is to use the distance that is established by the theo-
retical pitch circle N/P. Thus, if no other distance is shown, the specified tooth thickness is 
assumed to lie on the standard pitch circle. In certain cases, the designer may wish to spec-
ify a thickness, such as the chordal tooth thickness, at a diameter other than the standard 
pitch diameter. This specified diameter should be clearly defined on the gear drawings.

The actual calculation of tooth thickness is usually accomplished by the following 
procedure:

 1. Theoretical tooth thickness is established.
 (a) If the gears are of conventional design and are to be operated on standard cen-

ter distance, the tooth thickness used is one-half the circular pitch.
 (b) If special center distances are to be accommodated, Equations 3.30 and 3.31 

may be used:
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 cos cosφ φ2
2

=
C
C

 (3.30)

 where
	 ϕ2—operating pressure angle
 C—standard center distance
	 ϕ—standard pressure angle
 C2—operating center distance

 TP + TG = π + (inv ϕ2 − inv ϕ) · (NP + NG) (3.31)*

 where
 TP—tooth thickness of pinion member (at 1 diametral pitch)
 TG—tooth thickness of gear member (at 1 diametral pitch)
 NP—number of teeth in pinion
 NG—number of teeth in gear

(c) If special tooth thicknesses for tooth strength considerations are required, the 
total thickness (sum of pinion and gear) must satisfy Equation 3.31. If standard 
centers are used the sum of the modified thickness must equal 1 circular pitch.

 2. After the theoretical tooth thickness is established, the allowance for backlash is made.
 (a) Backlash allowance may be shared equally by pinion and gear. In this case the 

theoretical tooth thickness of each member is reduced by one-half the backlash 
allowance.

 (b) In case of pinions with few teeth that have been enlarged to avoid problems 
of undercut, it is customary to take all the backlash allowance on the gear 
member. This avoids the absurdity of increasing the tooth thickness to avoid 
undercut and then thinning the teeth to introduce backlash.

In case (a)

 T T
B

actual theoretical= −
2

 (3.32)

where B is backlash allowance.
In case (b)

 Tactual, pinion = Ttheoretical (3.33)

 Tactual, gear = Ttheoretical − B (3.34)

 3. The teeth are lastly given an allowance for machining tolerance. This tolerance 
gives the machine operator a size or processing tolerance. Usually this is a unilat-
eral tolerance.

* The best way to use this equation is to start with C being the center distance for 1 diametral pitch (or for 1 
module in metric dimensions). C2 is computed by Equation 3.30. The tooth thicknesses determined are not at 
the operating pitch diameters but are at the 1 diametral pitch center distance of C.
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It is beyond the scope of this general purpose book on gear technology to go deep into 
gear design details. Chapter 10 has the following sample problems worked out:

Problem 1: Drop-tooth design, fixed center distance
Problem 2: Fixed distance, standard tools
Problem 3: Fixed distance, adjust helix angle standard tools
Problem 4: Fixed design, standard tools, adjust center distance for tooth proportions

3.1.4.3  Tooth Profile Modifications

Errors of manufacture, deflections of mountings under load, and deflections of the teeth 
under load all combine to prevent the attainment of true involute contact in gear meshes. 
As a result, the teeth do not perform as they are assumed to by theory. Premature contact 
at the tips or excessive contact pressures at the ends of the teeth give rise to noise and/
or gear failures. To reduce these causes of excessive tooth loads, profile modification is a 
usual practice.

3.1.4.4  Transverse of Profile Modification

It is customary to consider the shape of the individual tooth profile. Actually, an operating 
gear presents to the mating gear tooth profiles whose shapes are distorted by errors in the 
profile shape (involute) and in tooth spacing, as well as by deflections due to contact loads 
acting at various places along the tooth. Ideally, teeth under load should appear to the mat-
ing gear to have perfect involute profiles and to have perfect spacing. This would require 
a tooth profile when subjected to a load. Since loads vary, this is not practical. The usual 
practice is to give tip or root profile modifications to otherwise correct involute profiles 
that will be distorted by contact loads.

Tip modification usually takes the form of a sliding thinning of the tip of the tooth, start-
ing at a point about halfway up the addendum. The amount of this modification is based 
on the probable accumulated effects of the following.

3.1.4.5  Allowances for Errors of Gear Manufacture

The correct involute profile may not be achieved as a result of manufacturing tolerances in 
the cutter used to cut the gear teeth or in the machine guiding the cutter. Errors in spacing 
may also be introduced by the cutter or machine. The result is that the tips of the teeth will 
attempt to contact the mating gear too soon or too late. Tip modification produces a sort of 
sled-runner shape to help guide the teeth into full contact with the least impact.

3.1.4.6  Allowances for Deflection under Load

Although the teeth of a gear may have a correct profile under static conditions, the loads 
imposed may deflect the teeth in engagement to such a degree that the teeth that are just 
entering mesh will not be in relative positions that are correct for smooth engagement. 
These tooth deflections cause two errors: the actual tooth profiles are not truly conjugate 
under load and therefore do not transmit uniform angular motion, and the spacing or rela-
tive angular placement of the driving teeth relative to the driven teeth is such that smooth 
tooth engagement cannot take place. High dynamic loads are the result.
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Several methods may be used to compensate for these effects. The most usual is to pro-
vide tip relief as discussed above. The flanks of the teeth may also be relieved. Tip and flank 
relief assume that the normal tooth would tend to contact too soon. If the tips of the driven 
gear are made slightly thin, the tooth will be able to get into a position on the line of contact 
before contact between that tooth and its driving mate actually occurs. The sled-runner 
effect of the tip modification will allow the tooth to assume full contact load gradually.

In the case of spur gearing the amount of tip relief should be based on the sum of the 
allowance for probable tooth-to-tooth spacing errors and for assumed deflection of the 
teeth already in mesh. Equations 3.35 and 3.36 below give good first approximations of 
the amount of tip relief required. The values obtained by these equations should be modi-
fied by experience for the best overall performance.

Modification at first point of contact:

 Modification
driving load (lb)

face wid
=

× × −3 5 10 7.
tth (in.)

 (3.35)

Remove stock from tip of driven gear.
Modification at last point of contact:

 Modification
driving load (lb)

face wid
=

× × −2 0 10 7.
tth (in.)

 (3.36)

Remove stock from tip of driven gear.
In general, gear teeth that carry a load in excess of 2000 lb/in. of face width for more than 

1,000,000 cycles should have modification. Those under 1000 lb/in. of face width do not 
generally require modification.

Bevel gear teeth are often modified to accommodate mounting misalignments, tooth 
errors, and deflections due to load. The geometry of bevel gear teeth allows profile modifi-
cations both along the length of the teeth and form root to tip. In the case spiral and Zerol® 
(Gleason Works, Rochester, NY) bevel gears cut with face mill-type cutters, the contacting 
faces of the gear and pinion teeth can be easily made to a slightly different radius of curva-
ture on each member. This is equivalent to crowning of spur gears and is called mismatch.

Tips of the teeth may be given relief, and in some cases the root of the flank is relieved 
(undercut). This is most commonly done on spiral bevel gears and hypoid gears that are 
to be lapped. It is done by cutters having a special protuberance called Toprem® (Gleason 
Works) cutters.

Mismatch is calculated into the machine settings and is therefore beyond the scope of 
this chapter.

3.1.4.7  Axial Modifications

In general, it is expected that a gear tooth will carry its driving load across the full-face 
width (if a spur gear).

Because of deflections in shafts, bearings, or mountings, when under load, or because of 
errors in the manufacturing of these parts or in the gears, the teeth may not be quite paral-
lel, and end loading may result. Since a heavy load on the end of a gear tooth will often 
cause it to break off, attempts to avoid loading by relieving the ends of the teeth (crowning) 
are often made. A gear tooth that has been crowned is slightly thicker at the center section 
of the tooth than at the ends when measured on the pitch cylinder.
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In effect, crowning allows a rocking-chair-like action between the teeth when the shafts 
deflect into increasingly nonparallel positions. Heavy concentrations of load at the ends of 
the teeth are avoided. The fact that the whole face cannot act when the shafts are parallel 
requires that the load imposed on a set of crowned gears be less than could be carried on 
a similar noncrowned pair if parallel teeth could be maintained.

In general, the ends of crowned gears are made from 0.0005 to 0.002 in. thinner at the 
ends as compared with the middle, when measured on the circular-arc tooth thickness.

Spur and helical gearing is crowned by means of special attachments on the gear tooth 
finishing machines.

Bevel gearing is crowned, in effect, by the shape of the cutting tools and the way in which 
they are driven in relation to the teeth. Coniflex® (Gleason Works) teeth are straight bevel 
teeth cut on special generating machines which produce lengthwise crowning. Spiral and 
Zerol bevel gears and hypoid gears are given the effect of crowing by the use of a different 
radius of lengthwise curvature on the convex and the concave sides of the teeth.

Throated worm gears can be given the effect of crowning by the use of slightly oversize 
hobs.

Face gears are given the effect of crowning by the selection of a cutter having one or 
more teeth than the mating gear.

3.1.4.8  Root Fillets

The shape and minimum radius of curvature that the root fillet of a tooth will have depends 
on the type and design of the cutting tool used to produce the gear tooth. The shape of the 
root fillet, as well as its radius, and the smoothness with which it blends into the root land 
and active profile of a gear tooth can have a profound effect on the fatigue strength of the 
finished gear. The radius of the fillet at the critical cross section of the tooth is controlled 
on drawings by specifying the minimum acceptable fillet radius. The point of minimum 
radius occurs almost adjacent to the root land in the case of gears cut by hobs. An equation 
giving a reasonable evaluation or the minimum radius for teeth cut by hobs is

 r r
h a r

d
h a r

f T
t T

t T

= +
− −( )
+ − +( )

0 7

2

2

2

.

cos ψ

 (3.37)*

where
rf —minimum calculated fillet radius produced by hobbing or generating grinding
rT —edge radius of the generating rack, hob, or grinding wheel
a—addendum of gear
ht—whole depth of gear
d—pitch diameter of gear
ψ—helix angle (use 0° for spur gears)

The edge radius specified for the generating tool will, in general, depend on the service 
the gear is to perform or on special manufacturing considerations. Table 3.3 shows sug-
gested values of edge radius for various gear applications.

* Equation 3.37 is valid for the metric system by using millimeters instead of inches.
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TABLE 3.3

Basic Tooth Proportions for Helical Gears

Tooth 
Form 
No.

Pitch of Teeth Pressure Angle Depth of Teeth

Helix 
Angle Addendum

Tooth 
Thickness

(arc)

Edge 
Radius of 

Generating 
Rack

Diametral Circular

Axial Normal Transverse Working WholeNormal Transverse Normal Transverse

Pnd Pd pn p px ϕn ϕ hk ht ψ a t rT

1 1.03528 1 3.03454 3.14259 11.72456 19° 22′ 12″ 20° 2.0000 2.3500 15° 1.0000 1.5710 0.350
2 1.08360 1 2.89190 3.14259 7.40113 18° 31′ 22″ 20° 2.0000 2.3500 23° 1.0000 1.4460 0.350
3 1.08360 1 2.89185 3.14259 7.40113 18° 31′ 22″ 20° 1.8400 2.2000 23° 0.9200 1.4460 0.350
4 1.15470 1 2.72070 3.14259 5.44140 17° 29′ 43″ 20° 1.7400 2.0500 30° 0.8700 1.3604 0.300
5 1.22077 1 2.57340 3.14259 4.48666 16° 36′ 06″ 20° 1.6400 1.9500 35° 0.8200 1.2867 0.300
6 1.41421 1 2.22144 3.14259 3.14259 14° 25′ 58″ 20° 1.4200 1.7000 45° 0.7100 1.1107 0.250
7 1 – – – – 23° 14′ 07″ – 2.0000 2.2500 – 1.0000 – 0.240
8 1 – – – – 23° 14′ 07″ – 2.0000 2.3300 – 1.0000 – 0.270
9 1 – – – – 21° 58′ 50″ – 2.0000 2.2700 – 1.0000 – 0.310
10 1 – – – – 21° 58′ 50″ – 2.0000 2.3500 – 1.0000 – 0.300
11 1 – – – – 21° 58′ 50″ – 2.0000 2.4000 – 1.0000 – 0.290
12 1 – – – – 21° 58′ 50″ – 2.0000 2.4500 – 1.0000 – 0.275
13 1 – – – – 18° 31′ 35″ – 1.6300 2.0180 – 0.8150 – 0.204
14 1 – – – – 24° 39′ 57″ – 1.8280 2.1170 – 0.9140 – 0.158
15 1 – – – – 24° 51′ 32″ – – 2.1570 – 0.9260 – 0.220
16 1 – – – – 24° 54′ 59″ – – 2.1550 – 0.9230 – 0.264
17 1 – – – – 15° 00′ 00″ – – 2.6150 – 1.1580 – 0.410
18 1 – – – – – 20° 2.0000 2.3500 – 1.0000 – 0.350
19 1 – – – – – 20° 2.0000 2.200 + 0.002Pd – 1.0000 – –
20 1.15470 1 2.72070 3.14259 5.44140 22° 30′ 00″ 25° 33′ 41″ 1.7400 2.0500 30° 0.8700 – 0.250
21 1.10338 1 2.84725 3.14259 6.73717 25° 00′ 00″ 27° 13′ 35″ 1.5000 1.7500 25° 0.7500 – 0.200
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Other types of manufacturing tools can be designed to produce the minimum fillet radius 
as obtained from Equation 3.37. The shape of the fillet will be somewhat different, however.

A common method of checking the minimum radius of the coarser-pitch gears is to lay 
a pin in the fillet zone and note that the contact is along a single line.

The constant 0.7 is to allow a reasonable working tolerance to the manufacturer of the 
tools. Edge breakdown of hobs and cutters will tend to increase the radius produced. This 
is particularly true of hobs and cutters for very-fine-pitch gears.

3.1.4.9  Effective Outside Diameter

It is customary to consider the outside diameter of a gear as the outer boundary of the 
active profile of the tooth. In several cases this approximation is not good enough.

• In very-fine-pitch gears that have been burr brushed, the tip round may be quite 
large in proportion to the size of the teeth even though it is only a few thousands 
in radius by actual measurement. Since no part of this radius can properly contact 
the mating tooth, the outside diameter is, from the standpoint of conjugate action, 
limited to the diameter where the tip radius starts. Effective outside diameter should 
be used instead of outside diameter in calculations of contact ratio.

• In some gear meshes in which the pinion member contains a few teeth, the tips of 
gear teeth may be found to be extending into the pinion spaces to a depth greater 
than that bounded by the line of action. In Figure 3.6b, the dimension DoP/2 is the 
maximum effective diameter to the pinion. The actual outside diameter of the 
pinion may exceed this value, however. In calculating contact ratio, the effective 
diameter as limited by the pinion base circle and center distance should be used.

3.1.4.10  Width of Tip of Tooth

The tooth thickness at the tip of the tooth is a convenient index of the quality of a gear 
design. For most power gearing applications, the thickness of the gear tooth should not be 
more than 1.5 to 2 times that of the pinion tooth at the tip.

If the tooth thickness (arc), at the pitch diameter (standard) is known, the following 
equation will give its thickness at the tip:

 t D
t
Do o oinv inv= + −φ φ  (3.38)

 cos
cos

φ
φ

o
o

=
D

D
 (3.39)

where
to—tooth thickness at outside diameter Do

Do—outside diameter of gear, or diameter where tooth thickness is wanted
t—arc tooth thickness at D, or at known diameter
D—standard pitch diameter, or diameter where t is known
ϕ—standard pressure angel, or pressure angle where tooth thickness t is known
ϕo—pressure angle at outside diameter or at diameter where tooth thickness is wanted
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3.1.4.11  Pointed Tooth Diameter

An independent method of checking the quality of a long- and short-addendum gear 
design is to calculate the diameter at which the teeth would come to a point. If this value 
is smaller than the value of outside diameter chosen by other means, the design should 
be recalculated. Equations 3.40 and 3.41 provide one method of calculating pointed tooth 
diameters

 inv invoPφ φ= +
t
D

 (3.40)

 D
D

oP
oP

=
cos

cos
φ

φ
 (3.41)

where ϕoP is the pressure angle at pointed tooth diameter and DoP is the pointed tooth 
diameter. See Equation 3.39 for other symbols.

3.1.4.12  Purpose of Backlash

In general, backlash is the lost motion between mating gear teeth. It may be measured 
along the line of action or on the pitch cylinder of the gears (transverse backlash) and, in 
the case of helical gears, normal to the teeth.

In a set of meshing gears, the backlash that exists is the result of the actual center dis-
tance at which the gears operate, and the thickness of the teeth. Changes in temperature, 
which may cause differential expansion of the gears and mountings, can produce appre-
ciable changes in backlash.

When establishing the backlash that a set of gears will require, the following should be 
considered:

• The minimum and maximum center distance. These values are the result of tol-
erance buildings in the distance between the bores supporting the bearings on 
which the gears are mounted as well as the basic or design values. Antifriction 
bearings, for example, have runout between the bore and the inner ball path. As 
the shaft and the inner race of the bearing rotate, and the outer race creeps in the 
housing, the center distance will vary by the amount of the eccentricities of these 
bearing elements.

• The thickness of the teeth, as measured at a fixed distance from the center on 
which the gear rotates, will vary because of gear runout. Also the workman cut-
ting the gear is given a tooth thickness tolerance to work to, which introduces 
tooth thickness variations from one gear to the next.

The minimum backlash will occur when all the tolerances react all at the same time 
to give the shortest center distance and the thickest teeth with the high points of gear 
runout. The maximum backlash will occur when all the tolerances move in opposite 
directions.

Design backlash is incorporated into the mesh to ensure that contact will not occur 
on the nondriving sides of the gear teeth. Although backlash may be introduced by 
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increasing the center distance, it is usually introduced by thinning the teeth. The mini-
mum value should be at least sufficient to accommodate for a lubricating film on the 
teeth.

Sometimes a statistical approach is used since there are a sufficient number of tolerances 
involved; thus the design backlash introduced may not be numerically as large as the pos-
sible adverse buildup of tolerances. This approach is particularly handy in instrument 
gearing since the maximum backlash allowable usually has to be held to a minimum.

By definition, backlash cannot exist in a single gear. Backlash is a function of the actual 
center distance on which the gears are operated, and the actual thicknesses of the teeth of 
each gear.

It is customary to use generally recognized values of center distance tolerance and 
gear tooth tolerances for power gearing. If this is done, and the calculated tooth thick-
nesses are reduced by the amounts of design backlash as shown in Table 3.4, satisfactory 
gears should result. In the case of instrument gearing, either the values in Table 3.4 may 
be used or the tooth thickness actually required and the resulting maximum backlash 
may be calculated.

The backlash that is measured in gears under actual operation will in all probability be 
considerably larger than the values given in Table 3.4, since these values are for design and 
do not include a correction for normal machining tolerances.

3.1.4.13  Backlash: Recommended Values

These dimensions, shown in Figure 3.2, are the distances from the axis of spur, helical, and 
internal gears at which the active profiles of the teeth begin. Form diameter is the lowest 
point (spur and helical gearing) at which the mating tooth can contact the active profile 
(see Figure 3.5).

TABLE 3.4

Recommended Backlash Allowance for Power Gearing

Normal 
Diametral 
Pitch, Pnd

Center Distance, in. (3.93701 × 10−2 mm)

0–5 5–10 10–20 20–30 30–50 50–80 80–120

0.5 – – – – 0.045 0.060 0.080
1 – – – 0.035 0.040 0.050 0.060
2 – – 0.025 0.030 0.035 0.045 0.055
3 – 0.018 0.022 0.027 0.033 0.042 –
4 – 0.016 0.020 0.025 0.030 0.040 –
6 0.008 0.010 0.015 0.020 0.025 – –
8 0.006 0.008 0.012 0.017 – – –
10 0.005 0.007 0.010 – – – –
12 0.004 0.006 – – – – –
16 0.004 0.005 – – – – –
20 0.004 – – – – – –
32 0.003 – – – – – –
64 0.002 – – – – – –
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3.2  Standard Systems of Gear Tooth Proportions

A standard or system of gear tooth proportions provides a means of achieving engineer-
ing interchangeability for gears of all numbers of teeth of a given pitch and pressure 
angle. Because of the large variety of tooth proportions that are possible, it has been found 
desirable to standardize on a limited number of tooth systems. These systems specify the 
various relationships among tooth thicknesses, addendum, working depth, and pressure 
angle.

The AGMA and the American Standards Association have provided standard systems 
for various types of gear teeth. When undertaking the design of new equipment, design-
ers should be sure that they are working with the latest standards. The earlier systems 
are shown in the following sections to aid designers confronted with replacement gear 
problems. Designers should also be aware of the limitations of each of the systems. These 
are clearly stated in the discussion of each system. When a design falls outside these 
limitations, designers will have to employ tooth modifications required by the design. 
Since these standards are not intended to be absolutely rigid, designers are at liberty to 
modify the tooth proportions within limits to achieve an optimum design. Previously, 
information was provided to indicate the more common tooth modifications and the 
ends achieved by these modifications. When departing from the proportions given in 
the standard, consideration should be given to the reasons giving rise to these to these 
departures and also the consequences. In some cases, departures will require special 
tooling, whereas others, if properly handled, will not. The following sections provide the 
basic data covered by most of the systems in present-day use. For additional information 
about these systems, reference should be made to the original standards listed. In each of 
the following systems, the tooth proportions are shown in terms of the basic rack of that 
system. In each case, all gears designed to the basic tooth proportions will have engineer-
ing interchangeability.

3.2.1  Standard Systems for Spur Gears

The following data are based on the information contained in AGMA standard 207.05 
“20-Degree Involute Fine-Pitch System for Spur and Helical Gears” and AGMA standards 
201.02 and 201.02A, “Tooth proportions for Coarse-Pitch Involute Spur Gears.”

3.2.1.1  Limitations in Use of Standard Tables

Caution should be exercised in using the data contained in Table 3.5. The items shown 
apply only to gears that meet the following requirements:

• Standard addendum gears must exceed the minimum numbers of teeth shown in 
Table 3.6.

• Long- and short-addendum designs, as derived from Tables 3.5, 3.7, and 3.8, are to 
be used for speed-reducing drives only.

The tooth proportions that result from the data shown in this section or from the 
application of the original standards will be suitable for most speed-reducing (torque-
increasing) applications. All gears, including pinions with small numbers of teeth, 
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designed in accordance with the procedure shown, will be free from undercut. To 
avoid the problems of undercut in pinions having fewer than the minimum standard 
number of teeth, each system shows proportions for long- and short-addendum teeth. 
Gears designed with long- and short-addendum teeth cannot be operated interchange-
ably on standard centers. In general, such gears should be designed to operate only as 
pairs. These gears can be cut with the same generating-type cutters and checked with 
the same equipment as standard-addendum gears. The proportions of long and short 
addendum shown in Table 3.1 are based on avoiding undercut. Such teeth will not have 
the optimum balance of strength and wear. Slightly different proportions can be used to 
achieve equal sliding balanced strength or a reduction in the tendency to score. Table 3.2 
shows tooth proportions that have a good balance of strength and a minimum tendency 
to score.

TABLE 3.5

Basic Tooth Proportions of Spur Gears, AGMA and ASA Standard System

Symbol Item

Coarse Pitch
(Coarser than 20P),

Full Depth

Fine Pitch
(20P and Finer),

Full Depth
Explanation 

No.

ϕ Pressure angle 20° 25° 20° 1
a Addendum (basica) 1 000.

P
1 000.

P
1 000.

P
2

b Dedendum (min.) (basicb) 1 250.
P

1 250.
P

1 200
0 002

.
.

P
+

3

hk Working depth 2 000.
P

2 000.
P

2 000.
P

4

ht Whole depth (min.) (basicb) 2 250.
P

2 250.
P

2 200
0 002

.
.

P
+

5

t Circular tooth thickness 
(basica)

≠
2P

≠
2P

1 5708.
P

6

rf Fillet radius (in basic rack) 0 300.
P

0 300.
P

Not standardized 7

c Clearance (min.) (basica) 0 250.
P

0 250.
P

0 200
0 002

.
.

P
+

8

c Clearance, shaved or 
ground teeth

0 350.
P

0 350.
P

0 350
0 002

.
.

P
+

9

N′P Min. numbers of teetha:

Pinion 18 12 18 10

Pair 36 24 – 11

to Min. width of top land 0 250.
P

0 250.
P

Not standardized 12

– Reference standards:

AGMA 201.02 201.02 207.04 13
ASA B6.19 14

a These values are basic, for equal-addendum gearing. When the gearing is made long and short addendum, 
these values will be altered.

b These values are minimum. Shaved or ground teeth should be given proportions suitable to these processes.
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3.2.1.2  Standard Tooth Forms That Have Become Obsolete

Because industry design standards are continuously reviewed by the sponsoring orga-
nizations to ensure that the standards embody the most modern technology, there now 
exists a group of obsolete tooth form standards. On occasion, a designer is confronted with 
a situation in which a replacement gear must be made to mesh in a gear train conforming 
to one of these earlier standards.

TABLE 3.6

Minimum Number of Pinion Teeth versus Pressure Angle 
and Helix Angle Having No Undercut

Helix Angle, 
Deg.

Minimum Number of Teeth to Avoid Undercut 
When Normal Pressure Angle, ϕn, Deg.

14.5  20 22.5  25

0° (spur gear) 32 17 14 12
5° 32 17 14 12
10° 31 17 14 12
15° 29 16 13 11
20° 27 15 12 10
23° 25 14 11 10
25° 24 13 11 9
30° 21 12 10 8
35° 18 10 8 7
40° 15 8 7 6
45° 12 7 5 5

Note: Addendum 1/Pd; whole depth 2.25/Pd.

TABLE 3.7

General Recommendations on Numbers of Pinion Teeth for Spur and 
Helical Power Gearing

Range of No. of 
Pinion Teeth Ratio, mG Diametral Pitch, Pd Hardness

19–60 1–1.9 1–19.9 200–240 BHN
19–50 2–3.9
19–45 4–8
19–45 1–1.9 1–19.9 Rockwell C 33–38
19–38 2–3.9
19–35 4–8
19–30 1–1.9 1–19.9 Rockwell C 38–63
17–26 2–3.9
15–24 4–8

Note: The maximum number of teeth in the range is based on providing a suitable 
balance between strength and wear capacity. The minimum number of 
teeth is intended to require either no enlargement to avoid undercutting or 
no more enlargement than necessary. Small numbers of teeth in the pinion 
require special tooth proportions to avoid undercut. Gears containing 
prime numbers of teeth of 101 and over may be difficult to cut on the gear 
manufacturing equipment available. In general, prime numbers over 101 
and all numbers over 200 should be checked with the shop to be sure the 
teeth can be made.
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Table 3.9 shows basic data for some of the obsolete standards. The use of this data for 
new designs is not recommended.

3.2.1.3  Brown and Sharp System

This system, see Table 3.9, was developed by the Brown and Sharp Company to replace the 
cycloidal tooth system. It was therefore given similar tooth proportions. It was intended 
to be cut by form-milling cutters. The departure from the true involute curve in this sys-
tem is made to avoid the problems of undercut in pinions having small numbers of teeth. 
Backlash is achieved by feeding the cutter deeper than standard.

The AGMA adopted the principal features of this system in 1932 as the “composite sys-
tem.” Present-day form-milling cutters are normally made to this system.

3.2.1.4  AGMA 14.5° Composite System

This system, based on the Brown and Sharp system, was standardized in 1932 as an 
AGMA standard. It is interchangeable with the Brown and Sharp system. It has been made 
obsolete by AGMA standard 201.02. Replacement parts may be designed from the data in 
Table 3.9, which are extracted from AGMA standard 201.02A.

TABLE 3.8

Equations and References for Addendum Calculations, Spur Gears

Type of Tooth 
Design Operating Condition Pinion Gear

Standard or equal 
addendum

Numbers of teeth in gear 
and pinion greater than 
minimum numbers shown 
Tables 3.6 and 3.11

(a) 
1 00.
Pd

; see Table 3.5 (a) 
1 00.
Pd

; see Table 3.5

(b) Value from Table 3.13 (b) Value from Table 3.13

Long and short 
addendum

Numbers of teeth in pinion 
less than minimum shown 
in Table 3.6 and numbers of 
teeth in gear more than 
minimums shown in 
Table 3.11

(c) 
Table 3.1

dP
 or (c) 

Table 3.1

dP
 or

(d) Table 3.2

dP
 if not less than (d) Table 3.2

dP

Numbers of teeth in pinion 
less than minimum 
numbers shown in 
Table 3.11 and numbers of 
teeth in gear less than 
minimum numbers of teeth 
shown in Table 3.11

Increase center distance sufficiently to avoid undercut, in 
pinion and gear

(e) 
Table 3.1

dP
See Section 3.3

Gearing designed for 
balanced strength

(f ) 
Table 3.2

dP
Note: If value is less than 
given by Table 3.1 check 
for undercut

Table 3.2

dP

Note: If value is less 
than given by Table 3.1 
check for undercut

Designed for nonstandard 
center distance

(g) Calculate tooth thickness to meet required center 
distance from Equation 3.71.

Note: The values in this table are for gears of 1 diametral pitch. For other sizes, divide by the required diametral 
pitch. The values of addendum shown are the minimum increase necessary to avoid undercut. Additional 
addendum can be provided for special applications to balance strength. See Table 3.2.
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3.2.1.5  Fellows 20° Stub Tooth System

To achieve a stronger tooth form for special drives, Fellows Gear Shaper Company devel-
oped a stub tooth system in 1898. This system avoided the problem of tooth interference 
by the combined means of higher pressure angle and smaller values of addendum and 
dedendum. The pitch was specified as a combination of two standard diametral pitches; 
thus 10/12 (read as ten–twelve). The circular pitch, pitch diameter, and tooth thickness are 
based on the first number, which is 10, and are the same as for a standard 10-diametral-
pitch gear. The addendum, dedendum, and clearance, however, are based on the second 
number (12) and are the same as for a 12-diametral-pitch gear.

3.2.1.6  AGMA 14.5° Full-Depth System

In this system, the tooth proportions are identical with those of the 14.5° composite system. 
The sides of the rack teeth are straight lines and therefore produce involute gear tooth pro-
files in the generating process. The minimum number of teeth to obtain full tooth action is 
31 unless the teeth are modified.

TABLE 3.9

Tooth Proportions of Spur Gears, Obsolete System

Symbol Item
Brown and 

Sharp System

AGMA 14.5° 
Composite 

System
Fellows 20° 

Stub System
AGMA Full-Depth 
Composite System

ϕ Pressure angle, deg 14.5 14.5 20 14.5
a Addendum (basica) 1 000.

P
1 000.

P
0 800.

P
1 000.

P

b Dedendum (basicb) 1 157.
P

1 157.
P

1 000.
P

1 157.
P

hk Working depth 2 000.
P

2 000.
P

1 600.
P

2 000.
P

ht Whole depth (min.) 
(basicb)

2 157.
P

2 157.
P

1 800.
P

2 157.
P

t Circular tooth 
thickness (basica)

≠
2P

≠
2P

≠
2P

≠
2P

rf Fillet radius (in basic 
rack)

0 157.
P

0 157.
P

Not 
standardized

1.33 × clearance

c Clearance (min.) 
(basica)

0 157.
P

0 157.
P

0 200.
P

0 157.
P

c Clearance, shaved or 
ground teeth

N′P Min. numbers of teetha

Pinion 32 – 14 32
Pair 64 – – 64

– Reference standard 
AGMA

– 201.02A – 201.02A

Note: Tooth proportions for fully interchangeable gears operate on standard center distances. See Table 3.5.
a These values are basic for equal-addendum gearing. When the gearing is made long and short addendum, 

these values will be altered.
b These values are minimum. Shaved or ground teeth should be given proportions suitable to these processes.
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3.2.1.7  Cycloidal Tooth Profiles

The cycloidal tooth profile is no longer used for any types of gears except clockwork and 
certain types of timer gears. A combination of involute and cycloidal tooth profile is found 
in the now-obsolete composite system. Clockwork gearing is based on the cycloid but has 
been greatly modified for practical reasons.

The cycloidal tooth is derived from the trace of a point on a circle (called the describing 
circle) rolling without slippage on the pitch circle of the proposed gear. The addendum 
portions of the tooth are the trace of a point on the describing circle rolling on the outside 
of the pitch circle. This trace is an epicycloid. The dedendum portion of the gear tooth is 
formed by a trace of a point on the describing circle rolling on the inside of the pitch circle. 
This trace is a hypocycloid.

Interchangeable systems of gears must have describing circles that are identical in diame-
ter, and teeth that have the same circular pitch. The faces and flanks of the teeth must be gen-
erated by describing circles of the same size. The tooth proportions for cycloidal teeth were 
made to the same proportions as were adopted by the Brown and Sharp system for gears.

The cycloidal system does not have a standard pressure angle. The operating pressure 
angle varies from zero at the pitch line to a maximum at the tips of the teeth.

To achieve correct meshing, the gears must be operated on centers that will maintain the 
theoretical pitch circles in exact contact. This was one of the major disadvantages of the 
cycloidal tooth form.

If the diameter of the describing circles were made equal to the radius of the pitch circle 
of the smallest pinion to be used in the system, the flanks of the teeth would be radial. This 
member, in effect, establishes the describing circle diameters of each system. In general, 
the systems for industrial gears were based on pinions of 12 to 15 teeth.

3.2.1.8  Clockwork and Timer Tooth Profiles

The tooth form of most clockwork and timer gearing involving some type of escapement 
differs from other types of gearing because of the peculiar requirements imposed by the 
operating conditions. Two requirements of this type of gearing are outstanding:

• The gearing must be of the highest possible efficiency.
• The gearing is speed increasing; that is, larger gears driving smaller pinions, with 

high rations (between 6:1 and 12:1) due to the need for minimizing the number of 
gear wheels and economize on space.

As is discussed in Section 3.1.3.4, the most efficient mode of tooth engagement is found 
in the arc of recess. In the case of speed-increasing involute profile drives, this means 
short-addendum pinions. This requirement may be in direct conflict with the need to 
make the pinion long addendum to avoid undercut. Clock gearing also does not have the 
requirement that it transmit smooth angular motion. A typical watch train will come to a 
complete stop five times a second. Furthermore, the motion and force are in one direction, 
minimizing the need for accurate control of backlash.

The modified cycloidal tooth form is the most commonly used form for the going train 
of clocks, timers, and watches. Experience has shown that the various modifications to this 
basic tooth have little effect on the performance because of the scale effect of tolerances 
required.

There are no American standard tooth forms for clockwork gears.
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3.2.1.9  Specific Spur Gear Calculation Procedure

The following directions give a step-by-step procedure for determining spur gear 
proportions:

 1. The application requirements should give the requirements of ratio, input speed, 
and kind of duty to be performed. The duty may be one of power transmission or 
of motion transmission.

 2. On the basis of application requirements, decide what pressure angle to use and 
plan to use a standard system (if possible) (see Table 3.5).

 3. Pick the approximate number of pinion teeth.
 (a) Consult Table 3.10 for general information.
 (b) Check Tables 3.6 and 3.11 for undercut conditions.
 (c)  If power gearing, check Table  3.7 for data on balancing strength and wear 

capacity.

TABLE 3.10

Numbers of Pinion Teeth, Spur Gearing

No. of Teeth Remarks

7–9 Smallest number of teeth recognized by AGMA 207.04
(a) Requires long addendum to avoid undercut on all pressure angles
(b)  If 20°, outside diameter should be reduced in proportion to tooth thickness to avoid 

pointed teeth
(c) Should be made with 25° pressure angle if feasible
(d)  May result in poor contact ratio in very fine diametral pitches because of accumulation of 

tolerances
(e) See Table 3.11 for minimum number of teeth in mating gear
(f ) Subject to high specific sliding and usually have poor wear characteristics

10 Smallest practical number with 20° pressure angle
(a) Requires long addendum to avoid undercut if 20° pressure angle or less
(b) Contact ratio may be critical in very fine pitches
(c) See Table 3.11 for minimum number of teeth in mating gear

12 Smallest practical number for power gearing of pitches coarser than 16 diametral pitch
(a) Requires long addendum to avoid undercut if 20° pressure angle or less
(b) Smallest number of teeth that can be made standard if 25° pressure angle
(c)  About the minimum number of teeth for any good fractional-horsepower gear design 

where long life is important
(d) See Table 3.11 for minimum number of teeth in mating gear

15 Used where strength is more important than wear
(a) Requires long addendum to avoid undercut if 20° pressure angle or less
(b) See Table 3.11 for minimum number of teeth in mating gear

19 Can be made standard addendum if 20° pressure angle or greater
25 Allows good balance between strength and wear for hard steels. Contact (contact diameter) is 

well away from critical base circle region.
35 If made of hard steels, strength may be more critical than wear. If made of medium-hard 

(Rockwell C 30) steels strength and wear about equal
50 Excellent wear resistance. Favored for high-speed gearing because of quietness. Critical on 

strength on all but low-hardness pinions
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 4. Having the approximate number of pinion teeth, determine the approximate cen-
ter distance and face width.

 5. On the basis of number of pinion teeth and center distance, determine approxi-
mate pitch. Check Table 3.12 for standard pitches, and, if possible, use a standard 
pitch. Readjust pinion tooth numbers, center distance, and ratio to agree with 
pitch chosen. See Chapter 2 for basic relations of pitch, center distance, and ratio. 
Also use Equations 3.8 through 3.11 if special “operating” center distance is used.

TABLE 3.11

Numbers of Teeth in Pinion and Gear versus Pressure Angle and 
Center Distance

No. of Teeth 
in Pinion

No. of Teeth in Gear and When Pressure Angle Is Equal to

14.5 Coarse 
Pitcha

20 Coarse 
Pitchb

20 Fine 
Pitchb

25 Coarse 
Pitchb

7 42c

8 39c

9 36c

10 25 33 15
11 24 30 14
12 52 23 27 12
13 51 22 25
14 50 21 23
15 49 20 21
16 48 19 19
17 47 18 18
18 46
19 45
20 44
21 43
22 42
23 41
24 40
25 39
26 38
27 37
28 36
29 35
30 34
31 33

Note: Pinions having fewer than 10 teeth are not recommended in any AGMA 
standard. The fine-pitch standard AGMA 207.04 gives data for pinions 
from seven through nine teeth but strongly discourages their use. Gears 
having fewer teeth than shown for any given pinion-gear combination 
will require an enlarged center distance for proper operation.

a Gears of this pressure angle are not recommended for new designs.
b Gears with these numbers of teeth can be made standard addendum and 

operated on standard center distances.
c Not recommended; but if essential, use these values.
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 6. Determine whole depth of pinion and gear. Use Tables 3.5 and 3.13. Divide tabular 
value for 1 diametral pitch by actual diametral pitch to get design whole depth.

 7. Determine addendum of pinion and gear. Consult Tables  3.1, 3.2, 3.5, and 3.8. 
Follow these rules:

 (a) Use enough long addendum to avoid undercut (Table 3.1).
 (b) If a critical power job—speed decreasing—balance addendum for strength 

(Table 3.2).
 (c) If no undercut or power problems, use standard addendum (Table 3.5).
 8. Determine operating circular pitch. If standard pitch is used, consult Table 3.15. If 

enlarged center distance is used, determine operating circular pitch from operat-
ing pitch diameters (Equations 3.8 through 3.11).

 9. Determine design tooth thickness. Decide first on how much to thin teeth for 
backlash. Table 3.4 gives recommended amounts for power gearing having in mind 
normal accuracy of center distance and normal operating temperature variations 
between gear wheels and casings. If special designs with essentially “no back-
lash” or unusual materials and accuracy are involved, consult the last part of this 
chapter (Section 3.4) for special calculations. If the pinion and gear have equal 

TABLE 3.12

Recommended Diametral Pitches

Coarse Pitch Fine Pitch

2 4 12 20 48 120
2.25 6 16 24 64 150
2.5 8 32 80 200
3 10 40 96

Note: These diametral pitches are suggested as a means of 
reducing the great amount of gear-cutting tooling 
that would have to be inventoried if all possible 
diametral pitches were to be specified.

TABLE 3.13

Equations and References for Whole-Depth Calculations

Pitch Range Equation Application Remarks

Coarse pitch up to 
19.99

2 25.
Pd

General application AGMA standard

2 35.
Pd

Gears to be given finishing operations such 
as shave or grind

AGMA standard

2 40.
Pd

Maximum strength for full-radius (tip) hobs AGMA standard

Fine pitcha 20Pd 
and finer

2 20
0 002

.
.

Pd

+
Standard whole depth for general 

applications
AGMA standard

2 35
0 002

.
.

Pd

+
Whole depth for preshave cutters for shaving 

or grinding
AGMA standard

a Does not apply to pinions containing nine teeth or less.
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addendum, make the theoretical tooth thicknesses equal, and do this by dividing 
the circular pitch by 2. If a long-addendum pinion is used with a short-addendum 
gear, adjust tooth thicknesses by the following:

	 Δt = Δa 2tan ϕn (3.42)

  If the pinion only is enlarged and the center distance is enlarged to accommo-
date a standard gear, enlarge the pinion tooth thickness only (Table 3.14).

  After the theoretical tooth thicknesses are obtained, subtract one-half the 
amount the teeth are to be thinned for backlash from the pinion and gear theoreti-
cal tooth thicknesses. This is the maximum design tooth thickness. Obtain the mini-
mum design tooth thickness by subtracting a reasonable tolerance for machining 
from the maximum design tooth thickness.

TABLE 3.14

Standard Tooth Parts

Diametral 
Pitch, Pd, 
(1/in.)

Circular 
Pitch, p, in.

Module 1/Pd 
Addendum 

a, in.

Whole Deptha

Tooth 
Thicknesses 

(p/2), t, in.

Double Teeth

Shave or 
Grind, ht, 

in.

Cut 
Teeth, ht, 

in.

Cut 
Teeth 
2ht, in.

Ground 
Teeth 2ht, 

in.

1 3.1415927 1.0000000 2.35000 2.25000 1.5707963 4.5000 4.7000
1.25 2.5132741 0.8000000 1.88000 1.80000 1.2566371 3.6000 3.7600
1.5 2.0943951 0.6666667 1.56667 1.50000 1.0471980 3.0000 3.1333
1.75 1.7951958 0.5714286 1.34286 1.28571 0.8975979 2.5714 2.6857
2 1.5707963 0.5000000 1.17500 1.12500 0.7853982 2.2500 2.3500
2.5 1.2566371 0.4000000 0.94000 0.90000 0.6283185 1.8000 1.8800
3 1.0471976 0.3333333 0.78333 0.75000 0.5235988 1.5000 1.5667
3.5 0.8975979 0.2857143 0.67143 0.64286 0.4487990 1.2857 1.3429
4 0.7853982 0.2500000 0.58750 0.56250 0.3926991 1.1250 1.1750
5 0.6283185 0.2000000 0.47000 0.45000 0.3141593 0.9000 0.9400
6 0.5235988 0.1666667 0.39167 0.37500 0.2617994 0.7500 0.7833
8 0.3926991 0.1250000 0.29375 0.28125 0.1963495 0.5625 0.5875
10 0.3141593 0.1000000 0.23500 0.22500 0.1570796 0.4500 0.4700
12 0.2617994 0.0833333 0.19583 -.18750 0.1308997 0.3750 0.3917
16 0.1963495 0.0625000 0.14688 0.14063 0.0981748 0.2813 0.2938
20 0.1570796 0.0500000 0.11950 0.11200 0.0785398 0.2240 0.2390
24 0.1308997 0.0416667 0.09992 0.09367 0.0654499 0.1873 0.1998
32 0.0981748 0.0312500 0.07544 0.07075 0.0490873 0.1415 0.1509
40 0.0785398 0.0250000 0.06075 0.05700 0.0392699 0.1140 0.1215
48 0.0654498 0.0208333 0.05096 0.04780 0.0327249 0.0956 0.1019
64 0.0490874 0.0156250 0.03872 0.03638 0.0245437 0.0728 0.0774
80 0.0392699 0.0125000 0.03138 0.02950 0.0196350 0.0590 0.0628
96 0.0327249 0.0104167 0.02648 0.02492 0.0163625 0.0498 0.0530
120 0.0261799 0.0083333 0.02158 0.02033 0.0130900 0.0407 0.0432
150 0.0209440 0.0066667 0.01767 0.01667 0.0104720 0.0333 0.0353

a ht for fine pitch (20Pd) is 2.2/Pd + 0.002″.

  



126 Dudley’s Handbook of Practical Gear Design and Manufacture

 10. Recheck load capacity using design proportions just obtained. If not within allow-
able limits, change design.

 11. If the gear design is for critical power gears, additional items will need calculation:
 (a) Root fillet radius (Equation 3.37)
 (b) Form diameter
 (c) Modification of profile (Equations 3.35 and 3.36)
 (d) Diameter over pins (see corresponding section below)
 12. Certain general dimensions must be calculated and toleranced:
 (a) Outside diameter, D + 2 (a ± Δa) 
 (b) Root diameter, Do − 2ht

 (c) Face width
 (d) Chordal addendum and chordal thickness
 13. It may be necessary to specify:
 (a) Tip round (at outside diameter) (Table 3.14)
 (b) Edge round (Table 3.14)
 (c) Roll angle
 (d) Base radius
 14. In some unusual designs, it may be necessary to check the following to assure a 

sound design:
• Diameter at which teeth become pointed (Equation 3.41)
• Width of top land (Equation 3.38)
• Effective contact ratio (Equations 3.3 and 3.4)
• Undercut diameter

3.2.1.10  Explanation and Discussion of Items in Table 3.5

Table 3.1 shows the “basic” or standard tooth proportions as given in the AGMA or ASA 
standards listed at the end of the table.

 1. Pressure angle. The pressure angle and numbers of teeth in a given pair of gears 
are related in that low pressure angles (14.5) should be avoided for low numbers of 
teeth (see Tables 3.6 and 3.11).

 2. Addendum. For general applications, use equal-addendum teeth when the num-
bers of teeth in the pinion and in the pair exceed the values shown in items 
10 and 11. Use long addendums for pinions having numbers of teeth, pressure 
angles, and diametral pitches as shown in Table 3.1. The amount of decrease of 
addendum in the mating gear is to be limited to values that will not produce 
undercut.

  The values of long addendum for pinions are limited to speed-decreasing drives. 
Data on speed-increasing drives are given in Section 3.1.3 but are beyond the scope 
of AGMA standards.
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 3. Dedendum.  The values shown in the table are the minimum standard values. 
Shaved or ground teeth should be given a greater dedendum (whole depth and 
clearance values); see items 5 and 9. A constant value, 0.002  in., is added to the 
dedendum of fine-pitch gears, which allows space for the accumulation of foreign 
matter at the bottoms of spaces. This provision is particularly important in the 
case of very fine diametral pitches.

 4. Working depth. The working depth customarily determines the type of tooth; that 
is, a tooth with a 1.60/P working depth is called a full-depth tooth.

 5. Whole depth. The value shown is the standard minimum whole depth. It will 
increase in proportion to the increase in backlash cut into the teeth (unless 
the outside diameter is also correspondingly adjusted). It will also increase 
slightly if long- and short-addendum teeth are generated with pinion-shaped 
cutters. See also items 3, 8, and 9 for increase due to manufacturing processing 
requirements.

 6. Circular tooth thickness, basic. This is the basic circular tooth thickness on the stan-
dard pitch circle. These values will be slightly altered if backlash is introduced 
into the gears to allow them to mesh at a standard center distance. These val-
ues will be drastically altered in the case of long- and short-addendum designs. 
Table 3.15 gives values of tooth thickness corresponding to standard values of long 
and short addendum for small numbers of teeth.

 7. Fillet radius, basic rack. The fillet radius shown is that in the basic rack. The tooth 
form standard (AGMA 201.02) directs that the edge radius on hobs and rack-type 
shaper cutters should be equal to the fillet radius in the basic rack. It also directs 

TABLE 3.15

Values of Tooth Thicknesses for Pinions, tP, and Gears, tG, with Small Numbers of 
Teeth (Long and Short Addendums)

No. of Teeth 
in Pinion

Coarse-Pitch System Fine Pitch System

20° Pressure Angle 25° Pressure Angle 20° Pressure Angle

Pinion Gear Pinion Gear Pinion Gear

7 2.0007 1.1409
8 1.9581 1.1835
9 1.9155 1.2261
10 1.9120 1.2300 1.7420 1.3990 1.8730 1.2686
11 1.8680 1.2730 1.6590 1.4820 1.8304 1.3112
12 1.8260 1.3150 1.5708 1.5708 1.7878 1.3538
13 1.7830 1.3580 1.5708 1.5708 1.7452 1.3964
14 1.7410 1.4000 1.5708 1.5708 1.7027 1.4389
15 1.6980 1.4430 1.5708 1.5708 1.6601 1.4815
16 1.6560 1.4860 1.5708 1.5708 1.6175 1.5241
17 1.6130 1.5290 1.5708 1.5708 1.5749 1.5667
18 1.5708 1.5708 1.5708 1.5708 1.5708 1.5708
19 1.5708 1.5708 1.5708 1.5708 1.5708 1.5708

Note: These tooth thicknesses go with Table 3.1 addendums. The above values are for 1 diame-
tral pitch. These basic tooth thicknesses do not include an allowance for backlash.
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that pinion-shaped cutters should be designed using the basic rack as a guide so 
that the gear teeth generated by these cutters will have a fillet radius approxi-
mating those produce by hobs and rack-type shaper cutters. It can be calculated 
approximately by the data shown in Equation 3.42.

  In the case of 25°–pressure-angle teeth, the fillet radius shown must be reduced 
for teeth having a clearance of 0.250/P. This is discussed in Section 3.1.4.

  In the case of fine-pitch teeth, the fillet radius usually will be larger than the 
clearance customarily given as c = 0.157/P because of edge breakdown in the cut-
ter. The effects of tool wear on fine-pitch gears are proportionally larger than the 
effects produced by coarse-pitch tools.

 8. Clearance. The value shown is the minimum standard. Greater clearance is usu-
ally required for teeth that are finished by grinding or shaving. In general the 
value shown in item 9 will be suitable for these processes. See also items 3 
and 5.

 9. Clearance for shaved or ground teeth. This is the recommended clearance for teeth 
to be finished by shaving or grinding. In the case of 25°–pressure-angle teeth, the 
fillet radius shown must be reduced for teeth having a clearance of 0.250/P.

 10. Minimum number of teeth in pinion. These are the lowest numbers of teeth that can 
be generated in pinions having standard addendums and tooth thicknesses that 
will not be undercut. Pinions having fewer teeth should be made long addendum 
in accordance with Table 3.1.

 11. Minimum numbers of teeth in pair. This is the smallest number of teeth in the pinion 
and gear that can be meshed on a standard center distance without one member 
being undercut. For pairs with fewer teeth the members will have to be meshed on 
a nonstandard (enlarged) center distance.

 12. Minimum width of top land. This is the approximate minimum width of top land 
allowable in standard long-addendum pinions. Increases in addendum that 
cause the tops of the teeth to have less than this value should be generally 
avoided.

 13. Reference standard. The source of the data in each column. AGMA standards are 
published by the American Gear Manufacturers Association.

 14. Reference standard. The source of the data in each column. ASA standards are pub-
lished by the American Society of Mechanical Engineers (ASA).

3.2.2  System for Helical Gears

The following data are based on the information contained in AGMA standard 207.05, 
“20-Degree Involute Fine-Pitch System, for Spur and Helical Gears.” In addition, tooth pro-
portions are shown that are used by several of the larger gear manufacturers for the design 
of helical gears. These tooth proportions are shown since there are no AGMA standards 
for coarse-pitch helical gears.

In general, helical tooth proportions are based on either getting the most out of a heli-
cal gear design or on using existing tooling. The tooth proportions referred to above have 
been found to yield very good gears. In some cases, for less critical applications, tools on 
hand may be used. Very often hobs for spur gears are available, and gears for general ser-
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vice can be made with these tools. Since such hobs have no taper, they are not well suited 
to cut helix angles much over 30°.

In helical gear calculations, care should be taken to avoid confusion as to which plane 
the various tooth proportions are measured in. In some cases, the transverse plane is used. 
This plane is perpendicular to the axis of the helical gear blank. In some cases, it is desir-
able to work in the normal plane.

If a spur gear hob is used to cut helical teeth, the relationship between the transverse 
and normal pressure angles and the transverse and normal pitches as well as the base 
pitches should be established.

 P
pd
n

=
π ψcos

 (3.43)

 tan
tan
cos

φ
φ
ψ

= n  (3.44)

 pN = pn cos ϕn (3.45)

where
Pd—diametral pitch in transverse plane
ψ—helix angle
pn—circular pitch in normal plane
ϕn —pressure angle in normal plane
pN—normal base pitch (normal to surface)

When gears mesh together or with hobs, racks, shaper, or shaving cutters, their normal 
base pitches must be equal.

When a gear shaper is to be used to cut helical teeth, special guides are installed in the 
machine. These impart the twist into the cutter spindle, which produces the proper helix 
angle and lead. The cutter used has the same lead ground into the teeth as is produced by 
the guides. The cutter and guides in turn produce a given lead angle to the gear being cut. 
Practical considerations limit the lead angle on the guides to roughly 35°. To control costs, 
helical gears that are to be shaped should be designed either to a standard series of values 
of leads or to values of lead available in existing guides.

Equation 3.46 shows the relationship of lead, number of teeth, diametral pitch, and helix 
angle in a given cutter, or helical gear:

 tanψ =
πN
P Ld

 (3.46)

where
ψ—helix angle
N—number of teeth, cutter or gear
Pd—diametral pitch
L—lead of cutter
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3.2.2.1  Selection of Tooth Form

The tooth forms shown in Table  3.3 are used for ranges of applications as follows (see 
Tables 3.16 and 3.17). The foregoing types each require a separate set of tooling. They have 
the advantage of getting the most out of good helical gear design.

When an existing spur gear hob is to be used to produce the gear, use types 18 and 19 
tooth forms. The data in Table 3.18 will be found helpful in making calculations for gears 
having types 18 and 19 tooth forms. Type 19 tooth form is similar to type 18 tooth form 
except that its proportions are based on the use of hobs designed to cut fine-pitch gears (20 
diametral pitch or finer).

3.2.2.2  Selection of Helix Angle

Single-helical gears usually are given lower helices angles than double-helical gears 
to limit thrust loads. Typical helix angles are 15° and 23°. Low helix angles do not 
provide so many axial crossovers as can be achieved on high-helix-angle gears of a 
given  face  width.  Double-helix gears have helix angles that typically range from 30° 
to 45°. Although higher helix angles provide smoother operation, the tooth strength is 
lower.

To get the quietest gears and at the same time achieve good tooth strength, special cut-
ting tools for each helix angle should be provided. Table 3.3 shows typical tooth propor-
tions. Tooth types 1 through 5 require special cutters, and the helix angle shown should 
be used. These teeth are stubbed more and more as the helix angle is higher. Tooth types 
6 through 12 can be made with any helix angle desired. Types 13 and 14 can also be made 
with almost any helix angle. These tooth proportions are based on the use of standard 
spur gear hobs. Since such hobs are not usually tapered, they do not do as good a job in 
cutting as do the especially designed helical hobs, and, as a result, they should be limited 
in use to helix angles les than 25°.

TABLE 3.16

Values for Tip Round and Edge Round and End Round

Tip round

End round

Edge round

Diametral Pitch

Edge Round
Tip Round and 

End RoundGeneral Applications Medium Strength High Strength

20 and finer Burr brush edges 0.001–0.005 0.005–0.010 0.001–0.005
16 Burr brush edges 0.003–0.015 0.010–0.025 0.003–0.010
12 Burr brush edges 0.005–0.020 0.012–0.030 0.005–0.015
10 Burr brush edges 0.010–0.025 0.015–0.035 0.005–0.015
8 Burr brush edges 0.010–0.025 0.020–0.045 0.010–0.030
5 Burr brush edges 0.010–0.025 0.025–0.060 0.010–0.030
3 Burr brush edges 0.015–0.035 0.040–0.090 0.010–0.050
2 Burr brush edges 0.015–0.035 0.060–0.125 0.010–0.050
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3.2.2.3  Face Width

In the design of helical gears, the face width is usually based on that needed to achieve 
the required load-carrying capacity. In addition, the face width and lead are interrelated 
in that it is necessary to obtain at least two axial pitches of face width (F = 2px) to get rea-
sonable benefit from the helical action, and four or more if high speeds, noise, or critical 
designs are confronted.

Long- and short-addendum designs are not as common among helical gears as among 
spur gears. This is because a much lower number of teeth can be cut in helical gears with-
out undercut. In low-hardness helical gearing, pitting, which is little affected by changes 
in addendum, is usually the limiting feature. In high-hardness designs, the same propor-
tions as those used for spur gear addendums should be employed.

TABLE 3.17

Ranges of Gear Tooth Forms Applications

Type of Gear Suggested Tooth Form

Single helix, low allowable thrust reaction Type 1
Single helix, moderate allowable thrust reaction Types 2 and 3
Double helix, general purpose Types 4 and 5
Double helix, minimum noise Type 6
Double helix, high load Types 20 and 21

TABLE 3.18

Tooth Proportions for Helical Gears

Helix 
Angle, deg

Diametral 
Pitch, Pd

Circular 
Pitch, Pt Axial Pitch, px

Pressure 
Anglea

Working 
Depth, hk

Whole 
Depth, ht

b

0 1.000000 3.14159 ∞ 20° 00′ 00″ 2.000 2.250
5 0.996195 3.15359 36.04560 20° 4′ 13.1″ 2.000 2.250
8 0.990268 3.17247 22.57327 20° 10′ 50.6″ 2.000 2.250
10 0.984808 3.19006 18.09171 20° 17′ 00.7″ 2.000 2.250
12 0.978148 3.21178 15.11019 20° 24′ 37.1″ 2.000 2.250
15 0.965926 3.25242 12.13817 20° 38′ 48.8″ 2.000 2.250
18 0.951057 3.30326 10.16640 20° 56′ 30.7″ 2.000 2.250
20 0.939693 3.34321 9.18540 21° 10′ 22.0″ 2.000 2.250
21 0.933580 3.36510 8.76638 21° 17′ 56.4″ 2.000 2.250
22 0.927184 3.38832 8.38636 21° 25′ 57.7″ 2.000 2.250
23 0.920505 3.41290 8.04029 21° 34′ 26.3″ 2.000 2.250
24 0.913545 3.43890 7.72389 21° 43′ 22.9″ 2.000 2.250
25 0.906308 3.46636 7.43364 21° 52′ 58.7″ 2.000 2.250
26 0.898794 3.49534 7.16651 22° 02′ 44.2″ 2.000 2.250
27 0.891007 3.52589 6.91994 22° 13′ 10.6″ 2.000 2.250
28 0.882948 3.55807 6.69175 22° 24′ 09.0″ 2.000 2.250
29 0.874620 3.59195 6.48004 22° 35′ 40.0″ 2.000 2.250
30 0.866025 3.62760 6.28318 22° 47′ 45.1″ 2.000 2.250

Note: For fine-pitch gears, use 2.2/Pnd + 0.002 for general purpose gearing and 2.35/Pnd + 0.002 for gear to be 
shaved or ground.

a Pressure angle based on 20° normal pressure angle.
b The values shown for whole depth are for coarse-pitch gears. If the gears are to be shaved or ground, use ht = 2.35.
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3.2.2.4  Specific Calculation Procedure for Helical Gears

The procedure for helical gears is very similar to that given in Section 3.2.1 for spur gears:

 1. Determine application requirements: ratio, power, speed, etc.
 2. Decide on basis tooth proportions and helix angle (see Table 3.3).
 3. Pick appropriate number of pinion teeth (see Tables 3.6, 3.7, 3.10).
 4. Determine approximate center distance and face width.
 5. Determine pitch of teeth.
 6. Determine whole depth.
 7. Determine addendum of pinion and gear. Use equal addendum for pinion and gear 

except in special cases where addendum must be increased to avoid undercut or spe-
cial consideration must be given to increasing the pinion strength (see Table 3.19).

 8. Determine operating circular pitch, operating helix angle, and operating normal 
pitch if special center distance was used.

TABLE 3.19

Equations and References for Addendum Calculations, Helical Gears

Type of Tooth Design Operating Conditions Pinion Gear

Standard or equal 
addendum

Numbers of teeth in gear 
and pinion greater than 
minimum numbers 
shown in Figure 3.10

a = value from Table 3.3 

a
P

=
−Types 1 6

d

, 

a
P

=
−Types 7 19

nd

, 

a
P

=
−Types 1 6

d

Value from special tools to 
be used

If standard center 
distance and values of 
aP as shown at (a) left.

If nonstandard center 
distance, see item 
below

Long and short 
addendum

Numbers of teeth in 
pinion less than 
minimum numbers 
shown in Table 3.6, and 
numbers of teeth in gear 
more than minimums 
shown in Figure 3.3

Increase addendum 
sufficiently to avoid 
undercut

aP = a + K′n/Pn

See Figure 3.10 for K′n

Decrease addendum by 
amount pinion 
addendum is increased. 
If undercut, increase 
center distance.

See item below

Numbers of teeth in 
pinion less than 
minimum numbers 
shown in Table 3.6, and 
numbers of teeth in gear 
less than minimum 
numbers of teeth shown 
in Figure 3.3

Increase addendum 
sufficiently to avoid 
undercut

aP = a + K′n/Pn

Increase addendum 
sufficiently to avoid 
undercut

aG = a + K′n/Pn

Designed for nonstandard 
center distance

Increase center distance by amount sufficient to 
accommodate increased addendum of booth pinion 
and gear

Calculate tooth thickness to meet required center 
distance from Equation 3.71, then calculate required 
addendum from Equation 3.18
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 9. Determine design tooth thickness. If long and short addendum, adjust theoretical 
tooth thicknesses accordingly. Thin teeth for backlash. Consult Table 3.4 for power 
gearing backlash allowance.

 10. Recheck load capacity. Check number of axial crossovers (Equation  3.5). Check 
ability of thrust bearings to handle thrust reactions (Chapter 11). If results of these 
checks are unsatisfactory, change proportions.

 11. If gear design is for critical power gears, additional items may need calculation.
 (a) Root fillet radius (Equation 3.37)
 (b) Form diameter
 (c) Modification of profile (Equations 3.35 and 3.36)
 (d) Diameter over balls
 12. General dimensions to be determined and toleranced:
 (a) Outside diameter
 (b) Root diameter
 (c) Face width
 (d) Chordal addendum and chordal tooth thickness
 13. It may be necessary to specify the following:
 (a) Tip round or chamber (Table 3.16)
 (b) Edge round or end bevel (Table 3.16)
 (c) Roll angle
 (d) Base radius
 14. Generally helical gears are not designed for such critical applications as to be in 

danger of pointed teeth or undercut.

3.2.3  System for Internal Gears

In general, both spur internal meshes and helical internal meshes may be calculated by 
the same methods as external meshes. However, in internal gear meshes, there are several 
problems unique to this type of gearing.

The first of these is tip interference. In this type of interference, the pinion member can-
not be assembled radially with the gear. Only axial assembly is possible, and it should be 
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FIGURE 3.10
Addendum increment K′n for 1 diametral pitch.
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provided for in the design. If a shaper cutter having a number of teeth equal to or greater 
than the pinion is used to cut the internal gear, it will cut its way into mesh but in so doing 
will remove some material from the flanks of a few of the teeth that should have been 
left in place to have good tooth operation. This cutting action is also known as trimming. 
Such teeth will have poor contact and will tend to be noisy. If the proper shaper cutter or a 
broach is used, this problem will not occur.

The second problem is sometimes known as fouling. In this case, the internal gear teeth 
interfere with the flanks of the external tooth pinion if there is too small a difference in 
numbers of teeth between the pinion and the gear members.

Both these problems can be avoided in most gear designs by reducing the addendum of the 
internal gear (increasing its inside diameter). Tables 3.20 and 3.21 show a group of tooth pro-
portions that will avoid these problems. A rather complicated graphical layout or calculations 

TABLE 3.20

Addendum Proportions and Limiting Numbers of Teeth for Internal Spur Gears of 
20° Pressure Angle

No. of 
Pinion 
Teeth

Pinion 
Addendum

Min. No. of Gear Teeth Gear Addendum

Axial 
Assembly

Radial 
Assembly

Minimum 
Ratioa

Ratio of 
2

Ratio of 
4

Ratio of 
8

12 1.350 19 26 0.472 0.510 0.582 0.616
1.510 19 26 0.390 0.412 0.451 0.471

13 1.290 20 27 0.507 0.556 0.635 0.673
1.470 20 27 0.419 0.445 0.488 0.509

14 1.230 21 28 0.543 0.601 0.688 0.729
1.430 21 28 0.447 0.479 0.525 0.548

15 1.180 22 30 0.574 0.642 0.733 0.777
1.400 22 30 0.470 0.506 0.554 0.577

16 1.120 23 32 0.608 0.688 0.786 0.834
1.380 23 32 0.487 0.526 0.574 0.597

17 1.060 24 33 0.642 0.734 0.839 0.890
1.360 24 33 0.505 0.546 0.594 0.617

18 1.000 25 34 0.676 0.779 0.892 0.947
1.350 25 34 0.516 0.558 0.605 0.628

19 1.000 27 35 0.702 0.792 0.808 0.950
1.330 27 35 0.539 0.578 0.625 0.648

20 1.000 28 36 0.713 0.802 0.903 0.952
1.320 28 36 0.550 0.590 0.636 0.658

22 1.000 30 39 0.733 0.821 0.912 0.957
1.290 30 39 0.577 0.621 0.666 0.688

24 1.000 32 41 0.750 0.836 0.920 0.960
1.270 32 41 0.599 0.644 0.687 0.709

26 1.000 34 43 0.766 0.849 0.926 0.963
1.250 34 43 0.620 0.666 0.709 0.729

30 1.000 38 47 0.792 0.870 0.936 0.968
1.220 38 47 0.654 0.702 0.741 0.761

40 1.000 48 57 0.836 0.903 0.952 0.976
1.170 48 57 0.718 0.764 0.797 0.814

a Minimum ratio of number of gear teeth divided by number of pinion teeth for axial assembly.
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may be required to determine the exact proportions to avoid these problems. Since such calcu-
lations are beyond the scope of this chapter, Tables 3.20 and 3.21 are offered as a guide.

3.2.3.1  Special Calculations

In general, the tip interference problem can be limited by providing more than a 17-tooth 
difference between gear and pinion.

The internal gear teeth have an addendum that extends toward the inside from the pitch 
circle. The critical dimension of addendum height is maintained by holding inside diameter.

In general, the addenda of internal gears are made considerably shorter than those for 
equivalent external gears to avoid interference. The effect of the gear wrapping around the 
pinion tends to increase contact ratio, and also the chances for pinion-fillet interference.

TABLE 3.21

Addendum Proportions and Limiting Numbers of Teeth for Internal Spur Gears of 
25° Pressure Angle

No. of 
Pinion 
Teeth

Pinion 
Addendum

Min. No. of Gear Teeth Gear Addendum

Axial 
Assembly

Radial 
Assembly

Minimum 
Ratioa

Ratio of 
2

Ratio of 
4

Ratio of 
8

12 1.000 17 20 0.699 0.793 0.900 0.934
1.220 17 21 0.601 0.656 0.720 0.740

13 1.000 18 22 0.718 0.810 0.908 0.940
1.200 18 22 0.622 0.680 0.742 0.761

14 1.000 19 24 0.734 0.824 0.915 0.944
1.180 19 24 0.644 0.703 0.763 0.782

15 1.000 20 25 0.748 0.837 0.921 0.948
1.170 20 25 0.659 0.719 0.776 0.794

16 1.000 21 26 0.761 0.847 0.926 0.951
1.150 21 26 0.679 0.741 0.797 0.815

17 1.000 22 27 0.773 0.857 0.930 0.954
1.140 22 27 0.694 0.755 0.809 0.826

18 1.000 23 28 0.783 0.865 0.934 0.957
1.130 23 28 0.708 0.769 0.820 0.837

19 1.000 24 29 0.793 0.873 0.938 0.959
1.120 24 29 0.721 0.782 0.832 0.848

20 1.000 25 30 0.802 0.879 0.941 0.961
1.110 26 29 0.741 0.795 0.843 0.859

22 1.000 28 32 0.824 0.891 0.947 0.965
1.090 28 32 0.765 0.820 0.866 0.881

24 1.000 30 34 0.837 0.900 0.951 0.968
1.080 30 34 0.782 0.836 0.879 0.893

26 1.000 32 37 0.847 0.908 0.955 0.970
1.060 32 37 0.806 0.859 0.900 0.914

30 1.000 36 40 0.865 0.921 0.961 0.974
1.050 36 40 0.829 0.879 0.915 0.927

40 1.000 46 51 0.896 0.941 0.971 0.981
1.020 46 51 0.880 0.923 0.952 0.961

a Minimum ratio of number of gear teeth divided by number of pinion teeth for axial assembly.
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Internal gear sets may be designed so that the pinion can be introduced into mesh at assem-
bly by a radial movement. For any given number of teeth in the pinion, there must be a number 
of teeth in the gear that is somewhat greater than required if axial assembly were to be allowed.

If a minimum difference in numbers of pinion and gear teeth is desired, the designer 
must design the gear casings and bearings so that the pinion can be introduced into mesh 
with the gear in an axial direction.

Tables 3.20 and 3.21 give the minimum numbers of teeth that a gear may have for any 
given pinion to achieve either radial or axial assembly.

The “hand” of helical internal gears is determined by the direction in which the teeth 
move, right of left, as the teeth recede from an observer looking along the gear axis. 
Whereas two external helical gears must be of opposite hand to mesh on parallel axes, an 
internal helical gear must be of the same hand as its mating pinion.

3.2.3.2  Specific Calculation Procedure for Internal Gears

Generally speaking, internal gears may be designed by the same procedure as outlined 
in Section 3.2.1 for spur gears or Section 3.2.2 for helical gears. However, there are some 
special considerations:

 1. Number of teeth. The number of teeth in the pinion is based on the ratio required 
and also on tooth strength and wear considerations. In addition there must be 
sufficiently large difference between the numbers of teeth in the pinion and gear 
to avoid problems of tip interference. Tables 3.20 and 3.21 give the minimum num-
bers of teeth in gear and pinion that can be specified and still be able to achieve 
either axial or radial assembly.

 2. Number of teeth, gear. The minimum number of teeth in the gear member that can 
be used without getting into problems of assembly techniques or tip interference 
problems is shown in Tables 3.20 and 3.21. The manufacturing organization that 
will produce the gears should be checked to determine the availability of suitable 
equipment when the number of teeth in the gear exceeds 200 or when prime num-
bers over 100 are used. If the internal gear is to be broached, consideration should be 
given to minimizing the number of teeth in the gear so as to keep broach cost down.

 3. Helix angle. Since shaper guides are usually required for the cutting of the internal 
gear, first choice in helix angles should be based on existing guides. Because of the 
kinematics of the gear shaper, helix angle above about 30° should be avoided. The 
helix angle of the pinion member is of the same hand as that of the gear.

 4. Diametral pitch.  Since special tools are usually required to produce the internal 
gear, thought should be given to standardizing on ranges of numbers of teeth 
and diametral pitches for internal gearing. Table 3.12 shows suggested diametral 
pitches. Internal gearing can be made long and short addendum so that the need 
of nonstandard pitches to meet special center distances is virtually nonexistent.

 5. Normal circular pitch.  In helical internal gears the normal circular pitch may be 
specified on the internal gear cutter in the case of existing cutters.

3.2.4  Standard Systems for Bevel Gears

Over the years from 1950 to 1990 and later, Gleason Works in Rochester, New York, USA, 
has published recommended standard systems for bevel gears. AGMA has also published 
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standard data for bevel gears. At the present time, the older standards are being revised 
and updated. The widespread use of the computer has tended toward more complex cal-
culation procedures.

The reader is advised to obtain the latest standards from both AGMA and Gleason 
Works. If manufacturing equipment built in German, Swiss, or Japanese companies is in 
use, appropriate standard data should be obtained from the manufacturer.

For the general guidance of the reader, the principal characteristics of systems now in 
use are discussed.

3.2.4.1  Discussion of 20° Straight Bevel Gear System

The tooth form of the gears in this system is based on a symmetrical rack. To avoid undercut 
and to achieve approximately equal strength, a different value of addendum is employed 
for each ratio. If these gears are cut on modern bevel gear generators, they will have a 
localized tooth bearing. This resulting Coniflex tooth form is discussed in Section 3.4.1. 
The selection of addendum ratios and outside diameter is limited to a 1:1.5 ratio in width of 
top lands of pinion and gear. The face cone of the gear and pinion blanks is made parallel 
to the root cone elements to provide parallel clearance. This permits the use of larger edge 
radii on the generating tools with the attendant greater fatigue strength. Figure 3.11 shows 
data on the relation of dedendum angle to undercut for straight bevel gears.

3.2.4.2  Discussion of Spiral Bevel Gear System

Tooth thicknesses are proportioned so that the stresses in the gear and pinion will be approx-
imately equal with the left-hand pinion driving clockwise or a left-hand pinion driving 
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counterclockwise. The values shown apply for gears operated below their endurance limits. 
For gears operated above their endurance limits, special proportions will be required. Special 
proportions will also be required for reversible drives on which optimum load capacity is 
desired. The method of establishing these balances is beyond the scope of this chapter but 
may be found in the Gleason Works publication “Strength of Bevel and Hypoid Gears.”

The tooth proportions are based on the 35° spiral angle. A smaller angle may result in 
undercut and a reduction in contact ratio (Figure 3.12).

3.2.4.3  Discussion of the Zerol Bevel Gear System

The considerations of tooth proportions to avoid undercut and loss of contact ratio as well 
as achieve optimum balance of strength are similar in this system to those of the straight 
and spiral systems.

This system is based on the duplex cutting method in which the root cone elements do 
not pass through the pitch cone apex. The face cone of the mating member is made parallel 
to the root cone to produce a uniform clearance.

3.2.4.4  Special Tooth Forms

The teeth of bevel gears can be given special form to reduce manufacturing costs or for 
engineering reasons.

Because of the flexibility of the machining system used to cut most bevel gears, many 
forms are possible. In general, it is customary to produce a desired profile on the teeth of 
the gear member and then to generate a conjugate profile on the teeth of the pinion.
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Although it is theoretically possible to use bevel teeth with an involute profile, this is 
rarely done. The most common curve for bevel gearing is the octoid, so called because 
of the shape of its line of action. This curve is much easier to generate than the spherical 
involute. It is closely approximates the involute.

The Formate® (Gleason Works) tooth form is often used for gearing of high ratios because 
of its manufacturing economies. The teeth of the gear member are cut without generation, 
thus saving time, and the extra generation required to produce a conjugate pair is taken on 
the pinion. Since there are fewer pinion teeth, less time is spent in generation than if both 
pinion and gear teeth were generated.

Another tooth form suitable for high-speed manufacture is the Revacile® (Gleason 
Works) straight bevel gear. This special tooth form is generated by a large disc cutter, one 
space being completed with each cutter revolution.

Both these forms are beyond the scope of this chapter.

3.2.4.5  Limitations in 20° Straight Bevel Gear System

The data contained in Table 3.22 apply only to gears that meet the following requirements:

• The standard pressure angle is 20°; in certain cases, depending on numbers of 
teeth, other pressure angles may be used (see Table 3.23).

TABLE 3.22

Tooth Proportions of Standard Bevel Gears

Item

Type of Tooth

Straight Teeth Spiral Teeth Zerol Teeth

Pressure angle, deg 20° standarda 20° standarda 20° basic, 22.5° or 25° where 
needed

Working depth 2.000/Pd 1.700/Pd 2.000/Pd

Clearance 0.188/Pd + 0.002″ 0.188/Pd 0.188/Pd + 0.002″
Face width F ≤ Ao/3 or F ≤ 10/Pd

do not exceed 
smaller valuec

F ≤ Ao/3 or F ≤ 10/Pd

whichever is smallerc

F ≤ 0.25Ao or F ≤ 10/Pd

whichever is smaller
F < 1 on duplex Zerolc,d

Spiral angle – 35°e 0°
Min. no. of teeth in system 13f; see Table 3.22 12 13
Whole depth 2 18

0 002
.

.
Pd

+
2 18.
Pd

g 2 18
0 002

.
.

Pd

+

Diametral range – 12 and coarser 3 and finer
AGMA ref. 208.02 209.02 202.02

a 20° is standard pressure angle for straight-tooth bevel gears. Table 3.23 shows ratios that may be cut with a 
14.5° pressure angle teeth.

b 20° is standard pressure angle for spiral bevel gears. Table 3.23 shows ratios that may be cut with a 16° pressure 
angle teeth.

c If the face width exceeds one-third the outer cone distance, the tooth is in danger of breakage in the event that 
tooth contact shifts to the small end of the tooth.

d On duplex Zerol bevel gears, 1 in. is the maximum face width in all cases.
e 35° is standard pressure angle. If smaller spiral angles are used, undercut may occur and the contact ratio may be less.
f This is the minimum number of teeth in the basic system (see Table 3.23 for equivalent minimum number of 

teeth in the gear member).
g For gears of 10 diametral pitch and coarser, the teeth are often rough-cut 0.005 deeper to avoid having the finish 

blades cut on their ends.
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TABLE 3.23

Pressure Angle and Ratio, Minimum Number of Teeth in Gear and Pinion That 
Can Be Used with Any Given Pressure Angle

Pressure 
Angle, deg

Type of Bevel Gear

Straight Tooth Spiral Tooth Zerol Tooth

Pinion Gear Pinion Gear Pinion Gear

20 (standard) 16 16 17 17 17 17
15 17 16 18 16 20
14 20 15 19 15 25
13 30 14 20 – –
– – 13 22 – –
– – 12 26 – –

14.5 29 29 28 28 Not used
28 29 27 29
27 31 26 30
26 35 25 32
25 40 24 33
24 57 23 36
– – 22 40
– – 21 42
– – 20 50
– – 19 70

16 Not used 24 24 Not used
23 25
22 26
21 27
20 29
19 31
18 36
17 45
16 59

22.5 13 13 16 16 14 14
– – 16 17 13 15
– – 16 18 – –
– – 16 19 – –
– – 15 15 – –
– – 15 16 – –
– – 15 17 – –
– – 15 18 – –
– – 15 19 – –
– – 15 20 – –
– – 15 21 – –
– – 15 22 – –
– – 15 23 – –
– – 15 24 – –
– – 14 14 – –
– – 13 15 – –

25 12 12 13 13 13 13
– – 13 14 – –
– – 12 12 – –
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• In all cases, full-depth teeth are used. Stub teeth are avoided because of the 
reduction in contact ratio, which may increase noise, and the reduction in wear 
resistance.

• Long- and short-addendum teeth are used throughout the system (except for 1:1 
ratios) to avoid undercut and to increase the strength of the pinion.

• The face width is limited to between one-quarter and one-third cone distance. The 
use of greater face widths results in an excessively small tooth size at the inner 
ends of the teeth.

3.2.4.6  Limitations in Spiral Bevel Gear System

This system is more limited in its application than the straight tooth system. The data in 
this system do not apply to the following:

• Automotive rear-axle drives
• Formate pairs
• Gears and pinions of 12 diametral pitch and finer, which are usually cut with one 

of the duplex spread-blade methods
• Gear cut spread-blade and pinion cut single-side, with a spiral angle of less than 

20°
• Ratios with fewer teeth than those listed in Table 3.23
• Larger spiral bevel gears cut on the planning-type generators where the spiral 

angles should not exceed 30°

Designs that fall in these restrictions should be referred to the Gleason Works for 
assistance.

3.2.4.7  Limitations in Zerol Bevel Gear System

The data contained in Table 3.22 apply only to Zerol bevel gears that meet the following 
requirements:

• The standard pressure angle (basic) is 20°. Where needed to avoid undercut, 22.5° 
and 25° pressure angles are standard (see Table 3.23).

• The face width is limited to 25% of the cone distance since the small-end tooth 
depth decreases even more rapidly as the face width increases because of the 
duplex taper. In duplex Zerol gears, 1-in. face is the maximum value in any case.

3.2.4.8  General Comments

Table 3.7 will be found helpful in selecting the proper numbers of teeth for most power 
gearing applications. Table 3.23 gives the minimum numbers of teeth in the gear for each 
number of pinion teeth and pressure angle. In general, the more teeth that are in the pin-
ion, the more quietly it will run and the greater will be its resistance to wear. The equip-
ment used to produce bevel gearing imposes upper limits on numbers of teeth. In general, 
if the gear is to contain over 120 teeth if an even number or above 97 if a prime number, the 
manufacturing company that produces the gears should be checked for capacity.
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Table 3.23 gives the minimum numbers of teeth in the pinion for each number of teeth 
in the gear for each pressure angle. The minimum number of pinion teeth is based on 
consideration of undercut.

Table 3.24 shows addendum values that have been used in the past. These values are at 
the large end of the tooth (outer cone distance). These values show what was usually used 
in older designs that are in production. New standards that are now being developed may 

TABLE 3.24

Bevel Gear Addendum (for 1 diametral pitch)

Ratio (mG) Addendum Ratio (mG) Addendum

From To
Straight and 

Zerol Spiral From To
Straight and 

Zerol Spiral

1.00 1.00 1.000 0.850 1.52 1.56 0.730 0.620
1.01 1.02 0.990 0.840 1.56 1.57 0.720 0.620
1.02 1.03 0.980 0.830 1.57 1.60 0.720 0.610
1.03 1.04 0.970 0.820 1.60 1.63 0.710 0.610
1.04 1.05 0.960 0.820 1.63 1.65 0.710 0.600
1.05 1.06 0.950 0.810 1.65 1.68 0.700 0.600
1.06 1.08 0.940 0.800 1.68 1.70 0.700 0.590
1.08 1.09 0.930 0.790 1.70 1.75 0.690 0.590
1.09 1.11 0.920 0.780 1.75 1.76 0.690 0.580
1.11 1.12 0.910 0.770 1.76 1.82 0.680 0.580
1.12 1.13 0.900 0.770 1.82 1.89 0.670 0.570
1.13 1.14 0.900 0.760 1.89 1.90 0.660 0.570
1.14 1.15 0.890 0.760 1.90 1.97 0.660 0.560
1.15 1.17 0.880 0.750 1.97 1.99 0.650 0.560
1.17 1.19 0.870 0.740 1.99 2.06 0.650 0.550
1.19 1.21 0.860 0.730 2.06 2.10 0.640 0.550
1.21 1.23 0.850 0.720 2.10 2.16 0.640 0.540
1.23 1.25 0.840 0.710 2.16 2.23 0.630 0.540
1.25 1.26 0.830 0.710 2.23 2.27 0.630 0.530
1.26 1.27 0.830 0.700 2.27 2.38 0.620 0.530
1.27 1.28 0.820 0.700 2.38 2.41 0.620 0.520
1.28 1.29 0.820 0.690 2.41 2.58 0.610 0.520
1.29 1.31 0.810 0.690 2.58 2.78 0.600 0.510
1.31 1.33 0.800 0.680 2.78 2.82 0.590 0.510
1.33 1.34 0.790 0.680 2.82 3.05 0.590 0.500
1.34 1.36 0.790 0.670 3.05 3.17 0.580 0.500
1.36 1.37 0.780 0.670 3.17 3.41 0.580 0.490
1.37 1.39 0.780 0.660 3.41 3.67 0.570 0.490
1.39 1.41 0.770 0.66 3.67 3.94 0.570 0.480
1.41 1.42 0.770 0.650 3.94 4.56 0.560 0.480
1.42 1.44 0.760 0.650 4.56 4.82 0.560 0.470
1.44 1.45 0.760 0.640 4.82 6.81 0.550 0.470
1.45 1.48 0.750 0.640 6.81 7.00 0.540 0.470
1.48 1.52 0.740 0.630 7.00 8.00 0.540 0.460

Note: In the earlier AGMA standards and Gleason handbooks, the equations for addendum for all types of bevel 
gears were aoG = Table 3.24/P. The values used in this table should be used only when checking calcula-
tions based on earlier standards.
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not agree with these values. (If a new standard is used, all values should be taken from the 
new standard—including addendum and backlash.)

Table 3.25 shows typical backlash values for bevel gears. In the field of bevel gears, mount-
ing distance settings can change backlash and change the tooth contact pattern. Usually the 
desired contact is achieved when a bevel gear set is mounted at the specified mounting dis-
tances. Figure 3.13 shows a typical mounting surface and body dimensions for a bevel gear.

3.2.5  Standard Systems for Worm Gears

There have been AGMA standards for worm gear tooth proportions in the past. Like other 
types of gear teeth, the old standards are being modified. For general reference, Table 3.26 
presents the tooth proportions for single-enveloping worm gears and for double-enveloping 
worm gears. These proportions are typical of past design practice.

3.2.5.1  General Practice

The following rules apply to conventional single-enveloping worm gears.

• The worm axis is at right angle to the worm gear axis (90°).
• The worm gear is hobbed. Except of a small amount of oversize, the worm gear 

hob has the same number of threads, the same tooth profile, and the same lead as 

TABLE 3.25

Design Backlash for Bevel Gearing, in.

Diametral Pitch Range of Design Backlash Diametral Pitch Range of Design Backlash

1.00–1.25 0.020–0.030 3.50–4.00 0.007–0.009
1.25–1.50 0.018–0.026 4.00–5.00 0.006–0.008
1.50–1.75 0.016–0.022 5.00–6.00 0.005–0.007
1.75–2.00 0.014–0.018 6.00–8.00 0.004–0.006
2.00–2.50 0.012–0.016 8.00–10.00 0.002–0.004
2.50–3.00 0.010–0.013 10.00–12.00 0.001–0.003
3.00–3.50 0.008–0.011 12 and finer

Note: In the earlier AGMA standards and Gleason handbooks, the equations for addendum for all types of bevel 
gears were aoG = Table 3.24/P. The values used in this table should be used only when checking calcula-
tions based on earlier standards.
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FIGURE 3.13
Bevel gear dimensions.
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that of the mating worm. (A slight change in lead may be made to compensate for 
oversize effects.)

• Fine-pitch worms are usually milled or ground with a double-conical cutter or 
grinding wheel with an inclined angle of 40° (tool pressure angle is 20°).

• Coarser pitch worms are often made with a straight-sided milling or grinding tool 
in American practice. Some European countries favor making the worm member 
in involute helicoid. Functionally, either type will work well in practice providing 
that the accuracy and fit of mating parts is of equal quality.

For double-enveloping worm gears, the defined profile is that of the worm gear. The 
worm is made with a special tool that has a shape similar to that of the worm gear. For the 
double-enveloping worm gear, the usual shape is straight-sided in the axial section and 
tangent to defined basic circle.

3.2.5.2  Basic Tooth Forms for Worm Gearing

The tooth forms of worm gearing have not been standardized to the same degree as tooth 
forms for spur gearing, for example. Since a special hob has to be made to cut the gears that 
will mesh with each design of worm and since the elements that constitute good worm 
gearing design are less well understood, there has been little incentive to standardize.

The most general practice in worm gear design and manufacture is to establish the shape 
of the worm thread and then to design a hob that will generate teeth on the gear that are 
conjugate to those on the worm. This practice is not followed in the case of double-enveloping 
gearing since special tooling based on the shape of the gear member is required to gener-
ate the worm.

TABLE 3.26

Typical Tooth Proportions for Worms and Worm Gears

Application
No. of Worm 

Threads

Cutter 
Pressure 

Angle Addendum
Working 

Depth Whole Depth

Tooth Proportions for Single-Enveloping Worms and Worm Gears
Index or holding 
mechanism

1 or 2 14.5° 1.000 2.000 2.250

Power gearing 1 or 2 20° 1.000 2.000 2.250
3 or more 25° 0.900 1.800 2.050

Fine pitch 
(instrument)

1–10 20° 1.000 2.000 2.200 + 0.002 in. English
1–10 20° 1.000 2.000 2.200 + 0.002 mm Metric

Item
No. of Worm 

Threads
Pressure 

Angle Addendum
Working 

Depth Whole Depth

Tooth Proportions for Double-Enveloping Worms and Worm Gears
Power gearing 1–10 20° 0.700 1.400 1.600

Note: The addendum, working-depth, and whole-depth values are for 1 normal diametral pitch. (The normal 
diametral pitch of the worm is equal to 3.141593 divided by the axial pitch of the worm and then the result 
divided by cosine of the worm lead angle.) In the English system, for normal diametral pitches other than 
1, divide by the normal diametral pitch. In the metric system the values are for 1 normal module. For 
modules other than 1, multiply by the normal module.
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The shape of the teeth of the worm member is dependent on the size of the tool 
and the method used to cut the threads. These threads may be cut with a straight-
sided V-shaped tool in a lathe or milled with double conical milling cutters of up to 
6-in. diameter in a thread mill or hobbed with a special hob, or ground in a thread-
grinding machine with a grinding wheel having a diameter up to 20 in. In each case 
the worm thread profile will be noticeably different, especially in the case of the higher 
lead angles. Worms can also be rolled, in which case the thread profile will be still dif-
ferent. It is essential, therefore, for the designer of worm gearing either to specify the 
manufacturing method to be used to make the worm or to specify the coordinates of 
the worm profile.

3.2.5.3  Specific Calculations for Worm Gears

In designing worm gear units and making calculations several considerations should be 
kept in mind.

• The ratio is the number of worm gear teeth divided by the number of worm 
threads. (The pitch diameter of the gear divided by the pitch diameter of the worm 
is almost never equal to the ratio!)

• Due to the tendency of the worm gear to wear-in to best fit the worm, common 
factors between the number of worm threads and the number of worm gear teeth 
should be avoided.

• The normal circular pitch of the worm and the worm gear must be the same. 
Likewise the normal pressure angle of worm and the normal pressure angle of 
the worm gear must be the same.

• The axial pitch of the worm and transverse circular pitch of the worm gear must 
be the same. In a like manner, the axial pressure angle of the worm must be the 
same as the transverse pressure angle of the worm gear.

• The lead of the worm equals the worm axial pitch multiplied by the number of 
threads. The lead can be thought of as the axial advance of a worm thread in one 
turn (360°) of the worm.

• It has been customary to thin the worm threads to provide backlash but not thin 
the worm gear teeth.

• There is a small difference between the pressure angle of a straight-sided tool used 
to mill or grind worm threads and the normal pressure angle of the worm thread.

Table 3.26 shows typical tooth proportions for single-enveloping worm gear sets and for 
double-enveloping worm gear sets. This table shows the addendum is one-half the work-
ing depth. In some cases it may be described to make the worm addendum larger than the 
addendum of the worm gear.

Table 3.27 shows recommended minimum numbers of teeth for single-enveloping worm 
gears. Since the pressure angle changes going across the face width of the worm gear, 
larger numbers of teeth are needed to avoid undercut problems in worm gears than in 
spur gears.

Table 3.28 shows that lead angle needs to increase with the numbers of threads. If, for 
instance, a lead angle of 20° is desired to get good efficiency, the designer should plan to 
use four or five threads on the worm.
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Worm gears are normally sized by picking the number of threads and teeth and then 
choosing a normal circular pitch that will give enough center distance to have the neces-
sary load-carrying ability. Table 3.29 shows suggested normal circular pitches.

Table  3.30 shows nominal backlash values for worm gear sets. These values repre-
sent thinning of worm threads and tolerances on worm thread thickness and gear tooth 
thickness.

Table 3.31 shows recommended cutter or grinding wheel outside diameters for the mak-
ing of single-enveloping worms.

Further details in worm gear design and rating are given below in consequent chapters 
of the book.

3.2.6  Standard System for Face Gears

Fine pitch (20 diametral pitch and finer) face gears have been standardized by the AGMA. 
Coarse pitch face gears have not been standardized. The following data are arranged to pro-
vide a logical method of calculating the tooth proportions of face gears. Such gears will be 
suitable for most applications. For more complete treatment of the subject the reader is referred 
to current AGMA standards. Table 3.32 shows basic tooth proportions for face gear sets.

Caution should be exercised in using Table 3.32. The items shown apply only to gears 
that meet the following requirements:

• The axes of the gear and the pinion must intersect at an angle of 90°.
• The gear must be generated by means of a reciprocating pinion-shaped cutter hav-

ing the same diametral pitch and pressure angle as the mating pinion and must be 
of substantially the same size.

TABLE 3.28

Suggested Limits on Lead Angle

No. Worm Threads Lead Angle, deg

1 Less than 6
2 3–12
3 6–18
4 12–24
5 15–30
6 18–36
7 and higher (not over 6° per thread)

TABLE 3.27

Minimum Number of Worm Gear Teeth for 
Standard Addendum

Pressure Angle, deg Min. No. of Teeth

14.5 40
20 25
25 20
30 15
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TABLE 3.29

Some Recommended Normal Circular Pitches

Fine Pitch Coarse Pitch

English, in. Metric, mm English, in. Metric, mm

0.030 1.000 0.200 5.000
0.040 1.250 0.250 6.500
0.050 1.500 0.300 8.000
0.065 2.000 0.400 10.000
0.080 2.500 0.500 12.000
0.100 3.000 0.625 15.000
0.130 3.500 0.750 20.000
0.160 4.000 1.000 25.000

1.250 30.000
1.500 40.000

Note: The normal circular pitch of the worm gear is equal to the axial 
pitch of the worm multiplied by the cosine of the lead angle.

TABLE 3.30

Recommended Values of Backlash for Single-Enveloping 
Worm Gearing and Double-Enveloping Worm Gearing

Center Distance
Backlash (Amount Worm 

Should Be Reduced)

2 0.003 0.008
6 0.006 0.012
12 0.012 0.020
24 0.018 0.030

TABLE 3.31

Recommended Values of Cutter Diameter (Single-Enveloping 
Gear Sets)

Type of Worm
Suggested Cutter Diameter, 

DC, in. Process

Low-speed power 4 Milled
High-speed power 20 Ground
Fine-pitch

Commercial quality 3 Milled
Precision quality 20 Ground
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• The pinion should be sized to meet requirements on load-carrying capacity.
• The minimum number of teeth in the pinion in this system is 12, and the mini-

mum cutter pitch diameter is 0.250 in.
• The minimum gear ratio is 1.5:1 and the maximum ratio is 12.5:1.
• The long- and short-addendum designs for the pinion with less than 18 teeth 

should not generally be used on speed-increasing drives.

3.2.6.1  Pinion Design

The pinion member in case of numbers of teeth less than 18 has an enlarged tooth thick-
ness to avoid undercut when cut with a standard cutter (Tables 3.33 and 3.34). Compared 
with the pinions designed in accordance with data in Section 3.2.1, the outside diameter 
is somewhat less. This is to avoid the necessity of cutting the gear with shaper cutters that 
have excessively pointed teeth. The limit set is top land with ≥0.40/Pd. Table 3.35 gives the 
tooth proportions for face gear pinions.

3.2.6.2  Face Gear Design

The face gear member is generated by a cutter having proportions based on the pinion 
with which the face gear will operate. The most important specification for the shape of 
the teeth of a face gear is a complete specification of the cutter to be used to cut it or, next 
best, a detailed specification of the mating pinion.

The face gear has two dimensions unique to face gears that control the face width of the 
teeth: the outer and inner diameter of the face gear.

TABLE 3.32

Tooth Proportions for Pinions Meshing with Face Gears

Item Coarse Pitch, Pd ≤ 20 Fine Pitch, Pd > 20

No. of teeth in pinion, NP NP < 18 NP ≥ 18 NP < 18 NP ≥ 18
Pressure angle, ϕ, deg 20 20 20 20
Addendum, a See Table 3.34 1

Pd

See Table 3.34 1
Pd

Standard pitch 
diameter, Dp

N
Pd

N
Pd

N
Pd

N
Pd

Working depth, hk – 2 0.
Pd

See Table 3.35 2 0.
Pd

Whole depth, ht – 2 25
2
.
Pd

See Table 3.35 2 25
2

0 002
.

.
Pd

+

Circular tooth thickness,a t – ≠
2Pd

See Table 3.35 ≠
2Pd

Clearance, c – 0 25.
Pd

0 2
0 002

.
.

Pd

+
0 2

0 002
.

.
Pd

+

Reference standard None AGMA 203.01

a Thin teeth for backlash. See Section 3.5 for general information on spur gear backlash.
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The maximum useable face width may be estimated from Table 3.36. The outside diam-
eter of the gear should not exceed moD. The inside diameter should not be less than miD. 
Thus

 Outer diameter = moD = Do 

 Inner diameter = miD = Di 

 Pitch diameter = D 

 Face width o i=
−D D
2  

3.2.7  System for Spiroid and Helicon Gears

At the present time there are no AGMA standards covering Spiroid®, Helicon®, or Planoid® 
(Illinois Tool Works, Chicago, IL) gears. The following material is based on information 
covered in “Spiroid Gearing,” paper 57-A-162 of the American Society of Mechanical 
Engineers, and on additional information supplied by its author, W.D. Nelson. 

TABLE 3.33

Minimum Numbers of Teeth in Pinion and 
Face Gear

Diametral Pitch Range

Min.a No. of Teeth

Pinion Gear

20–48 12 18
49–52 13 20
53–56 14 21
57–60 15 23
61–64 16 24
65–68 17 26
69–72 18 27
73–76 19 29
77–80 20 30
81–84 21 32
85–88 22 33
89–92 23 35
93–96 24 36
97–100 25 38

a The minimum numbers of teeth in the pinion are 
limited by the design requirements of the gear 
cutter. These requirements, in addition to the min-
imum gear ratio limitation, limit the number of 
teeth in the gear.
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Although specialized designs can be developed that will best suit a given application, 
the standardized procedure presented here will yield designs that will meet the needs of 
most Spiroid and Helicon gear applications.

Planoid gears are often associated with Spiroid and Helicon gearing but are an entirely 
different form of gearing, used for ratios generally under 10:1 where maximum strength 
and efficiency are required. Their design is beyond the scope of this section.

TABLE 3.34

Addendum of Face Gears and Pinions

No. of Teeth 
in Pinion

Coarse Pitch
Fine Pitch Pinion 

AddendumPinion Addendum Gear Addendum

12 1.120 0.700 1 1215
0 002

.
.

Pd

−

13 1.100 0.760 1 1050
0 002

.
.

Pd

−

14 1.080 0.820 1 0865
0 002

.
.

Pd

−

15 1.060 0.880 1 0650
0 002

.
.

Pd

−

16 1.040 0.940 1 0420
0 002

.
.

Pd

−

17 1.020 0.980 1 0175
0 002

.
.

Pd

−

18 and 19 1.000 1.000 1 0000
0 002

.
.

Pd

−
1.250 0.750

20 and 21 1.000 1.000
1.250 0.750

22 through 29 1.000 1.000
1.200 0.800

30 through 40 1.000 1.000
1.150 0.850

41 and higher 1.000 1.000
1.100 0.900

TABLE 3.35

Tooth Proportions for Fine-Pitch Face Pinions

No. of Teeth
Tooth Thickness at 

Standard Pitch Diameter Whole Depth Working Deptha

12 1.7878 2.0234 1.8234
13 1.7452 2.0654 1.8604
14 1.7027 2.1054 1.9054
15 1.6601 2.1424 1.9424
16 1.6175 2.1778 1.9778
17 1.5749 2.2118 2.0118
18 1.5708 2.2000 2.0000
19 and up 1.5708 2.2000 2.0000

a Divide by diametral pitch and subtract 0.002″.
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The basic approach to the establishment of the Spiroid or Helicon tooth form is to 
establish the pinion tooth form and then develop a gear tooth form that is conjugate 
to it.

The tooth form of the Spiroid gear is composed of teeth having different pressure angles 
on each side of the teeth: a low-pressure-angle side and a high-pressure-angle side. The 
choice of pressure angle will control the extent of the fields of conjugate action of the teeth. 
The values of pinion taper angle have been standardized by Illinois Tool Works to achieve 
the best general purpose gearing. These standard values are shown in Table 3.37.

The design of Helicon gearing is closely related to Spiroid gearing. Table 3.38 shows the 
general equations used in the design of both kinds of gearing. The general Spiroid formu-
las become Helicon formulas when the pinion taper angle τ is set equal to zero. Figure 3.14 
shows a Spiroid gear set. A Helicon pinion and gear are similar except that the pinion 
taper angle τ and the gear face angle γ are both zero in Helicon gearing.

3.2.7.1  Spiroid Gearing

Spiroid gearing is suitable for gear ratios of 10:1 or higher. The numbers of teeth in the gear 
can range from 30 to 300.

The design procedure for Spiroid gearing differs somewhat from other types of gearing 
discussed in this chapter. The following are the basic steps:

• Center distance is the basic starting point for the calculation of Spiroid tooth 
proportions.

TABLE 3.36

Tooth Proportions and Diameter Constants for 1 Diametral Pitch Face Gears, 20° Pressure Angle

No. of Pinion 
Teeth, NP

Gear Diameter Constraints

mg = 1.5 mg = 2 mg = 4 mg = 8

mo mi mo mi mo mi mo mi

12 – – 1.221 1.020 1.221 0.960 1.221 0.945
13 1.202 1.064 1.202 1.015 1.202 0.959 1.202 0.945
14 1.187 1.062 1.187 1.011 1.187 0.958 1.187 0.944
15 1.174 1.052 1.174 1.007 1.174 0.957 1.174 0.944
16 1.161 1.051 1.161 1.004 1.161 0.956 1.161 0.944
17 1.156 1.041 1.156 1.000 1.156 0.955 1.156 0.944
18 1.150 1.039 1.150 0.997 1.150 0.954 1.150 0.943

1.176 1.042 1.176 0.999 1.176 0.955 1.176 0.943
20 1.144 1.030 1.144 0.991 1.144 0.953 1.144 0.943

1.166 1.032 1.166 0.993 1.166 0.953 1.166 0.943
22 1.140 1.022 1.140 0.987 1.140 0.952 1.140 0.943

1.156 1.024 1.156 0.988 1.156 0.952 1.156 0.943
24 1.133 1.015 1.133 0.983 1.133 0.951 1.133 0.943

1.150 1.017 1.150 0.984 1.150 0.951 1.150 0.943
30 1.121 1.001 1.121 0.975 1.121 0.949 1.121 0.942

1.131 1.001 1.131 0.975 1.131 0.949 1.131 0.942
40 1.109 0.986 1.109 0.966 1.109 0.946 1.109 0.941

1.113 0.986 1.113 0.966 1.113 0.946 1.113 0.941
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• Lead and pinion “zero” plane radius are then calculated.
• The tooth proportions and the blank proportions are based on the pinion zero 

plane radius and are then calculated.

From this procedure it can be seen that the pitch of the teeth is an end result of the calcu-
lating procedure for Spiroid gearing, rather than the beginning of other types of gearing. 
Center distance governs the horsepower capacity of the gear set.

Table 3.37 shows the basic tooth proportions for Spiroid gearing. Table 3.38 gives the 
general equations used to determine Spiroid tooth proportions.

If optimum efficiency is desired, the size of the pinion relative to the gear should be 
kept small by using values of RG/RP, which are larger than those shown in Figure 3.15. 
This has the effect of producing an increased lead angle for a given center distance 
and gear ratio. Figures 3.16 and 3.17 show recommended data for Helicon and Spiroid 
calculations.

Control gear applications being considered, in which runout is critical, the driving side 
should be the low-pressure-angle side of the teeth. This minimizes the effects of runout 
in both members. A 10° taper angle τ may be used since it requires only one-half the axial 
movement of the pinion to produce a given change in backlash.

For gear sets of the highest strength, the number of teeth in the gear should be kept 
low (30–40 for lower ratios) and a stub tooth form employed. Such designs are beyond the 
scope of this section.

Straddle-mounted pinions may require a shaft of larger size (greater stiffness) than 
would result from the data shown in Figure 3.14. In such cases, the values of RG, RP are 
decreased until a shaft of the desired size can be achieved. There is a definite limit to 
the maximum size of pinion for a given pressure angle. The size of the pinion may be 
increased until a “limiting pressure” condition is reached. Limiting pressure angle can be 
calculated by means of Equation 3.58.

TABLE 3.37

Standard Tooth and Gear Blank Relationships, Spiroid and Helicon Gearing

Spiroid Gearing
1. “Sigma” angle, σP = 40° (standard)
2. Pinion taper angle τ versus gear face angle γ

Pinion taper angle, τ, deg Gear face angle,a γ, deg
5 8 preferred
7 11
10 14

3. Gear ratio mG = 10:1 higher
4. Number of teeth in gear:

Varies with center distance (see Table 3.18)
Hunting ratios are desirable with all multiple-thread pinions

5. Tentative pressure angle selection
Ratio Pressure angle selection

Low Side High Side
mG ≤ 16:1 15° 35°
mG > 16:1 10° 30°

a Approximate values, for σP = 40°.
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TABLE 3.38

General Equations for Spiroid and Helicon Gearing

Spiroid Gearing

sin
tan
tan

φ
τ
σP

P

= (3.47)

R
C
R
R

P

P
G

P
P

=
+ ⋅sin cosφ σ

(3.48)

R
R
R

RG
G

P
P= (3.49)

L
R

m
R
R

=
−

2π σ

σ φ

G P

G
G

P
P P

cos

sin cos
(3.50)

xP = RG sin σP (3.51)

ro = RP − xP tan τ (3.52)

D

L
N

W
P=

+
+

−

0 6

1

1

2

2

. sec

sin
cos( )

sin
cos( )

τ

ψ
ψ τ

ψ
ψ τ

(3.53)

DN = DW cos τ (3.54)

CLR
P

= +0 07 0 002. .
L
N

(3.55)

ψ2
1

L
P

P

P

P P P

= +
−

−tan
( )

R
x

Cz
R ky x

(3.56)

tan
sec

λ
τ

πm
m

=
L

r2
(3.57)

ψ2 = ψ2L + 5° (3.58)

Helicon Gearing

R
C

R
R

P
G

P
P

=
cosσ (3.59)

L
R

m
R
R

=
−

2π σ

σ

G P

G
G

P
P

cos

sin (3.60)

D

L
n

W =
+

0 6

1 2

.

tan tanψ ψ
(3.61)

ψ2
1

L
P

P

= −tan
R
x

(3.62)

ψ
σ

2
1 1

L
G

P
P

= −tan
sin

R
R

(3.63)

ψ2 = ψ2L + 7° (3.64)

  



154 Dudley’s Handbook of Practical Gear Design and Manufacture

3.2.7.2  Helicon Gearing

Helicon gearing is suitable for gear ratios from 4:1 to 400:1 in light- to medium-loaded 
applications.

The design procedure for Helicon gears is somewhat similar to that for Spiroid gears 
but starts with the gear outside diameter as the basis of load capacity instead of the center 
distance as is used in Spiroid gearing.

The following are the basic steps:

• The gear ratio mG, pinion revs/min, and horsepower are used to establish the nec-
essary gear outside diameter.

• Pinion pitch radius, center distance, lead, and working depth are next established.
• From these values, the gear and pinion blank dimensions are established.

Outside diameter,
gear

Point diameter,gear
Pinion shaft diameter,
small end

Gear point to
pinion axis

Outside
diameter, pinion

Mounting
surface to
pinion point

Mounting distance,
gear

Face width,
pinion

r0

Gear axis to pinion
point

Mounting distance, pinion

Gear face
angle

Pinion shaft dia.,
large endTaper angle τ

γ
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er
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ist
an

ce
, C

γ

FIGURE 3.14
Sprioid gear set—mounting and gear blank nomenclature.

Gear

High point
C

(Desired
high-point
value)

X (trial)
Working root
cone

Pinion
Dop

DW

r0

DOG
2

DpG
2σ

τ

z
r

y
γ

FIGURE 3.15
Gear tooth high point—Spiroid gearing.
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3.2.7.3  Detailed Calculations of Spiroid and Helicon Tooth Data

In the earlier edition of the book (1962), Tables  5.41 and 5.42 were presented to show 
detail calculations of 59 items of specific tooth data relating to the specific geometry of 
the teeth. Several pages of instructions were also given on how to use or interpret the 
various items.

Computer programs for gear tooth data were not in use in the 1960s. Now, computer 
programs are generally used. The software of these programs is established and kept up 
to date by the patent holders and developers of special gear types.

A lengthy detail calculation procedure is not presented in the book. For Spiroid and 
Helicon gears, the reader is advised to obtain the latest technical publications of the Spiroid 
Division of the Illinois Tool Works. When a gear application gets down to final design cal-
culations, arrangements can be made to have a computer run made with the latest and best 
computer software.
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FIGURE 3.17
RG/RP versus center distance and number of teeth—Spiroid gears.
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3.3  General Equations Relating to Center Distance

This section of Chapter 3 deals with the distance between the shafts of meshing gears. 
This distance is called center distance in the case of gearing operating on nonintersect-
ing shafts. Spur and helical gearing, both external and internal, worm gearing, hypoid 
gearing,* spiral gearing, Spiroid gearing, and Helicon gearing must all operate at specific 
center distances. Certain types of gears that operate on intersecting shafts, such as bevel 
gearing, do not have a center distance dimension. However, their pitch surfaces must be 
maintained in the correct relationship; hence, the axial position of these gears along their 
shafts is critical. Such gears, therefore, have a mounting distance that defines the axial posi-
tion of the gears.

Certain types of gears, such as hypoid, Spiroid, throated worms and worm, face, 
Helicon, and Planoid (Illinois Tool Works) gears, have both a center distance and a mount-
ing distance.

When establishing the center distance for a set of gears, it is customary first to determine 
the theoretical center distance for the gears. The actual operating center distance is next 
determined. This center distance includes considerations of tolerance and the interchange-
ability of the various parts that may be included in the final assembly such as bearing, 
mounting brackets, and housing.

In spur and helical gears, it may be necessary or desirable to operate the gears on an 
appreciably larger center distance than theoretical to get improved load-carrying capacity. 
For instance, gears can be designed so that 20° hobs cut the tooth; but the “spread” center 
is calculated so as to make the gears operate at a 25° pressure angle. See Sections 3.3.4 
through 3.3.6.

The next section covers the calculation of the theoretical center distance at which vari-
ous types of gearing will operate. The most generally used equations are summarized in 
Table 3.39. In the sections that follow, the special consideration on which the equations are 
based are covered in detail.

3.3.1  Center Distance Equations

Table 3.39 is a summary of equations convenient to use to obtain the values of center dis-
tance for the various types of gearing shown in Figure 3.18.

Center distance and tooth thickness are inseparable. In most case, however, standard 
tooth proportions are used, and the simplified equations of center distance (Equations 3.65 
through 3.68) are adequate. Standard tooth proportions are defined in Section 3.3.2. When 
the sum of the tooth thickness of pinion and gear does not equal the circular pitch, non-
standard center distance, as obtained from equations such as Equations 3.69 and 3.72, will 
be required. Most problems involving center distance and tooth thickness fall into one of 
the following categories:

• The thickness of the teeth of the gear and of the pinion is fixed. The center distance 
at which the gears will mesh properly is to be established.

 (a) The sum of the tooth thicknesses of both members plus the design backlash is 
equal to the circular pitch. In this case, standard center distance is correct. Use 
Equations 3.65 and 3.68.

* In the case of hypoid gearing, offset is the correct term for the distance between gear and pinion shafts.
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TABLE 3.39

Center Distance Equations

Standard center distance, C
Spur, helical, and worm gears

C
d D

=
+
2

(3.65)

C
n N

P
=

+ a

2

(3.66)

Internal gears
C

D d
=

−
2

(3.67)

C
N n
P

=
−

2
(3.68)

Operating center distance, C′
Spur, helical, and worm gears

=C
Ccos
cos

φ
φ

(3.69)

Spur helical
=

+
C

d D
2

(3.70)

Internal
=

−
C

D d
2

(3.71)

General equations relating tooth thickness and center distance for parallel axis gearing:
External spur and helical gears

inv inv
P G

=
+ +( )−
+

+φ
π

φ
n t t B d

n N d( )
(3.72)

Internal gears
inv inv

P G
=

− + +( )
−

+φ
π

φ
d n t t B

N n d( )
(3.73)

Note: To obtain C′ use ϕ′ from Equation 3.72 or 3.73 in Equation 3.69
General equations relating tooth thickness and center distance for nonparallel 
nonintersecting axis gearing

K
n
N ma

G

= =
1

(3.74)

K K
p t t

Npb G a P
n nP nG

n

inv inv= + −
− −( )

φ φ
π

(3.75)

Kd
G

P

inv
inv

=
φ
φ

(3.76)

Kc = Ka + Kd (3.77)

inv P
b

c

φ =
K
K

(3.78)

inv ϕG = Kb − Ka inv ϕP (3.79)
(continued)
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TABLE 3.39 (Continued)

Center Distance Equations

Check equations: To check equation series 3.74 through 3.79

=Kd
G

P

inv
inv

φ
φ

(3.80)

K′d = Kd (check equation) (3.81)

=D
D

P
bP

Pcosφ
(3.82)

=D
D

G
bG

Gcosφ
(3.83)

Use values from Equations 3.80 and 3.81 in Equation 3.70, where

Kc
G

P

G

P

= =
sin
sin

sin
sin

φ
φ

Φ
Φ

P—transverse diametral pitch
C—standard center distance (defined by Equations 3.65 and 3.66). See also 
Section 3.13.

C′—operating center distance
d—standard (n/P) pitch diameter of pinion. See also Section 3.14.
d′—operating pitch diameter of pinion. See also Section 3.15.
D—standard (N/P) pitch diameter of gear. See also Section 3.14.
D′—operating pitch diameter of gear. See also Section 3.15.
n—number of teeth in pinion
N—number of teeth in gear
ϕ—cutting pressure angle
B—design backlash, the total amount the teeth in both members are thinned for 
backlash considerations

ϕ′—operating pressure angle. See also Section 3.16.
tP—circular (transverse) thickness of pinion tooth
tG—circular (transverse) thickness of gear tooth
tnP—circular (normal) thickness of pinion tooth
tnG—circular (normal) thickness of gear tooth
ψP—helix angle of pinion
ψG—helix angle of gear
ΦP—rolling pressure angle of pinion
ΦG—rolling pressure angle of gear

(3.84)

a Does not apply to worm gearing.

C

(a) (b) (c) (d) (e) (f )

C C
C

C C

Offset

FIGURE 3.18
Center distance, shown for various kinds of gears, is the distance between the axes of the shafts measured on 
a common normal. (a) Spur and helical gearing—external; (b) spur and helical gearing—internal; (c) worm 
gearing—single and double enveloping; (d) spiral gearing; (e) Spiroid, Planoid, and Helicon gearing; (f) hypoid 
gearing.
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 (b) The sum of the tooth thickness of both members plus the design backlash 
is not equal to the circular pitch. In this case, a nonstandard center distance 
is required. Use Equations 3.69 and 3.72. This problem is covered in greater 
detail in Section 3.3.9.

• The center distance is fixed. The tooth thicknesses for gears that will operate 
on the given center distance are to be established. If the center distance for the 
given diametral pitch and number of teeth is different from that obtained from 
Equation 3.66, then Equation 3.69 must be solved and the operating pressure angle 
thus found used in Equation 7.72, which is then solved for the term (tP + tG + B). In 
Section 3.1.4, the ways in which this total tooth thickness can be divided between 
gear and pinion are discussed.

• Neither the tooth thickness nor the center distance is fixed; the best values for both 
are to be established. In this case, the tooth thickness is usually established first 
on the basis of strength or some other appropriate consideration and the center 
distance required is then based on Equations 3.72 and 3.69.

• Both the center distance and the tooth thickness are fixed. The amount of backlash 
or the degree of tooth interference is to be established. This is a frequent “check 
problem” of an existing gear design. Equations 3.69 and 3.72 are used and solved 
for B. Minus values of B indicate tooth interference.

3.3.2  Standard Center Distance

Most gear designs are based on standard tooth proportions. Such gears are intended to 
mesh on standard center distances. The equations that establish standard center distances 
are based on the following assumptions:

 1. The sum of the circular tooth thicknesses (effective) equals the circular pitch 
minus the backlash:

 (tP + tG = pt − B) (3.85)

  This rule covers the case of long and short addendums in which the gear teeth 
are corrected for such things as undercut or balanced strength. In such cases, the 
tooth thicknesses of both members are altered sufficiently to permit to mesh on 
standard center distances.

 2. The tooth thickness of an individual gear is one-half the circular pitch (transverse) 
minus one-half the backlash:

 t
p B

=
−
2

 (3.86)

This covers the more common case. It represents the approach used by most makers of 
“catalogue”-type gears. Such gears are all expected to operate on standard center distances 
regardless of the number of teeth in the pinion. The center distances on which such gears 
will operate may be calculated by means of Equations 3.65 and 3.66.
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The tolerance on standard center distance can be bilateral (thus 5.000 ±  0.002  in.) if 
the value of B was chosen to be sufficiently large. This is the most convenient way from 
the standpoint of the manufacturer. If B is not large enough, a unilateral tolerance (thus 
5.000 + 0.004 – 000 in.) may be used.

3.3.3  Standard Pitch Diameters

The standard pitch diameter of a gear is a dimension of a theoretical circle. It is given for 
each type of gear by the following relations:

Spur gearing:

 
N
Pd

 (3.87)

where Pd is the diametral pitch.
Helical gearing:

 
N
Pt

 (3.88)

where Pt is the transverse diametral pitch. 
Bevel gearing:

 
N
Pd

 (3.89)

Worm gearing:

 
N pG

≠
 (3.90)

where NG equals the number of worm gear teeth and p equals the circular pitch of the 
worm gear.

Since the diametral pitch of a gear is fixed by the tool that is used to cut it (hob, shaper 
cutter, shaving cutter, etc.), and since the number of teeth in the gear is a whole number, 
the standard pitch diameter is an imaginary circle. It can have no tolerance, regardless of 
the variations in tooth thickness or in the center distance on which it is to operate.

3.3.4  Operating Pitch Diameters

As shown elsewhere, it is entirely practical to operate involute gears of specific diametral 
pitch and numbers of teeth at various center distances. It is convenient in such cases to 
calculate operating pitch diameters for such gears. See Equations 3.91 through 3.94.

External spur and helical pinions:

 =
+

d
C

m
2

1G

 (3.91)
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Internal spur and helical pinions:

 =
−

d
C

m
2

1G

 (3.92)

External spur and helical gears:

 =
+

D
C

m
2

1G

 (3.93)

Internal spur and helical gears:

 =
−

D
C

m
2

1G

 (3.94)

where
C′—operating center distance

mG—gear ratio, 
N
n

d′—operating pitch diameter of pinion
D′—operating pitch diameter of gear

These equations define the operating pitch diameters as being proportional to the trans-
mitted ratio and the instantaneous center distance.

Since gears with thicker-than-standard teeth must operate on enlarged center distances, 
they will run on operating pitch diameters that are larger than their standard pitch diam-
eters. The operating pitch diameter should not be specified as a drawing dimension on the 
detail drawing of the gear since it will vary for every different gear and center distance. 
The best place to show the operating center distance is on an assembly drawing that shows 
both the pinion and gear that mesh together.

3.3.5  Operating Pressure Angle

The pressure angle of an individual gear is based on the diameter of the base circle of the 
gear and on the identification of the specific radius at which the pressure angle is to be con-
sidered. In standard gears, this radius is customarily the standard pitch radius. It is conve-
nient to consider the pressure angle of gears operating on nonstandard center distances at 
the point of intersection of the line of action and line of centers. This is the definition of the 
operating pressure angle, which may be calculated by means of Equation 3.95:

 cos cos=φ φ
C
C

 (3.95)

where
ϕ′—operating pressure angle
C—standard center distance (see Equation 3.66)
C′—operating center distance
ϕ—standard pressure angle
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It can be seen from the foregoing that a gear can be cut with a cutter of one pressure 
angle and operate at a different pressure angle. This flexibility causes much of the confu-
sion in gear design. It is necessary to define accurately each of the standard elements of 
a nonstandard gear—pitch and pressure angle. A specification of base circle diameter is 
highly desirable.

3.3.6  Operating Center Distance

The actual center distance at which a gear will operate will have a large influence on the 
way in which the gear will perform in service. The actual operating center distance is 
made up of the combined effects of manufacturing tolerances, the basic center distance, 
differential expansions between the gears and their mountings, and deflections in the 
mountings due to service loads.

The items that should be considered when determining the minimum and maximum 
operating center distance for any given gear design are discussed in detail in Sections 3.3.9 
and 3.4.1.

In any critical evaluation of a gear design, particularly in the field of control gearing, the 
minimum and the maximum operating center distance should be used in equations cover-
ing backlash, contact ratio, tooth tip clearance, etc.

In this chapter the concept operating center distance is used in two ways. In one case, 
it is considered to be the center distance that results from the buildup of all tolerances 
that influence center distance in any one case. This concept is illustrated in case II in 
Section 3.4.1. Thus it is the largest or smallest actual center distance that could be encoun-
tered in a given design. In the other case, the one covered by Equations 3.69 and 3.72. For 
example, it is the center distance at which gears of a specified tooth thickness and backlash 
will operate. Depending on the problem encountered, the correct concept to use will have 
to be selected by the designer.

3.3.7  Center Distance for Gears Operating on Nonparallel Nonintersecting Shafts

The most frequently encountered example of this type of gear operation is in the shav-
ing or lapping of gears. Here, a cutter, usually a helical-toothed member, is run in 
tight mesh with a spur or helical gear. The operating center distance is dependent on 
the tooth thickness of each member. Equations 3.74 through 3.83 should be solved in 
sequence and the result used in Equation 3.69 to obtain the operating center distance. 
Equation 3.84 gives the ratio constant for the transverse pressure angles for crossed axis 
gearing.

3.3.8  Center Distance for Worm Gearing

The center distance for worm gearing is based on the sum of the standard pitch diameters 
of the worm and worm gear (Equation 3.96). The standard pitch diameter of the worm is 
obtained from Equation 3.97. This circle has no kinematic significance but is the basis for 
worm tooth proportions:

 C
d D

=
+w

2
 (3.96)
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 d
L

w =
π λtan

 (3.97)

where
C—center distance
dw—pitch diameter of worm
D—pitch diameter of gear
L—lead
λ—lead angle

3.3.9  Reasons for Nonstandard Center Distances

On some occasions a set of gears must operate on a center distance that is not one-half 
the sum of the standard pitch diameter of the meshing gears. The designer is confronted 
with nonstandard center distance in several situations, the more important of which are 
as follows:

• Gear trains in which the teeth are made to standard tooth thickness and backlash 
is introduced by increasing the standard center distance slightly.

• Gear trains in which the number of teeth and pressure angle relationship requires 
a long addendum (enlarged tooth thickness design) to avoid undercut, and yet 
the number of teeth in the gear is so small that to make the gear sufficiently short 
addendum to compensate for the pinion enlargement would cause undercut. In 
such cases, an enlarged center distance is usually indicated.

• Gear trains in which the sum of the tooth thicknesses of pinion and gear is not 
equal to the circular pitch for reasons of tooth strength, wear, or scoring.

• Gear trains in which a minor change in ratio (total number of teeth in mesh) has 
been made without a change in center distance.

In each of these cases, the calculation of operating center distance is performed using 
Equations 3.69 and 3.72, or 3.73.

3.3.10  Nonstandard Center Distances

By proper adjustments of the thickness of the teeth on each gear of a meshing pair, it 
is possible to achieve gear designs that will meet most nonstandard center distances. In 
Section 3.1.3, the limitations governing tooth thickness are outlined. In cases where maxi-
mum strength is not critical, it will be found that gears not exceeding these limitations will 
satisfy most nonstandard center distance problems encountered. This is discussed more 
fully in method 3 below.

Sometimes designers who do not realize the possibilities of gear design will select such 
things as fractional diametral pitches (10.9652, etc.) to make gears fit a nonstandard center 
distance. This is poor practice in that it necessitates special tooling, which may be costly. 
It is better to attempt to utilize standard pitch tooling and, by proper adjustments of tooth 
thickness, to establish gear designs that will meet the nonstandard distances.

In cases wherein the center distance is nonstandard, the designer has four possible 
methods of designing gears to meet the given center distance:
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 1. A number of teeth in gear and pinion different from the numbers originally 
selected may be found that will more nearly meet the given center distance. A 
Brocot table is very useful in finding the numbers of teeth that will give differ-
ent gear ratios (1/mG). In this case, it is assumed that any of several ratios may be 
“good enough.” If not, the following alternatives, which all assume that a specific 
ratio must be obtained, may be considered.

 2. Equation 3.65, 3.66, 3.67, or 3.68 may be rearranged to solve for Pd. Thus a diametral 
pitch that will meet the gear ratio and center distance is found. This method will 
yield nonstandard diametral pitches for spur gears, which will almost always lead 
to large manufacturing costs because of the need for nonstandard tooling, cutters, 
and master gears. This method should be used only if methods 2, 3, and 4 do not 
meet the needs of application.

 3. The gear and pinion can be made with teeth that are thicker or thinner than stan-
dard. The easiest approach when using this method is to follow method 2 above, 
and then use the results as the basis for a selection of the standard diametral pitch 
nearest to the one found. Equation 3.69 is then used, which will yield the operat-
ing pressure angle for the gears based on the new selection of diametral pitch and 
the desired center distance C′. The value of C in this equation is determined from 
Equation 3.65 or 3.66. Equation 3.72 is then used and solved for the term (tP + tG). 
The selection of values for each term, tP and tG, should be based somewhat on the 
ratios of their number of teeth. In general, pinions cannot be changed from stan-
dard as much as gears with large numbers of teeth. The selected value of tooth 
thickness should be checked for undercut in the event that tP is less than p/2. If the 
thickness is appreciably greater than p/2, the pinion should be checked for pointed 
teeth. The same should be done for the gear, especially if the changed tooth thick-
ness was not based on the gear ratio. Once the values of C′, P, n, N, tP, and tG have 
been established, the remainder of the tooth proportions can be calculated from 
these values. If the addendum and whole depth are properly adjusted from the 
tooth thickness, standard tools can be used to cut and to inspect these gears.

 4. If helical gears can be used, the helix angle can be adjusted to obtain the required 
tooth thickness–center distance relationship. In effect, the designer is following 
method 3 above but is adjusting the transverse tooth thickness by the selection of 
the required helix angle. The procedure in this case is to use Equation 3.66 or 3.68 
to establish the diametral pitch required in the transverse plane P to suit given 
center distance. The nearest finer (smaller) diametral pitch for which tools are 
available is selected (Pn), and these values are used in Equation 3.98 to establish 
the required helix angle:

 cosψ =
P
Pn

 (3.98)

Although not an essential part of this problem, somewhat smoother-running gears will 
result if the designer can manage to pick diametral pitches that will result in a helical overlap 
of a least 2. After the helix angle has been found, the designer can determine the remaining 
tooth proportions from data found in this chapter. This method can be used economically 
if the hobbing process of cutting gears is to be used. Special guides and shaper cutters are 
required for every different lead of helical gear for gears cut by the shaping process. This 
then fixes limits on the values of helix angle that any given shop could cut.
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3.4  Elements of Center Distance

Up to this point, this chapter has considered only the means of determining the theoretical 
center distance that is required by a set of gears. The theoretical center distance is either 
the basic center distance, as established by Equation 3.65, 3.66, 3.67, or 3.68, or the theoretical 
tight-mesh center distance, as established by Equations 3.69 through 3.84. In an actual gear 
set, however, the gears will be forced to operate on a real center distance that may be larger 
or smaller than the theoretical center distance by amounts that are based on the way that 
the part tolerances (bearings, casing, bores, etc.) will add up.

3.4.1  Effects of Tolerances on Center Distance

In all but the very simplest gear casing designs, there are many tolerances that will govern 
the operating position of the gear and pinion shafts. Usually power gearing is not designed 
to small values of backlash. It is customary, therefore, to apply a generous amount of back-
lash to the gear teeth, a value that has been found by experience sufficient to prevent bind-
ing of the teeth. In control gearing, however, particularly in those applications that are 
operated in both directions and are intended to have a minimum of lost motion, a critical 
study of the effects of part tolerances is usually required. The tooth thickness can then be 
made as large as possible, ensuring a minimum of backlash with little risk of binding. The 
following two examples indicate a very simple case and a more complex case of center 
distance calculation.

Case I.  Figure 3.19 shows a spur gear pair mounted on a cast-iron gear case. The loads 
and speeds are such that the bearings are simply smooth bores in the cast iron with shafts 
running in them. Figure 3.20 is a vector diagram showing the forces produced on the bear-
ings as a result of the gear tooth loads. Figure 3.21 shows the displacements of the shafts in 
the bearing resulting from these loads.

In this example, it is desired to establish the largest and smallest center distance that 
the gears will ever experience to determine the range of backlash existing in the gear set. 

Shaft
diameter

Bore
diameter

1.000+0.0010
–0.0000

1.500+0.0010
–0.0000 1.500–0.0003

–0.0008

1.000–0.0003
–0.0008

   5.000
–0.001

Shaft
diameter

(Center
distance)

Bore
diameter

FIGURE 3.19
Spur or helical gears operated in bearings bored in the gear casing exhibit the simplest case of tolerance buildup 
on center distance.
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Table 3.40 outlines the calculations made to establish the various center distances at which 
the gears may be expected to operate in service. Part A of Table 3.40 shows the calculation 
of the maximum distance that the axis of either shaft can move away from the axis of its 
bore. This is given as the eccentricity of the shaft within the bearing. It is assumed that 
the bearing is dry. For a very rough approximation of maximum and minimum possible 

Reaction of
bearings on
pinion

Driver

Driven

Tangential component
of driving force
Radial (separating)
component of
driving force

Operating
pressure
angle

Ft

φ'
FrFn

Line of action

Driving force normal
to tooth profiles at
pitch line

Reaction of bearings
on gear

FIGURE 3.20
Reaction forces developed by bearings to overcome gear teeth driving forces are parallel to line of action.

If friction or lubrication oil wedge
is assumed, journal center will lie
in this zone.
   See texts on journal bearings.

Reaction of
gear tooth
load on
bearing

∆C is increase in center distance due to movement
      of journal in bearing.
e is eccentricity of bearing

bore diameter – journal diameter
2( )

b

e

∆C

FIGURE 3.21
Position occupied by journal in a bearing is a function of gear tooth loads along the shaft and effects of friction 
or of oil wedge in bearing.
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center distances, these values of eccentricity can be added to and subtracted from the bor-
ing center distance plus its tolerance. This is shown in part B of Table 3.40. This assumes 
the forces acting on the shafts are tooth-load reactions that act along line of centers. In the 
case of journal bearings that are properly lubricated, the calculated value of eccentricity of 
operation can be used. This calculation is discussed in texts on journal bearings design. 
In most cases, if the designer can select the tolerances for the gear tooth thickness, and 
also the tolerances on the various parts of the casing and bearings that control the center 
distance, such that the backlash is not excessive when the calculations shown thus far are 
carried out, no further calculations are needed. However, when the design is to achieve an 
absolute minimum of lost motion, the more accurate evaluation of center distance should 
be carried out.

Part C shows a calculation assuming that the gear tooth reactions will control the posi-
tion of the journal in the bearing. The minimum center distance will occur when the mini-
mum boring center distance is achieved and the minimum bearing clearance occurs. The 
tooth loads tend to increase the center distance in this example so that less than the mini-
mum boring center distance cannot occur.

In actual service, the maximum and minimum operating center distances will rarely 
reach these limits. In the case of maximum center distance, a properly lubricated shaft will 

TABLE 3.40

Summary of Calculations for Case I

A. Calculation of Bearing Clearance and Shaft Eccentricity. See Figure 3.19 for Drawing 
Dimensions
Bore for pinion shaft Max. 1.0010 Min. 1.0000
Pinion-shaft diameter Min. 0.9992 Max. 0.9997

Clearance in bearing (c) Max. 0.0018 Min. 0.0003
Eccentricity of shaft position in bearing (c/2) Max. 0.0009 Min. 0.00015

Bore for gear shaft Max. 1.5010 Min. 1.5000
Gear shaft diameter Min. 1.4992 Max. 1.4997

Clearance in bearing (c) Max. 0.0018 Min. 0.0003
Eccentricity of shaft position in bearing (c/2) Max. 0.0009 Min. 0.00015

B. Calculation of Theoretical Maximum and Minimum Center Distance (Assuming Reaction 
Forces Acting Along Line of Centers; Values from Above)
Center distance for bores (machining tolerance) Max. 5.0010 Min. 5.0000
Eccentricity of pinion bearing 0.0009 –0.0009
Eccentricity of gear-bearing center distance 0.0009 –0.0009

Max. 5.0028 Min. 4.9982

C. Calculation of Theoretical Maximum and Minimum Center Distance (Assuming Reaction 
Forces Acting Along Line of Action; Values from Above, Part B)
Center distance of bores (machining tolerance) Max. 5.0010 Min. 5.0000
Eccentricity, radial component of pinion bearing

(0.0009) sin 20° 0.0003 –
(0.00015) sin 20° – 0.0005

Eccentricity, radial component of gear bearing
(0.0009) sin 20° 0.0003 –
(0.00015) sin 20° – 0.0005

Max. 5.0016 Min. 5.0001
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develop an oil wedge that keeps the journal away from the walls of the bore. Second, if the 
only separating loads on the shafts are those produced by gear tooth reactions, the radial 
movement of the shaft along the line of centers will be e (sin Φ). The proper evaluation of 
operating center distance will depend on whether the application is intermittent in rota-
tion and on the direction of rotation.

Case II. A more complex case occurs when the pinion and gear shafts are mounted in 
separate units. The following example illustrates a case in which a motor having a pinion 
cut integral with the shaft is mounted by means of a rabbet in a gear case. This type of con-
struction is often found in power hand tools and in aircraft actuators. This example also 
illustrates a critical evaluation of antifriction bearings. It is desired to determine the largest 
and smallest center distance that can occur to establish the maximum and minimum tooth 
thickness and the amounts of backlash that result (see Figure 3.22).

Table 3.41, which summarizes the calculations, shows a total of 16 different elements that 
combine to control the maximum and minimum actual center distance. Since there are so 
many tolerances, the use of the root mean square of these values is suggested as a reason-
able approximation to operating conditions, and it is used here to establish the maximum 
and minimum probable center distance. This method gives over 90% assurance that the 
values shown will not be exceeded.

3.4.2   Machine Elements that Require Consideration in 
Critical Center Distance Applications

As illustrated in Cases I and II, the operating center distance for a pair of gears is made up 
of several elements, each of which contributes to overall center distance. The accumulation 
of tolerances on each of these elements must be considered in application in which a mini-
mum of backlash is to be established. The following is a consideration of the elements that 
have the largest contribution to variations in center distance:

Motor
end shield

6

Actuator
end plate

GearPinion

5
4

12
3

7
11

10 89

FIGURE 3.22
Cross section of first stage of gearing in aircraft-type actuator. Numbers refer to surfaces discussed in Table 3.41.
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TABLE 3.41

Summary of Calculations for Case II

No.
Item Discussed 

in Footnotes

Surface 
Designation

(see Figure 3.22)
(1)

Tolerance 
(Clearance),

in.
(2)

Equivalent 
Change in 

Center 
Distance

(3)

Min. Center 
Distance

Col. (3)a × 10–6

Max. Center 
Distance

Col. (3)a × 10–6

(4a) (4b) (5a) (5b)

1. Fit of motor 
shaft in inner 
race of ball 
bearingb

(1) 0.0000 0.0000 –0.00 –0.00 +0.00 +0.00

2. Eccentricity of 
inner ring 
bearingc

(1–2) 0.0002 0.0001 –0.01 –0.01 +0.01 +0.01

3. Radial clearance 
in bearing a

(2–3) 0.0004–
0.0000

0.0002 –0.04 +0.04 –0.04 +0.04

4. Eccentricity of 
outer ring of 
bearingd

(3–4) 0.0004 0.0002 –0.04 –0.04 +0.04 +0.04

5. Fit of outer race 
of bearing into 
motor end 
shielde

(4) 0.0008–
0.0000

0.0004–
0.0000

–0.16 –0.16 +0.16 +0.16

6. Concentricity of 
axis of bore 
with axis of 
rabbet on end 
shieldf

(4–5) 0.0020 0.0010 –1.00 –1.00 +1.00 +1.00

7. Clearance 
between 
rabbet of 
motor end 
shield and 
bore of 
actuator end 
plateg

(5) 0.0025 0.00125 –1.56 –1.56 +1.56 +1.56

8. Concentricity of 
motor bore in 
actuator end 
plate and 
rabbeth

(5–6) 0.0010 0.0005 –0.25 –0.25 +0.25 +0.25

9. Distance 
between axis 
of gear shaft 
bore and 
rabbet in 
actuator 
housingi

(6–7) 0.0020 0.0010 –1.00 –1.00 +1.00 +1.00

10. Clearance 
between bore 
for bearing 
and bearing 
outer racee

(7) 0.0008 0.0004 –0.16 –0.16 +0.16 +0.16

(continued)
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TABLE 3.41 (Continued)

Summary of Calculations for Case II

No.
Item Discussed 

in Footnotes

Surface 
Designation

(see Figure 3.22)
(1)

Tolerance 
(Clearance),

in.
(2)

Equivalent 
Change in 

Center 
Distance

(3)

Min. Center 
Distance

Col. (3)a × 10–6

Max. Center 
Distance

Col. (3)a × 10–6

(4a) (4b) (5a) (5b)

11. Eccentricity, 
outer race of 
bearingd

(7–8) 0.0004 0.0002 –0.04 –0.04 +0.04 +0.04

12. Radial clearance 
in bearing a

(8–9) 0.0004–
0.0000

0.0002–
0.0000

–0.04 –0.04 +0.04 +0.04

13. Eccentricity, 
inner race of 
bearingc

(9–10) 0.0002 0.0001 –0.01 –0.01 +0.01 +0.01

14. Fit of gear shaft 
in inner race of 
bearingb

(10) 0.0000 0.0000 –0.00 –0.00 +0.00 +0.00

Note: The maximum values of center distance (columns 4b and 5b) are based on the assumption that the separat-
ing forces between pinion and gear act to hold the shafts at their maximum separation within the limits of 
bearing clearance. The minimum values of center distance (columns 4a and 5a) are based on the assump-
tion that the external forces on gear and pinion act to hold the shafts at their minimum separation within 
the limits of bearing clearance. The minimum center distance (column 4) is based on the assumption that 
all parts, made to their maximum clearances, are assembled to achieve the minimum possible center dis-
tance. The maximum center distance (column 5) is based on the assumption that all the parts, made to their 
maximum clearances, are assembled to achieve the maximum possible center distance. Column (1) shows 
the surface designated on Figure 3.22 by a number in a circle; (2) shows the tolerance (usually on a diam-
eter); (3) shows the amount this tolerance can contribute to center distance (±); (4) shows the square of the 
tolerance contributing to the minimum center distance; and (5) shows the square of the tolerance contrib-
uting to the maximum center distance. The values in columns (4) and (5) are added algebraically and their 
square roots are shown at the foot of the column.

a Most bearing catalogues include a certain radial clearance between the inner and the outer race of a bearing. 
This clearance usually acts to allow an increase in center distance due to the reaction between the two meshing 
gears.

b Most bearing catalogues indicate bearing and shaft tolerances that will produce an interference fit. This fit can-
not, therefore, contribute to the maximum center distance at which the gears will operate.

c Most bearing catalogues indicate a tolerance on runout between the bore and the raceway of the inner ring. 
This eccentricity contributes to the instantaneous center distance when the inner face is the moving portion of 
the bearing.

d Most bearing catalogues indicate a tolerance on runout between the raceway and the outer diameter of the 
outer ring. This eccentricity contributes to the center distance at which the gears will operate. This value will 
change during running since the outer race is often permitted to creep.

e Most bearing catalogues indicate a bore tolerance on the hole that the bearing is fitted in. Usually the tolerance 
will provide clearance between the bearing and housing. When clearance exists, the gear reaction acts to 
increase the center distance to the limit allowed by the clearance.

f Many manufacturers of pilot-mounted motors specify a value of runout between the motor shaft and the pilot 
surface. It is customary to measure this by holding the motor shaft fixed (as between centers) and to rotate the 
motor about its shaft. A dial indicator running on this surface will show runout (twice eccentricity).

g A clearance fit is usually specified on the hole into which the pilot of the motor is to fit. This clearance allows 
the motor to be shifted somewhat and, as a result, has a direct effect on center distance. The value shown 

assumes a tolerance of 
+

−

0 0005
0 0005
.
.

in.
in.

 on the diameter of the pilot on the motor.
h In an assembly, such as shown in this example, a tolerance must be placed on the location of the bore to receive 

the motor relative to the rabbet on the end plate.
i This, in effect, is the same type of tolerance as discussed under “g” above.
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• Rolling-element bearings. Ball-and-roller bearings consist of three major elements 
that contribute to backlash and to changes in center distance. Some of these are 
illustrated in Case II. The outer race has machining tolerances that cause eccentric-
ity of the axes of the inner raceway and the outer bore. Depending on how this 
member is installed, the center distance established by the bores in which this 
element is fitted will be increased or decreased. It is customary to let this element 
creep; thus the eccentricity will go through all positions. There is also a tolerance 
on the outer diameter of this member. This tolerance, plus the tolerance on the 
bore in which this element is fitted, can cause varying degrees of looseness and 
therefore changes in operating center distance.

  The inner race has machining tolerances that cause eccentricity in the same 
manner as in the outer race member. In cases where the shaft rotates, it is custom-
ary to use a light interference fit between the inner race and the shaft. In such 
cases, the center of the gear will move in a path about the center of the ball or roller 
path of the bearing. The eccentricity of the gear will be that of the inner race of the 
bearing. This will cause a once-per-revolution change in center distance.

  The clearance in the bearing is controlled by the selection of the diameter of 
the balls. This clearance allows greater or lesser changes in center distance of the 
gears supported by the bearings.

• Journal bearings. Journal bearings can change the center distance at which the gear 
was intended to operate by an amount that is a function of the clearance designed 
into the bearing, its direction or rotation, the speed of rotation, and the lubricant 
used. The change from the distance actually established by the distance between 
the centers of the bores is due to the oil wedge developed. Handbooks give con-
venient methods of evaluating the eccentricity that can be expected of a given 
bearing design. When necessary, these refinements can be introduced into the cal-
culations illustrated by cases I and II.

• Sleeve bearings. The term sleeve bearings is used here to identify the journal-type 
bearing in which a sleeve of some bearing material is pushed into the gear casing 
or frames. The tolerance of the eccentricity of the outside diameter and the inside 
bearing surface is the element to consider in this type of bearing. In some cases, 
the clearance between the sleeve and the shaft is affected because of the interfer-
ence fit between the sleeve and the bore in the casing.

• Casing bores. The distance between bearing bores in a gear casing can be made up 
of several elements. In the simplest case, a single frame or casing has two holes 
drilled at a specified center distance. The tolerance is selected to give the machine 
operator the necessary working allowance (see Figure 3.19). This tolerance has a 
direct effect on the operating center distance of the gears.

  In some designs, the casing is made up of several parts bolted together. One 
part may carry the bore for the gear shaft, and another may carry the bore for the 
pinion shaft. The center distance is then made up of a series of parts each having 
dimensions and tolerances that can add up in various ways to give maximum and 
minimum center distance. Case II illustrates this type of gearing.

3.4.3  Control of Backlash

In cases where it is necessary to control the amount of backlash introduced by the mount-
ings, two courses of action may be employed. In the first, the center distance may be made 
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adjustable. That is, provisions may be made so that, at assembly, the centers may be moved 
until the desired mesh is obtained. This entails a method of moving the parts through 
very small distances, and then being able to fix them securely when the desired distance 
has been reached. Provision must also be made for assemblers to see what they are doing 
when adjusting the mesh. In this approach, the difference between the smallest and the 
largest backlash in the adjusted mesh is only the effect of total composite error (runout) 
in both meshing parts. Size tolerance on the teeth can be generous since this is one of the 
tolerances adjusted out of the mesh by assembler.

After the center distance adjustment is completed, the parts may be drilled and doweled, 
although this causes difficulties if replacement gears are ever to be used on these centers.

In the second approach, very close tolerances are held both in the mountings (boring 
center distance, bearings, etc.) and on the tooth thickness of the gear. This approach is used 
whenever interchangeability is specified and in mass production in which assembly costs 
are to be minimized.

3.4.4  Effects of Temperature on Center Distance

Many gear designs consist of gears made of one material operating in mountings made of 
another material having a markedly different coefficient of expansion. Since it is custom-
ary to manufacture and assemble gears at room temperature of about 68°F, an analytical 
check of the effective center distance present in the gears at their extremes of operating 
temperature is desirable.

Power gears may heat up because of the frictional losses in the mesh and may achieve 
an operating temperature above that of their casing. If made of the same materials as their 
mountings, such gears would have a larger apparent pitch diameter* relative to the center 
distance and would therefore have a smaller effective center distance at their running tem-
perature. Some gears, particularly those in military applications, may be subjected to extreme 
cold for periods of time. Often these are steel gears operating in aluminum or magnesium 
casings. In this case, the center distance will shrink to a greater degree than the apparent 
pitch diameter of the gears, and the resulting backlash will be less at room temperature.

If evaluating the effective center distance of a mesh at an operating condition other 
than room temperature, the temperature of the gear blanks as well as that of the mount-
ings, which may be considerably different, must be considered, as well as the coefficient 
of expansion of the gear and mounting materials. There are six operating conditions in 
which temperature can have an important effect on gear performance:

 1. Gears operating at temperatures higher than their mountings:
 (a) Operating temperatures lower than assembly room temperature
 (b) Operating temperatures higher than assembly room temperature
 2. Gears operating at temperatures lower than their mountings:
 (a) Operating temperatures lower than assembly room temperature
 (b) Operating temperatures higher than assembly room temperature
 3. Gears operating at temperatures essentially the same as their mountings:
 (a) Operating temperatures lower than assembly room temperature
 (b) Operating temperatures higher than assembly room temperature

* Apparent pitch diameter is the diameter at which a given value of tooth thickness is found.
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Equations 3.99 and 3.100 evaluate each of these possibilities and establish the most criti-
cal extremes at which minimum or maximum effective center distance will occur.

The significance of these possibilities can be appreciated by considering the following 
service conditions. The first case is typical of power gearing under steady-state conditions. 
Condition (1.a) is a possibility at start-up under a cold operating environment. The case is 
usually a transitory condition where the gears may have to perform adjacent to an external 
source of heat. The third condition is most typical of control gears that do not transmit 
enough energy to be at a temperature greatly different from their mountings.

The procedure recommended here is to calculate a minimum and a maximum effective 
center distance. These are based on the extremes of operating temperatures. From these 
values, the designer can calculate either a value of tooth thickness that will give the neces-
sary operating backlash under the tightest mesh conditions, or the amounts of backlash 
that will be found in a given gear set.

Equations 3.99 and 3.100 give minimum and maximum effective center distances:

 C C C Ce d t TT
min = + = ∆  (3.99)

 C C C Ce d t TL
max = + = ∆  (3.100)

where
Ce min—minimum effective center distance that occurs under extreme temperatures
Cd—basic or nominal center distance
C′t—minimum tolerance on center distance
∆CTT—change in center distance; see note following Equations 3.101 and 3.102
Ce max—maximum effective center distance that occurs under temperature extreme
C′t′—maximum tolerance on center distance
∆CTL—change in center distance; see note following Equations 3.101 and 3.102

Equations 3.101 and 3.102 indicate the amount that the center distance (effective) will 
change because the gears and their mountings shrink or expand at different rates:

 ∆ ∆ ∆ ∆ ∆= −( ) + −( )C
D

T K T K
d

T K T KT M M G G M M G P2 2
 (3.101)

 ∆ ∆ ∆ ∆ ∆= −( ) + −( )C
D

T K T K
d

T K T KT M M G G M M G P2 2
 (3.102)

NOT E:  Compare ΔC′T and ΔC″T. Assign the smallest positive number or the largest nega-
tive number to ∆CTT

. Assign the largest positive number or the smallest negative number 
to ∆CTL

. If signs are opposite, use this negative value for ∆CTT
, and use the positive value for 

∆CTL
. These values are used in Equations 3.99 and 3.100 to obtain effective center distance.

	 ΔT′M = TM − TR (3.103)

	 ΔT″M = T′M − TR (3.104)
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	 ΔT′G = TG − TR (3.105)

	 ΔT″G = T′G − TR (3.106)

where
KP—coefficient of expansion of pinion material, in. per in. per °F
KG—coefficient of expansion of gear material
KM—coefficient of expansion of mounting material
TM—minimum mounting temperature (operating)
TR—assembly room temperature (68°F)
T′M—maximum mounting temperature (operating)
TG—minimum gearing temperature (operating)
T′G—maximum gearing temperature (operating)

3.4.5  Mounting Distance*

Bevel, worm, face, and Spiroid gearing must be given close control on axial positioning 
(mounting distance) if good performance is to be achieved (see Figure 3.23). Most of the 
elements that must be given control to achieve proper center distance must also be given 
close control to achieve proper mounting distance. If any of the above types of gearing can 
move along the axis of its shaft relative to the mating gear, the teeth will either bind or, in 
the opposite case, have excessive backlash.

Straight-toothed bevel gears are critical in respect to axial position since backlash and 
tooth bearing pattern are affected by changes in axial position of the pinion and gear. 
Spiral bevel, hypoid, and Spiroid gears are also critical in that they tend to “screw” into 
mesh in one direction of rotation, which can cause binding, and will “unscrew” in the 
other direction of rotation, causing backlash, unless the mounting system is stiff enough to 
prevent axial shift. All properly designed mountings for gears of this type have bearings 
capable of withstanding all axial thrust loads imposed both by the gears and by possible 
external loads. Occasionally a design is attempted in which the designer relies on the sepa-
rating forces produced in the mesh to keep the gears away from a binding condition. Only 
a few such designs are truly successful.

Worm gearing must also be accurately positioned if of the single- or double-enveloping 
design. If a throated member is permitted to move axially, the frictional force developed 
in the mesh will tend to move the member, and the geometry of the throated design will 
cause a reduction in backlash, sometimes to the point of binding.

Mounting distance is usually specified for each gear member as the distance from a 
specific mounting surface on the gear blank, a face of a hub, for example, to the axis of 
the mating gear. Bevel gears are usually stamped with the correct mounting distance 
for the pair. This distance was established in a bevel gear test fixture at the time of 
manufacture.

The design of mountings for gearing requiring a mounting distance should include pro-
visions for shimming or otherwise adjusting the position of the members at assembly. 
The calculation of mounting distance is accomplished in two steps. The design of the gear 
teeth (earlier in this chapter) includes a distance from the axes or pitch cone apex to a given 
surface of the gear. To this distance, the distance to the closest bearing face that is used to 

* See Chapter 11 for general information on gear mounting tolerances and practices.
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provide the axial location of the gear and its shaft is added. Provision should be made in 
the design to secure the bearing seats that provide axial location at the specified mounting 
distances.

In the previous chapter, radial clearance in rolling-element bearing was considered. In 
gear designs requiring a mounting distance, the axial clearance in one bearing on each 
shaft must be controlled. Reference to a bearing catalogue or handbook is recommended.
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FIGURE 3.23
Mounting distance, shown for various kinds of gears, is the distance from axis of gear to mounting surface of 
its mating gear. Distance is measured parallel to shaft of subject gear.
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4
Preliminary Design Considerations

In the first chapter, we reviewed the design trends in different fields of gear work. General 
information was given that would help the designer pick the kind of gear that might be 
most suitable for a particular application.

In this chapter we shall begin to get into the detail of designing a gear. Usually, the gear 
designer roughs out a preliminary design before doing all the work involved in a final 
design. The preliminary design stage involves consideration of the kinds of stress in the 
gears, an estimate of the approximate size, and consideration of the kind of data that will 
be required on the gear drawings. Each of these preliminary design considerations will be 
discussed in this chapter. Tables 4.1 and 4.2 are included for easy reference to the impor-
tant gear nomenclature and symbols in this chapter.

4.1  Stress Formulas: Calculation

The gear designer’s first problem is to find a design that will be able to carry the power 
required. The gears must be big enough, hard enough, and accurate enough to do the job 
required.

There are several kinds of stresses present in loaded and rotating gear teeth. The designer 
must consider all the possibilities so that the gears are proportioned to keep all the stresses 
within design limits.

4.1.1  Calculated Stresses

The stresses calculated in gear design formulas are not necessarily “true” stresses. For 
instance, the tensile stress at the root of a gear tooth might be calculated at 275 N/mm2 
(40,000 psi) using the formula for a cantilever beam. If the tooth was very hard and there 
were a large number of cycles, there might be an effective stress concentration factor of 
about 2 to 1. This would tend to raise the stress to an effective value of perhaps 550 N/
mm2 (80,000 psi) in this example. If the part was case hardened, there might be a residual 
compressive stress in the outer fiber of the root fillet of as much as 140 N/mm2 (20,000 psi). 
If the root fillet was large and well polished and the number of cycles was low, the effective 
stress concentration might be as low as 1.0. In this case, a calculated stress of 275 N/mm2 
(40,000 psi) might be effectively reduced to as little as 140 N/mm2 (20,000 psi)!

It can be seen from the example just considered that things like stress concentration and 
residual stress can make it difficult to get correct answers about gear tooth stresses.

Other things also make it hard to get correct calculated stresses. The load that the gear 
teeth are transmitting may be known. However, whether this load is uniformly distrib-
uted (see Figure 4.1) across the face width and whether this load is properly shared by the 
two or more pairs of teeth that are in mesh at the same time may not be known. Errors in 
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TABLE 4.1

Glossary of Gear Nomenclature, Chapter 4

Term Definition

Backlash The amount by which the sum of the circular tooth thicknesses of two gears in mesh is 
less than the circular pitch. Normally, backlash is thought of as the freedom of one gear 
to move while the mating gear is held stationary.

Bottom land The surface at the bottom of the space between adjacent teeth.
Crown A modification that results in the flank of each gear tooth having a slight outward bulge 

in its center area. A crowned tooth becomes gradually thinner toward each end. A fully 
crowned tooth has a little extra material removed at the tip and root areas also. See 
Figure 7.50 for the shape of a crowned helix. The purpose of crowning is to ensure that 
the center of the flank carries its full share of the load even if the gears are slightly 
misaligned or distorted.

Face width The length of the gear teeth as measured along a line parallel to the gear axis. (A gap 
between the helices of double-helical gears excluded unless “total face width” is 
specified.)

Fillet The rounded portion at the base of the gear tooth between the tooth flank and the bottom 
of the land.

Flank The working, or contacting, side of the gear tooth. The flank of a spur gear usually has an 
involute profile in a transverse section.

Form diameter The diameter set by the gear designer as the limit for contact with a mating part. Gears 
are manufactured so that the tooth profile is suitable to transmit load between the top of 
the tooth and the form diameter.

Involute curve A mathematical curve that is commonly specified for gear tooth profiles. See Appendix B.1 
for details.

Journal surfaces The finished surfaces of the part of a gear shaft that has been prepared to fit inside a 
sleeve bearing or ball bearing.

K-factor An index of the intensity of tooth load from the standpoint of surface durability.
Overhung A gear with two bearings (for support) at one end of the face width and no bearing at the 

other end.
Pi A dimensionless constant that is the ratio of the circumference of a circle to its diameter. 

Pi is denoted by the Greek letter π and is approximately equal to 3.14159265.
Pitch-line velocity The linear speed of a point on the pitch circle of a gear as it rotates. Pitch-line velocity is 

equal to rotational speed multiplied by the pitch-circle circumference.
Q-factor A quantity factor from the weight of a gear set, defined by Equation 4.47.
Sliding velocity The linear velocity of the sliding component of the interaction between two gear teeth in 

mesh. The rate of sliding changes constantly; it is zero at the pitch line, and it increases 
as the contact point travels away from the pitch line in either direction.

Straddle mount A method of gear mounting in which the gear has a supporting bearing at each end of the 
face width.

Throated A gear is throated when the gear blank has a smaller diameter in the center than at the 
ends of the “cylinder.” This concave shape causes the gear to partially envelope its mate 
and thus increases the area of contact between them. This design is often used to 
increase the load-carrying capacity of worm gear sets.

To land The top surface of a gear tooth. See Figure 1.21.
Undercut When part of the involute profile of a gear tooth is cut away near its base, the tooth is said 

to be undercut. See Figure 5.4. Undercutting becomes a problem when the numbers of 
teeth are small. See Section 5.5 for more details. Also, preshave or pregrind may be 
designed to produce undercut, even when no undercut would be present because of the 
small number of teeth.
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TABLE 4.2

Gear Terms, Symbols, and Units, Chapter 4

Term

Metric English

Reference or CommentSymbol Units Symbol Units

Module, transverse mt mm – – mt = 25.4/Pt

Module, normal mn mm – –
Diametral pitch, transverse – – Pt of Pd in. Pt = 25.4/mt

Diametral pitch, normal – – Pnd in.
Circular pitch p mm p in.
Pitch diameter, pinion dp1 mm d in.
Pitch diameter, gear dp2 mm D in.
Pitch radius, pinion rp1 mm r in. Figure 4.14
Pitch radius, gear rp2 mm R in. Figure 4.14
Outside radius, pinion ra1 mm ro in. Figure 4.14
Outside radius, gear ra2 mm Ro in. Figure 4.14
Face width b mm F in.
Tooth ratio (gear ratio) u – mG – (No. gear teeth)/

(No. pinion teeth)
Center distance a mm C in. Figure 4.14
Pressure angle α deg ϕ deg Figure 4.10
Helix angle (or spiral) β deg ψ deg
Pitch angle, pinion δ′ deg γ deg Figure 4.21
Outer cone distance Ra mm Ao in. Figure 4.21
Bending stress st N/mm2 st psi Section 4.1.3
Contact stress (hertz) sc N/mm2 sc psi Compressive stress also, 

Section 4.1.4
Modulus of elasticity xE N/mm2 E psi
Poisson’s ratio ν – ν –
Load W N W lb Section 4.1.3
Tangential load (force) Wt N Wt lb Figure 4.4
Power P kW P hp
Torque T N*m T in.*lb Equations 4.59 and 4.60
Radius of curvature ρ mm ρ in. Equations 4.14 and  4.36
Radius of curvature, root fillet ρf mm ρf in. Figure 4.6
Roll angle (involute) θr deg εr deg Figure 4.10
Zone of action gα mm Z in. Figure 4.14, Equation 4.38
Rotational speed, pinion n1 rpm nP rpm
Rotational speed, gear n2 rpm nG rpm
Pitch-line velocity vt m/s vt fpm (Rotational speed)* 

(pitch circumference)
Sliding velocity vs m/s vs fpm Section 4.1.5
Number of cycles nc – nc – Section 4.1.4
Size factor for gearbox Q – Q – Section 4.2.2
Loading index for strength Ul N/mm2 Ul psi Section 4.2.3
Loading index for surface 
durability

K N/mm2 K psi Section 4.2.3

Scoring criterion number Zc °C Zc °F Equation 4.48
(continued)
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tooth spacing not only disrupt the sharing of tooth loads but may also cause accelerations 
and decelerations, which will cause a dynamic overload. The masses of the rotating gears 
and connected apparatus resist velocity changes. Tachometer gears made of hardened 
steel have been known to pit in high-speed aircraft applications even when the transmit-
ted load was negligible.

Several assumptions have to be made to permit the calculation of stresses in gear teeth. It 
can be seen from the previous discussion that it is difficult to make assumptions that will 

TABLE 4.2 (Continued)

Gear Terms, Symbols, and Units, Chapter 4

Term

Metric English

Reference or CommentSymbol Units Symbol Units

Contact ratio (profile or 
transverse)

εα – mp – Equation 4.43

Band of contact width 
(between two cylinders)

– – B in. Figure 4.11, Equation 4.9

Specific film thickness – – Λ – Equation 4.35
Oil-film thickness (EHD) hmin μm hmin μin. Equation 4.35, Figure 4.11
Surface roughness S μm S μin. Equation 4.35

Note: Abbreviations for units are as follows:

Metric English

mm millimeters in. inches
deg degrees deg degrees
N newtons lb pounds
N*m newton-meters in.*lb inch-pounds
N/mm2 Newtons per square millimeter psi pounds per square inch
kW kilowatts hp horsepower
rpm revolutions per minute rpm revolutions per minute
m/s meters per second fps feet per second
°C degrees Celsius °F degrees Fahrenheit
μm micrometers (10–6 meters) μin. microinches (in./106)

FIGURE 4.1
Contact checks at full torque from two sets of gears. Left-hand view shows misalignment resulting in overload 
at end of tooth more than twice what it should be. Right-hand view shows essentially uniform load distribution 
across the face width.

  



181Preliminary Design Considerations

properly allow for such things as stress concentration, residual stress, misalignment, and 
tooth errors. This means that the stress calculated is probably not true stress.

Once a “stress” is calculated, there is usually no sure way of knowing how this stress is 
related to the physical properties of material. Ordinarily, the only properties of gear mate-
rial known with some certainty are the ultimate strength and the yield point. Endurance-
limit values may be available, but these will usually be taken from reverse-bending tests 
of small bars. The gear tooth is essentially a cantilever beam that is bent in one direction 
only. This is not as hard on the tooth as fully reversed bending would be.

Laboratory fatigue tests are made on small test specimens with a uniform and smoothly 
polished test section. In contrast, the actual gear tooth is usually a part of a large piece 
of metal of more or less nonuniform structure. The critical section of the gear tooth may 
have tear marks, rough finish, and possibly corrosion on the surface. Its failure is usu-
ally a fatigue failure. All these things make it hard for the gear designer to take ordinary 
handbook data on the strength of materials and design gears. The best way to find out how 
much load gears will carry is to build and test gears. Then the designer can work back-
ward and calculate what “stress” was present when the gear worked properly.

4.1.2  Gear Design Limits

In spite of the difficulty of calculating real stresses, gear stress formulas are a valuable and 
necessary design tool. When (a) materials, (b) quality of manufacture, and (c) kind of design 
stay quite constant, then formulas can be used quite successfully to determine the proper 
size of new designs. Essentially the formula is used as a yardstick to make a new design a 
scale model of an old design that was known to be able to carry a certain load successfully.

It is particularly important to base new designs on old designs that have been success-
ful. If the designer has an application that is not similar to anything built in the past, it 
is important to realize that a new design cannot be rated with certainty. Formulas may 
be used to estimate how much the new gear will do. However, it should be kept in mind 
that one can only estimate the performance of a new gear design. Field experience will be 
required to give the final answer about what the gears will do. In many cases, it has been 
possible to raise the power rating of gear sets after a sufficient amount of field experi-
ence was obtained. Several aircraft engines today have gears in them that are running at 
25–50% more power than the gears were rated at when they were first designed.

The design engineer is obligated to design a gear unit so that all criteria are met in a rea-
sonable fashion. Besides stress limits, there are temperature limits and oil-film-thickness 
limits. In addition to these first-order requirements, there are secondary considerations 
such as vibration, noise, and environment.

The general procedure in design is to first make the gears large enough to keep the 
tooth-bending stresses and surface compressive stresses within allowable limits. Further 
calculations are made to check the risks of scoring and over-temperature. Frequently, 
refinements in details of tooth design, kind of lubricant, temperature of lubricant, and 
accuracy of the gear tooth are required to meet all the design limits.

Table 4.3 outlines the design limits generally used. Sections 4.1.3 to 4.1.6 explain these 
limits and present background information about how the limits have developed.

4.1.3  Gear Strength Calculations

A gear tooth is essentially a stubby cantilever beam. At the base of the beam, there is ten-
sile stress on the loaded side and compressive stress on the opposite side. When gear teeth 
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break, they usually fail by a crack at the base of the tooth on the tensile stress side. The 
ability of gear teeth to resist tooth breakage is usually referred to as their beam strength of 
their flexural strength.

The flexural strength of gear teeth was first calculated to a close degree of accuracy by 
Wilfred Lewis* in 1893. He conceived the idea of inscribing a parabola of uniform strength 
inside a gear tooth. It happens that when a parabola is made into a cantilever beam, the 
stress is constant along the surface of the parabola. By inscribing the largest parabola that 
will fit into a gear tooth shape, one immediately locates the most critically stressed position 
on the gear tooth. This position is at the point at which the parabola of uniform strength 
becomes tangent to the surface of the gear tooth.

The Lewis formula can be derived quite simply from the usual textbook formula for the 
stress at the root of a cantilever beam. Figure 4.2 shows a rectangular cantilever beam. The 
tensile stress at the root of this beam is

 s
Wl
Ftt =
6

2  (4.1)

If we substitute a gear tooth for the rectangular beam, we can find the critical point in 
the root fillet of the gear by inscribing a parabola. This is point a in Figure 4.3.

The next step is to draw some construction lines to get a dimension x. By similar tri-
angles in Figure 4.4, it is apparent that

 x
t
l

=
2

4
 (4.2)

* The Lewis paper and other references that apply to this chapter are given in the reference list at the end of the 
book.

TABLE 4.3

Gear Design Limits

Item

Symbol

Prime Variables
Cross Reference in 

This BookMetric English

Tooth bending stress st st Size of teeth, metal hardness, tooth 
design, tooth accuracy

Section 5.2.2

Surface contact stress sc sc Pinion diameter, ratio of pinion to 
gear, metal hardness, tooth design, 
tooth accuracy

Section 5.2.2

Oil film thickness hmin hmin Pitch-line speed, oil viscosity, pinion 
diameter, ratio, load intensity

Section 5.2.8

Specific film thickness – Λ Surface finish, oil-film thickness Section 5.2.8
Blank temperature Tb Tb Oil inlet temperature, temperature 

increase of part
Section 5.2.8

Flash temperature TF TF Blank temperature, tooth loading, 
pinion rotational speed, tooth 
design details, tooth size

Section 5.2.8
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By substituting x into Equation 4.1, we get

 s
Wl

F xt /
=

( )2 3
 (4.3)

The circular pitch p may be entered into both the numerator and the denominator with-
out changing the value of the equation. This gives

l
F

l W

FIGURE 4.2
Loaded cantilever beam.

(a)

(b)

(c)

(b
)

(a
)

ab
bc Load

Parabola

Note: An easy way to find
(a) is to lay in a
straight line so that
ab=bc. See left
side of the tooth.

CL

FIGURE 4.3
When gear tooth is loaded at point b, point a is the most critically stressed point. Inscribed parabola is tangent 
to root fillet at point a and has its origin where load vector cuts the center line.

(a)
l

x

t

90°

Wn
Wr Wt (or “W”)

CL

FIGURE 4.4
Determination of x dimension from a gear tooth layout.
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 s
Wlp

F x pt /
=

( )2 3
 (4.4)

The term 2x/3p was called y by Lewis. This was a factor that could be determined by a 
layout of the gear tooth. Since the factor was dimensionless, it could be tabulated and used 
for any pitch.

Using y, the Lewis formula may be written as

 s
W
Fpy

W s pFyt tor= =  (4.5)

In the present-day work, most engineers prefer to use module or diametral pitch instead 
of circular pitch in making stress calculations. This can be done by substituting Y for 
y (Y = πy) and Pd for p (Pd = π/p). This makes the Lewis formula

 s
WP
FYt

d= , psi (4.6)

The original Lewis formula was worked out for the transverse component of the applied 
load. In Figure 4.4, it is that the load normal to the tooth surface has a tangential and a 
radial component. The radial component produces a small compressive stress across the 
root of the gear tooth. When this component is considered, the tensile stress is reduced by 
a small amount, and the compressive stress on the opposite side of the tooth is increased 
by a slight amount. Seemingly this would indicate that the tooth would be most critically 
stressed on the compression side. This is not the case, however. In most materials, a tensile 
stress is more damaging than a somewhat higher compressive stress.

Lewis took the application of load to be at the tip of the tooth. In his day, even the best 
gears were not very accurate. This meant that the load was usually carried by a single 
tooth instead of being shared between two teeth on a gear. If a single tooth carried full 
load, it is obvious that the greatest stress would occur when the tooth had rolled to a point 
at which the tip was carrying the load.

4.1.3.1  Worst Load

When gears are made accurate enough for the teeth to share load, the tip-load condition 
is not the most critical. In nearly all gear designs, the contact ratio is high enough to put 
a second pair of teeth in contact when one pair has reached the tip-load condition on one 
member. The worst-load condition occurs when a single pair of teeth carry full load and 
the contact has rolled to a point at which a second pair of teeth is just ready to come into 
contact. Figure 4.5 shows how to locate the worst-load condition on a spur pinion. Note 
that the contact point has advanced to where it is just one base pitch away from the first 
point of contact.

In spur gears, the worst-load condition can be used in the Lewis formula by simply mak-
ing the tooth layout with the load applied at the worst point instead of at the tip. Table 4.4 
shows how this affects the Y-factor for a few 20° spur pinions made to a standard depth of 
2.250 in. for 1 pitch. The addendum is 1.000 in. for 1 pitch.
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In helical and spiral bevel gears, the teeth are usually accurate enough to share load. The 
geometry of the teeth, however, is such as to make any position of load that can accurately 
be labeled the “worst application” of load impossible to find. In all positions of contact, the 
design usually makes it possible for two or more pairs of teeth to share the load. This situation 
is handled by calculating a geometry factor for strength. See Section 4.2.3 for further details.

4.1.3.2  Stress Concentration

In Lewis’ time, stress concentration factors were not used in engineering calculations. In 
present gear work, almost all designers realize the necessity of using a stress concentration 
factor. Dolan and Broghamer (1942) have made an extensive study of photoelastic stress 
concentration factors in plastic models of gear teeth. Their work has been widely used in 
recent years.

Figure 4.6 shows the dimensions used to calculate stress concentration. The equations 
established from the experimental work of Dolan and Broghamer are

 K
t t

hr
f

= +0 18
0 15 0 45

.
. .

ρ
 (4.7)

CL

Pb Pb

Line of action

Worst load
Worst load

Pitch circle

First point
of contact

Outside dia.
of driven gear

Highest points of
single tooth loading
are on this circle

Direction of rotation

φ

FIGURE 4.5
Worst application of beam loading on precision spur gear is one base pitch above first point of contact.

TABLE 4.4

Y-Factors for Standard 20° Spur Pinions

No. Pinion Teeth No. Gear Teeth

Y-Factor

Tip Load Worst Load

20 20 0.287 0.527
20 60 0.287 0.527
20 120 0.287 0.600
25 25 0.310 0.583
25 60 0.310 0.657
25 120 0.310 0.693
30 30 0.332 0.640
30 60 0.332 0.673
30 120 0.332 0.740
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for 20° involute spur teeth, and

 K
t t

hr
f

= +0 22
0 20 0 40

.
. .

ρ
 (4.8)

for 14.5° involute spur teeth.
In the above equations, Kr is the stress concentration factor. The radius ρf is the radius of 

curvature of the root fillet at the point at which the fillet joins the root diameter.
Tests of actual metal gear teeth show that the real stress concentration factor is not the 

same as the photoelastic value determined on models made of plastic material.* If the 
root fillet has deep scratches and tool-marks, it may be higher. Some materials are more 
brittle than others. In general, high-hardness steels show more stress concentration effects 
than low-hardness steels. Some of the case-hardened and induction-hardened steels are 
an exception of this, however. When a high residual compressive stress is obtained in the 
surface layer of the material, stress concentration effects are reduced.

Stress concentration is also influenced by the number of cycles. Some of the low- hardness 
steels show little or no effect of stress concentration when loaded to destruction statically. 
Yet when fatigued for a million or more cycles, they show a definite reduction in strength 
due to stress concentration.

4.1.3.3  Load Distribution

The face width used by Lewis was the full-face width. Actual gears are seldom loaded uni-
formly across the face width. Errors in shaft alignment and helix angles tend to increase 
the load on one end of the tooth or the other. The present practice is to use a load distribu-
tion factor to account for the extra load imposed somewhere in the face width as a result 
of nonuniform load distribution.

4.1.3.4  Dynamic Load

The load applied to the gear tooth is greater than the transmitted load based on horse-
power. In general, the faster the gears are running, the more shock due to tooth errors 
and the more dynamic effects due to imbalance and torque variations in the driving and 

* Drago (1982) gives some very interesting research test data on stress in gear tooth samples.

CL
Load

h
(a)

t
Pf Pf

FIGURE 4.6
Dimensions used to calculate stress concentration.
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driven apparatus. Lewis intended to allow for this situation by reducing the safe working 
stress as pitch-line velocity was increased.

A considerable amount of research has been carried out to determine the amount of 
dynamic gear tooth loads. A research committee of American Society of Mechanical 
Engineers—headed by Earl Buckingham—published the first authoritative work on 
dynamic loads in 1931. This work gave what was believed to be an accurate method for 
calculating dynamic load. A simplified formula that makes possible a quick but approxi-
mate calculation of dynamic load was developed from this work. This method has been 
widely published and used.

In his later work, Buckingham has given equations that permit dynamic load to be cal-
culated using actual shaft stiffnesses and inertias. This work covers dynamic load calcula-
tions on several kinds of gear teeth.

The problem of gear tooth dynamic load received much attention during the 1950s and 
1960s. Many papers were published showing test data. The latest and probably the most 
technically accurate data is the work done by Kubo et al.* (1980, pp. 193–194) and others.

In design work, the overload on gear teeth is often handled by a dynamic factor. This fac-
tor is used as a multiplier of the transmitted load.

Tucker (1971, p. 281) and many others (including Buckingham [p. 90]) point out that the 
dynamic overload is really an incremental amount of load that is added to the transmit-
ted load rather than being a multiplier of the transmitted load. For instance, low-hardness 
gears idling at little or no transmitted load may be inaccurate enough to develop such serious 
dynamic loads that they fail prematurely!

Using the dynamic overload as an adder is somewhat unhandy in rating equation. The 
usual rating formula is worked out for full rated power, and the dynamic factor—used as 
a multiplier—adds on what is considered to be the extra amount for dynamic load. Such 
rating formulas, of course, give the wrong answer at light loads, but they can be quite 
accurate at full load.

4.1.3.5  Finite Element

The German practice in calculating tooth strength has developed into taking the tangency 
point of a 30° angle as the critical stress point on the root fillet. Stress concentration effects 
are determined by the finite element method of stress analysis instead of by photoelastic 
results.

The proposed by International Standards Organization (ISO) method of gear rating for 
tooth strength uses the 30° angle and equations for stress concentration based on finite 
element studies of gear teeth. The standards of American Gear Manufacturers Association 
(AGMA) use strength formulas derived from the work of Lewis and Dolan/Broghamer.

German gear people feel that the 30° angle method is simpler than the inscribed parabola 
method and that the results are close enough to be suitable for any normal design work. 
The finite element method of getting stress concentration values, though, gives results that 
are often considerably different from those found using the Dolan/Broghamer method. 
Figure 4.7 shows a comparison of the 30° angle method and the inscribed parabola method.

In 1980 Dr. Giovanni Castellani and Mr. V. Parenti Castelli made a considerable study 
of the proposed ISO strength rating method compared with established standard meth-
ods. They presented comparative geometry factors for strength based on several spur and 

* See Appendix B for a review of Kubo’s dynamic load work.
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heli cal gear designs. The differences in results were so great that it is now felt that more 
test work must be done.

4.1.4  Gear Surface Durability Calculations

Gears fail by pitting and wear as well as by tooth breakage. Frequently gears will wear 
to the point where they begin to run roughly. Then the increased dynamic load plus the 
stress concentration effects of the worn tooth surface both cause the teeth to ultimately 
fail by breakage. Figure 4.8 shows the kinds of stress that are present in the region of the 
contact band. In the center of the band, there is a point of maximum compressive stress. 
Directly underneath this point, there is a maximum subsurface shear stress. The depth to 
the point of maximum shear stress is a little more than one-third the width of the band of 
contact.

(1) Most critically stressed point by inscribed parabola method
(2) Most critically stressed point by 30° angle method

Wn

(1)
(2)

30°30°

FIGURE 4.7
Comparison of 30° method of finding most critically stressed point with inscribed parabola method.

Contact bond
moving in
this direction

Subsurface tensionSubsurface compression

Bond of contact

Maximum subsurface shear

Maximum surface
compression

Subsurface tension

Directions of sliding velocities
Subsurface compression

Direction of rotation

FIGURE 4.8
Stress in region of tooth contact.
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The gear tooth surfaces move across each other with a combination of rolling and sliding 
motion. The sliding motion plus the coefficient of friction tends to cause additional surface 
stresses. Just behind the band of contact, there is a narrow region of tensile stress.

A bit of metal on the surface of a gear tooth goes through a cycle of compression and 
tension each time a mating gear tooth passes over it. If the tooth is loaded heavily enough, 
there will usually be evidence of both surface cracks and plastic flow on the contacting 
surface. There may also be a rupturing of the metal as a result of subsurface shear stresses.

4.1.4.1  Hertz Derivations

The stress on the surface of gear teeth are usually determined by formulas derived from 
the work of H. Hertz (of Germany). Frequently, these stresses are called hertz stresses.

Hertz determined the width of the contact band and the stress pattern when various 
geometric shapes were loaded against each other. Of particular interest to gear designers 
is the case of two cylinders with parallel axes loaded against each other.

Figure  4.9 shows the case of two cylinders with parallel axes. The applied force is F 
pounds and the length of the cylinders is L inches. The width of the band of contact is B 
inches.

The Hertz formula for the width of the band of contact is

 B
F K K R R
L R R

=
+
+

16 1 2 1 2

1 2

( )
( )

 (4.9)

where

 
K

E1
1
2

1

1
=

− ν
π  

F

F

R1

R2

B L

FIGURE 4.9
Parallel cylinders in contact and heavily loaded.
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In the above equations, ν is Poisson’s ratio and E is the modulus of elasticity.
The maximum compressive stress is

 s
F

L Bc =
4
π

 (4.10)

The maximum shear stress is

 ss = 0.295 sc (4.11)

The depth to the point of maximum shear is

 Z = 0.393 B (4.12)

Equations  4.9 and 4.10 may be combined and simplified to give the following when 
Poisson’s ratio is taken as 0.3:

 s
F R R
L E Ec

/ /
/ /

=
+
+

0 35
1 1
1 1

1 2

1 2

.
( )
( )

 (4.13)

The hertz formulas can be applied to spur gears quite easily by considering the contact 
conditions for areas to be equivalent to those of cylinders that have the same radius of 
curvature at the point of contact as the gears have. This is an approximation because the 
radius of curvature of an involute tooth will change while going across the width of the 
band of contact. The change is not too great when contact is in the region of the pitch line. 
However, when contact is near the base circle, the change is rapid, and contact stresses 
calculated by the hertz method for cylinders are not very accurate.

Figure 4.10 shows how the radius of curvature may be determined at any point of an 
involute curve. At the pitch line, the radius of curvature is

 ρ
φ

=
d sin

2
 (4.14)

At any other diameter, such as d1, the radius of curvature is

 ρ
φ

1
1 1

2
=

d sin
 (4.15)

The angle ϕ1 can obtained by the relation

 φ
φ

1
1

1

= −cos
cosd
d

 (4.16)
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The compressive stress at the pitch line of a pair of spur gears can be obtained by substi-
tuting the following into Equation 4.13

 F
W

= t

cosφ
 (4.17)

 L = F (4.18)

 R
d

1 2
=

sinφ
 (4.19)

 R2 = mGR1 (4.20)

NOT E:  At this point, we are switching from the symbols of conventional mechanics to the 
symbols used by gear engineers. This can be confusing, unfortunately, because F is applied 
force in Equations 4.9 through 4.17, but F is face width in Equation 4.18 and the following 
equations.

In the Equation 4.17 Wt is the tangential driving pressure in pounds. It can be obtained 
by dividing the pinion torque by the pitch radius of the pinion. In Equation 4.19, F is the 
face width in inches and d is the pitch diameter of the pinion. The ratio of gear teeth to 
pinion teeth is mG.

Involute relations:
db = d cos φ db = d1 cos φ1

εr (in radians) = tan φ

Involute
curve

Any ci
rcle

Pitc
h cir

cle

Base c
irc

le

ρ1=       εr1
db
2

ρ =     εr
db
2

Involute φ = εr–φ
= tan φ–φ (in radians)

φ = pressure angle

d d1

db

εr

εr1
φ1φ

φ

Inv φ

(Roll angle)

ρ1

ρ

FIGURE 4.10
Radius of curvature of an involute and other basic relations of involute curve.
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Combining Equations 4.13, 4.17, and 4.19 gives

 s
E E

W
Fd

m
mc

t G

G/ /
=

+
⋅

+0 70
1 1

1

1 2

.
( )sin cosφ φ

 (4.21)

4.1.4.2  K-Factor Derivations

For a steel spur pinion meshing with a steel gear, we may substitute the nominal value of 
30,000,000 for E. Then

 s
W
Fd

m
mc

t G

G

=
+

5715
1

 (4.22)

when the teeth have a 20° pressure angle.
Many gear designers have found it convenient to call the term under the square root sign 

in Equation 4.22 the K-factor. This makes it possible to reduce Equation 4.22 to

 s Kc = 5715  (4.23)

where

 K
W
Fd

m
m

=
+t G

G

1
 (4.24)

The compressive stress on helical gear teeth can be obtained by finding the radius of 
curvature of the teeth in a section normal to the pitch helix. This section has a pitch ellipse 
instead of pitch circle. Using an equation for an ellipse, we can get values to use for the R 
values in Equation 4.13. These are

 R
d

1 22
=

sin

cos

φ

ψ
n

 (4.25)

 R m
d

2 22
= G

nsin

cos

φ

ψ
 (4.26)

In accurate helical gears, the load is shared by several pairs of teeth. The average length 
of tooth working is equal to the face width multiplied by the contact ratio and divided by 
the cosine of the helix angle. The normal load (load in the normal section) applied is equal 
to the tangential load in the transverse plane divided by the cosine of the helix and divided 
by the cosine of the normal pressure angle. Substituting these values into Equation 4.21 
gives a basic equation for the compressive stress in helical gear teeth:

 s
E E m

W
Fd
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p n n
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+
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 (4.27)
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where mp is profile contact ratio (profile contact ratio in a transverse section).
By introducing the K-factor and a constant Ck, most of the terms in the equation can be 

eliminated. This gives us a simplified equation

 s C
K
mc k

p

=  psi (4.28)

Table 4.5 gives some values of Ck and mp for typical gears made to full-depth proportions 
in the normal section. The profile-contact-ratio values were calculated for a 25-tooth pinion 
meshing with a 100-tooth gear. For other numbers of teeth, the contact ratio will change by 
a small amount; however, it makes very little difference in Equation 4.28, since the contact 
ratio term is under the square root sign.

Bevel and worm gears can be handled in a somewhat similar manner.

4.1.4.3  Worst-Load Position

In most cases, the compressive stress on spur gear teeth is calculated at the lowest point 
on a pinion tooth at which full load is carried by a single pair of teeth. This situation 
cannot occur in wide-face helicals, but it can occur in narrow helicals, bevels, and spur 
gears. Theoretically, if one pair of teeth carries full load and the position of loading is at 
the lowest possible position on the pinion, there is a worst-load condition for hertz stress 
corresponding to the worst-load position for strength described in the preceding section.

Different formulas for contact stress may include factors to account for the increase in 
load due to velocity and tooth accuracy. The same questions of dynamic load and mis-
alignment across the face width are present in calculating contact stress as in calculat-
ing the root stress. Service factors allow for torque pulsations and the length of service 
required from the gears.

4.1.4.4  Endurance Limit

The tendency of gear teeth to pit has traditionally been thought of as a surface fatigue 
problem in which the prime variables were the compressive stress at the surface, the num-
ber of repetitions of the load, and the endurance strength of the gear material. In steel 
gears, the surface endurance strength is quite closely related to hardness, and so stress, 
cycles, and hardness then become the key item.

TABLE 4.5

Values of Ck and mp for Helical Gears

Normal Pressure 
Angle, ϕn

Spur 15°-Helix 30°-Helix 45°-Helix

Ck mp Ck mp Ck mp Ck mp

14.5° 6581 2.10 6357 2.01 5699 1.71 4653 1.26
17.5° 6050 1.88 5844 1.79 5240 1.53 4278 1.13
20° 5715 1.73 5520 1.65 4949 1.41 4041 1.05
25° 5235 1.52 5057 1.45 4534 1.25 3702 0.949

Note: The above values are illustrative of the development of gear rating equations, but should not be used 
for design purposes. Chapter 5 gives different values that are appropriate for actual design work.
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It was also believed that there was an endurance limit for surface durability at about 10 
million cycles (107 cycles). For case-carburized steel gears, fully hardened, typical design 
values are listed in Table 4.6.

Gear work in the 1970s led to two very important conclusions. (These conclusions had 
been suspected in the 1960s.):

 1. Pitting is very much affected by the lubrication conditions.
 2. There is no endurance limit against pitting.

Work on the theory of elastohydrodynamic lubrication (EHD) showed that gears and roll-
ing element bearings often developed a very thin oil film that tended to separate the two 
contacting surfaces so that there was little or no metallic contact. When this favorable situ-
ation was obtained, the gear or the bearing could either carry more load without pitting or 
run for a longer time without pitting at a given load.

The idea that there was an endurance limit pitting was derived from test-stand data, 
where tests were generally discontinued after 107 cycles or 2 × 107 cycles. (If a test is being 
run at 1750 cycles per minute, it takes 190 hours to reach 2 × 107 cycles.)

Real gears in service frequently run for several thousand hours before pitting starts—or 
becomes serious. A gear can often run for up to a billion (109) cycles with little or no pit-
ting, but after 2 or 3 billion (2 × 109 or 3 × 109) cycles, pitting—and the wear resulting from 
pitting—makes the gears unfit for further service.

4.1.4.5  Lubrication Regimens

To handle the problem of EHD lubrication effects, the designer needs to think of three 
regimens of lubrication:

Regimen I: No appreciable EHD oil film (boundary)
Regimen II: Partial EHD oil film (mixed)
Regimen III: Full EHD oil film (full film)

In regimen I, the gears may be thought of as running wet with oil, but the thickness of 
the EHD oil film developed is quite compared with the surface roughness. Essentially full 
metal-to-metal contact is obtained in the hertzian contact band area. Regimen I is typical 
of slow-speed, high-load gears running with a rough surface finish. Hand-operated gears 
in winches, food presses, and jacking devices are typical of slow-speed regimen I gears.

TABLE 4.6

Typical Design Values for Case-Carburized Steel Gears

Item

Metrica English

Symbol Value Symbol Value

Maximum allowable stress sc 1724 N/mm2 sc 250,000 psi
Number of cycles nc 107 nc 107

Surface hardness HV 700 min. HRC 60 min.

a In this chapter, most of the data will be given in English units to agree with previously published 
derivations. From Chapter 5 onward, the data will be primarily given in the metric system. For con-
venience, equivalent English values will often be given as a second set of values.
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Regimen II is characterized by partial metal-to-metal contact. The asperities of the tooth 
surfaces hit each other, but substantial areas are separated by a thin film. Regimen II is 
typical of medium-speed gears, highly loaded, running with a relatively thick oil and 
fairly good surface finish. Most vehicle gears are in regimen II. (Tractors, trucks, automo-
biles, and off-road equipment are vehicle gear applications.)

In regimen III, the EHD oil film is thick enough to essentially avoid metal-to-metal con-
tact. Even the asperities miss each other. The well-designed and well-built high-speed 
gear is generally in regimen III. Turbine gear applications in ship drives, electric genera-
tors, and compressors are good examples of high-speed gears. In the aerospace gearing 
field, turboprop drives are high speed and in regimen III. Helicopter main rotor gears are 
in the high-speed gear region, except for some final-stage gears that may be slow enough 
to be out of the high-speed domain and into medium speed with regimen II conditions. 
(Some of the best pioneering work in defining regimens of lubrication was done by the late 
Charles Bowen, working on helicopter-gearing development.)

Figure 4.11 shows a schematic representation of the three regimens of lubrication. Note 
the details of the hertzian contact band for each regimen. Figure 4.12 shows the “nominal” 
zones for the three regimens.

The quality of the surface finish of the new gear, the degree of finish improvement 
achieved in breaking in new gears, the thickness and kind of lubricant, the operating tem-
perature, the pitch-line velocity, and the load intensity all enter into the determination of 
which regimen the gear pair operates in. Means of calculating EHD oil film thickness and 
design for different regimens of lubrication are given in Chapter 5. Figure 4.12 should be 
used only as a rough guide.

Gear profile (enlarged)

Pinion
profile

Regimen I

hmin

hmin
(oil film

thickness)

hmin

Regimen II

Regimen III

(contact
bandwidth)

B

B

B

FIGURE 4.11
Schematic representation of three regimens of gear tooth lubrication.
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The surface durability in the different regimens of lubrication varies considerably. 
Figure 4.13 shows the general trend* of surface contact stress capacity at different numbers 
of cycles for each of the three regimens of lubrication. The three curves have these equa-
tions at 107 cycles:
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* Figure 4.13 is a nominal curve intended to show average conditions for reasonably good steel and nominal 
quality. These curves should not be used for final design.
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where
Lb—cycles (any number from 106 to 108)
La—107 cycles
Ka—allowable load intensity at 107 cycles
Kb—allowable load intensity at Lb cycles

The contact stress sc is proportional to the square root of the load intensity. For a simpli-
fied gear rating,

 s C KCc k d=  (4.32)

where Ck is the tooth geometry constant for a particular design.
The K-factor can be computed from the equations

 K
W
Fd

m
m

=
+t G

G

1
 external teeth (4.33)

 K
W
Fd

m
m

=
−t G

G

1
 internal teeth (4.34)

Tangential driving force, Wt, is equal to W
dt torque= ×
2

, and Cd is overall de-rating factor 
for gear and gearbox design imperfections.

The data shown in Figure 4.13 can be interpreted to show the results of Table 4.7.
Table 4.7 shows the substantial difference in load-carrying capacity of the different regi-

mens. Regimen I loses over 50% of its capacity every time there is a 10-fold increase in life 
(number of cycles). Regimen II loses about 35% of its load capacity for a 10-fold increase. In 
comparison, regimen III loses only about 24% of its capacity with a 10-fold increase.

The damaging situation in regimen I can be considerably offset by substituting a chemi-
cal additive film on the tooth surface for an EHD oil film. Special extreme pressure (EP) 

TABLE 4.7

Nominal Comparison of Load-Carrying Capacity of Regimens 
of Lubrication

No. of Cycles

Load Capacity for Different Regimens

I II III

105 100% 100% 100%
106 48.7% 64.8% 76.0%
107 23.7% 41.9% 57.8%
108 – 27.2% 44.9%
109 – – 33.4%
1010 – – 25.4%
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oils develop chemical compounds on the contacting gear tooth surfaces. When the lubri-
cant additive is working, it is possible for the gear tooth operation to shift from regimen I 
to regimen II with load-carrying capacity improving to regimen II. Likewise, appropriate 
additives can help gear teeth in regimen II move over into regimen III. This subject will be 
treated in more depth in Sections 5.2.8, 9.2.4, and 9.3.3

4.1.5  Gear Scoring

When excessive compressive stresses are carried on a gear tooth for a long period, pits will 
develop. If the gear is kept in operation after pitting starts, the whole surface of the tooth 
will eventually be worn away. Severe pitting leads to rough running and “hammering” 
of the gear teeth. This in turn leads to other types of surface wear, such as scoring, swag-
ing, and abrasion. Scoring is characterized by radial scratch lines, swaging is an upsetting 
process similar to cold rolling, while abrasion is the tearing away of small particles when 
rough surfaces are rubbed across each other.

Gear teeth may score when no pitting has taken place. This may occur when the gears 
are first put into operation. Sometimes the cause of scoring—when gears have not pitted 
first—is simply that the accuracy is not sufficient. The teeth do not have a good enough 
surface finish or good enough spacing and profile accuracy.

Aircraft gears and other types of heavily loaded high-speed gears tend to fail by scor-
ing even when accuracy is good. Apparently the combination of high surface pressure 
and high sliding velocity can be severe enough to vaporize the oil film and cause instan-
taneous welding of the surfaces. The continued rotation of the gear teeth causes a radial 
tearing action that makes the characteristic score marks.

4.1.5.1  Hot and Cold Scoring

The scoring problem is not limited to high-speed gears. Slow-speed gears may also score. 
The score marks on slow-speed gears look somewhat different. The failure mechanism 
seems to be more of filing or abrading away the metal rather than welding and tearing. 
European gear people—with some reason—call the slow-speed scoring cold scuffing* and 
the high-speed scoring hot scuffing.

Cold scoring is basically a problem of gears that are running in regimen I or regimen II 
conditions with oil that does not have enough chemical additives to protect the surface. 
The key variable is specific film thickness Λ, which is defined as

 Λ =
h
S
min  (4.35)

where
hmin—EHD oil-film thickness
S′—composite surface roughness of the gear pair, = +( )S S S1

2
2
2

S1—surface roughness of pinion
S2—surface roughness of gear

* The terms “scuffing” and “scoring” are used somewhat interchangeably. Common practice recommends 
the word “scoring.” Other engineering groups in the United States and abroad often prefer “scuffing” over 
“scoring.”
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The surface roughness values used for S1 and S2 are normally the arithmetic average 
(AA) values. Formerly, root mean square (rms) values were used for surface finish. The rms 
value for finish is normally about 1.11 times the AA value.

The surface roughness that is used may be different from the value measured on new 
gears just finished in the gear shop. Most gears will wear in and improve their finish in 
the first 100 or so hours of operation. This process is helped by not loading the gears too 
heavily or running them at maximum temperature until they are well broken in. A special 
lubricant with extra additives or more viscosity may also be used to help lessen the danger 
of scoring when new gears are first put into service.

Assuming that a favorable break-in will be achieved, in Equation 4.35 the designer can 
use the surface roughness values after break-in rather than those from the gear shop. For 
instance, a precision-ground gear with a 20 AA surface roughness may wear into a 15 AA 
finish.

It is necessary to calculate a scoring factor that will evaluate the combined effects of sur-
face pressure, sliding velocity, coefficient of friction, kind of metals, and kind of oil from 
the standpoint of scoring.

The gear trade has used several methods of calculating scoring risk. No method has yet 
proved to be entirely reliable. The principal methods that have been used are shown in 
Table 4.8. The remainder of this section will cover the basics of PVT, flash temperature, and 
scoring index. Specific design recommendations will be given in Section 5.2.8.

4.1.5.2  PVT Formula

A PVT formula was used with considerable success in designing small aircraft gears to 
be built by automotive gear manufacturers. During World War II, a number of automotive 
gear plants made large numbers of aircraft gears. The PVT formula developed as a result 
of this wartime experience.

The factors in PVT are as follows:*

P—hertz contact pressure. This is usually figured for the tip of the pinion and figured 
again for the root of the pinion (tip of the gear). The applied load is divided by the 
profile contact ratio to approximate the way load is shared by two pairs of teeth.

V—sliding velocity in feet per second at the point at which P is figured.
T—distance along the line of action from the pitch point to the point at which P is 

calculated.

* The PVT nomenclature was established in the early 1940s and does not agree with current nomenclature. See 
Table 4.2 for symbols in use now.

TABLE 4.8

Scoring Calculation Methods

Name of Method When Developed Kind of Scoring Where Covered in This Book

PVT 1940s Hot scoring Chapter 2
Flash temperature 1940s, 1950s Hot scoring Chapters 2 and 5
Scoring criterion 1960s Hot scoring Chapters 2 and 5
Specific film thickness 1960s, 1970s Cold scoring Chapters 2 and 5
Integral temperature 1970s Hot scoring Chapters 2 and 5
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The quantity PVT is always zero at the pitch point on spur or helical gears. It increases 
steadily as contact moves away from the pitch point, reaching a maximum at the point at 
which contact is at the tip of the tooth. For this reason, PVT is ordinarily calculated only 
for the tips of the teeth.

The equations and nomenclature used in the following equations follow the procedure 
customarily used by automotive-gear designers. The reader will recognize that general 
equations such as Equations 4.13 and 4.15 could have been used as well.

The calculation of PVT involves solving a series of equations. First, the radius of curva-
ture at the pinion tip is calculated (see Figure 4.14):

 ρ φP t= −r r0
2 2( cos )  (4.36)

Similarly, the radius of curvature at the gear tip is

 ρ φG t= −R R0
2 2( cos )  (4.37)

The length of the line of action is

 Z = ρP + ρG – C sin ϕt (4.38)

The hertz compressive stress for the tip of the pinion is

 P
T

FZN
C
CP

P

P

n

P t P

= ⋅
−

5740
sin

( sin )
φ

ρ φ ρ
 (4.39)
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FIGURE 4.14
Dimensions used in scoring factor calculation.
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where
TP—pinion torque, in.-lb
F—face width, in.
NP—number of pinion teeth
C—center distance

Similarly, the stress at the gear tip is

 P
T

FZN
C
CG

G

G

n

G t G

= ⋅
−

5740
sin

( sin )
φ

ρ φ ρ
 (4.40)

The scoring factor for the pinion tip is

 PVTP
P P

G
P t P= + −

π
ρ φ

n N
N

r P
360

1 2( sin )  (4.41)

where nP is the pinion speed, rpm.
At the gear tip, the scoring factor is

 PVTG
P P

G
G t G= + −

π
ρ φ

n N
N

R P
360

1 2( sin )  (4.42)

The equations will work for either spur or helical gears. In the case of spur gears, there 
is only one pressure angle. This makes ϕn = ϕt.

The profile contact ratio can be obtained easily from the Z-value in Equation 4.38. Since 
these values are needed frequently, we shall give an equation for it here:

 m
ZN
rp

P

t

=
2π φcos

 (4.43)

Equation 4.43 holds for either spur or helical gears. Literally the contact ratio repre-
sents the length* of the line of action divided by the base pitch. It is the average number 
of teeth that are in contact in the transverse plane. When the contact ratio comes out to 
some number like 1.70, it does not actually mean that 1.70 teeth are working. If the ratio 
is between 1 and 2, there are alternately one and two pairs of teeth working. Form a time 
standpoint, however, it would work out that on the average there were 1.70 pairs of teeth 
working.

A design limit of 1,500,000 has been used frequently for a safe limit on PVT. This 
value works reasonably well with case-hardened gears that are of good accuracy and 
are lubricated with medium-weight petroleum oil. Pitch-line velocity should be above 
2000 fpm.

* The length between the first point of contact and the last point of contact is the length used here.
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4.1.5.3  Flash Temperature

The concept of flash temperature was first presented by Professor Herman Block. The 
basics of this formula are

 T T
c fW v v

F v v B
f b

f t

e t/
= +

−

+( )
( )

cos
1 2

1 2 2 φ
 (4.44)

where
Tf —flash temperature, °F
Tb—temperature of blank surface in contact zone (often taken as inlet oil temperature), °F
cf —material constant for conductivity, density, and specific heat
f—coefficient of friction
Wt—tangential driving load, lb
v1—rolling velocity of pinion at point of contact, fps
v2—rolling velocity of gear at point of contact, fps
vs = (v1 – v2)—sliding velocity, fps
Fe—face width in contact, in.
B—width of band of contact, in.
ϕt—transverse pressure angle, deg

The rolling velocity may be obtained from the rpm of the pinion or gear by

 v
n

1
1

360
= Pπρ  (4.45)

 v
n

2
2

360
= Pπρ  (4.46)

Originally flash temperatures were calculated for the pinion tip and the gear tip. In this 
case,

Pinion tip

 ρ1 = ρP (see Equation 4.36),   ρ2 = ρG – Z (see Figure 4.14) (4.47)

Gear tip

 ρ1 = ρG (see Equation 4.37),    ρ2 = ρP – Z (see Figure 4.14)  (4.48)

Later development of the flash temperature formula led to scoring being considered 
most apt to occur at the lowest point of single tooth contact on the pinion or the highest 
point of single tooth contact on the pinion. This situation is most apt to occur when very 
accurate aircraft spur gears have a small amount of profile modification at the tip to relieve 
tip loading.

Figure 4.15 shows the location of the highest and lowest points of single tooth contact 
for the pinion. Normally, scoring calculations are made for the pinion only. The gear is 
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handled indirectly since the pinion can score only when in contact with the gear. (If the 
pinion is OK, the gear should be OK.)

Table 4.9 shows how to calculate the radii of curvature of the highest and lowest points 
of single tooth contact.

The material constant cf was taken as 0.0528 for straight petroleum oils. The coefficient 
of friction was taken as 0.06.

The width of the band of contact for steel gears was obtained from

 B
W

F
=

+
0 00054 1 2

1 2

.
( )cos

t

e t

ρ ρ
ρ ρ φ

 (4.49)

Table 4.10 shows some typical design values for maximum flash temperatures used in 
the 1950s. These values are of some historical importance, but they are not recommended 
for current designs. More complex procedures, involving surface finish, overload of teeth 
due to errors, special lubricant effects, and other such factors are needed (see Section 5.2.8).

4.1.5.4  Scoring Criterion

Some gears have a high risk of hot scoring, while others have little or no risk of hot scoring. 
To judge the risk of scoring, the scoring criterion was developed by Dudley.

(3)

(1)
(5)

(6) (4)

(2) (7)

(8)

FIGURE 4.15
Layout of teeth to locate critical points for scoring calculations.

TABLE 4.9

Radii of Curvature of Involute Spur or Helical Teeth

Contact Position Pinion Curvature, ρ1 Gear Curvature, ρ2

Lowest single tooth contact r r po t t
2 2− −( cos ) cosφ φ C sin ϕt – ρ1

Highest single tooth contact C sin ϕt – ρ2 R R po t t
2 2− −( cos ) cosφ φ

Note: In this table, the outside radius of the pinion is ro and the pitch radius is r. Radii of the gear are 
capitalized. The circular pitch is p.
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The formula for this index number is

 Scring criterion number t

e

/

P

d

=
W
F

n
P

3 4 2

4
( )

 (4.50)

Table 4.11 shows scoring criterion numbers published in 1964. If the calculated scoring 
value exceeds those in Table 4.11, there is a risk of scoring, and more complex calculations 
should be made. If the value is below those in the table, the risk of scoring is low, but it may 
still exist as a result of such things as poor finish, appreciable overload due to inaccuracy, 
and inadequate lubricant proportions.

The scoring criterion number is a useful guide for spur, helical, and spiral bevel gears.
The scoring criterion was derived from the flash temperature equation, Equation 4.44. 

By mathematical manipulation, it is possible to write the flash temperature equation in 
the form

 T T Z
W
F

n
Pf b t
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e
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d

= +
3 4 2

4
( )

 (4.51)

TABLE 4.10

Maximum Design Limit of Flash Temperatures to Prevent 
Scoring of Spur Gears

Kind of Oil Specification Tf, °F

Petroleum SAE 10 250
SAE 30 375
SAE 60 500
SAE 90 (gear lubricant) 600

Diester, compounded 75 SUS at 100°F 330
Petroleum SAE 30 plus mild EP 425

TABLE 4.11

Critical Scoring Criterion Numbers

Kind of Oil

Critical Scoring Index Numbers at Blank Temperatures, °F

100° 150° 200° 250° 300°

AGMA 1 9,000 6,000 3,000 – –
AGMA 3 11,000 8,000 5,000 2,000 –
AGMA 5 13,000 10,000 7,000 4,000 –
AGMA 7 15,000 12,000 9,000 6,000 –
AGMA 8A 17,000 14,000 11,000 8,000 –
Grade 1065, Mil-O-6082B 15,000 12,000 9,000 6,000 –
Grade 1010, Mil-O-6082B 12,000 9,000 6,000 2,000 –
Synthetic (Turbo 35) 17,000 14,000 11,000 8,000 5,000
Synthetic Mil-L-7808D 15,000 12,000 9,000 6,000 3,000

Note: See Section 5.2.8 for more data on rating gears for scoring and the use of scoring criterion number. See 
Section 9.3.3 for general data on gear lubricants and the hazard of lubrication failures. See AGMA 9005-
E02 Industrial Gear Lubrication.
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where
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The constant Zt is dimensionless when used with the scoring criterion number. This 
makes it possible to tabulate Zt values for different proportions and styles of tooth design. 
The term Zt can be thought of as a tooth geometry factor* for scoring. 

4.1.6  Thermal Limits

The design of gear drives involves more than just making the gear teeth able to carry bend-
ing stresses and contact stresses and to resist scoring. Along with such things as bearing 
capacity, shaft design, and spline capacity, the designer must consider the thermal limits.

4.1.6.1  Thermal Limits at Regular Speed

Small gear drives (particularly those under 200 hp) are often splash lubricated by a quan-
tity of liquid oil in the gearbox. Without a pumped oil system and oil coolers, the gearbox 
is cooled by the surrounding air. Such a gear drive will have a thermal rating as well as a 
mechanical rating. The application of the gear unit to a job should be such that neither the 
thermal rating nor the mechanical rating is exceeded.

Customary procedure in calculating thermal ratings is based on finding the maximum 
horsepower that a unit can carry for 3 hours without the sump temperature exceeding 
93°C (200°F) when the ambient air temperature is not over 38°C (100°F).

Long trade experience has led to the development of a great deal of expertise in the 
thermal capacity of helical gear units, spiral bevel gear units, and worm gear units. Trade 
practices have developed to set approximate methods of calculation for a standard thermal 
rating. No doubt further experience will develop ways of handling thermal ratings that 
are more complex than those now used. (For instance, special steels and oils can be used at 
quite high temperatures, and so trade practices may change to recognize special designs 
that can run hotter than is common in industrial gearing today.)

Equations and calculation procedures for setting thermal ratings will not be given in 
this book. Instead, Table 4.12 is a rough guide to what is involved in thermal rating.

The prime variables in determining thermal capacity are the gearbox size, the input pin-
ion speed, and the ratio. Table 4.12 shows that if a gear unit is built twice as large, then the 
thermal rating increases about 3 to 1. The mechanical rating increases almost 8 to 1 when 
the size doubles, so this predicts that large gear units will be short of thermal capacity.

Table 4.12 shows that for the same size unit, the thermal rating drops quite rapidly as the 
speed is increased. In contrast, the mechanical rating increases somewhat in proportion to 
an increase in speed.

There is an influence from the ratio, but it is quite mild. From Table 4.12, at 400 rpm it 
might be possible to design medium-hard gears up to 600 mm (24 in.) center distance and 
still have enough thermal rating to match the mechanical rating. At 1200 rpm, however, 

* See Appendix B for general calculation method for Zt, which can be used to obtain values at any point on the 
tooth profile.
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it would probably not be possible to exceed 200 mm (8 in.) center distance and still have 
enough thermal capacity to match the mechanical capacity.

When the normal thermal capacity is exceeded, the thermal capacity may be improved 
by using one or more fans mounted on input shafts. A favorable fan arrangement can as 
much as double the normal thermal capacity of a gear unit.

For large and more powerful gear units, the thermal capacity is completely inadequate. 
Pumped oil lubrication systems with oil coolers must be used.

With a pumped oil system, calculations must be made to assure that the bearings and 
gear teeth are fed enough oil to adequately cool and lubricate all parts. The design of gear 
lubrication systems will not be covered here.

4.1.6.2  Thermal Limits at High Speed

When spur gear teeth run faster than 10 m/s (2000 fpm) or helical teeth run faster than 
100 m/s (20,000 fpm), there may be problems with the trapping of air and oil in the gear 
mesh. Special design features have allowed small spur teeth in aerospace applications to 
run up to around 100  m/s reasonably successfully. Likewise, special designs of helical 
gears have permitted successful operation up to 200 m/s.

Some further data on problems with fast-running gears are given in Section  9.3.4 
(Chapter 9) of this book.

4.2  Stress Formulas: Special Considerations

The first part of the chapter has shown the general nature of the various kinds of stress 
formulas that may be used in designing a gear set. This material will probably help the 
reader to understand the problem of designing a gear set, but it does not give much help in 
knowing what to do first in designing a set after choosing the kind of gear.

There are many ways to start the design of a set. Perhaps the easiest way is to skip all 
the detail design work and immediately estimate how big the gears must be. If a size that 
is close to being right can be chosen in the beginning, the designer can work through the 
dimensional calculations with the prospect of only minor adjustments after the design is 
checked with appropriate rating formulas.

TABLE 4.12

Some Approximate Values of Thermal Rating in Horsepower

Pinion Speed, rpm

Center Distance, in.

4 8 16 24

Ratio, 2:1
400 80 240 720 1200
1200 40 110 315 500
2400 12 30 80 55

Ratio, 4:1
400 80 240 720 1200
1200 42 115 325 525
2400 15 40 110 85
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In this part of the chapter, we shall take up the problem of estimating gear size.

4.2.1  Gear Specifications

Gears are used to transmit power from one shaft to another and to change rotational 
speed. The designer needs to have specifications for

• The amount of power to be transmitted
• The pinion speed (or gear speed)
• The required ratio of input and output speeds
• The length of time the gears must operate

Frequently it is hard to know how much power a gear set must carry. Take the example of 
a gear driven by a 10-hp motor. In some applications, the motor might be expected to run 
every day of the year at 10 hp. In other cases, the motor might run only intermittently at 
powers well below 10 hp. In still others the motor might be started every day and have to 
pull up to 20 hp for a short period while the driven machinery was warming up.

The example just cited shows that the gear designer’s first problem may be to establish 
a proper power specification. In doing this, it is necessary to check both the driving and 
driven apparatus. It may be that the driven apparatus tends to stall or suffer severe shock 
at infrequent intervals. This might give rise to peak torques as much as 5 or 10 times the 
full-load torque capacity of the driving motor. Although the gear set does not have to be 
the strongest of the three connected pieces of apparatus, neither should it be the weakest—
unless there is good reason.

Where power and speeds may be quite variable, the designer should strive to reduce 
the specifications to simple conditions. First, the maximum continuous load that the gear 
might be expected to handle should be established. Next, the maximum torque should 
be determined. This load will probably last for only a short period. In many designs, it is 
necessary to make stress calculations for only these two conditions. In some cases, though, 
there may be a high intermediate load that is less than the maximum but does not last as 
long as the continuous load. Here it is necessary to calculate stresses for the intermediate 
load also.

In complex design situations, it is necessary to construct a gear histogram. The best pro-
cedure is to calculate the pinion torque for each design condition. The results are plotted 
on log–log graph paper, with the highest loads being put at the lowest number of cycles. 
Figure 4.16 shows two examples of load histograms. For the vehicle gear shown, it turns 
out that the critical design condition is low gear and maximum torque. In comparison, the 
turbine application has its most critical situation at the maximum continuous torque, not 
the highest torque seen under starting conditions.

4.2.2  Size of Spur and Helical Gears by Q-Factor Method

It is fairly easy to estimate the sizes of spur and helical gears. After the proper specifica-
tions have been established, a tentative gear size can be obtained by the Q-factor method. 
This method was originally developed to estimate gear weights. It is very handy, though, 
in estimating center distance and face width.

The Q-factor method of estimating gear size is simply a method whereby the power, 
speed, and ratio of a gear set are all reduced to a single number. This number, called Q for 
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quantity, is a measure of the size of the job the gear has to do. The value of the Q-factor as 
an index can be demonstrated quite readily from the weight curves shown in Figures 4.17 
and 4.18. These show how the average weight of complete single-reduction gear sets com-
pares with calculated Q-factors:

 Q
kW u

u
= ×

+power
pinion rpm

( )1 3

 metric (4.53)

 Q
m
m

= ×
+horsepower

pinion rpm
G

G

( )1 3

 English (4.54)

The ratio factor in Equations 4.53 and 4.54 has been tabulated in Table 4.13 for ratios from 
1 to 10.

The required center distance and face width can be obtained from the Q-factor as soon 
as the designer decides how heavily it is safe to load the gears. For spur and helical gears, 
the K-factor is a convenient index for measuring the intensity of tooth loads. Equations 4.67 
through 4.70 define* the K-factor, and Table 4.16 gives some values of K-factor that can be 
used for preliminary estimates of gear set sizes (see Section 4.2.4).

* The derivation of K-factor is given in Section 4.1.4. For estimating gear size, disregard the equation in Section 
4.1.4 and work with the material in this section. Do the final design using the methods in Chapter 5.
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ous rating.
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FIGURE 4.17
Gear weights plotted against Q-factor for different intensities of tooth loading (English units).
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Comparison of gear weights for different designs.
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As soon as the amount of K-factor has been decided on, the following equation can be 
solved:

 a b
Q

K
2 4 774 650

=
, ,

 metric (4.55)

 C F
Q

K
2 31 500

=
,

 English (4.56)

4.2.2.1  Face-Width Considerations

In spur or single-helical gears, using a face width that exceeds the pinion pitch diameter 
is often not advisable. If the face width is wider, torsional twist concentrates the load quite 
heavily on one end. In many applications, it is not even possible to effectively use a face 
width as wide as the pinion diameter. Errors in tooth alignment and shaft alignment may 
make it impossible to get tooth contact across this much face width.

When a face width equal to the pinion diameter is intended, Equations 4.55 and 4.56 may 
be modified to the following:

 a
Q u

K
3 2 387 325 1
=

+, , ( )
 metric (4.57)

 C
Q m
K

3 15
31 750 1

=
+, ( )G  English (4.58)

In double-helical gears, the face width may be as wide as 1.75 times the pinion pitch 
diameter before the problems of torsional twist and beam bending become too serious. 
This results from the fact that double-helical pinions shift axially under load to equalize 
the loading on each helix. This shifting compensates for most of the torsional twist.

With both single- and double-helical gears, the face width can be made relatively wide, 
provided proper helix modification is made to compensate for the deflections involved.

TABLE 4.13

Ratio Factors for Single-Reduction Gears

Speed Ratio, u Ratio Factor (u + 1)3/u Speed Ratio, u Ratio Factor (u + 1)3/u

1.00 8.000 3.00 21.333
1.20 8.873 3.50 26.036
1.40 9.874 4.00 31.250
1.60 10.985 4.50 36.972
1.80 12.195 5.00 43.200
2.00 13.500 6.00 57.167
2.20 14.895 7.00 73.143
2.40 16.377 8.00 91.125
2.60 17.945 9.00 111.11
2.80 19.597 10.00 133.10
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Table 4.14 shows guideline information on how to make an initial choice of face width. 
A constant is also given to permit the center distance to be immediately obtained from the 
Q-factor for the chosen aspect ratio. Use this constant in Equations 4.55 and 4.56 in place 
of the numerical constant shown.

After the center distance is obtained, the pitch diameters are obtained by Equations 1.5 
and 1.6.

4.2.2.2  Weight from Volume

When other than simple gear pairs or simple planetary units are involved, the Q-factor 
method of weight estimating rather becomes impractical. A simple alternative based on a 
summation of the face widths multiplied by the pitch diameters squared works quite well. 
In 1963 R.J. Willis published a paper showing how to pick gear ratios and gear arrange-
ments for the lightest weight. His work was based on this concept. The basic weight equa-
tion is

 
bdP

2

36 050
×

=∑ weight constant
weight, kg

,
 metric (4.59)

 ( )Fd2 × =∑ weight constant weight, kg  English (4.60)

TABLE 4.14

Guide for Choice of Face Width in Spur or Helical Gears

Aspect Ratio, 
ma, b/ dp1 (Metric) 
F/d (English) Situation

Numerical Constant for Center 
Distance, Equations 4.57 and 4.58

Metric English

0.4 Lower-accuracy gears, appreciable error in 
mounting dimensions. May need crowning, but 
helix modification not needed

59,683,125 39,375

1.0 Medium accuracy, good mounting accuracy. Helix 
modification generally not needed. May need 
crowning

2,387,325 15,750

1.5 High-accuracy parts and mounting. Helix 
modification generally not needed

1,591,550 10,500

1.75 Very high accuracy. Probably need helix 
modification for single-helical gears. May not 
need for double helix

1,364,186 9,000

2.00 Very high accuracy. Will need helix modification in 
single-helix designs, and will probably need helix 
modification in double-helix designs

1,193,662 7,875

2.25 Very high accuracy. May not be practical to use due 
to criticalness of helix modification required

1,061,003 7,000
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The weight constant to be used is the same for metric or English units and is given in 
Table 4.15.

Figure 4.19 shows in schematic form of a few of the many possible gear arrangements. To 
obtain a rough approximation of the weight, pitch diameters and face widths are obtained 
for all gear parts. Then, Equations 4.55 and 4.56 are used to get the summation of the face 
widths times the pitch diameters squared.

TABLE 4.15

Weight Constants for Use in Preliminary Estimates

Application Factor Typical Conditions

Aircraft 0.25–0.30 Magnesium or aluminum casings
Limited-life design
High stress levels
Rigid weight control

Hydrofoil 0.30–0.35 Lightweight steel casings
Relatively high stress levels
Limited-life design
Rigidity desired

Commercial 0.600–0.625 Cast or fabricated steel casings
Relatively low stress levels
Unlimited-life design
Solid rotors and shafts

Note: Use these factors in Equations 4.59 and 4.60.

(a) Offset

(e) Double-reduction
double-branch

(f ) Double-reduction
four-branch

(g) Planetary (h) Star

(b) Offset with idler (c) Offset with two idlers (d) Double-reduction

FIGURE 4.19
Eight kinds of gear arrangements for spur or helical gears. (From Product Engineering, 1963. Copyright McGraw-
Hill Publishing Co., Inc.)
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Table 4.15 shows some typical values of the weight constant needed for Equations 4.55 
and 4.56. The data in this table are based on general experience in gear design. Special situ-
ations, of course, may make the real weight of a well-designed unit quite different from 
the first estimate. For instance, a gearbox may support the motor or engine and need extra 
weight for the frame structure. Extra weight may be needed for oil-pump equipment or 
other accessory parts added to the preliminary gear unit.

When weight is critical, special design efforts that use lightweight bearings, hollow 
shafts, thin casing walls, and gears with all excess material removed from the gear bodies 
may achieve surprisingly low weights.

4.2.3  Indexes of Tooth Loading

There are two indexes of tooth loading that are very important in gear design. Unit load is 
an index of tooth loading from the standpoint of tooth strength. The K-factor is an index 
of tooth loading from the standpoint of tooth surface durability. To put it another way, the 
higher the unit load, the more risk of tooth breakage, and the higher the K-factor, the more 
risk of tooth pitting.

Both of these index numbers are calculated from the transmitted power. The normal 
calculations method for spur or helical gears is

 Torque N mPT
P

n
=

×
⋅

9549 3

1

.
 metric (4.61)

where P is power in kilowatts.

 Torque in.-lbP
P

T
P

n
=

× 63 025,
 English (4.62)

where P is power in horsepower.
Tangential driving load

 W T
dt P
p

N= ×
2000

1
 metric (4.63)

 W T
dt P lb= ×
2

 English (4.64)

where dp1 is pinion pitch diameter (mm) and d is pinion pitch diameter (in.).
The unit load index is derived from the Lewis formula for tooth strength (see Equation 4.6). 

It is

 U
W
b

ml
t

n
2N/mm= ×  metric (4.65)

 U
W
F

Pl
t

nd psi= ×  English (4.66)
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The K-factor is based on the hertz stress formula. It was first shown in Equation 4.24. It will 
now be given in both metric and English forms and for both external and internal gears.

External:

 K
W
d b

u
u

=
+t

p

2N/mm
1

1
 metric (4.67)

 K
W
dF

m
m

=
+t G

G

psi
1

 English (4.68)

Internal:

 K
W
d b

u
u

=
−t

p

2N/mm
1

1
 metric (4.69)

 K
W
dF

m
m

=
−t G

G

psi
1

 English (4.70)

The load indexes show the intensity of loading that the teeth are trying to carry. They are 
based on real quantities, and they measure what the user of gearing is getting out of the 
mesh. For instance, a K-factor of 5 means that a gear mesh is carrying 5 N of tooth load for 
each millimeter of pinion pitch diameter and each millimeter of face width in contact, with 
an appropriate adjustment for the relative size of the gear that is in mesh with the pinion.

The gear user can understand unit load and K-factor as measures of how much load is 
being carried per unit of size in the gear mesh, from bending strength and surface loading 
viewpoints. In comparison, the stress formulas have factors in them that are related to the 
quality and geometry of the application. The calculated stress number is, of course, very 
useful, but it does not directly tell the user the relative intensity of loading. For instance, 
a high stress may occur in a situation in which moderate load intensity is coupled with a 
poor geometric design and low quality. Obviously less gear unit size is needed if accept-
able stress levels can be achieved when the design has a relatively high intensity of loading 
and good enough quality and geometric design of teeth to keep these factors favorable.

The general procedure in preliminary design is to size the gears based on the K-factor. 
Then the tooth size in module (or pitch) is determined by figuring the unit load and mak-
ing the teeth large enough to get an acceptable unit-load value. For instance, a spur pinion 
with 36 teeth might be OK on K-factor but too high on unit load. If 18 teeth were put on the 
same pitch diameter (tooth size twice as great), the unit load is reduced from 2 to 1 (50% 
as much unit load).

4.2.4  Estimating Spur and Helical Gear Size by K-Factor

Since the K-factor is so important in determining gear size, it is necessary to know how 
much K-factor can be carried in different applications.

The teeth of low- and medium-hard-steel gears usually have more strength than they 
have capacity to resist pitting. Hence the index of surface durability becomes the limiting 
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factor in determining the load-carrying capacity of the gears. If very thin oil is used or 
there is inadequate provision to cool the gear set, scoring might be a limiting condition. 
Generally, though, the designer will use heavy enough oil and provide enough cooling 
to get all the capacity out of the gears that is in the metal. Oil and oil-cooling systems are 
usually cheaper than larger gears.

In fully hardened gearing, the strength of the teeth may become as important as, or even 
more important than, surface durability. Even in this case, the gear designer can often so 
proportion the design that there will be enough strength available to match the capacity of 
the teeth to withstand pitting. If strength is more limiting than wear, a proper reduction in 
K-factor can still aid in obtaining teeth of adequate strength. With this in mind, it is pos-
sible to use approximate K-factors as a measure of the amount of load that can be carried 
on many types of spur and helical gears.

Table 4.16 shows a study of K-factor and unit load values that are typical of nominal 
design practice for a variety of gear applications. These values are intended for use in the 
preliminary sizing of a gear set. Figure 4.20 shows in pictorial fashion the nominal design 
range for vehicle, aerospace, and turbine gears.

After the preliminary sizing of gears, detail design work must be done to establish 
the pressure angle, helix angle, tooth addenda, tooth whole depth, and tooth thickness. 
Then, when complete tooth geometry has been picked, the designer should calculate tooth 
stresses and compare them with allowable values for the material being used and the 
degree of reliability required. Chapter 5 covers the determination of gear tooth geometry 
and the calculation of load-carrying capacity to meet approximate gear rating criteria. In 
this chapter, the data on how to use index values to size gears are intended only as a means 
of establishing the first approximation of an appropriate gear size.

4.2.5  Estimating Bevel Gear Size

It is possible to estimate bevel gear sizes by the Q-factor method. Thus far this method has 
had limited usage. It appears that the method will work fairly well for bevel gears but will 
not give quite as good results as for spur and helical gears.

The geometry of bevel gears is more complicated than that of spur or helical gears. Under 
load, bevel gears tend to shift position more than gears on parallel shafts. It is frequently 
necessary to design a “mismatch” into the teeth. The mismatch concentrates the tooth load 
in the center of the face width and allows some shifting of shaft alignment to occur before 
the load is concentrated too heavily at one end of the tooth. These things make it hard for 
a simple formula to estimate capacity correctly.

Some changes are required before the formulas in Section 4.2.2 can be applied to bevel 
gears. Bevel gears do not have any center distance dimensions. This means that center 
distance must be removed from Equations 4.55 and 4.56. This can be done with the help of 
Equation 1.5. The result is

 d b
Q

u Kp1
2

7

2

1 91 10
1

=
×

+

.
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 metric (4.71)

 d F
Q

m K
2

2

126 000
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,
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 English (4.72)
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TABLE 4.16

Indexes of Tooth Loading for Preliminary Design Calculations

Application

Minimum Hardness of 
Steel Gears

No. 
Pinion 
Cycles Accuracy

K-Factor Unit Load

Pinion Gear N/mm2 psi N/mm2 psi

Turbine driving a 
generator

225 HB 210 HB 1010 High 
precision

0.69 100 45 6,500

335 HB 300 HB 1010 High 
precision

1.04 150 59 8,500

59 HRC 58 HRC 1010 High 
precision

2.76 400 83 12,000

Internal combustion 
engine driving a 
compressor

225 HB 210 HB 109 High 
precision

0.48 70 31 4,500

335 HB 300 HB 109 High 
precision

0.76 110 38 5,500

58 HRC 58 HRC 109 High 
precision

2.07 300 55 8,000

General-purpose 
industrial drives, 
helical (relatively 
uniform torque for 
both driving and 
driven units)

225 HB 210 HB 108 Medium 
high 

precision

1.38 200 38 5,500

335 HB 300 HB 108 Medium 
high 

precision

2.07 300 48 7,000

58 HRC 58 HRC 108 Medium 
high 

precision

5.52 800 69 10,000

Large industrial 
drives, spur–
hoists, kilns, mills 
(moderate shock in 
driven units)

225 HB 210 HB 108 Medium 
precision

0.83 120 24 3,500

335 HB 300 HB 108 Medium 
precision

1.24 180 31 4,500

58 HRC 58 HRC 108 Medium 
precision

3.45 500 41 6,000

Aerospace, helical 
(single pair)

60 HRC 60 HRC 109 High 
precision

5.86 850 117 17,000

Aerospace, spur 
(epicyclic)

60 HRC 60 HRC 109 High 
precision

4.14 600 76 11,000

Vehicle 
transmission, 
helical

59 HRC 59 HRC 4 × 107 Medium 
high 

precision

6.20 900 124 18,000

Vehicle 
transmission, spur

59 HRC 59 HRC 4 × 106 Medium 
high 

precision

8.96 1,300 124 18,000

Small commercial 
(pitch-line speed 
less than 5 m/s)

335 HB Phenolic/
laminate

Medium 
precision

0.34 50 – –

335 HB Nylon Medium 
precision

0.24 35 – –

Small gadget 
(pitch-line speed 
less than 2.5 m/s)

200 HB Zinc alloy 106 Medium 
precision

0.10 15 – –

200 HB Brass or 
aluminum

106 Medium 
precision

0.10 15 – –

Note: The above indexes of tooth loading assume average conditions. With a special design and favorable appli-
cation, it may be possible to go higher. With an unfavorable application and/or a design that is not close 
to optimum, the indexes of tooth loading shown will be too high for good practice. The table assumes that 
the controlling load must be carried for the pinion cycles shown.
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Equations 4.71 and 4.72 can be used for both bevel and spur gears. It is handy to use 
when the design requirements have been reduced to a Q-factor, but the designer has not 
yet decided whether spur, helical, or bevel gears are to be used. These equations can help 
the designer estimate the sizes of all three kinds.

The calculation of unit load and  K-factor for bevel gears is somewhat different than for 
spur and helical gears. Figure 4.21 shows how these are calculated for the bevel gear set.

The K-factor in Equations  4.71 and 4.72 is the same value that was used previously. 
However, it is sometimes necessary to use lower values than those shown in Table 4.16 to 
compensate for some of the special problems in bevel gears. For instance, if mountings do 
not maintain good tooth contact at full load, the K-factor should be reduced.

Bevel-gear designers have tended to reduce capacity for both size of pinion and increase 
in pitch-line velocity.

Table 4.17 shows a study of bevel gear K-factors based on load-rating formulas in cur-
rent use. These values represent averages of different rating designs for a uniform power 
source and a mild shock power-absorbing device (like an electric motor driving a well-
designed pump).

If the designer has already decided to use a bevel gear set, it is not necessary to go to the 
trouble of calculating a Q-factor. The equation can be simplified to

 d b
K

P
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u
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1 910 10 1
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FIGURE 4.20
Rough comparison of design K-factors for carburized gears used in vehicle, aerospace, and turbine applications. 
The bandwidths result from quality of gearing, tooth design, application, level of risk, etc.
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 English (4.74)

Both Equations 4.73 and 4.74 determine the quantity pitch diameter squared times face 
width. To get a complete solution, it is necessary to know the relation of pitch diameter to 
face width. The company Gleason Works recommends that the face width of straight and 
spiral bevel gears not exceed 0.3 times the cone distance or 10 in. divided by the diametral 

Basing point
for K-factor

(4) (7)

Basing point for unit load UL

(8)(2)

Item

Equations

z1
dp1, mm
β, deg
b, mm
z2
T1, N . m
Ra, mm
δ1, deg
u

1. Number of teeth
2. Pitch diameter
3. Spiral angle
4. Face width
5. Number of teeth in mate
6. Pinion torque
7. Outer cone distance
8. Pitch angle
9. Tooth ratio

Tooth ratio = no. gear teeth ÷ no. pinion teeth (1)
Pitch angle = arctan 1.0 ÷ tooth ratio (2)

Outer cone distance = (3)

n or NP
d, in.
ψ, deg
F, in.
N or NG
TP, in. . lb
Ao, in.
γ, deg
mG

Metric symbol English symbol

pinion pitch dia.
2 sin pitch angle

Tan. driving load, Wt = 

K-factor = 
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Metric (6a)
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× ×
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2
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FIGURE 4.21
The method for calculating indexes of tooth loading for straight or spiral bevel gears at a 90° shaft angle.
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pitch. For Zerol gears, the only difference in the limits is that the cone distance constant is 
0.25 instead of 0.30.

Table 4.18 shows how these limits work out in terms of pitch diameter or the pinion for 
different ratios. A shaft angle of 90° is assumed.

Table 4.18 shows that the face width for a low ratio like 1:1 will probably be limited by 
the cone distance. For a high ratio like 5:1, the pitch will probably limit the face width. An 
appropriate value of face width can be picked from Table 4.18. Then this value can be used 
to love Equations 4.73 and 4.74.

TABLE 4.17

Approximate K-Factor Values for Bevel Gears

Pinion Pitch Diameter Gear Ratio

K-Factor Values for Pitch-Line Speed

5 m/s 1000 fpm 20 m/s 4000 fpm

mm in. z2/z1 (NG/NP) N/mm2 psi N/mm2 psi

Case 1. Industrial Spiral Bevel Gears at HRC 58
50 2.0 1 3.93 570 3.45 500

3 3.38 490 2.96 430
100 5.0 1 3.27 475 2.90 420

3 2.79 405 2.48 360
200 10.0 1 2.72 395 2.41 350

3 2.38 345 2.10 305

Case 2. Industrial Spiral Bevel Gears, Pinion BHN 245, Gear BHN 210
50 2.0 1 1.83 265 1.62 235

3 1.65 239 1.46 212
100 5.0 1 1.41 205 1.24 180

3 1.23 179 1.08 157
200 10.0 1 1.12 163 0.99 143

3 0.94 137 0.83 120

Case 3. Industrial Straight Bevel Gears, Pinion BHN 245, Gear BHN 210
50 2.0 1 0.86 125 – (see Note 1)

3 0.77 112 – (see Note 1)
100 5.0 1 0.83 120 – –

3 0.76 110 – –
200 10.0 1 0.79 115 – –

3 0.72 105 – –

Note: 1.  Straight bevel gears are usually not used above 10 m/s (2000 fpm). At 20 m/s (4000 fpm), 
spiral bevel gears are the normal choice. 

 2.  The above K-factor values assume average conditions. With a special design and a favor-
able application and/or design that is not close to being optimum, the K-factor values 
shown will be too high for good practice. 

 3.  The above K-factor values are based on 108 cycles and an application factor Ka of 1.5. This 
is equivalent to an electric motor driving a piece of equipment that has mild shock.
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Hypoid gears are hard to estimate. As a general rule, a hypoid pinion will carry about 
the same power as a bevel pinion. Since the hypoid pinion is bigger—for the same ratio—
than a bevel pinion, the hypoid set will carry more power as a set.

Face gears may be handled somewhat similar to straight bevel gear sets. Generally it will 
be necessary to use less face width for the face gear than would be allowed as a maximum 
for the same ratio of bevel gears (see Section 5.1.19).

4.2.6  Estimating Worm Gear Size

It is much harder to estimate the capacity of worm gears. In spur, helical, and bevel gears, 
the magnitude of the surface compressive stress is the major factor that determines capac-
ity. The limits of strength and scoring seldom determine the gear size, unless the set is 
poorly proportioned. In worm gearing, the tendency to score is often as important as the 
tendency to pit in determining capacity. Since scoring depends on both compressive stress 
and rubbing (or sliding) velocity, a rating formula has to be based on more than a K-factor.

Worm gear sizes can be estimated reasonably well from a table of power versus cen-
ter distance for a series of worm speeds. Table 4.19 shows nominal capacity of a range 
of sizes of single-enveloping worm gears. It is assumed that the worm is case hardened 
and ground to good accuracy and finish. To meet the table specifications, the worm gear 
should be made of a good grade of chill-cast phosphor bronze and cut to give a good bear-
ing with the worm. The ratings in the table should be regarded as nominal. Several manu-
facturers have been able to carry up to 100% more load than that shown in the table by 
the use of special materials and by obtaining a very high degree of precision in the worm 
and gear. Conversely, when accuracy has not been the best and when operating conditions 
have not been good (when such conditions as shock loads, vibration, or overheating have 
been present), it has been necessary to rate worm gear sets substantially lower than the 
values shown in Table 4.19.

The nominal capacity of double-enveloping worm gears of the Cone Drive design is 
shown in Table 4.20.

Tables 4.19 and 4.20 are intended for worm gears subject to shock-free loading and in 
service for not more than 10 hours per day. If service is 24 hours per day with some shock 
loading, the table ratings should be reduced to about 75% of the values shown.

TABLE 4.18

Ratio of Maximum Face Width to Bevel-Pinion Pitch

Ratio
Face Width Based on 

0.3 Cone Distance

Face Width Based on 10 in. per Diametral Pitch

15 Teeth 20 Teeth 25 Teeth

1 0.212d 0.667d 0.500d 0.400d
1.5 0.270d 0.667d 0.500d 0.400d
2 0.335d 0.667d 0.500d 0.400d
3 0.474d 0.667d 0.500d 0.400d
4 0.618d 0.667d 0.500d 0.400d
5 0.765d 0.667d 0.500d 0.400d
6 0.912d 0.667d 0.500d 0.400d
7 1.061d 0.667d 0.500d 0.400d

Note: d is the pinion diameter.
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TABLE 4.19

Nominal Capacity of Cylindrical Worm Gearing

Ratio, 
mG

Center 
Distance, 

C, in.

Worm 
Pitch 

Diameter, 
d, in.

Effective 
Face 

Width, 
Fe, in.

Lead 
Angle, 
λ, deg

Output hp at Different rpm of Worm

100 720 1750 3600 10,000

5 2 0.825 0.46875 37.6 0.19 1.20 2.10 2.90 4.40

8 2 0.50000 25.7 0.15 0.90 1.70 2.30 3.60

15 2 0.46875 14.4 0.08 0.51 0.95 1.30 2.10

25 2 0.46875 8.75 0.05 0.31 0.59 0.83 1.30

50 2 0.46875 4.40 0.02 0.15 0.28 0.39 0.62

5 4 1.525 0.87500 40.3 1.60 8.00 12.00 17.00 22.00

8 4 0.93750 28.0 1.20 6.40 9.90 14.00 19.00

15 4 0.93750 15.8 0.72 3.90 6.10 8.70 12.00

25 4 0.93750 9.64 0.44 2.40 3.80 5.40 7.40

50 4 0.93750 4.85 0.21 1.20 1.80 2.60 3.60

5 8 2.800 1.68750 43.3 11.00 39.00 60.00 75.00 –

8 8 1.81250 30.5 8.10 33.00 50.00 64.00 –

15 8 1.81250 17.4 4.80 21.00 31.00 41.00 –

25 8 1.81250 10.7 3.00 13.00 19.00 26.00 –

50 8 1.81250 5.39 1.40 6.20 9.30 12.00 –

5 16 5.100 3.12500 46.5 63.00 186.00 254.00 – –

8 16 3.37500 33.4 50.00 156.00 221.00 263.00 –

15 16 3.37500 19.4 30.00 98.00 143.00 169.00 –

25 16 3.37500 11.9 19.00 62.00 90.00 107.00 –

50 16 3.37500 6.02 8.90 30.00 43.00 52.00 –

Note: Service factor Ks has a value of 1.0 for this table (see service factors in Table 5.47). Sliding velocity is not 
over 6000 fpm.

TABLE 4.20

Nominal Capacity of Double-Enveloping Worm Gearing

Ratio, 
mG

Center 
Distance, 

C, in.

Worm Pitch 
Diameter, 

d, in.

Output hp at Different rpm of Worm

100 720 1750 3600 10,000

5 2 0.830 0.40 2.19 3.82 5.53 7.93

15 2 0.830 0.17 0.99 1.79 2.61 3.83

50 2 0.850 0.05 0.31 0.56 0.82 1.22

5 4 1.730 3.65 16.90 26.60 34.60 –

15 4 1.550 1.65 8.15 13.10 17.30 22.90

50 4 1.660 0.52 2.56 4.11 5.47 7.28

5 8 3.450 25.90 95.20 135.00 163.00 –

15 8 2.940 11.80 48.10 70.10 90.90 –

50 8 2.900 3.67 15.20 22.50 28.90 –

5 16 5.143 180.00 513.00 678.00 – –

15 16 5.143 83.20 273.00 369.00 439.00 –

50 16 5.143 26.10 87.00 119.00 140.00 –

5 24 7.333 473.00 1194.00 1488.00 – –

15 24 7.333 227.00 636.00 829.00 – –

50 24 7.333 71.70 204.00 270.00 – –

Note: Service factor Ks is 1.0 for this table (see service factors in Table 5.52). Sliding velocity is not over 6000 fpm.
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The horsepower ratings shown in Tables 4.19 and 4.20 are mechanical ratings. The mechan-
ical rating is the amount of power that the set is expected to carry without excessive wear 
or tooth breakage when the set is kept reasonably cool. In many cases, worm gear sets will 
overheat because there is not enough cooling of the gear case or the oil supply to remove 
the heat generated by the set. This makes it necessary to calculate a thermal rating. The 
thermal rating is the maximum amount of power that the set can carry before a dangerous 
operating temperature is reached. Quite obviously, the thermal rating depends as much 
on casing design and lubrication system as it does on the size of the gears themselves. 
In many cases, a worm gear design will not carry so much thermal rating as mechanical 
rating. However, if adequate oil pumps, heat exchangers, and oil jets are used, it should 
be possible to operate any worm gear set up to its full mechanical rating. Shows standard 
thermal ratings for cylindrical worm gear sets.

In each of the designs shown in the tables, an arbitrary size of worm was used. The size 
chosen represents good design practice. In many instances, though, it is be necessary to 

TABLE 4.21

Nominal Capacity of Spiroid Gears (Pinion and Gear Case Hardened, 60 Rockwell C min.)

Ratio, mG

Center 
Distance, C

Pinion 
O.D., do

Gear 
O.D., Do

Hp at Different rpm of Pinion

100 720 1750 3600 10,000

10.250 0.500 0.437 1.500 0.0142 0.0697 0.129 0.1948 0.3354
14.667 0.421 0.0120 0.0589 0.109 0.1645 0.2834
25.500 0.423 0.0088 0.0432 0.080 0.1208 0.2080
47.000 0.427 0.0064 0.0313 0.058 0.0876 0.1508
10.250 1.000 0.853 3.000 0.0937 0.4601 0.852 1.2870 –
14.667 0.821 0.0759 0.3726 0.690 1.0420
25.500 0.827 0.0550 0.2700 0.500 0.7550
47.000 0.837 0.0377 0.1852 0.343 0.5179
71.000 0.761 0.0299 0.1469 0.272 0.4107
10.250 1.875 1.507 5.625 0.4961 2.4350 4.510 6.8100 –
14.667 1.463 0.4125 2.0250 3.750 5.6630
25.500 1.435 0.2915 1.4310 2.650 4.0020
47.000 1.448 0.1804 0.8856 1.640 2.4760
71.000 1.308 0.1441 0.7074 1.310 1.9780

106.000 1.215 0.1188 0.5832 1.080 1.6310
10.250 3.250 2.395 9.750 2.1010 10.3100 19.000 – –
14.667 2.465 1.760 8.6400 16.000
25.500 2.319 1.2100 5.9400 11.000
47.000 2.344 0.7205 3.5370 6.550
71.000 2.090 0.5544 2.7220 5.040

106.000 1.933 0.4455 1.1870 4.050
10.250 5.125 3.342 15.375 7.0070 34.4000 63.700 – –
14.667 3.342 5.9180 29.0500 53.800
25.500 3.092 3.9490 19.3900 35.900
47.000 2.910 2.2550 11.0700 20.500
71.000 3.097 1.7270 8.4780 15.700

106.000 2.841 1.3860 6.8040 12.600

Note: Class 1 AGMA service. Pitch-line speed not over 1700 fpm. No allowance for shock loads, Ks = 1.0. Based 
on tooth proportions recommended by Spiroid Division of Illinois Tool Works, Chicago, IL, USA.
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use differently sized worms. Often a worm is made to a “shell” design to slip over a large 
shaft. Large turbine shafts may have large worms mounted on them to drive small worm 
gears attached to oil pumps or governors. Good designs of this type can be made, but 
they are not as efficient as worm gear sets in which the worm and gear sizes can be more 
properly proportioned.

4.2.7  Estimating Spiroid Gear Size

Spiroid gears have less sliding than worm gears but much more sliding than spur or heli-
cal gears. It is not practical to estimate their size by the Q-factor method.

In general, both members of the Spiroid set are carburized. Final finish is done by grind-
ing or lapping. Normally, the lubrication is handled by EP lubricants.

Table 4.21 shows the nominal capacity of a range of Spiroid gear set sizes. This table can 
be used to make a preliminary estimate of the size needed for Spiroid gear set.

4.3  Data Needed for Gear Drawings

After the size of a gear train has been determined, the designer must work out all the 
dimensional specifications and tolerances that are necessary to define exactly the gears 
required. Data on the gear material required and the heat treatment must also be given.

Many years ago it was customary to specify only a few major dimensions, such as pitch, 
number of teeth, pressure angle, and face width. It was assumed that the skilled mechanic 
in the shop would know what tooth thickness, whole depth, addendum, and degree of 
accuracy were required. Little or no consideration was given to such things as root fillet 
radius, surface finish, and profile modification.

Today the designer of gears for a highly developed piece of machinery such as an air-
plane engine, an ocean-going ship, or an automobile finds it necessary to specify dimen-
sions and tolerances covering all features of the gear in close detail. There is often the risk 
that a buyer of gears will purchase thousands of dollars worth of gears and find that their 
quality is unsuitable for the application.

4.3.1  Gear Dimensional Data

The dimensional data that may be required to make a gear drawing can be broken down 
into blank dimensions and tooth data. The blank dimensions are usually shown in cross-
sectional views. The tooth data are either tabulated or shown directly on an enlarged view 
of one or more teeth. Some of the common blank dimensions are:

• Outside diameter
• Face width
• Outside cone angle (bevel gears)
• Back cone angle (bevel gears)
• Throat diameter (worm gears)
• Throat radius (worm gears)
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• Root diameter
• Bore diameter (internal gears)
• Mounting distance (bevel gears)
• Inside rim diameter
• Web thickness
• Journal diameter

The tabulated gear tooth data will cover such items as:

• Number of teeth
• Module (or diametral pitch)
• Pitch diameter
• Circular pitch
• Linear pitch (worm gears)
• Pressure angle
• Normal pressure angle (helical gears)
• Normal circular pitch (helical gears)
• Normal module or pitch (helical gears)
• Addendum
• Whole depth
• Helix angle
• Hand of helix
• Lead angle (worm gears)
• Pitch cone angle (bevel gears)
• Root cone angle (bevel gears)
• Tooth thickness
• Lead (worm gears)

Special views of gear teeth may be used to show things such as minimum root fillet radius, 
form diameter, tip radius, end radius, and surface finish. Notes may be added to the draw-
ing to specify the heat treatment and to define the accuracy limits for checking the gear 
teeth. Further notes often define the reference axis used in checking and refer to drawings 
of cutting tools or processing procedures needed to make the gear come out right.

The description just given of what may go on a gear drawing may leave the impres-
sion that gear drawings have to be very complicated. This is not necessarily the case. The 
designer should consider the gear quality required to meet design requirements, together 
with the responsibility that the shop making the gear will assume for making gears that 
will work satisfactorily. If the gear shop will assume this responsibility, and they under-
stand the design requirements, a very simple drawing may be sufficient. Many fine gears 
are made from drawings that are very simple. The problem of the gear designer is to deter-
mine just how detailed the drawing must be to give the gear maker the responsibility for 
producing a gear that will do the job.

Figure 4.22 shows how a complex drawing is made for a pinion used with a high-speed 
turbine. These aspects of the drawing shown in Figure 4.22 are worth noting:
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36.03° O.D.

23.73° P.D.
(operating)

13.35° form diam. Form diam.

Tooth finishing
Involute profile chart

Helix accuracy chart

External helical gear
manufacturing data

Module, normal
Module, transverse
Pressure angle, normal
Pressure angle, transverse
Helix angle and hand
Number of teeth
Pitch diameter
Base circle diameter
Base helix angle
Helix head
Major diameter
Root diameter
Form diameter, max.
Roll angle at form
Roll angle at O.D.
Root fillet radius, min.
Arc tooth thickness, norm.
Pin diameter
Dimension over pins

 _______________________ 5.05
 __________________ 5.1764

__________________ 20°
____________ 20.647°

_______________ 15° R.H
________________________ 24

 _____________________ 124.233
________________ 116.254

____________________ 14.076°
________________________ 1456.58

_______________ 137.33.137.07
________________ 112.60.116.68

_________________ 119.37
___________________ 13.356°
___________________ 36.033°

_________________ 1.75
_______ 8.928.8.801

_______________________ 8.64001
___________ 138.67.138.40

No. teeth in mating gear
Center distance
Pitch diameter
Module, transverse
Pressure angle, transverse
Addendum
Backlash

__________________ 80
____________________ 272.637

_____________________ 125.832
__________________ 5.2430

____________ 22.500°
_________________________ 5.7500

_______________________ 0.265.0.530

Material grade
Quality level, tooth geometry
Tooth to tooth spacing limits
Cumulative tooth to tooth
Total composite variation
Profile tolerance
Helix accuracy
Profile surface finish, microns
Root fillet surface finish, microns

___________________________ 1
______________ A
__________ 0.0061

____________ 0.0127
_____________ 0.0256

___________________ see chart
____________________ see chart

____________ 0.5
_________ 2.0

Number of teeth
Spline module
Pressure angle
Pitch diameter
Base diameter
Major diameter
Form diameter, max.
Minor diameter, min.
Circular tooth thickness
        Max. effective
        Min. actual
        Max. actual
Pin diameter
Min. measurement over pins

 ________________________ 26
 ____________________ 2.54/1.27
_________________________ 30°
______________________ 66.040

_______________________ 53.924
_________________ 68.58.67.82

 _________________ 63.348
________________ 62.230

____________________ 3.990
______________________ 3.909
______________________ 3.945

________________________ 4.8768
__________ 73.482

Operating conditions (ref.)

Gear quality

External involute spline data
flat root side fit

0.25-0.50 tooth
tip rounding

0.5-10 tooth edge
breaks including
root

0.18 max. undercut
or step below
form diam.

Profile tol. limits

32.10°

0

0

36°

30°

24°

18°

12°

50 100 133

1. Dias.  –A–  and  –A–  form axis of gear.
2. Material: AISI 4320, make from forging no. 1002.2.
3. Heat treatment:
        Carburize and HDN, noted area
        Case hardness HRC 59 minimum
        Effective case depth after grinding 1.0-1.5
        Core hardness HRC 35-42
4. Grinding prohibited in roots of teeth
5. Magnetic particle inspect. Indications prohibited in
    gear or spline teeth
6. Nital etch inspect, grind burns or retempered areas
    prohibited
7. Brand part no. and serial no.
8. (1) required per assembly

Notes:

FIGURE 4.22
Sample gear drawing for high-precision turbine gear work.
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• Basic tooth data for gear teeth and spline teeth are shown in tabular form.
• A cross-sectional view (and an end view if needed) shows the body dimension of 

the gear.
• Enlarged tooth views may be needed to define finish, critical radii, and instruc-

tions on where grinding is permitted.
• Special rounding or breaking of sharp end corners is covered in an enlarged tooth 

view.
• A series of notes covers requirements of accuracy, metallurgy, and (perhaps) spe-

cial processing procedures.

For several years, major effort has been made to establish drafting standards for gears. 
This work has led to gear and spline standards issued as American National Standards 
Institute (ANSI) document 14.7.

Figure 4.23 shows an example from ANSI 14.7.1 for a spur gear and helical gear. Note that 
formats A, B, C, and D are recognized, and that there are quite a few special instructions 
for those who do the design and drafting work.

Examples of straight bevel gear and a spiral bevel gear from ANSI 14.7.2 are shown in 
Figures 4.24 and 4.25. Note the long list of tabulated data items. Also note the special data 
shown in the cross-sectional view to define crossing point, face apex, and other things 
peculiar to bevel gears.

Standard worm and worm gear drawing examples from ANSI 14.7.3 are shown in 
Figures 4.26 and 4.27. Note the difference in practice between single-enveloping gearing 
and double-enveloping worm gearing.

Spiroid and Helicon gears also need special drafting treatment. Figure 4.28 shows an 
example from ANSI 14.7.3 for a Spiroid pinion and a Spiroid gear.

Those involved in the details of gear and spline* drafting should study carefully all the 
special data and instructions given in ANSI 14.7.1 to ANSI 14.7.4. After years of work, a 
general agreement has been reached on an international practice on defining and depict-
ing the whole family of gears and splines.

4.3.2  Gear Tooth Tolerances

This is a difficult and controversial subject. Much has been written about gear tolerances, 
and yet there are no clear-cut answers. Space will not permit a detailed study of tolerances 
in this book.

From a general standpoint, tolerances on a gear must meet two kinds of requirements:

 1. The tolerances must be broad enough to be met by the method of manufacture and 
the craftsmanship of the plant undertaking the manufacture.

 2. Tolerances must be close enough so that the gears will carry the required loads 
for a sufficient length of time and without objectionable noise or vibration. In tim-
ing and control applications, suitable accuracy of motion and freedom from “lost 
motion” on reversal must be obtained.

* The spline with gear teeth is closely related to gearing in its design and manufacture. Functionally, though, 
the spline is a joint connection rather than a gear mesh.
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The designer has several sources of information on tolerances. If the product is in pro-
duction, the accuracy already achieved and the performance in the field can be stud-
ied. This should give an answer to the questions of what can be done and what is 
needed. On entirely new products, studies of dynamic loads, effects of misalign-
ment, and effects of surface finish may be required. Sections 5.2.4 and 5.2.5 and 

Surface S Surface S

DIA

Major
Dia (5)

X.XXXX
X.XXXX DIAX.XXXX

X.XXXX

X.XXX
X.XXX

Major
Dia (5)

X.XXX
X.XXX

XXX
XXX

Involute spur gear data (1)

(a) Format A

(b) Format B

(c) Format C

(d) Format D

(a) Format A

(b) Format B

(c) Format C

(d) Format D

— 12’ — root
Number of teeth  XX
Diametral pitch  (1)XX
Pressure angle  XX XX°
Pitch dia  X XXXXXXXX ref
Base dia  X XXXXXXXX ref
Form dia (4)  X.XXX
Minor dia (5)  X.XXX-X.XXX
Actl circ tooth thk at pitch dia .XXXX-.XXXX
Meas over two .XXXXX dia pins (6)
    X.XXXX-X.XXXX ref
Max runout  XXXX fir (7)
All tooth element specifications are from datum
    established by the axis of surface S

— 2’ — root
Number of teeth  XX
Diametral pitch-norm  (3)XX
Pressure angle-norm  XX XX°
Helix angle  X.XXXXXXXX° ref
Hand of helix  X
Lead  XX.XXX (8)
Pitch dia  X.XXXXXXXX ref
Base dia  X.XXXXXXXX ref
Form dia (4)  X.XXX
Minor dia (5)  X.XXX-X.XXX
Actl circ tooth thk-norm at pitch dia
    .XXXX-.XXXX
Meas over two  .XXXXX dia balls (6)
    X.XXXX-X.XXXX ref
Max runout  .XXXX fir (7)
All tooth element specifications are from datum
    established by the axis of surface S

Show data as in Format A, and add:
Pitch tol .XXXX

Show data as in Format A, and add:
Pitch tol .XXXX
Profile tol   .XXXX

For Format D, see paragraph 7-5.4

1 When view does not clearly delineate the gear, chart
    title shall be supplemented by the word “EXTERNAL.”
2 Show here, either “FULL FILLET,” “OPTIONAL” or
    “FLAT.”

Show data as in Format A, and add:
Pitch tol .XXXX

Show data as in Format A, and add:
Pitch tol .XXXX
Profile tol   .XXXX

For Format D, see paragraph 7-5.4

1 When view does not clearly delineate the gear, chart
    title shall be supplemented by the word “EXTERNAL.”
2 Show here, either “FULL FILLET”, “OPTIONAL” or
    “FLAT.”

Involute helical gear data (1)

XXX
XXX

FIGURE 4.23
Standard drawing formats for spur and helical gears. (From American National Standard Drafting Practice, 
Gear Drawing Standards, ANSI 14.7.1. With permission of the American Society of Mechanical Engineers.)
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(X.XXX)

X.XXX1
X.XXX

X.XXX1
X.XXX

X.XXXX
X.XXXXφ

X.XXX
X.XXX

Face apex

Crossing point

Each radial element

Axis at mating 
member

.XXX

.XXXI.XXXI

I.XXXI

(X.XXXX)
 Mounting distance

φ

XX.XX°1
XX.XX°

XX.XX°1
XX.XX°

XX.XX°
XX.XX°

–A–

A .XXX

A .XXX

Number of teeth
Diametral pitch1
Pressure angle
Pitch diameter
Addendum
Working depth
Whole depth
�eoretical outside diameter
�eoretical crown to back
Pitch angle
Root angle
Circular thickness
Mean measuring addendum
Mean measuring thickness
Normal, backlash with mate
Backlash variation tolerance1
Shaft angle
Fillet radius
Runout tolerance3
Pitch tolerance3
Index tolerance1
Tooth surface texture
AGMA quality class
Tooth form

Driving member
Direction of rotation
MFG summary number
Part number of mate
Number of teeth in mate

XX
(XX.XXX)
(XX.XX°)

(X.XXXX)
(.XXX)2
(.XXX)2

.XXX-.XXX1
(X.XXX)2
(X.XXX)2

(XX.XX°)2
(XX.XX°)
(.XXXX)3

XXX2
.XXX-.XXX2
.XXX-.XXX2

.XXXX
(XX.XX°)

.XXX-.XXX1
.XXXX
.XXXX
.XXXX

XX AA or R,
XX

CONIFLEX© or
REVACYCLE©
Pinion or gear

CW and/or CCW
XXXXXX
XXXXXX

XX

1  For metric drawings, specify module in place of diametral pitch
2  For metric drawings, the number of decimal places to the right of the decimal point should be
        reduce by one
3  See 7.3.3 and 7.4.13 concerning when to specify these values on the gear drawing

FIGURE 4.24
Standard drawing format for straight bevel gears. (From American National Standard Drafting Practice, Gear Drawing Standards, ANSI 14.7.2. With per mission of the 
American Society of Mechanical Engineers.) 
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X.XXXφ

X.XXXX
X.XXXXφ

Axis at mating
member

Crossing point

Face apex

(X.XXXX)
 Mounting distance

X.XXX1
X.XXX

XX.XX°1
XX.XX°

XX.XX°1
XX.XX°

XX.XX°
XX.XX°

.XXX

.XXX

(.XXX)

(.XXX)

X.XXX1
X.XXX

(X.XXX)

–A–
.XXX

A .XXX M

1. For metric drawings, specify module in place of diametral pitch
2. For metric drawings, the number of decimal places to the right of the decimal point should be
        reduce by one
3. See 7.3.3 and 7.4.13 concerning when to specify these values on the gear drawing
4. May be optional for matched sets Specify on matched set drawing

V and H check in thousandths of an inch (or hundredths of a millimeter)
for finished gears4

Number of teeth
Diametral pitch1
Normal pressure angle
Mean spiral angle
Hand of spiral
Pitch diameter
Addendum
Working depth
Whole depth
�eoretical outside diameter
�eoretical crown to back
Pitch angle
Root angle
Circular thickness
Mean measuring addendum
Mean measuring thickness
Normal backlash with mate
Backlash variation tolerance2
Shaft angle
Fillet radius
Runout tolerance3
Pitch tolerance3
Index tolerance1
Tooth surface texture
AGMA quality class
Tooth form

Driving member
Direction of rotation
MFG summary number
Part number of mate
Number of teeth in mate

XX
(XX.XXX)
(XX.XX°)
(XX.XX°)
LH or RH

(X.XXXX)
(.XXX)2
(.XXX)2
(.XXX)2

(X.XXX)1
(X.XXX)2
(XX.XX°)
(X.XXX)2

.XXX2
.XXX-.XXX2
.XXX-.XXX2
.XXX-.XXX2

X.XXX2
(XX.XX°)

.XXX-.XXX2
.XXXX
.XXXX
.XXXX

XX AA or R
XX

GENERATED or
FORMATE© or
HELIXFORM©

Pinion or gear
CW and/or CCW

XXXXXX
XXXXXX

XX

Gear convex

V

H

Toe

XX

XX

Heel

XX

XX

Total

XX

XX

Gear concave

V

H

Toe

XX

XX

Heel

XX

XX

Total

XX

XX

FIGURE 4.25
Standard drawing format for spiral bevel gears. (From American National Standard Drafting Practice, Gear Drawing Standards, ANSI 14.7.2. With per mission of the 
American Society of Mechanical Engineers.)
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X.XX R

X.XXX
X.XXX

X.XX
X.XX

X.XX
X.XX

X.XXX
X.XXX

X.XXX
Center

distance

.XX R

WormX.XX
X.XX

X.XX
X.XX

X.XXX
X.XXX

X.XXX
X.XXX

XX°

Worm data

Worm gear data Mating worm data (reference)

Number of threads (starts)
Pitch diameter
Axial pitch
Lead  angle
Hand of lead
Axial pressure angle
Normal pressure angle
Addendum
Whole depth (minimum)
Axial tooth thickness at PD
Tooth profile form
Mating part number

XX
   X.XXX
   X.XXXX
XX.XXXXXXX°
RH or LH
XX.XX°
XX.XX°
X.XXX
X.XXX
X.XXX/X.XXX
Involute or other
XXXXX

Number of teeth
Pitch diameter
Addendum
Whole depth (minimum)
Backlash in assembly
Mating part number

XX
   X.XXX
   X.XXX
   X.XXX°
X.XXX/X.XXX
XXXXX

Number of threads (starts)
Pitch diameter
Axial pitch
Lead angle
Hand of lead
Axial pressure angle
Normal pressure angle
Addendum
Axial tooth thickness at PD

XX
   X.XXX
   X.XXXX
XX.XXXXXXX°
RH or LH
XX.XX°
XX.XX°
X.XXX
X.XXX/X.XXX

1. For metric drawings, specify module in place of pitch diameter.
2. For metric drawings, the number of decimal places to the right of the decimal point should
    be reduce by one.

1. For metric drawings, specify module in place of pitch diameter.
2. For metric drawings, the number of decimal places to the right of the decimal point
     should be reduce by one.

FIGURE 4.26
Standard drawing format for single-enveloping worm gears. (From American National Standard Drafting Practice, Gear Drawing Standards, ANSI 14.7.3. With per-
mission of the American Society of Mechanical Engineers.)
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Worm data Worm gear data
Pitch diameter
Circular pitch
Normal pressure angle
Number of threads (starts)
Lead angle average
Hand of lead
Backlash with mate
Center distance
Ratio
Outside diameter
�roat diameter
Working depth
Whole depth (minimum)
Tooth thickness X.XXX normal
    at X.XXX depth when throat diameter is
Base circle diameter
Mating gear number

Pitch diameter
Circular pitch
Normal pressure angle
Number of teeth
Lead angle average
Hand of lead
Backlash with mate
Center distance
Ratio
Outside diameter
�roat diameter
Working depth
Whole depth (minimum)
Tooth thickness X.XXX normal
    at X.XXX depth when throat diameter is
Base circle diameter
Mating worm number

   X.XXX
   X.XXX
XX.XX°
XX
XX.XX°
RH or LH
   X.XXX/X.XXX
   X.XXX
XX to 1
   X.XXX/X.XXX
   X.XXX/X.XXX
   X.XXX
   X.XXX

   X.XXX
   X.XXX
XXXXX

   X.XXX
   X.XXX
XX.XX°
XX
XX.XX°
RH or LH
   X.XXX/X.XXX
   X.XXX
XX to 1
   X.XXX/X.XXX
   X.XXX/X.XXX
   X.XXX
   X.XXX

   X.XXX
   X.XXX
XXXXX

1. For metric drawings, specify module in place of pitch diameter.
2. For metric drawings, the number of places to the right of the decimal point should be 
    reduced by one.

1. For metric drawings, specify module in place of pitch diameter.
2. For metric drawings, the number of places to the right of the decimal point should be 
    reduced by one.

X.XX
X.XX

X.XXX
X.XXX

X.XXX
X.XXX

XX°

X.XX
X.XX

FIGURE 4.27
Standard drawing format for double-enveloping worm gears. (From American National Standard Drafting Practice, Gear Drawing Standards, ANSI 14.7.3. With per-
mission of the American Society of Mechanical Engineers.)
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(X.XXX)
 Mounting distance

XX°
XX°

XX°
XX°

(XX°)

(X°)

(XX°)

(.XXX)
.XXX
.XXX

.XXX

.XXX
Normal tooth
thickness

Norm. P.A.’S
Enlarged view

of threads

Spiroid pinion data
Ratio
Center distance
Hand
�read angle
Lead
No. of threads
Zero plane radius
Mating gear
Backlash variation
     with gear
Shaft angle

--------------------- XX to 1
---------- X.XXX

-------------------- RH (LH)
 ------------- XX.XX°

------------------- X.XXXXX
---------------- XX

---------- .XXX
------------- XXXXX

--------- .XXX/.XXX
------------------ .XX°

.XXX

.XXX R

X.XX°
X.XX°

X.XXX
X.XXX

X°
X°

X.XX°
X.XX°

X.XXX
X.XXX

(X.XXX)

(.XXX)
After machining

Pinion centerline

.XXX max. gear teeth runout in
          relation to a surface

Center
distance

Mounting
distance

X.XXX
X.XXXCenter

distance

Zero plane
radius

(X.XXX)
pinion O.D.

Gear
centerline

.XXX max. thread runout
in relation to a surface

.XXX

.XXX

X.XXX
X.XXX

1  For metric drawings, the number of places
    to the right of the decimal point should be
    reduced by one.

Spiroid gear data
Ratio
Center distance
Hand
No. of teeth
Summary sheet
Hob number
Mating pinion
Backlash with pinion
Shaft angle

--------------------------- XX to 1
--------------- X.XXX

------------------------- RH (LH)
 ------------------------ XX

--------------- XXXXX
------------------ XXXXX

---------------- XXXXX
---- .XXX/.XXX

------------------------ .XX°
1  For metric drawings, the number of places to the right of the decimal point
    should be reduced by one.

A

A

FIGURE 4.28
Standard drawing format for Spiroid gears. (From American National Standard Drafting Practice, Gear Drawing Standards, ANSI 14.7.3. With permission of the 
American Society of Mechanical Engineers.)
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Section 7.4.1 show some of the considerations that will help a designer estimate accuracy 
requirements. Trade standards, such as AGMA 2009-B01 and AGMA 2011-A98, are very 
helpful in showing trade practices in regard to tolerances and inspection of different kinds 
of gears. Machine-tool builders can usually give good data as to the accuracy that their 
products can produce.

The quality of gear teeth cannot be completely controlled until appropriate tolerances 
are specified on the following items:

• Tooth spacing
• Tooth profile
• Concentricity of teeth with axis
• Tooth alignment (or lead, or helix)
• Tooth thickness (or backlash)
• Surface finish of flank and fillet

The best tooth-to-tooth spacing accuracy obtainable is about 2.5 μm (0.0001 in.). Very care-
ful grinding or very good cutting and shaving is required to get this extreme degree of 
accuracy. Only a few of the best-designed machine tools are capable of this kind of work. 
This kind of accuracy is needed in a few very high-speed gears for marine and industrial 
uses. Tooth-to-tooth accuracy of most precision gear applications is of the order of 5 μm 
(0.0002 in.) or 8 μm (0.0003 in.). Good commercial gears range from 12 μm (0.0005 in.) to 
40 μm (0.0016 in.) in tooth-to-tooth accuracy.

In a few cases, the involute profile is held to a 5 μm (0.0002 in.) variation. Most precision 
gears have their involutes within 12 μm (0.0005  in.). Good general-purpose gears range 
from 25 μm (0.001 in.) to 12 μm (0.0005 in.) on involute.

Concentricity of control gears of small size is held to 12 μm for some applications. Most 
precision gears are in the range of 25 to 50 μm. Good commercial gears range up to about 
120 μm. Concentricity is ordinarily measured as twice the eccentricity (full indicator read-
ing used).

Tooth alignment in very critical applications is held to as little as 15 and 10 μm over 250 
to 500 mm. Extraordinary equipment and effort are required to hold a tight control over 
wide-face-width gears like the 500-mm-per-helix gears used in ship propulsion. Many 
commercial gears are held to limits like 12 to 20 μm for 25-mm face width.

Power gears allow from 50 to 120 μm (0.0020–0.0050 in.) tooth thickness variation. This 
variation, of course, is not within one gear but from one gear to another. All teeth of one 
gear will be very close to the same size if tooth spacing is close. Some control gears are 
ground or shaved to as little as 5 μm tooth thickness tolerance. This is very hard to do.

Tooth surface finish can be held within 0.4 μm (16 μin.) AA by very skilled shaving or 
grinding. Many precision gears are held to about 0.8 μm AA. Commercial gears are apt to 
be around 1.2 to 2 μm or more.

There is a general trend to use limits-of-accuracy sheets to define tolerances. This saves 
writing out all the tolerances on each drawing. All that has to be put on the drawing is the 
limits column that the gear is to be checked to.

When a company issues its own engineering limits for gear accuracy, several things can 
be covered:

  



234 Dudley’s Handbook of Practical Gear Design and Manufacture

• Several classes or grades of accuracy can be set. High accuracy grades can be set 
for long-life, high-speed gears. Lower accuracy grades will cover medium- or low-
speed gears.

• Things not covered in trade standards on accuracy can be covered. These may be 
things like root fillet radii tolerances, allowable mismatch between side of tooth 
profile and root fillet, or allowable waviness or irregularity in profile and helix.

• An engineering limits document can define checking machine procedures to get 
tooth-to-tooth spacing, accumulated spacing, and runout readings. Procedures 
can be defined to handle allowed error in master gears used to check production 
gears. Stylus size, stylus pressure, and other mechanics of checking can be defined 
to fit the checking machinery intended to be used in manufacture.

Many major companies that build a good volume of important geared machinery have 
found a well-developed engineering document on gear checking essential.

Trade standards such as AGMA 2009-B01, AGMA 2011-A98, and DIN 3961 are valuable 
guidelines for setting company engineering standards for gears. Also, of course, it is quite 
appropriate to work directly with trade standards on gearing without special extra data 
that may be peculiar to an individual company.

Table  4.22 shows typical gear tolerances for quality numbers 9 to 13. In comparison, 
Table 4.23 shows DIN tolerances from 10 to 3. All AGMA 2009-B01, AGMA 2011-A98, and 
DIN 3961 documents show a considerable amount of additional gear tolerance and inspec-
tion data. Also, these documents are revised every few years. Those designing and build-
ing gears are strongly advised to get the latest issues of these standards and keep abreast 
of the best current practices in gear inspection.

In many cases, gear quality can be measured by simple functional tests. In some appli-
cations, the ability to run quietly in a noise-testing machine is a good check. Some power 
gearing is checked by running at full load and full speed for a certain period. If the gear 
runs smoothly and the surface polishes up without wear, it can be assumed that the gear 
will do its job in service. In control gearing, the measurement of backlash in different 
positions may serve to control quality. Since it costs a lot to give gears detailed checks, 
the designer should choose the least expensive checking system that will ensure proper 
quality. Then the gear drawing should be toleranced in keeping with the inspection that 
is planned.

4.3.3  Gear Material and Heat Treatment Data

Historically, the geometric quality of gears (tooth tolerances) received much attention 
between 1940 and 1980. As Section 4.3.2 has just described, there are trade standards for 
gear accuracy and a well-developed gear industry practice. The metallurgical quality of 
gears has not (thus far) received equal attention.

The best gear people worldwide are now coming to realize that metallurgical quality is 
just as important as geometric quality. A gear of good accuracy made from material that 
has a poor hardness pattern or substantial metallurgical flaws will not last as long as it 
should or will be unable to carry full load without serious distress.

Take the case-hardened gear, for example. If the case is too thin, the tooth strength and 
wear resistance will be unsatisfactory. If the case is too deep, the tooth is apt to be too brit-
tle and subject to high internal stresses (the case will be tend to break away from the core 
material). If the carburizing gas is too rich, the outer case will contain too much carbon and 
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TABLE 4.22

Typical Gear Tolerances for Quality Numbers 9 to 13

AGMA 
Quality 
Number

Normal 
Diametral 

Pitch

Runout Tolerance for Pitch Diameter (in.) Pitch Tolerance for Pitch Diameter (in.)

¾ 1½ 3 6 12 25 50 100 200 400 ¾ 1½ 3 6 12

9 ½ 104.7 124.7 147.0 173.4 204.5 241.2 13.4
1 63.5 74.8 89.1 105.1 124.0 146.2 172.4 10.2 11.5
2 38.5 45.4 53.5 63.7 75.2 88.6 104.5 123.3 7.7 8.7 9.8
4 23.3 27.5 32.4 38.3 45.6 53.7 63.4 74.7 88.1 5.8 6.6 7.4 8.4
8 14.1 16.7 19.7 23.2 27.4 32.6 38.4 45.3 53.4 63.0 4.4 5.0 5.6 6.4 7.2
12 11.6 13.7 16.2 19.1 22.5 26.8 31.6 37.2 43.9 51.8 4.0 4.6 5.1 5.8 6.6
20 9.1 10.7 12.6 14.9 17.6 20.9 24.7 29.1 34.3 40.4 3.6 4.1 4.6 5.2 5.9

10 ½ 74.8 89.0 105.0 123.8 146.1 172.3 9.4
1 45.3 53.5 63.7 75.1 88.5 104.4 123.2 7.2 8.1
2 27.5 32.4 38.2 45.5 53.7 63.3 74.7 88.1 5.4 6.1 6.9
4 16.7 19.6 23.2 27.3 32.5 38.4 45.3 53.4 63.0 4.1 4.6 5.2 5.9
8 10.1 11.9 14.0 16.6 19.5 23.3 27.4 32.4 38.2 45.0 3.1 3.5 4.0 4.5 5.1
12 8.3 9.8 11.5 13.6 16.1 19.1 22.6 26.6 31.4 37.0 2.8 3.2 3.6 4.1 4.6
20 6.5 7.6 9.0 10.6 12.5 14.9 17.6 20.8 24.5 28.9 2.5 2.9 3.2 3.7 4.1

11 ½ 53.4 63.6 75.0 88.5 104.3 123.0 6.6
1 32.4 38.2 45.5 53.6 63.2 74.6 88.0 5.0 5.7
2 19.6 23.1 27.3 32.5 38.3 45.2 53.3 62.9 3.8 4.3 4.9
4 11.9 14.0 16.6 19.5 23.2 27.4 32.3 38.1 45.0 2.9 3.3 3.7 4.2
8 7.2 8.5 10.0 11.8 14.0 16.6 19.6 23.1 27.3 32.2 2.2 2.5 2.8 3.2 3.6
12 5.9 7.0 8.2 9.7 11.5 13.7 16.1 19.0 22.4 26.4 2.0 2.3 2.6 2.9 3.3
20 4.6 5.5 6.4 7.6 9.0 10.7 12.6 14.8 17.5 20.6 1.8 2.0 2.3 2.6 2.9

12 ½ 38.1 45.4 53.6 63.2 74.5 87.9 4.7
1 23.1 27.3 32.5 38.3 45.2 53.3 62.8 3.5 4.0
2 14.0 16.5 19.5 23.2 27.4 32.3 38.1 44.9 2.7 3.0 3.4
4 8.5 10.0 11.8 13.9 16.6 19.6 23.1 27.2 32.1 2.0 2.3 2.6 2.9
8 5.2 6.1 7.2 8.5 10.0 11.9 14.0 16.5 19.5 23.0 1.5 1.7 2.0 2.2 2.5
12 4.2 5.0 5.9 6.9 8.2 9.8 11.5 13.6 16.0 18.9 1.4 1.6 1.8 2.0 2.3
20 3.3 3.9 4.6 5.4 6.4 7.6 9.0 10.6 12.5 14.7 1.3 1.4 1.6 1.8 2.0

(continued)
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TABLE 4.22 (Continued)

Typical Gear Tolerances for Quality Numbers 9 to 13

AGMA 
Quality 
Number

Normal 
Diametral 

Pitch

Runout Tolerance for Pitch Diameter (in.) Pitch Tolerance for Pitch Diameter (in.)

¾ 1½ 3 6 12 25 50 100 200 400 ¾ 1½ 3 6 12

13 ½ 27.2 32.4 38.3 45.1 53.2 62.8 3.3
1 16.5 19.5 23.2 27.4 32.3 38.1 44.9 2.5 2.8
2 10.0 11.8 13.9 16.6 19.6 23.1 27.2 32.1 1.9 2.1 2.4
4 6.1 7.2 8.4 10.0 11.9 14.0 16.5 19.5 22.9 1.4 1.6 1.8 2.1
8 3.7 4.3 5.1 6.0 7.1 8.5 10.0 11.8 13.9 16.4 1.1 1.3 1.4 1.6 1.8
12 3.0 3.6 4.2 5.0 5.9 7.0 8.2 9.7 11.4 13.5 1.0 1.1 1.3 1.4 1.6
20 2.4 2.8 3.3 3.9 4.6 5.4 6.4 7.6 8.9 10.5 0.9 1.0 1.1 1.3 1.4

Note: Tolerance values are in ten-thousands of an inch. 

Profile Tolerance for Pitch Diameter (in.)
Lead Tolerance for 

Face Width (in.)

25 50 100 200 400 ¾ 1½ 3 6 12 25 50 100 200 400 1 and less 2 3 4 5

15.3 17.3 19.5 22.1 24.9 30.4 34.1 37.9 42.2 46.9 52.2 4 7 9 11 13
13.1 14.8 16.7 18.9 21.4 20.2 22.5 25.2 28.1 31.2 34.7 38.6
11.2 12.7 14.3 16.2 18.3 13.5 15.0 16.7 18.6 20.7 23.1 25.7 28.6
9.6 10.8 12.2 13.8 15.7 8.9 10.0 11.1 12.3 13.8 15.3 17.1 19.0 21.1
8.2 9.3 10.5 11.9 13.4 5.9 6.6 7.4 8.2 9.1 10.2 11.4 12.6 14.1 15.6
7.5 8.5 9.6 10.8 12.2 5.0 5.5 6.2 6.9 7.6 8.6 9.5 10.6 11.8 13.1
6.7 7.6 8.5 9.7 10.9 4.0 4.4 4.9 5.5 6.1 6.8 7.6 8.5 9.4 10.5

10.8 12.2 13.7 15.5 17.6 21.7 24.3 27.1 30.1 33.5 37.3 3 5 7 9 10
9.2 10.4 11.8 13.3 15.0 14.5 16.1 18.0 20.0 22.3 24.8 27.6
7.9 8.9 10.1 11.4 12.9 9.6 10.7 11.9 13.3 14.8 16.5 18.3 20.4
6.7 7.6 8.6 9.8 11.0 6.4 7.1 7.9 8.8 9.9 11.0 12.2 13.6 15.1
5.8 6.5 7.4 8.3 9.4 4.2 4.7 5.3 5.9 6.5 7.3 8.1 9.0 10.0 11.2
5.3 6.0 6.7 7.6 8.6 3.6 4.0 4.4 4.9 5.5 6.1 6.8 7.6 8.4 9.4
4.7 5.3 6.0 6.8 7.7 2.9 3.2 3.5 3.9 4.4 4.9 5.4 6.1 6.7 7.5
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7.6 8.6 9.7 10.9 12.4 15.5 17.4 19.3 21.5 24.0 26.7 3 4 6 7 8
6.5 7.3 8.3 9.4 10.6 10.3 11.5 12.9 14.3 15.9 17.7 19.7
5.6 6.3 7.1 8.0 9.1 6.9 7.6 8.5 9.5 10.6 11.8 13.1 14.6
4.8 5.4 6.1 6.9 7.8 4.6 5.1 5.6 6.3 7.0 7.8 8.7 9.7 10.8
4.1 4.6 5.2 5.9 6.6 3.0 3.4 3.8 4.2 4.6 5.2 5.8 6.4 7.2 8.0
3.7 4.2 4.7 5.4 6.1 2.5 2.8 3.1 3.5 3.9 4.4 4.9 5.4 6.0 6.7
3.3 3.7 4.2 4.8 5.4 2.0 2.3 2.5 2.8 3.1 3.5 3.9 4.3 4.8 5.4
5.3 6.0 6.8 7.7 8.7 11.1 12.4 13.8 15.4 17.1 19.0 2 3 5 6 7
4.6 5.2 5.8 6.6 7.5 7.4 8.2 9.2 10.2 11.4 12.7 14.1
3.9 4.4 5.0 5.6 6.4 4.9 5.5 6.1 6.8 7.6 8.4 9.4 10.4
3.3 3.8 4.3 4.8 5.5 3.3 3.6 4.0 4.5 5.0 5.6 6.2 6.9 7.7
2.9 3.2 3.7 4.1 4.7 2.2 2.4 2.7 3.0 3.3 3.7 4.1 4.6 5.1 5.7
2.6 3.0 3.3 3.8 4.3 1.8 2.0 2.2 2.5 2.8 3.1 3.5 3.9 4.3 4.8
2.3 2.6 3.0 3.4 3.8 1.5 1.6 1.8 2.0 2.2 2.5 2.8 3.1 3.4 3.8
3.8 4.2 4.8 5.4 6.1 7.9 8.9 9.9 11.0 12.2 13.6 2 3 4 4 5
3.2 3.6 4.1 4.6 5.3 5.3 5.9 6.6 7.3 8.1 9.0 10.1
2.8 3.1 3.5 4.0 4.5 3.5 3.9 4.3 4.9 5.4 6.0 6.7 7.4
2.4 2.7 3.0 3.4 3.8 2.3 2.6 2.9 3.2 3.6 4.0 4.4 4.9 5.5
2.0 2.3 2.6 2.9 3.3 1.5 1.7 1.9 2.1 2.4 2.7 3.0 3.3 3.7 4.1
1.8 2.1 2.4 2.7 3.0 1.3 1.4 1.6 1.8 2.0 2.2 2.5 2.8 3.1 3.4
1.6 1.9 2.1 2.4 2.7 1.0 1.2 1.3 1.4 1.6 1.8 2.0 2.2 2.5 2.7
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TABLE 4.23

Typical DIN Gear Tolerances for Grades 10 to 3

DIN 
Grade 
No.

Normal Tooth Size

Pitch Diameter

Over 50–125 (Over 2–4.9) Over 125–280 (Over 4.9–11) Over 280–560 (Over 11–22)

Runout

Spacing

Runout

Spacing

Runout

Spacing

T-to-T Cum. T-to-T Cum. T-to-T Cum.

Module
Diam. 
Pitch μm

10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in.

10 10–16 1.6–2.5 110 43 63 25 140 55 125 49 71 28 180 71 140 55 71 28 200 79
6–10 2.6–4.4 100 39 56 22 140 55 110 43 56 22 160 63 125 49 63 25 180 71

3.55–6 4.2–7.15 90 35 50 20 125 49 100 39 50 20 140 55 110 43 56 22 180 71
2–3.55 7.15–12.7 80 31 40 16 125 49 90 35 45 18 140 55 100 39 45 18 160 63

9 10–16 1.6–2.5 80 31 40 16 90 35 90 35 45 18 110 43 100 39 45 18 125 49
6–10 2.6–4.4 71 28 36 14 90 35 80 31 36 14 100 39 90 35 40 16 110 43

3.55–6 4.2–7.15 63 25 32 13 80 31 71 28 32 13 90 35 80 31 36 14 110 43
2–3.55 7.15–12.7 56 22 25 10 71 28 63 25 28 11 90 35 71 28 28 11 100 39

8 10–16 1.6–2.5 56 22 32 13 63 25 63 25 32 13 80 31 71 28 36 14 90 35
6–10 2.6–4.4 50 20 25 10 63 25 56 22 25 10 71 28 63 25 28 11 80 31

3.55–6 4.2–7.15 45 18 20 8 56 22 50 20 22 9 71 28 56 22 25 10 80 31
2–3.55 7.15–12.7 40 16 18 7 50 20 45 18 20 8 63 25 50 20 20 8 71 28

7 10–16 1.6–2.5 40 16 22 9 45 18 45 18 22 9 56 22 50 20 25 10 63 25
6–10 2.6–4.4 36 14 18 7 45 18 40 16 18 7 56 22 45 18 20 8 63 25

3.55–6 4.2–7.15 32 13 16 6 40 16 36 14 16 6 45 18 40 16 18 7 56 22
2–3.55 7.15–12.7 28 11 12 5 36 14 32 13 14 5.5 45 18 36 14 16 6 50 20

6 10–16 1.6–2.5 28 11 16 6 32 13 32 13 16 6 40 16 36 14 18 7 45 18
6–10 2.6–4.4 25 10 12 5 32 13 28 11 14 5.5 36 14 32 13 14 5.5 40 16

3.55–6 4.2–7.15 22 9 11 4 28 11 25 10 11 4 36 14 28 11 12 5 40 16
2–3.55 7.15–12.7 20 8 9 3.5 28 11 22 9 10 4 32 13 25 10 10 4 36 14
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5 10–16 1.6–2.5 20 8 11 4 25 10 22 9 11 4 28 11 25 10 12 5 32 13

6–10 2.6–4.4 18 7 9 3.5 22 9 20 8 10 4 25 10 22 9 10 4 28 11
3.55–6 4.2–7.15 16 6 8 3 20 8 18 7 9 3.5 25 10 20 8 9 3.5 28 11
2–3.55 7.15–12.7 14 5.5 6 2 20 8 16 6 8 3 22 9 18 7 8 3 25 10

4 10–16 1.6–2.5 14 5.5 8 3 18 7 16 6 8 3 20 8 18 7 9 3.5 22 9
6–10 2.6–4.4 12 5 6 2 16 6 14 5.5 7 3 20 8 16 6 8 3 22 9

3.55–6 4.2–7.15 11 4 5 2 16 6 12 5 5.5 2 18 7 14 5.5 6 2 20 8
2–3.55 7.15–12.7 10 4 4.5 2 14 5.5 11 4 5 2 16 6 12 5 5 2 18 7

3 10–16 1.6–2.5 10 4 5.5 2 12 5 11 4 5.5 2 14 5.5 12 5 6 2 16 6
6–10 2.6–4.4 9 3.5 4.5 2 11 4 10 4 5 2 14 5.5 11 4 5 2 16 6

3.55–6 4.2–7.15 8 3 4 1.5 10 4 9 3.5 4 1.5 12 5 10 4 4.5 2 14 5.5
2–3.55 7.15–12.7 7 3 3 1 10 4 8 3 3.5 1 12 5 9 3.5 3.5 1 14 5.5

Note: Tolerance values above are given in both microns (μm) and ten-thousands of an inch (10-4 in.). For definition of tolerances, see Figure 7.50. T-to-T stands for 
tooth-to-tooth spacing tolerance; Cum. stands for cumulative spacing tolerance. Runout values are about 10% lower than concentricity values determined with 
a master gear. 

Pitch Diameter

Profile 
Slope 
(Total)

Helix Slope for Face WidthOver 560–1000 (Over 22–39) Over 1000–1600 (over 39–63)

Runout

Spacing

Runout

Spacing 20–40 mm

(0.8–1.6 in.)

40–100 mm

(1.6–3.9 in.)

100–160 mm

(3.9–6.3 in.)

160 + mm

(6.3 + in.)T-to-T Cum. T-to-T Cum.

μm
10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in.

160 63 80 31 220 87 180 71 80 31 250 98 90 35 50 20 63 25 80 31 80 31
140 55 71 28 200 79 160 63 71 28 220 87 71 28
125 49 56 22 200 79 140 55 63 25 220 87 56 22
110 43 50 20 180 71 125 49 56 22 200 79 45 18
110 43 50 20 140 55 125 49 50 20 160 63 56 22 32 13 40 16 50 20 50 20
100 39 40 16 125 49 110 43 45 18 140 55 45 18
90 35 36 14 125 49 100 39 40 16 140 55 36 14
80 31 32 13 110 43 90 35 36 14 125 49 28 11

(continued)
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TABLE 4.23 (Continued)

Typical DIN Gear Tolerances for Grades 10 to 3

Pitch Diameter

Profile 
Slope 
(Total)

Helix Slope for Face WidthOver 560–1000 (Over 22–39) Over 1000–1600 (Over 39–63)

Runout

Spacing

Runout

Spacing 20–40 mm

(0.8–1.6 in.)

40–100 mm

(1.6–3.9 in.)

100–160 mm

(3.9–6.3 in.)

160 + mm

(6.3 + in.)T-to-T Cum. T-to-T Cum.

μm
10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in. μm

10–4 
in.

80 31 36 14 100 39 90 35 36 14 110 43 40 16 20 8 25 10 32 13 32 13
71 28 28 11 90 35 80 31 32 13 100 39 32 13
63 25 25 10 90 35 71 28 28 11 100 39 25 10
56 22 22 9 80 31 63 25 25 10 90 35 20 8
56 22 25 10 71 28 63 25 28 11 80 31 28 11 15 6 18 7 22 9 22 9
50 20 20 8 71 28 56 22 22 9 71 28 22 9
45 18 20 8 63 25 50 20 20 8 71 28 18 7
40 16 16 6 56 22 45 18 18 7 63 25 14 5.5
40 16 18 7 50 20 45 18 20 8 56 22 22 9 10 4 12 5 16 6 16 6
36 14 14 5.5 45 18 40 16 16 6 50 20 16 6
32 13 14 5.5 45 18 36 14 16 6 50 20 12 5
28 11 11 4 40 16 32 13 12 5 45 18 10 4
28 11 12 5 36 14 32 13 14 5.5 40 16 16 6 8 3 10 4 12 5 12 5
25 10 11 4 32 13 28 11 11 4 36 14 12 5
22 9 10 4 32 13 25 10 10 4 36 14 9 3.5
20 8 8 3 28 11 22 9 9 3.5 32 13 7 3
20 8 9 3.5 25 10 22 9 10 4 28 11 11 4 6 2 8 3 10 4 10 4
18 7 8 3 25 10 20 8 9 3.5 28 11 8 3
16 6 7 3 22 9 18 7 8 3 25 10 7 3
14 5.5 5.5 2 20 8 16 6 7 3 22 9 5 2
14 5.5 6 2 18 7 16 6 7 3 20 8 8 3 5 2 6 2 8 3 8 3
12 5 5.5 2 18 7 14 5.5 6 2 18 7 6 2
11 4 5 2 16 6 12 5 5 2 18 7 5 2
10 4 4.5 2 16 6 11 4 5 2 18 7 4 1.5
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is apt to spall under heavy load. If the gas is too lean, the tooth surface will not develop full 
hardness and wear resistance.

If the case-carburized gear is unprotected just before quench, it may “out of gas” carbon 
and have deficient hardness right at the surface. If the quench is too slow for the alloy 
content and the size of the part, the core may lack strength and hardness and be unable to 
support the case under severe load conditions.

The raw steel used to make forgings for carburized gears may be dirty or nonhomoge-
neous. The best carburizing possible will not make a good gear if the machined forging 
has serious internal flaws before the final heat-treating operation.

Those making drawings for carburized gears need to cover items like the following:

• Steel composition (maximum and minimum limits for all elements and impurities)
• Cleanness of steel (vacuum-arc-remelt steel is often used where even the best air-

melt steel is not clean enough)
• Case depth (control is needed at tip, flank, and root)
• Case and core hardness
• Test for grinding burns
• Metallurgical structure (proper martensitic quality is needed in both case and 

core)

Through-hardened gears have their own metallurgical problems. If the quench is not fast 
enough for the size and alloy content of the gear part, there is apt to be a lack of hardness 
in the tooth root area. The structure may also be improper.

General information on material and heat treatments for gears will be given in Chapter 6. 
See in particular Section 6.2.6 for detail information on gear quality.

4.3.4  Enclosed Gear Unit Requirements

The gear designer has much more to do than just design gear teeth and gear parts. The 
gear unit will have gear casings, shafts, bearings, seals, and a lubrication system. All these 
things are part of the gear product and therefore become the responsibility of the gear 
designer.

Those in gear design work soon find that they have to become highly skilled in bearing 
selection, bearing design, and the fit of bearings on shafts and into casings.

The load on the bearings from a gear mesh is not a steady load like a weight load, but a 
somewhat pulsating load because of tooth error effects and tooth stiffness effects as pairs 
of teeth roll through the meshing zone. Wear particles from contacting gear teeth tend to 
get into the lubricant and go through the bearings. Temperature changes resulting from 
changing gear loads or changing ambient conditions cause somewhat nonuniform expan-
sions and contractions that disturb the rather critical gear-bearing fits. All these things 
make the design of gear bearings more critical than the design of bearings for a machinery 
application usually is.

The lubrication system for a gear unit needs to keep all the tooth surfaces wet with 
lubricant and reasonably cool. In high-horsepower, high-speed gear units, oil jet design, 
oil cooling by heat exchangers, oil pump design, and oil filter provision to remove dirt 
and wear particles all become very critical. Even in slow-speed designs with heavy oil 
or grease lubrication, where a pumped system is not needed, keeping the teeth wet and 
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providing a lubricant that will work over a wide temperature range (from start-up on a 
cold day to maximum continuous load on a hot day) may be critical.

It is beyond the scope of this book to go into gear lubrication in detail. Section 9.3.3 of this 
book covers some of the lubrication problems that lead to gear failures.

The gear casing must support the gears and provide accurate alignment. For face widths 
up to about 10 mm, it is usually possible to make the gears and casing accurate enough 
to achieve satisfactory alignment with parts made to normal gear trade tolerances. Above 
100 mm this becomes difficult, and at 250 mm face width it is usually impossible to be 
assured of a satisfactory tooth fit just by making all gears, bearings, and casings to close 
tolerances.

The solution to this problem is to assemble a gear unit and check contact across the face 
width. In a critical application, contact checks may be needed at no load, 0.25 load, 0.5 load, 
0.75 load, and full load. (When allowance for deflections under load is made by changing 
the helix angle, full contact under light load is not wanted since the parts are meant to 
deflect and shift contact to achieve the desired load distribution as torque is increased.)

When contact checks show an unsatisfactory condition under torque, the pinion or gear 
may be recut to better fit its mate. Sometimes casing bores are scrapped or remachined to 
correct small errors in the original casing boring.

In some situations, there may be several gear casings and several sets of gears available 
on the assembly floor. If the first gear set in a casing does not fit quite right, a second or 
third set may be tried. With selective assembly, it is often possible to fit up most of the units 
without doing any corrective work on gear parts or casings.

In addition to fitting all right under torque loads, a critical gear unit may need to be tested 
at full speed to make sure that it runs without undue vibration and that all bearings tem-
peratures and gear part temperatures are OK. In addition, the run test will show whether 
the gear teeth are tending to score or have some serious local misfit condition. (Generally, 
after full-speed power testing, the unit is disassembled and all gear parts and bearings are 
inspected carefully by someone experienced with gears to see if there is any evidence of 
serious distress—that requires correction—in either the gear teeth or the bearings.)

Those designing gear units have the responsibility of determining what testing may be 
needed to get satisfactorily under power. (Of course, if the gear unit is small and does not 
run too fast, the risk of an assembled unit not being OK when all parts are appropriately 
checked to part drawings my be relatively negligible.)

To summarize this section, the gear unit designer has these major tasks:

• Design of gear parts
• Design of casing structures
• Design of bearings
• Design of lubrication system
• Design of seals, bolts, dowell pins, etc.
• Specification of assembly procedures
• Specification of gear running test procedure
• Definition of acceptable or unacceptable results from run tests and inspection or 

parts after testing

  



243

5
Design Formulas

The material presented thus far has shown how to choose a kind of gear and how to make 
a preliminary estimate to the gear size required. The general nature of the detailed infor-
mation required on gear drawings has also been discussed.

In this chapter we take up the calculation of the detailed dimensions and the checking 
of the design against gear-rating formulas. The designer following this procedure should 
get almost the right size design on the first try. If the load-rating calculations show that 
the design is not quite right, it will usually be possible to make only one or two changes, 
such as a change in pitch or a change in face width, to adjust the capacity within the proper 
limits. It should not be necessary for the designer to scrap the whole design and start over 
from scratch after checking the load rating.

5.1  Calculation of Gear Tooth Data

In this part of the chapter, we go over all the numbers and dimensions that will be needed 
on the drawings of the various kinds of gears. Designers who are not familiar with the 
limitations on gear size and shape that different materials or different manufacturing 
equipment may impose should consider the design worked out in this chapter as tentative 
until they have considered the things brought up in the later chapters of the book.

Table 5.1 is a glossary of gear terms used in Chapter 5. Table 5.2 shows the metric and 
English symbols for the principal terms used in calculating gear data. (Many secondary 
terms are defined in figures and tables used for specific calculations.)

5.1.1  Number of Pinion Teeth

In general, the more teeth a pinion has, the more quietly it will run and the better its 
resistance to wear will be. On the other hand, a smaller number of pinion teeth will give 
increased tooth strength, lower cutting costs, and larger tooth dimensions. In spur work, 
for instance, a seven-tooth pinion of 64 diametral pitch has been found quite useful in 
some fractional-horsepower applications.

Spur pinions used on railroad traction motors usually have from 12 to 20 teeth. High-
load, high-speed aircraft pinions run from about 18 to 30 teeth. High-speed helical pinions 
for ship propulsion frequently have from 35 to 60 teeth.

In general, low-ratio sets can stand more teeth than high-ratio sets. A 1:1 ratio set with 35 
teeth will have about the same tooth strength as a 5:1 ratio set with 24 pinion teeth.

Table 5.3 may be used as a general guide for numbers of teeth for spur and helical gears.
Table 5.4 is worked out to give an approximate balance between gear surface durability 

capacity and gear tooth strength capacity. To understand this table, let us consider a high-
speed gear drive at 3:1 ratio with case-hardened and ground teeth at a surface hardness 
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TABLE 5.1

Glossary of Gear Nomenclature, Chapter 5

Term Definition

Approach 
action

Involute action before the point of contact between meshing gears has reached the pitch point. 
(A driving pinion has approach action on its dedendum.)

Breakage A gear tooth or portion of a tooth breaking off. Usually the failure is from fatigue; pitting, scoring, 
and wear may weaken a tooth so that it breaks even though the stresses on the tooth were low 
enough to present no danger of tooth breakage when it was new. Sometimes a relatively new 
tooth will break as a result of a severe overload or a serious defect in the tooth structure.

De-rating Reducing the power rating of a gear set to compensate for tooth errors and for irregularities in the 
power transmission into and out of the gear drive. (When de-rated 2 to 1, a gear unit is rated to 
transmit only one-half the power that it might have transmitted under perfect conditions.)

Edge radius A radius of curvature at the end corner or top corner of a gear tooth.
End easement A tapering relief made at each end of a gear tooth while the middle portion of the tooth length is 

made to the true helix angle. The relief stops at some specified distance from the tooth end, such 
as one-eighth to one-sixth of the face width. End easement protects the teeth from misalignment 
and from stress concentrations peculiar to tooth ends. End easement is used on wide-face-width 
gears, while crowning may be used on narrow gears. (See Figure 7.50 for comparison.)

Flash 
temperature

The temperature at which a gear tooth surface is calculated to be hot enough to destroy the oil 
film and allow instantaneous welding at the contact point.

Full-depth 
teeth

Gear teeth with a working depth of 2.0 times the normal module (or 2.0 divided by the normal 
pitch).

Helix 
correction or 
Helix 
modification

When pinions are wide in face width for their diameter, there is appreciable bending and 
twisting of the pinion in mesh. A small change in helix angle (called helix correction or helix 
modification) may be used to compensate for the bending and twisting. This correction tends 
to give better load distribution across the face width.

Hunting ratio A ratio of numbers of gear and pinion teeth, which ensures that each tooth in the pinion will 
contact every tooth in the gear before it contacts any gear tooth second time. (13:48 is a 
hunting ratio; 12:48 is not a hunting ratio.)

Lead The axial advance of a thread or a helical spiral in 360° (one turn about the shaft axis).
Lead angle The inclination of a thread at the pitch line from a line at 90° to the shaft axis.
Limit 
diameter

The diameter at which the outside diameter of the mating gear crosses the line of action. The 
limit diameter can be thought of as a theoretical form diameter. See Figure 5.11.

Pitch point The point on a gear tooth profile that lies on the pitch circle of that gear. At the moment that 
the pitch point of one gear contacts its mating gear, the contact occurs at the pitch point of the 
mating gear, and this common pitch point lies on a line connecting the two gear centers.

Pitting A fatigue failure of a contacting tooth surface that is characterized by little bits of metal 
breaking out of the surface.

Profile 
modification

Changing a part of the involute profile to reduce the load in that area. Appropriate profile 
modifications help gears to run more quietly and better resisting scoring, pitting, and tooth 
breakage.

Recess action Involute action after the point of contact between meshing gears has passed the pitch point. (A 
driving pinion has recess action on its addendum.)

Runout A measure of eccentricity relative to the axis of rotation. Runout is measured in a radial 
direction, and the amount is the difference between the highest and the lowest reading in 
360° (one turn). For gear teeth, runout is usually checked by either putting pins between the 
teeth or using a master gear. Cylindrical surfaces are checked for runout by a measuring 
probe that reads in a radial direction as the part turned on its specified axis.

Scoring A failure of a tooth surface in which the asperities tend to weld together and than tear, leaving 
radial scratch lines. Scoring failures come quickly and are thought of as lubrication failures 
rather than metal fatigue failures.

Zone of 
action

The distance, on the line of action between two gears, from the start of contact to the end of 
contact for each tooth. 
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TABLE 5.2

Gear Terms, Symbols, and Units, Chapter 5

Term

Metric English

Reference or FormulaSymbol Units Symbol Units

Number of teeth, pinion z1 – NP or n – Section 5.1.1
Number of teeth, gear z2 – NG or N – Sections 5.1.1 and 5.1.2
Number of threads, worm z1 – NW – Table 5.29
Number of crow teeth z – Nc – Equation 5.46 and following
Tooth ratio u – mG – z2/z1 (or NG/NP)
Addendum, pinion ha1 mm aP in. Sections 5.1.3 and 5.1.5
Addendum, gear ha2 mm aG in. Sections 5.1.3 and 5.1.5
Addendum, chordal ha mm ac in. Figure 5.7, Equation 5.4
Rise of arc – mm – in. Figure 5.7
Dedendum hf mm b in. Equation 5.1
Working depth h′ mm hk in. 2.0 × module (for full-depth 

teeth)
Whole depth h mm ht in. Section 5.1.3, Equation 5.33
Clearance c mm c in. Equation 5.33, Section 5.1.32
Tooth thickness s mm t in. Section 5.1.6
Arc tooth thickness, pinion s1 mm tP in. Sections 5.1.6 and 5.1.11
Arc tooth thickness, gear s2 mm tG in. Sections 5.1.6 and 5.1.14, 

Equation 5.23
Tooth thickness, chordal s mm tc in. Figure 5.7, Equation 5.5

Section 5.1.15, Equation 5.24
Backlash, transverse j mm B in. Section 5.1.6, Table 5.21
Backlash, normal jn mm Bn in. Section 5.1.6
Pitch diameter, pinion dp1 mm d in. Table 5.11
Pitch diameter, gear dp2 mm D in. Table 5.11
Pitch diameter, cutter dp0 mm dc in. Equation 5.36
Base diameter, pinion db1 mm db in. Table 5.11
Base diameter, gear db2 mm Db in. Table 5.11
Outside diameter, pinion da1 mm do in. Pitch diameter + 

(2 × addendum)
Outside diameter, gear da2 mm Do in. Pitch diameter + 

(2 × addendum)
Inside diameter, face gear di2 mm Di in. Equation 5.31
Root diameter, pinion or worm df1 mm dR in. Equation 5.39
Root diameter, gear df2 mm DR in. Equation 5.39
Form diameter df mm df in. Sections 5.1.9 and 5.1.11
Limit diameter dl mm dl in. Figure 5.11, Section 5.1.8
Excess involute allowance Δdl mm Δdl in. Allows for runout, Δ center 

distance, Sections 5.1.9 and 
5.1.11

Ratio of diameters ε – m – Ratio, any diameter to pitch 
diameter

Center distance a mm C in. Sections 4.2.1 through 4.2.7
Face width b mm F in. Section 4.2.2
Net face width b′ mm Fe in. Meshing face width

(continued)

  



246 Dudley’s Handbook of Practical Gear Design and Manufacture

TABLE 5.2 (Continued)

Gear Terms, Symbols, and Units, Chapter 5

Term

Metric English

Reference or FormulaSymbol Units Symbol Units

Module, transverse m or mt mm – – mm of pitch diameter per 
tooth

Module, normal mn mm – – Module in normal section
Diametral pitch, transverse – – Pd or Pt in.–1 Teeth per inch of pitch 

diameter
Diametral pitch, normal – – Pn in.–1 Diametral pitch in normal 

section
Circular pitch p mm p in. Pitch-circle arc length per 

tooth
Circular pitch, transverse pt mm pt in.

Circular pitch, normal pn mm pn in.

Base pitch pb mm pb in. Equation 5.17
Axial pitch px mm px in. pn/sin of helix angle
Lead (length) pz mm L in. px × no. of threads
Pressure angle α or αt deg ϕ or ϕt deg Section 5.1.3
Pressure angle, normal αn deg ϕn deg Section 5.1.12
Pressure angle, axial αx deg ϕx deg Equation 5.40
Pressure angle of cutter α0 deg ϕc deg Section 5.1.22
Helix angle β deg ψ deg Section 5.1.12
Lead angle γ deg λ deg Complement of helix angle
Shaft angle Σ deg Σ deg Angle between gear shaft and 

pinion shaft
Roll angle θr deg εr deg Involute roll angle
Pitch angle, pinion δ1 deg γ deg Equation 5.27
Pitch angle, gear δ2 deg Γ deg Equation 5.26
Pi π – π – Constant, about 3.14159265 . . . 
Contact ratio εα – mp – Section 5.1.9
Zone of action gα mm Z in. Figure 5.12
Edge radius, tool ra0 mm rT in. Generating tool, Equations 5.1 

and 5.22
Radius of curvature, root fillet ρf mm ρf in. Generated root radius, 

Equations 5.1 and 5.22
Circular thickness factor k – k – (Bevel gears), Section 5.1.14
Cone distance R mm A in. (Bevel gears), Table 5.23
Outer cone distance Ra mm Ao in. Table 5.23
Mean cone distance Rm mm Am in. R Ra f+

2
 or o iA A+

2

Inner cone distance Rf mm Ai in. Ra − b (or Ao − F)

Note: 1. Abbreviations for units: mm, millimeters; in., inches; deg, degrees. 
 2. See Table 5.33 for terms, symbols, and units in load rating of gears.
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of 60 HRC (equivalent to about 600 HB or about 725 HV). The table says that a 25/75 teeth 
ratio ought to be OK. This means that when a large enough center distance and face width 
are picked based on surface durability calculations, further calculations on tooth strength 
out to be OK if the module (or pitch) is chosen to get 25 pinion teeth. Gear people would 
say that it was a “balanced design between durability and strength.”

For our 3:1 example with fully hard gears, the balance would be reasonably good in 
short-life vehicle gears or somewhat longer-life aircraft gears. For turbine power gears 
that would run for many more hours and would need a capability of around 1010 or more 
pinion cycles, the durability calculations would considerably reduce the intensity of tooth 

TABLE 5.3

General Guide to Selection of Number of Pinion Teeth

No. of 
Pinion Teeth Design Considerations

7 Requires at least 25° pressure angle and special design to avoid undercutting. Poor contact 
ratio. Use only in fine pitches.

10 Smallest practical number with 20° teeth. Takes about 145% long addendum to avoid 
undercut. Poor wear characteristics.

15 Use where strength is more important than wear. Requires long addendum.
19 No undercutting with 20° standard-addendum design.
25 Good balance between strength and wear for hard steels. Contact kept away from critical 

base circle region.
35 Strength may be more critical than wear on hard steels—about even on medium-hard steels.
50 Probably critical on strength on all but low-hardness pinions. Excellent wear resistance. 

Favored in high-speed work for quietness.

Note: Data given in Table 5.3 are rather general in nature. They are intended to give the reader a general view 
of  the considerations involved in picking numbers of teeth. For somewhat more specific guidance in 
designing spur or helical gears, Table 5.4 shows how the choice tends to shift as hardness and ratio are 
varied.

TABLE 5.4

Guide to Selecting Number of Pinion Teeth z1 (or NP) for Good Durability and Adequate Strength

Ratio, u 
(mG)

Long-Life, High-Speed Gears Having 
Brinell Hardness

Vehicle Gears, Short Life at Maximum Torque 
Having Brinell Hardness

200 300 400 600 200 300 400 600

1 80 50 39 35 50 37 29 26
1.5 67 45 32 30 45 30 24 22
2 60 42 28 27 42 27 21 20
3 53 37 25 25 37 24 18 18
4 49 34 24 24 34 23 17 17
5 47 32 23 23 32 22 17 17
7 45 32 22 22 31 21 16 16
10 43 30 21 21 30 20 16 16

Note: 1. Typical high-speed applications, that fit this table, are not turbine-driven helicopter gears. For turbine-
driven industrial gears, more pinion teeth can be used because of lower allowable surface loading. (About 
25% more is typical.) 

 2. Typical vehicle gears are spur and helical gears used in final wheel drives. (Considerably fewer pinion 
teeth are used in hypoid and spiral bevel final drives.)
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loading. A balanced design might then be achieved at higher numbers of teeth, like 30 to 
38 pinion teeth.

In high-speed turbine gearing, scoring hazards and noise and vibration consider-
ations make it desirable to use as small a tooth size as possible. The designer might get 
a good durability/strength balance at something like 35 teeth for the 3:1 example, but 
decide to go up to 40 pinion teeth and put a little more face width and/or center distance 
in to keep the rating within acceptable limits. This design would not have the lightest 
weight possible, but would compromise enough to avoid scoring and noise hazards rea-
sonably well.

In contrast to the example of high-speed turbine gear just cited, a vehicle designer with 
hard gears at a 3:1 ratio might to as low as to 20/60 teeth rather than to 25/75. The much 
shorter life, slow-speed vehicle gears can stand quite a bit of surface damage, but a broken 
tooth puts the gear drive out of action immediately. The designer of vehicle gears needs 
extra strength and can get it by using fewer and larger teeth. There is often a scoring 
hazard in vehicle gears, but this is handled more by using special extreme pressure (EP) 
lubricants than by using smaller teeth.

To sum it up, Table 5.4 is a general guide to where to start on tooth numbers, but a com-
plete design study may show that it is desirable to use pinion tooth numbers that differ 
from the table by a modest amount.

5.1.2  Hunting Teeth

The numbers of pinion and gear teeth must be whole numbers. It is generally desirable—
particularly with low-hardness parts—to obtain a hunting ratio between gear and pinion 
teeth. With a hunting ratio, any tooth on one member will—in time—contact all the teeth 
on the mating part. This tends to equalize wear and improve spacing accuracy.

To illustrate this point, let us consider a tooth ratio of 21:76. The factors of 21 are 3 and 7. 
The factors of 76 are 2, 2, and 19. This ratio will hunt because the parts have no common 
factor. The gear should not be cut with a double-thread hob. A shaving cutter with 57 teeth 
would be a poor choice for either part. The cutter has factors of both 3 and 19.

As a general rule, tooth numbers should be selected so that there is no common factor 
between the number of teeth of a pinion and a gear that mesh together, and there should 
be no common factor between the number of teeth of a gear and of a cutting tool that has 
a gear-like meshing action with the part being cut.

Technical studies by Ishibashi and by Ichimaru [American Society of Mechanical 
Engineers (ASME), 1980]* show that, in certain cases, improved gear load-carrying capac-
ity can be obtained with a nonhunting ratio. Tests were made of spur gears having a hunt-
ing ratio of 25:27 and an integer ratio of 26:26. Pitch-line speed was about 7 m/s (1400 fpm).

At a low hardness of 185 HV (about 185 HB), Ishibashi found that the 26:26 ratio would 
carry a little over 1000 N/mm2 surface compressive stress before pitting, while the 25:27 
ratio would only carry about 800 N/mm2 before pitting. The pitting limit was defined as 
the highest loading the gear pair would carry for 107 cycles without pitting. The numbers 
just quoted are based on a part being considered “pitted” when 1% of the contact area is 
pitted.

To put it another way, the tests showed that the integer ratio could carry about 25% more 
hertz stress. Since hertz stress is proportional to the square root of K-factor, the integer 
ratio carried about 60% more K-factor. At a higher hardness of 300 HB for one part and 

* See references at the end of the book.
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over 600 HB for the other part, the hunting ratio carried about 6% more stress or about 12% 
more K-factor.

The work of Ichimary showed somewhat similar results. Of particular interest in this 
paper were the data on how the surface finish wore in and how an elastohydrodynamic 
(EHD) oil film was formed quickly with the integer ratio but slowly with the hunting ratio.

The explanation seems to be that a single pair of teeth meshing with each other wear 
down asperities (or “coin” a fit between the surfaces) quite quickly. In the hunting ratio, 
a tooth on one part has to get worn and wear all the teeth on the other part into a fit with 
itself. Thus a full fit cannot occur until all pinion teeth are worn alike, all gear teeth are 
worn alike, and the pinion-worn profile is a very close surface fit to the gear-worn profile.

The decision on whether to use hunting ratios becomes much more complex. Several 
pros and cons need to be considered. Table 5.5 shows the range of considerations.

5.1.3  Spur Gear Tooth Proportions

The proportions of addendum equal to 1.000 mn and whole depth equal to 2.250mn have 
been used for many years. This design allows only a very small root fillet radius of curva-
ture, and it is a hard design to work with when designing shaper cutters, preshave hobs, 
or shaving cutters.

Table 5.6 shows the more popular spur gear tooth proportions. Note that teeth finished 
by shaving or grinding require more whole depth than gears finished by cutting only 
(hobbing, shaping, or milling).

When maximum load capacity is desired, the teeth need as large a root fillet radius as 
possible. This in turn leads to a need for more whole depth and a relatively large corner 
radius on the hob, grinding wheel, or other tool used to make the root area of the tooth.

TABLE 5.5

Hunting Tooth Considerations

Approximate Hardness, HB Lubrication Regimen

Pinion Gear I II III

200 200 #1 #2 #3
300 300 #4 #5 #6
600 300 #7 #8 #9
600 600 #10 #11 #12

Situation
#1, 2, 4, 5 Substantial gain in load capacity with integer ratio. After serious pitting, failure may be 

hastened as a result of growth of spacing errors and rough running of integer ratio.
#3, 6 Hunting ratio is probably best if parts are kept in service after some teeth are pitted more 

than 1%. No data available to prove gain in load carrying for integer ratio parts to be 
taken out of service when a “worst” tooth pits more than 5%.

#7, 8 Substantial gain in load capacity with integer ratio. After serious pitting, failure may be 
quick as a result of spacing error effects.

#9 Hunting ratio probably best. Worst error spots on lower-hardness gear will have fewer 
cycles and more chance to be worked into a fit by the hard pinion teeth.

#10, 11 Possibly a small gain in load capacity with integer ratio. Hunting ratio probably best. 
Wear-in effects will be quite small.

#12 Worst tooth pair (with highest stresses resulting) will contact much less frequently.
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The most common pressure angle now in use for spur gears is 20°. Case-hardened air-
craft or vehicle gears very often use a 25° pressure angle. The 25° form makes the teeth 
thicker at the base, and this improves the bending strength. In addition, the 25° teeth have 
larger radii of curvature at the pitch line, and this enables more load to be carried before 
the contact stress exceeds allowable limits.

The 25° teeth generally run with more noise, as a result of the lower contact ratio. The 
tips of the teeth are thinner, and this may lead to fracturing of the tip when case-hardened 
teeth are cased too deep or the metallurgical structure is faulty.

When made just right, and when the application can stand somewhat rougher running, 
the 25° tooth form will carry about 20% more torque (or power in kilowatts) than a 20° 
tooth form.

A good compromise design that is easier to make successfully than 25° and has more 
capacity than 20° is a 22.5° tooth form. This design has about 11% more capacity than a 20° 
design.

Figure 5.1 shows some comparison of tooth forms when they are cut with a rack (tooth 
number = ∞).

In the gear trade, there was considerable use of stub teeth in the early days. A typical 
stub tooth would have a working depth of around 1.60 (1.60 × m). When teeth are quite 
inaccurate, load sharing between two pairs of teeth in the meshing zone may not exist. 
This means that one pair has to carry full load right out to the very tip of the pinion or 
gear. In such a situation, it is obvious that a shorter and stubbier tooth can take more load 
without breakage than taller, full-depth tooth.

The use of stub teeth has declined to where they are seldom used. In general, gear teeth 
are designed and built accurately enough to share load when they should. Test data and 
field experience show that full-depth teeth, made accurately, will carry more load and/or 
last longer than stub teeth.

This leads to the consideration of extra-depth teeth. (If accurate full-depth teeth are better 
than stub teeth, why not go on to even deeper teeth than full-depth teeth?)

Some gears are in production and doing very well with a whole depth great as 2.30. At 
this much depth, a 25° pressure angle is impossible and 22.5° is difficult. Pressure angles 
in the 17.5° to 20° range are reasonably practical with 2.30 working depth.

TABLE 5.6

Spur Gear Proportions

Use
Pressure 

Angle, α (ϕ)
Working Depth, 

h′ (hk)
Whole Depth, h 

(ht)

Edge Radius of 
Generating 
Rack, ra0 (rT)

General purpose 20 2.000 2.250 0.300
Extra depth for shaving 20 2.000 2.350 0.350
Aircraft, full fillet, high fatigue 
strength

20 2.000 2.400 0.380

Alternative high-strength design 25 2.000 2.250 0.300
Fine-pitch gears 20 2.000 2.200+a (constant) –

Note: For metric design, the depth values and tool radius are in millimeters and for 1 module. (For other mod-
ules, multiply by module.) For English design, the depth values and tool radius are in inches and for 1 
diametral pitch. (For other diametral pitches, divide by pitch.)

a The extra amount of whole depth is 0.05 mm or 0.002 in. This constant is added to the calculated whole depth 
for small teeth 1.27 module or smaller. (In the English system fine pitch is 20 pitch and larger pitch numbers.)
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The extra-depth teeth have problems with thin tips and smaller root fillet radii. Also, the 
effect on radii of curvature of the lower pressure angle somewhat offsets the gain from the 
higher contact ratio of the extra depth. In addition, very-high-speed extra-depth teeth are 
more sensitive to scoring troubles.

In some situations, a less than 20° pressure angle may be used to get smoother and 
quieter running. If the pinion has more than 30 teeth, fairly good load capacity can be 
obtained with a pressure angle as low as 14.5°. Also, in instrument and control gears, cen-
ter distance changes have less effect on backlash at 14.5° than at 20°.

Stub teeth, extra-depth teeth, and low-pressure-angle teeth all have possible advantages 
for limited applications. For general use, though, the full-depth 20° design presents the 
best compromise.

5.1.4  Root Fillet Radii of Curvature

To get adequate tooth strength, it is desirable to cut or grind gear teeth to get either a full-
radius root fillet or one that is almost full radius.

Figure 5.2 shows an example of a 25-tooth pinion with a 22.5° pressure angle as it would 
be cut with a hob having a 0.36 edge radius (0.36 × module). The pinion has a whole depth 
of 2.35 and a long addendum of 1.2. Note the shape of the trochoidal root fillet and the 
path of the hot tip. Note also that the generated fillet of this type has its smallest radius of 
curvature near the root diameter.

For design purposes, a 22.5° spur tooth would not be made exactly as shown in Figure 
5.2. A slightly smaller whole depth of 2.3 and a preshave or pregrind edge radius of 0.35 
would be used. These changes facilitate the overall tool design and make it possible to 
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FIGURE 5.1
Comparison of tooth forms.
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use normal tolerances. The fillet obtained is still very good and has a relatively low stress 
concentration factor.

The formula for calculating the minimum radius of curvature produced by hobbing or 
generating grinding is

 ρf a
f a

p f a

= +
−( )
+ −( )r

h r
d h r0

0

2

1 00 5.
metric  (5.1)

 ρf T
T

T

= +
−( )
+ −( )

r
b r

d b r

2

0 5.
English  (5.2)

The term ρf is the minimum radius of curvature in the generated trochoidal fillet. The 
edge radius of the hob or grinding tool is ra0 (rT). The dedendum of the part is hf (or b). For 
a list of gear symbols and units used in this chapter, see Tables 5.2 and 5.33.

For general-purpose work, the value of the minimum root fillet radius on the drawing 
should not be more than about 70% of the calculated minimum. This allows the toolmaker 
a reasonable margin of error in obtaining the design tool radius.

When gears are shaped, form ground, or milled, it is possible to get about the same 
minimum radius as would be obtained in hobbing. The shape of the fillet will be slightly 
different, though. From a practical standpoint, the designer can use the method shown 
above and be assured that the gears can be produced by any of the cutting methods if the 
tools are properly designed.

Figure 5.3 shows a curve sheet based on Equations 5.1 and 5.2 for teeth with 20° and 25° 
pressure angles. Values for 22.5° are about midway between the values for 20° and 25°.

Figure 5.3 shows an example of special curve sheet paper used to plot gear data. The 
abscissa distance is proportional to the reciprocal of the tooth number. Note that the dis-
tance from 12 to ∞ is just twice the distance the distance from 24 to ∞.

The effect* of tooth numbers on many variables having to do with involute curvature 
or trochoidal curvature is somewhat proportional to the reciprocal of the tooth number. 
Hence this graph results in relatively straight-line curves for many tooth variables.

* The reader should note from this graph that a change of 1 tooth at the 12-tooth point means a change of more 
than 20 teeth at the 80-tooth point!

Involute curve
Pitch circle

Hob
trachoid

Base circle

Origin of involute curve

FIGURE 5.2
Twenty-five-tooth pinion with 22.5° pressure angle.
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5.1.5  Long-Addendum Pinions

A long-addendum pinion is one that has an addendum that is longer than that of the mating 
gear. Since the working depth is 2.000m for full-depth teeth, long-addendum pinions—in 
a full-depth design—have an addendum greater than 1.000m.

Long-addendum pinions mate with “short-addendum” gears. The standard design prac-
tice is to make the gear addendum short by the same amount that the pinion addendum 
is made long.

The most compelling reason to use long-addendum pinions is to avoid undercut.* An 
undercut design is bad for several reasons. From a load-carrying standpoint, the under-
cut pinion is low in strength and wears easily at the point at which the undercut ends. In 
addition, there is the danger of interference. If the cutting tool does not make a big enough 
undercut, the mating gear may try to enlarge the undercut. Since the mating gear is not 
a cutting tool, it does a poor job of removing metal. It tends to bind in the undercut. This 
creates an interference condition that is very detrimental.

The more teeth on the cutting tool, the greater the undercut in the gear. Since a hob cor-
responds to a rack (a rack is a section of a gear with an infinite number of teeth), the hob 
produces the most undercut. As a general rule, it can be stated that hobbed teeth will not 
have interference due to lack of undercut.

* See Figure 10.1 for an example of a 16-tooth standard-addendum pinion that is undercut.
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Besides avoiding undercut with low numbers of teeth, the long-addendum design, 
together with a proportional increase in tooth thickness at the pitch line (see Equations 5.5 
and 5.6 below), makes the pinion tooth stronger and the gear tooth weaker. Thus a long 
addendum can be used to balance strength. Figure 5.4 shows the remarkable difference 
that a 35% long addendum makes on a 12-tooth pinion.

The highest sliding velocity and the greatest compressive stress occur at the bottom of 
the pinion tooth. This condition can be helped by using a long-addendum design to get the 
start of the active involute farther away from the pinion base circle.

Figure 5.5 shows a curve sheet giving amounts of addendum for 20° standard teeth. The 
dashed curve on the left-hand side shows the bare minimum that is necessary to avoid 
undercut. Neither gear nor pinion should have less addendum than that given by this 
curve.

The solid lines in Figure 5.5 show the addendum for both pinion and gear. Suppose a 
20-tooth pinion was meshing with a 50-tooth gear. The curve would be read for 20 mesh-
ing with 50, and then again for 50 meshing with 20. The answers would be 1.16m for the 
pinion and 0.84m for the gear.

FIGURE 5.4
How long addendum eliminates undercut. Pinion at left, with an addendum of 0.100-in., is badly undercut, but 
pinion at right, with 0.135-in. addendum, has no undercut. Both of these 10-pitch, 12-tooth pinions were cut with 
the same hob and shaving cutter to same whole depth.
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FIGURE 5.5
Recommended addendum constant for pinions and gears of 20° pressure angle. Addendum constant is for 1 
module or for 1 diametral pitch.
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If the dashed curve is read for pinion addendum, there is no place to read the gear 
addendum. In this case, the designer should subtract from the gear addendum the same 
amount as added to the pinion addendum. The sum of the pinion addendum and the gear 
addendum must always equal the working depth.

The curve sheet of Figure 5.5 was drawn to give an approximate balance between the 
strength of the pinion and the strength of the gear. It also took care of the problem of pin-
ion undercut.

The problem of undercut is not as critical with 22.5° teeth, and it almost ceases to exist 
with 25° teeth. The general formula to find the minimum number of teeth needed to avoid 
undercut in spur gears is

 z
h

m
=

2
2
fx

sin α
metric  (5.3)

where hfx = hf − ra0 (1 − sin α).

 N
XP

=
2

2
t

sin φ
English  (5.4)

where X = b − rT (1 − sin ϕ).
When the pinion has a standard addendum of 1.000m and the spur teeth are designed 

to the proportions shown in Table 5.6, the minimum number of teeth that can be used 
without undercut is

20° pressure angle 19 teeth
22.5° pressure angle 15 teeth
25° pressure angle 13 teeth

When using a long addendum to avoid undercut, the amounts of long addendum shown 
in Table 5.7 are needed.

When the pinion has enough teeth to avoid undercut, the question of how much long 
addendum to use becomes more complex. A modest amount of long addendum will tend 
to balance strength between the pinion and the gear. Some benefit also results from the 
standpoint of surface durability and scoring.

If a large amount of long addendum is used, the pinion is apt to be substantially stronger 
than the gear, and the tendency to score at the pinion tip becomes much greater.

Some gear designers have used and advocated a 200% pinion addendum and a 0% 
gear addendum. This kind of design has all recess action* when the pinion drives and no 
approach action. If gears are somewhat accurate, they will run more smoothly and quietly 
as the arc of recess is increased and the arc of approach decreased.

There are special cases in which the design of a gear set justifies a very long pinion 
addendum and a very short gear addendum. For most designs of power gears, only a mod-
est amount of long addendum is recommended. This somewhat balances pinion and gear 
strength and gives favorable results from the standpoint of surface durability and scoring. 
In service, the dedendum of the pinion and gear may pit extensively (see Chapter 9). If the 
gear dedendum is not unduly large, the gear can survive heavy pitting fairly well.

* See Figure B.15 for definition of arc of approach and arc of recess.
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Table 5.8 shows some guideline values for amounts of long addendum. These relatively 
low amounts of long addendum will give good results in rating calculations. From a prac-
tical standpoint, these gears will run backward (gear driving rather than pinion) relatively 
well. Most gear drives have a power reversal under “coast” conditions, so the ability to run 
in reverse is usually a design requirement. In addition, the gear dedendum is not large 
enough to be a major problem when the gear member happens to have premature pitting.

In speed-increasing drives, the gear is the driver. A long pinion addendum (in this case) 
makes the drive run more roughly and noisily. As a general rule, only enough long adden-
dum is used to avoid undercut. Generally, it is possible—and also advisable—to design the 
speed-increasing drive with enough pinion teeth to be out of the undercut problem area. 
This means that speed-increasing gear drives will usually have the same addendum for 
the pinion and the gear.

TABLE 5.7

Amount of Long Addendum to Avoid Undercut with Hobbed Teeth

Pressure Angle At 10 Teeth At 12 Teeth At 15 Teeth

20° 1.50 1.40 1.27
22.5° 1.37 1.22 1.00 OK
25° 1.20 1.03 1.00 OK

Note: For metric design the addendum of the pinion is the long addendum 
given above multiplied by the module. Gear addendum = 2.00m – pin-
ion addendum. For English design, divide the number given by the 
diametral pitch for the pinion addendum. For gear addendum, divide 
2.00 by diametral pitch and subtract pinion addendum.

TABLE 5.8

Long and Short Addendum for Speed-Reducing Spur Gears

Tooth Ratio, 
z1/ z2 (NP/NG)

α = 20° (ϕ = 20°) α = 25° (ϕ = 25°)

Pinion Addendum, 
ha1 (aP)

Gear Addendum, 
ha2 (aG)

Pinion Addendum, 
ha1 (aP)

Gear Addendum, 
ha2 (aG)

12/35 1.24 0.76 1.16 0.84
12/50 1.32 0.68 1.22 0.78
12/75 1.38 0.62 1.25a 0.75
12/125 1.44 0.56 1.25a 0.75
12/∞ 1.48 0.52 1.25a 0.75
16/35 1.115 0.85 1.10 0.90
16/50 1.22 0.78 1.15 0.85
16/75 1.27 0.73 1.18 0.82
16/125 1.32 0.68 1.21 0.79
16/∞ 1.36 0.64 1.24 0.76
24/35 1.06 0.94 1.04 0.96
24/50 1.11 0.89 1.08 0.92
24/75 1.15 0.85 1.10 0.90
24/125 1.20 0.80 1.13 0.87
24/∞ 1.24 0.76 1.16 0.84

Note: Data are in millimeters for 1-module teeth. (For 1-pitch teeth, read addendum data in inches.)
a It is not practical to use more addendum here because the tip of the tooth is as thin as good practice will allow.
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5.1.6  Tooth Thickness

The tooth thickness of standard addendum pinions and gears can be obtained by subtract-
ing the minimum backlash from the circular pitch and dividing by 2. When long- and short-
addendum proportions are used, it is necessary to adjust the tooth thicknesses. Usually, this 
adjustment is made with a formula that will permit a shaper cutter to cut long and short 
proportions just as well as it cuts standard proportions (see Appendix B.12). However, if the 
tooth thicknesses are adjusted for hobbing, it is usually possible to shape them with stan-
dard shaping tools and have only a small error in whole depth. With this thought in mind, 
the following formula for hobbed teeth is a good one to use to design all kinds of gears:*

 s
p j

h=
−

+t
a∆

2
2( tan )α metric  (5.5)

where pt = πm, backlash is denoted as j, and Δha = ha − 0.5h′.

 t
p B

a=
−

+t ∆
2

2( tan )φ English  (5.6)

where pt = π/Pd, backlash is denoted as B, and Δa = a − 0.5hk.
The tooth thickness values obtained from Equations 5.5 and 5.6 are arc tooth thicknesses. 

See Section 5.1.7 for chordal tooth thickness values.

5.1.6.1  Backlash

The design amount of backlash j (or B) should be chosen to meet the requirements of 
the application. In power gearing, it is usually a good policy to use relatively generous 
backlash. The amount should be at least enough to let the gears turn freely when they are 
mounted on the shortest center distance and are subject to the worst condition of tempera-
ture and tooth error. In control gearing, the design usually can have but very little back-
lash. Some binding of the teeth as a result of eccentricity and tooth error may be preferable 
to designing so that there is appreciable lost motion due to backlash.

Table 5.9 shows amounts of backlash as a guide for gear design with spur, helical, bevel, 
and spiral bevel gears. When the gears are not running fast and there are relatively small 
temperature changes, the table is useful for determining the minimum amount of back-
lash to use—assuming that extra backlash represents lost motion and may be somewhat 
undesirable from a performance standpoint. (A reversing gear drive, for instance, should 
not have any more backlash than necessary.)

In epicyclic gears, it may be necessary to use a low backlash to keep “floating” suns or 
ring gears from floating too far and causing high vibration at light load. Table 5.9 is again 
useful as guide.

Although Table 5.9 is based on general practice, it should be kept in mind that the values 
are suggested values and must be used with discretion. Where gears have large center dis-
tance or where the casing material has a different expansion from that of the gears, some 
of the values shown are risky. For instance, 2.5-module high-speed gears used for either 

* Unfortunately, a small s is used for both tooth thickness and stress in the metric system. The reader needs to 
be aware that some symbols can have double meanings. 

  For involute helical teeth, use normal module, normal circular pitch, and normal pressure angle. The tooth 
thickness obtained is in the normal section. (For English calculations, use similar normal section values and 
the result will be normal tooth thickness.) The normal circular pitch is pn = pt cos ψ for English.
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marine or aircraft applications will need a minimum backlash of the order of 0.15 or 0.20 
mm (0.006 or 0.008 in.) to operate satisfactorily under all temperature conditions.

5.1.6.2  Tolerances and Tooth Thickness

The variation in backlash will depend considerably on the tooth thickness tolerance. In 
hobbing or shaping teeth, a tolerance of 0.05 mm (0.002 in.) on thickness represents close 
work. Adding tolerances for the pinion and gear, a backlash variation of 0.10 mm (0.004 
in.) is obtained from cutting alone! Obviously it would not be good policy to design gear 
teeth so that the backlash tolerances made the tooth-cutting costs prohibitive. Table 5.10 
shows a study of tooth thickness tolerances for different cutting methods for teeth in the 
2- to 5-module range. These values should be considered when setting ranges of backlash 
and tooth thickness tolerances.

5.1.7  Chordal Dimensions

The tooth thickness of a spur or helical gear is often measured with calipers. This instru-
ment is set for a depth corresponding to the chordal addendum, and it measures a width 
corresponding to the chordal tooth thickness. Figure 5.6 shows the tooth thickness being 
measured. Figure 5.7 defines the chordal dimensions.

TABLE 5.9

Suggested Backlash When Assembled

Metric English

Module
Backlash, 

mm
Diametral 

Pitch Backlash, in.

25 0.63–1.02 1 0.025–0.040
18 0.46–0.69 1.5 0.018–0.027
12 0.35–0.51 2 0.014–0.020
10 0.28–0.41 2.5 0.011–0.016
8 0.23–0.36 3 0.009–0.014
6 0.18–0.28 4 0.007–0.011
5 0.15–0.23 5 0.006–0.009
4 0.13–0.20 6 0.005–0.008
3 0.10–0.15 8 and 9 0.004–0.006
2 0.08–0.13 10–13 0.003–0.005
1 0.05–0.10 14–32 0.002–0.004

TABLE 5.10

Tolerances on Tooth Thickness

Method of 
Cutting

Degree of Care

Very Best Close Work Easy to Meet

mm in. mm in. mm in.

Grinding 0.005 0.0002 0.013 0.0005 0.05 0.002
Shaving 0.005 0.0002 0.013 0.0005 0.05 0.002
Hobbing 0.013 0.0005 0.050 0.0020 0.10 0.004
Shaping 0.018 0.0007 0.050 0.0020 0.10 0.004
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The chordal addendum is obtained by adding the rise of arc to the addendum. The equa-
tions generally used are

 h h
s

da a
p

= +
2 2

4
cos β

metric  (5.7)

 a a
t

c d
= +

2 2

4
cos ψ

English  (5.8)

Equations 5.7 and 5.8 work for both helical and spur gears. In helical gears, the tooth 
thickness used should be the normal tooth thickness.

Figure 5.8 shows the rise of arc for a range of diameters and tooth thicknesses. For helical 
gears, curve readings are multiplied by the cosine squared of the helix angle.

Chordal tooth thicknesses are obtained by subtracting a small amount from the arc 
tooth thickness. This arc-to-chord correction is so small that it can be neglected in may 

FIGURE 5.6
Measuring tooth thickness with gear tooth calipers. (From Vi-Star Gear Co. Inc., Paramount, CA, USA.)

Chordal
addendum

CL

Addendum

Chordal tooth thickness

Pi
tc

h 
di

am
et

er Rise of arc
Pitch circle

FIGURE 5.7
Chordal dimensions of a gear or pinion tooth.
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gear designs. The calculation should always be made, though, for coarse-pitch pinions, 
master gears, and gear tooth gauges. The approximate equations that are usually used are

 s s
s

d
= −

3 4

26
cos β

p

metric  (5.9)

 t t
t

dc = −
3 4

26
cos ψ

English  (5.10)

For helical gears, the normal tooth thickness should be used in Equations 5.9 and 5.10. 
The arc-to-chord correction sc is plotted in Figure 5.9 for a range of diameters and tooth 
thicknesses. Multiplying constants are shown to take care of helical gears.

5.1.8  Degrees Roll and Limit Diameter

The checking machines used to measure the involute profile of spur and helical gears usu-
ally record error in involute against degrees of roll. This makes it necessary in many cases 
to determine the degrees roll at the start of active profile and at the end of active profile. 
The start of active profile—thus far as checking goes—is at the form diameter. The end of 
active profile is at the outside diameter.

Figure 4.10 shows the basic involute relations in the English system. Figure 5.10 is a simi-
lar diagram showing basic involute relations in the metric system. In Figure 5.10 the roll 
angle to the pitch circle (or to the pitch point) is the angle designated as θr. The roll angle to 
“any point” on the involute curve is θr1.
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The solution of the roll angle problem lies in the fact that the length of the line unwrapped 
from the base cylinder is equal to the arc length from the origin of the involute to the tan-
gency point of the involute action line to the base cylinder. An angle in radians is equal to 
the arc length of the angle divided by the radius. These relations plus other obvious triangu-
lar relations lead to the basic relations of the involute shown in Figure 5.10 (or in Figure 4.10).

The degrees roll at the outside diameter may be calculated by solving the following equations:

Metric English

εa
a

p

=
d
d

m
d
do
o=

(5.11)

cos
cos

α
α

εa
t

a

= cos
cos

φ
φ

o
t

o

=
m

(5.12)

θ
α

πra
a°

=
180 tan

ε
φ

πro
o°

=
180 tan (5.13)

The angle θra (εro) is the degrees roll at the outside diameter. The roll angle at the limit 
diameter is calculated in a similar manner.

The limit diameter is the diameter at which the outside diameter of the mating gear 
crosses the line of action (see Figure 5.11). Roll angles for limit diameter or form diameter 
can be obtained as follows:
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°180 tan
ε

φ
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FIGURE 5.11
Limit diameter and form diameter. Allowance for extra involute should be large enough to allow for center 
distance variations and variations in outside diameter of mating gear.
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Table 5.11 gives the step-by-step procedure for calculating all the dimensions in the zone 
of action. The following items are of particular interest:

• Line of action for the addendum (18)
• Zone of action (19)
• Line of action, total (21)
• Limit diameter (24)

TABLE 5.11

Calculation Sheet for Meshing Zone Dimensions for a Pair of Involute Gear 
Teeth

Basic Data

1. Pressure angle 20
2. Cosine, pressure angle 0.939693
3. Tangent, pressure angle 0.363970
4. Circular pitch 9.424778
5. Base pitch, (2) × (4) 8.856394

Calculations Pinion Gear
6. Number of teeth 25 96
7. Addendum 3.54 2.46
8. Pitch diameter, (4) × (6) ÷ π 75.00 288.00
9. Outside diameter, (8) + 2 × (7) 82.08 292.92
10. Base diameter, (8) × (2) 70.47695 270.63148
11. (9) ÷ (10) 1.164636 1.082357
12. (11) × (11) 1.356377 1.171498
13. [(12) – 1.000]0.5 0.596973 0.414123
14. (13) – (3) 0.233003 0.050153
15. (6) ÷ 6.283185 3.978873 15.27887
16. Contact ratio, addendum, (14) × (15) 0.92709 0.76628
17. Contact ratio, pair, (16)1 + (16)2 1.69337
18. Line of action, addendum, (16) × (5) 8.21067 6.78647
19. Zone of action, (18)1 + (18)2 14.99715
20. 0.5 × (10) × (3) 12.82575 49.25090
21. Line of action, total, (18) + (20) 21.03642 56.03737
22. (21) – (19) 6.03927 41.04022
23. [2 × (22)]2 145.89113 6737.1986
24. Limit diameter, [(23) + (10)2]0.5 71.50449 282.80487
25. (10) ÷ (9) 0.858637 0.923909
26. Pressure angle, OD, arcos (25) 30.836078 22.495559
27. Roll angle, OD, 57.29578 × tan (26) 34.204057 23.727487
28. (10) ÷ (24) 0.985630 0.956955
29. Pressure angle, LD, arcos (28) 9.725034 16.872143
30. Roll angle, LD, 57.29578 × tan (29) 9.819514 17.377365

Note: See Figure 5.12 for identification of items in this table.  This table can be calcu-
lated in the metric system by using millimeters for all dimensions. Columns 1 
and 2 show a metric example of 25-tooth pinion meshing with 96-tooth gear. This 
table can be calculated in the English system by using inches for all dimensions. 
All angles are in degrees.
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• Roll angle, outside diameter (27)
• Roll angle, limit diameter (30)

This calculation sheet is illustrated by an example worked out for 25 pinion teeth mesh-
ing with 96 gear teeth with a pressure angle of 20°. The teeth are of 3 module and spur. The 
constant 57.29578 is 180° divided by π (3.14159265).

Figure 5.12 illustrates the dimensions that are calculated in Table 5.11. This table works 
for either metric or English dimensions.

5.1.9  Form Diameter and Contact Ratio

Form diameter is an important design parameter of a gear and of a pinion. Torque capac-
ity of a gear pair, as well as its other output capabilities depend on contact ratio. Actual 
value of contact ratio is tightly connected with the actual value of form diameter of a gear 
and of a mating pinion.

5.1.9.1  Form Diameter

The form diameter of a gear is that diameter that represents the design limit of invo-
lute action. A theoretical limit diameter dl is first obtained, and then practical value is 
obtained by subtracting an allowance Δdl for outside diameter runout and center dis-
tance tolerance.

Limit diameter may be calculated graphically or by solving a series of equations. 
The preceding section gave the necessary equations, and Table 5.11 showed a sample 
calculation.

After dl is obtained, the form diameter is

 d′f = dl − Δdl (5.20)
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FIGURE 5.12
Identification of dimensions used in calculations for meshing or a pair of involute gear teeth. Numbers corre-
spond to line numbers in Table 5.11.
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The allowance Δdl should be large enough to accommodate for the effect of various tooth 
errors in extending the contact below the theoretical point plus the effect of tooth bending 
under load in extending the contact deeper. For general applications the value of 0.05mt has 
worked out quite well. If the pinion has a small number of teeth, so that the limit diameter 
is close to the base circle, a form diameter that is below the base circle should never be speci-
fied. With a standard-addendum pinion of 20° pressure angle, an allowance for excess invo-
lute as large as 0.05mt should be used only when there are 25 or more teeth in the pinion.

The value of 0.05mt (transverse module is denoted by mt) has an English equivalent of 
0.050 in./Pd. Some sample values are:

Tooth Size Δdl

1 module 0.05 mm
5 module 0.25 mm
20 module 1.00 mm
20 pitch 0.0025 in.
5 pitch 0.01000 in.
1 pitch 0.0500 in.

For calculation purposes, it is handy to make the excess involute a function of the circu-
lar pitch (instead of a function of the module or an inverse function of the diametral pitch). 
On this basis, it works out that

	 Δdl = 0.016 × circular pitch = 0.016 × πmt metric (5.21)

 d
Pl
t

= × = ×0 016 0 016. .circular pitch English
π

 (5.22)

5.1.9.2  Contact Ratio

The contact ratio of a pair of spur or helical gears represents the length of the zone of action 
divided by the base pitch. The basic equation is

 Contact ratio
zone of action
base pitch

=  (5.23)

 εα
α=
g
pb

metric  (5.24)

 m
Z
pp
b

= English  (5.25)

where gα (or Z) designates zone of action [Item (19), Table 5.11]

 pb = (πmt) cos αt for metric

 p
Pb
t

t=
π

φcos  for English

Figure 5.13 shows plotted contact ratio values for involute spur gear teeth of 20°, 22.5°, 
and 25° pressure angles. Note that the 25% long-addendum teeth have somewhat lower 
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contact ratios than standard addendum teeth. Also note that the 25°-pressure-angle teeth 
have a much lower contact ratio than 20° teeth.

The term contact ratio should be thought of as “average number of teeth in contact.” As 
spur gears roll through mesh, there are either two pairs of teeth in mesh or one pair. (A 20° 
pair with a 1.7 contact ratio never really has 1.7 pair of teeth in contact!)

5.1.10  Spur Gear Dimension Sheet

In calculating gear dimensions, it is helpful to use a dimension sheet that lists all the items to 
be calculated. This ensures that all necessary values are calculated, and it is a convenient 
sheet to file in a design book as a record of different jobs. Table 5.12 shows a recommended 
dimension sheet for spur gears. The sheet shows how to obtain design values for each item. 
To illustrate the use of the sheet, numerical values are given for a sample problem.

Several of the dimensions on Table 5.12 require tolerances. In power gearing of small 
size, a center distance tolerance of 0.05 mm (0.002 in.) is often used. This affects the back-
lash about 0.038 mm (0.0015 in.). On control gearing, a closer value would be needed.

The face width of the pinion is usually made a little wider than the gear. It is easier to 
provide the extra width for error in axial positioning on the pinion than on the gear.

The tolerance on outside diameter is based on whatever tolerance is reasonable to hold in 
lathe or cylindrical grinding operations. This dimension does not need to be held too close 
unless accuracy is needed to set calipers for close tooth thickness checking.

The tolerance on root diameter should allow for variation in tool thickness as well as for 
the worker’s error in setting the gear-cutting machine.

Tooth thickness tolerances should be governed by backlash requirements of the applica-
tion as well as by Table 5.10 considerations.
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The calculation of diameter over pins may be done by the procedure given in Appendix 
B, Table B.2.

Tolerances on tooth accuracy and data on material and heat treatment will be needed 
(see Sections 6.2.4 and 7.4.1). Usually these data are not shown on the specification sheet 
unless they can be given by referring to a standard specification. Frequently, they are 
shown only on the part drawing.

In many cases, it is desired to make layouts of pinion or gear teeth to see what they will 
look like. This can be done by calculating the involute part of the tooth profile as a first 
step, then calculating the root fillet trochoid as a second step. Calculation Tables B.4 and 
B.5 in Appendix B show how to do this. The 25-tooth pinion of Table 5.12 is as an example. 
Figure 5.14 shows how this tooth was plotted.

TABLE 5.12

Spur Gear Dimensions

Item Reference Metric English

1. Center distance Sections 4.2.2 
through 4.2.4

181.50 7.145655

2. Circular pitch Equation 1.2 9.42478 0.37105
3. Pressure angle Section 5.1.3 20 20
4. Working depth Table 5.6 6.00 0.2362
5. Module, transverse Equation 1.3 3 –
6. Diametral pitch, transverse Equation 1.3 – 8.66667

Pinion Gear Pinion Gear

7. Number of teeth Sections 5.1.1, 5.1.2 25 96 25 96
8. Pitch diameter Equation 1.4 75.00 288.00 2.9527 11.3386
9. Addendum Section 5.1.5 3.54 2.46 0.1394 0.0968
10. Whole depth Table 5.6 7.05 7.05 0.2775 0.2775
11. Outside diameter (8) + [2 × (9)] 82.08 292.92 3.2315 11.5322
12. Root diameter (11) – [2 × (10)] 67.98 278.82 2.6765 10.9772
13. Arc tooth thickness Section 5.1.6 4.991 4.204 0.1965 0.1655
14. Chordal tooth thickness Section 5.1.7 5.026 4.243 0.1979 0.1671
15. Chordal addendum Section 5.1.7 3.62 2.47 0.1397 0.0969
16. Pin size Table B.1 5.334 5.334 0.210 0.210
17. Diameter over pins Table B.2 83.1905 304.2113 3.2752 11.9768
18. Face width Section 4.2.2 37.0 35.0 1.45 1.38
19. Form diameter Table B.3 71.35 282.65 2.8090 11.1279
20. Roll angle, OD Table B.3 34.20 23.73 34.20 23.73
21. Roll angle, FD Table B.3 9.07 12.27 9.07 17.27
22. Base circle, diameter Table 5.1 70.477 270.631 2.77468 10.6548
23. Minimum root radius Section 5.1.4 0.84 0.79 0.033 0.031
24. Accuracy Section 7.4.1 See Note 4

Note: 1. See Chapter 6 for gear materials and specifications. 
 2. See Chapter 10, Problem 10.4, for an example of spread center design. (This table is for standard center 

design.)
 3. Metric dimensions are in millimeters, English dimensions are in inches. Angles are in degrees (and deci-

mals of degree). 
 4. After the designer has done the load retain and studied Section 7.4.1, accuracy needs may be satisfied by 

an ISO or AGMA quality level, or the designer may need to write a special recipe for accuracy limits.
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The 25-tooth pinion in Figure 5.14 looks good. The tip of the tooth is generously wide 
(there should be no trouble in carburizing). The root fillet is generous in curvature, and the 
base of the tooth is wide. This tooth can be expected to have good beam strength.

5.1.11  Internal Gear Dimension Sheet

The dimensions for internal gears may be calculated in a manner quite similar to that just 
described for spur gears. However, internal gears are subject to two kinds of trouble that 
do not affect external gears. If the internal gear set is designed for full working depth, the 
gear may contact the pinion at a lower point on the tooth flank than the cutting tool gener-
ated on the involute profile. When internal gear sets have too little difference between the 
number of teeth in the pinion and the number of teeth in the gear, there may be interference 
between the tips of the teeth. The interference is most apt to occur as the pinion is moved 
radially into mesh with the gear.

It is possible to get around the radial interference difficulty by assembling the set by an 
axial movement of the pinion. The difference between numbers of teeth can be less when 
this method of assembly is used, but there will still be interference if the difference is too 
small. Figures 5.15 and 5.16 show radial interference, and axial assembly of 19/26 teeth gear 
set having 20° pressure angle.

The calculations (or layout procedure) that avoid these troubles with internal gears are 
rather complicated. Instead of presenting the method here, Tables 5.13 and 5.14 will be 
given to show what dimensions can be safely used with internal gears.

In Tables 5.13 and 5.14, the addendum of the internal gear has been shortened so that 
the internal gear will contact the pinion no deeper than it would be contacted by a rack 
tooth with an addendum equal to 2.0m − ha1 (or 2.0/Pd − aP). This makes it possible to 

D
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To gear center
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Label Reference

FIGURE 5.14
Oversize layout of 25-tooth pinion.
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manufacture the pinion of an internal gear set in the same way that a pinion would be 
manufactured to go with an external gear with a large number of teeth. The minimum 
numbers of teeth for the different methods of assembly are calculated so that the tips clear 
each other by at least 0.02m mm (or 0.020/Pd in.).

Tables 5.13 and 5.14 are worked out so as to get the most that is possible out of internal 
gears. Many designers have used internal gear data that did not use quite so much work-
ing depth and quite so close tooth numbers as are shown in this table. If the design is not 
critical and center distance accuracy is not close, it may be desirable not to use quite so low 
a ratio as would be permitted by the table.

It will be noted that the tables show two addendum values for each number of teeth. 
The first one is the minimum addendum that might be used for the pinion. This adden-
dum has been lengthened only in those cases in which there is danger of undercut. The 
second addendum has been lengthened to balance tooth strength. The lengthening is not 
quite as much as layouts of the teeth might indicate, but it is about the right amount to 

FIGURE 5.15
Internal gear of 26 teeth will not assemble radially with 19-tooth pinion. Both parts cut to Table 5.13 proportions.

FIGURE 5.16
Internal gear of 26 teeth will assemble axially with 19-tooth pinion. Both parts cut to Table 5.13 proportions.
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use considering the fact that the quality of material in the gear may not be quite as good 
as that in the pinion. Also, the stress concentration at the root of the internal gear tooth is 
apt to be high. In general, the minimum addendum should be used when the gear drives 
the pinion, and the maximum addendum should be used when the pinion drives the gear.

The internal gear usually cannot have a clearance of much over 0.250m (or 0.259/Pd) 
because of the effect of the concave (flaring) sides of the teeth.

The “outside diameter” of an internal gear is really the “inside diameter.” The inside 
diameter is obtained by subtracting twice the gear addendum from the pitch diameter.

The tooth thickness of the pinion is usually adjusted for the amount of long addendum 
that the pinion has. The gear tooth thickness is obtained by subtracting the pinion thick-
ness and backlash from the circular pitch. No consideration is given to gear addendum in 

TABLE 5.13

Addendum Proportions and Limiting Numbers of Teeth for Internal Spur Gears of 20° 
Pressure Angle

No. of 
Pinion 
Teeth 
z1 (NP)

Pinion 
Addendum 

ha1 (aP)

Min. No. of Gear Teeth Gear Addendum

Axial 
Assembly, 

z2 (NG)

Radial 
Assembly, 

z2 (NG)

u = mina 
(mG = min), 

ha2 (aG)

u = 2 
(mG = min), 

ha2 (aG)

u = 4 
(mG = min), 

ha2 (aG)

u = 8 
(mG = min), 

ha2 (aG)

12 1.350 19 26 0.472 0.510 0.582 0.616
1.510 19 26 0.390 0.412 0.451 0.471

13 1.290 20 27 0.507 0.556 0.635 0.673
1.470 20 27 0.419 0.445 0.488 0.509

14 1.230 21 28 0.543 0.601 0.688 0.729
1.430 21 28 0.447 0.479 0.525 0.548

15 1.180 22 30 0.574 0.642 0.733 0.777
1.400 22 30 0.470 0.506 0.554 0.577

16 1.120 23 32 0.608 0.688 0.786 0.834
1.380 23 32 0.487 0.526 0.574 0.597

17 1.060 24 33 0.642 0.734 0.839 0.890
1.360 24 33 0.505 0.546 0.594 0.617

18 1.000 25 34 0.676 0.779 0.892 0.947
1.350 25 34 0.516 0.5 58 0.605 0.628

19 1.000 27 35 0.702 0.792 0.808 0.950
1.330 27 35 0.539 0.578 0.625 0.648

20 1.000 28 36 0.713 0.802 0.903 0.952
1.320 28 36 0.550 0.590 0.636 0.658

22 1.000 30 39 0.733 0.821 0.912 0.957
1.290 30 39 0.577 0.621 0.666 0.688

24 1.000 32 41 0.750 0.836 0.920 0.960
1.270 32 41 0.599 0.644 0.687 0.709

26 1.000 34 43 0.766 0.849 0.926 0.963
1.250 34 43 0.620 0.666 0.709 0.729

30 1.000 38 47 0.792 0.870 0.936 0.968
1.220 38 47 0.654 0.702 0.741 0.761

40 1.000 48 57 0.836 0.903 0.952 0.976
1.170 48 57 0.718 0.764 0.797 0.814

a Minimum u = z2/z1 is minimum for axial assembly.
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obtaining gear tooth thickness. This is because the gear addendum has been arbitrarily 
stubbed to avoid tip interference. The pinion thickness for a full-depth pinion is

 s
p j

h m1 12
1 000 2=

−
+ −( ) ⋅a . ( tan )α metric  (5.26)

 t
p B

a
Pp P
d

=
−

+ − ⋅
2

1 000
2

.
( tan )φ English  (5.27)

TABLE 5.14

Addendum Proportions and Limiting Numbers of Teeth for Internal Spur Gears of 25° 
Pressure Angle

No. of 
Pinion 
Teeth 
z1 (NP)

Pinion 
Addendum 

ha1 (aP)

Min. No. of Gear Teeth Gear Addendum

Axial 
Assembly, 

z2 (NG)

Radial 
Assembly, 

z2 (NG)

u = mina 
(mG = min), 

ha2 (aG)

u = 2 
(mG = min), 

ha2 (aG)

u = 4 
(mG = min), 

ha2 (aG)

u = 8 
(mG = min), 

ha2 (aG)

12 1.000 17 20 0.699 0.793 0.900 0.934
1.220 17 21 0.601 0.656 0.720 0.740

13 1.000 18 22 0.718 0.810 0.908 0.940
1.200 18 22 0.622 0.680 0.742 0.761

14 1.000 19 24 0.734 0.824 0.915 0.944
1.180 19 24 0.644 0.703 0.763 0.782

15 1.000 20 25 0.748 0.837 0.921 0.948
1.170 20 25 0.659 0.719 0.776 0.794

16 1.000 21 26 0.761 0.847 0.926 0.951
1.150 21 26 0.679 0.741 0.797 0.815

17 1.000 22 27 0.773 0.857 0.930 0.954
1.140 22 27 0.694 0.755 0.809 0.826

18 1.000 23 28 0.783 0.865 0.934 0.957
1.130 23 28 0.708 0.769 0.820 0.837

19 1.000 24 29 0.793 0.873 0.938 0.959
1.120 24 29 0.721 0.782 0.832 0.848

20 1.000 25 30 0.802 0.879 0.941 0.961
1.110 26 29 0.741 0.795 0.843 0.859

22 1.000 28 32 0.824 0.891 0.947 0.965
1.090 28 32 0.765 0.820 0.866 0.881

24 1.000 30 34 0.837 0.900 0.951 0.968
1.080 30 34 0.782 0.836 0.879 0.893

26 1.000 32 37 0.847 0.908 0.955 0.970
1.060 32 37 0.806 0.859 0.900 0.914

30 1.000 36 40 0.865 0.921 0.961 0.974
1.050 36 40 0.829 0.879 0.915 0.927

40 1.000 46 51 0.896 0.941 0.971 0.981
1.020 46 51 0.880 0.923 0.952 0.961

a Minimum u = z2/z1 is minimum for axial assembly.

  



272 Dudley’s Handbook of Practical Gear Design and Manufacture

The chordal addendum of the gear is not ordinarily needed unless the gear has a large 
enough inside diameter to permit a tooth caliper to be used. It takes at least a 130-mm (5-in.) 
inside diameter to allow a person’s hand inside the gear to measure tooth thickness. Usually 
small internal gears are checked for thickness by using measuring pins between the teeth. 
In an internal gear, the rise of arc must be subtracted from the addendum. Because of the 
concave nature of the gear tip, only about two-thirds of the pitch-line rise of arc is effective.

The form diameter of the gear is obtained by adding the allowance for excess involute 
instead of subtracting it. Thus

 = +d d df metric2 1 1∆  (5.28)

 Df = Dl + ΔDl  English (5.29)

The limit diameter for internal sets is obtained by the same general procedure as that 
shown for external gears in Table 5.11. However, it is necessary to add instead of subtract. 
For the internal gear, the following equations should be used:

 θ θ θ θrl r ra r= + −( ) z
z
1

2

metric  (5.30)

where θ
α

πr =
°180 tan ,

 ε ε ε εrl r ro r= + −( )N
N

P

G

English  (5.31)

where ε
φ

πr =
°180 tan

.

Once the roll angle at the limit diameter is known, the limit diameter is easily calculated 
by the method shown in Section 5.1.8.

The cutter that generates an internal gear will usually make a fillet that is almost the 
same radius of curvature as itself. Generally a cutter for an internal gear will have only 
about two-thirds of the radius given in Table 5.6.

Table 5.15 shows a dimension sheet for internal gears. Data for a sample problem of an 
18-tooth pinion driving a 28-tooth gear is also shown.

The calculation of the diameter between pins for the internal gear is somewhat different 
from the calculation of diameter over pins for an external gear. Table B.6 in Appendix B 
shows how this is done.

The calculation of the tooth profile of an internal gear is shown in Table B.8. Figure B.16 
shows a layout of the profile of the 28-tooth internal gear on an enlarged scale. Note that 
the root fillet area is quite small. (The designer may not want to use this design for this 
reason—this shows that a design layout is important in the design process.)

The layout of the 18-tooth mating pinion is shown in Figure B.17. The pinion looks good.

5.1.12  Helical Gear Tooth Proportions

A wide variety of tooth proportions have been used for helical gears. In spite of efforts to 
standardize helical gear tooth proportions, there is still no recognized standard. In this 
section we will consider typical kinds of helical gear designs and discuss why each kind 
is used.
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In most cases, a gear maker will have gear-cutting tools on hand, and so a new design 
is very often based on existing tools. Hobs can be used to cut different helix angles merely 
by changing settings and gear ratios in the hobbing machine. For instance, spur gear hobs 
are very often used to cut helical gears up to about 30°. If the gear teeth are to be shaped, a 
shaper cutter is generally needed to each helix angle, and so spur gear shaper cutters are 
not usable for cutting helical gears. The guides used on a gear-shaping machine cut a con-
stant lead rather than cutting a constant helix angle. As tooth numbers change, the helix 
angle that is produced by a given guide will change.

TABLE 5.15

Internal Gear Dimensions

Item Reference Metric English

1. Center distance Section 1.14 15.000 0.590550
2. Circular pitch (8) × (7) ÷ π 9.42478 0.371054
3. Pressure angle Section 5.1.3 25 25
4. Working depth Section 5.1.11 5.51 0.217
5. Module, transverse (8) ÷ (7) 3 –
6. Diametral pitch, transverse (7) ÷ (8) – 8.466667

Pinion Gear Pinion Gear

7. Number of teeth Tables 5.13, 5.14 18 28 18 28
8. Pitch diameter Section 1.14 54.00 84.00 2.12598 3.30708
9. Addendum Section 5.1.11, Table 

5.13, Table 5.14
3.39 2.12 0.133 0.083

10. Whole depth Section 5.1.11 7.05 6.26 0.2775 0.2465
11. Outside diameter (8) + 2 × (9) 60.78 – 2.392 –
12. Inside diameter (8) – 2 × (9) – 79.76 – 3.141
13. Root diameter (12) + 2 (10), gear 46.68 92.28 1.837 3.634
14. Arc tooth thickness Section 5.1.11 4.980 4.240 0.1960 0.1670
15. Chordal tooth thickness Equation 5.9, 

Equation 5.10
4.973 4.238 0.1958 0.1669

16. Chordal addendum Section 5.1.11 3.34 2.12 0.1315 0.083
17. Pin size Table B.1 5.3340 5.3340 0.2100 0.2100
18. Diameter over pins Table B.2 61.912 – 2.4375 –
19. Diameter between pins Table B.6 – 77.092 – 3.0351
20. Face width Section 4.2.2 27.0 25.0 1.06 1.00
21. Form diameter Equation 5.28, 

Equation 5.29
50.035 90.536 1.970 3.564

22. Roll angle, OD Table B.7 42.195 17.904 42.195 17.904
23. Roll angle, FD Table B.7 12.185 36.877 12.185 36.877
24. Base circle diameter (8) × cos (3) 48.941 76.130 1.9268 2.9972
25. Minimum root radius Section 5.1.11 0.90 0.77 0.035 0.030
26. Accuracy Section 7.4.1 See Note 3

Note:  1. Metric dimensions are in millimeters, English dimensions are in inches, and angles are in degrees.
 2. This sheet shows a standard center distance design.
 3. After the designer has done the load rating and studied Section 7.4.1, accuracy needs may be satisfied by 

an ISO or AGMA quality level, or the designer may need to write a special recipe for accuracy limits.
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A designer of helical gears generally needs certain kinds of tooth proportions to make 
the gear unit function properly, and this is usually the chief reason for picking certain pro-
portions. Consideration of available cutting tools then becomes secondary. The designer, 
of course, would hope that a gear shop cutting the design would have tools on hand, but 
the most important thing would be to make a good helical gear design regardless of the 
availability* of cutting tools.

Table 5.16 shows five kinds of helical gear teeth, with examples shown for 10°, 15°, 30°, 
and 35° helix angles. When hobs are available, the normal section data of the helical gear 
must agree with those of the hob. After a helix angle is picked, the hob can be put on a hob-
bing machine to cut gears at this helix angle, and the transverse section data are obtained. 
In a helical gear tooth, the transverse section data must correlate, of course, with the nor-
mal section data, regardless of how the teeth are made.

When the helical gear teeth are to be shaped, the shaping tool’s design is primarily based 
on the transverse section. The normal section data for shaped teeth are calculated the same 
way as for hobbed teeth.

In Table 5.16, the general-purpose design is typical of relatively standard 20°-pressure-
angle spur gear hobs being used to cut helical gears. The practice of using a spur gear hob 
for helical gears is OK when the helical gears are small and narrow in face width. Large, 
wide-face helical gears need a special tapered hob (see Section 8.2). The spur gear hob 
without taper would break down too quickly.

The extra-load-capacity tooth proportions are based on 22.5° normal pressure angle and 
standard teeth. These teeth are stronger both from the standpoint of beam strength and 
that of surface durability. The contact ratio is still relatively good, and the teeth will tend 
to run quite smoothly, although not quite as smoothly as the general-purpose 20° normal 
pressure angle design.

The high-load-capacity helical gear tooth (25° normal pressure angle) tends to have a 
maximum load-carrying capacity. These teeth do not run quite as smoothly as the designs 
just mentioned because of the lower contact ratio. However, if tooth profile modifications 
are properly made, they will run quite well at the design load (teeth modified for a heavy 
load may run roughly and noisily at light loads).

In high-horsepower designs running at high speed, it is often desirable to use a special 
tooth design to get quiet operation. (A good example would be 10,000 kW going through a 
helical gear set at a pitch-line speed of 100 m/s or higher.)

The four groupings in Table 5.16 show examples of proportions of special helical gear 
teeth for low noise.

In a few cases the helical gear application may be so critical that a very special design is 
justified.

The fifth grouping in Table 5.16 shows some examples in which a relatively low-pressure 
angle is used and the teeth are made deeper than the standard depth (the standard work-
ing depth for spur or helical gears is usually thought of as 2.000 times the module in the 
normal section). Helical gear teeth made to the fifth grouping will not have maximum 
load-carrying capacity, but they will still have relatively good load-carrying capacity. The 
design, of course, is biased toward low noise rather than toward maximum torque capacity 
for the size of the gears.

The designs at 10° and 15° helix angles are preferred for single-helical gears because the 
thrust load is relatively low. It is usually possible to use a face width that is at least as much 
as the axial pitch. (To get the full benefit of helical tooth action, the face width should equal 

* See Sections 8.1 and 8.2 for more details on cutting tools like gear shaper cutters and hobs.
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TABLE 5.16

Helical Gear Basic Tooth Data

Typical 
Use

Normal Section Data Transverse Section Data Pitch

Pressure 
Angle, 
αn (ϕn)

Working 
Depth, 
h′ (hk)

Whole 
Depth, 
h (ht)

Edge 
Radius, 
ra0 (rT)

Helix 
Angle, 
β (ψ)

Pressure 
Angle, 
αt (ϕt)

Circular 
Pitch, 
pt (pt)

Axial 
Pitch, 
px (px)

Module, 
Transverse 

mt

Diametral 
Pitch, Pt

General 
purpose

20 2.000 2.350 0.350 10 20.2836 3.1901 18.092 1.015427 0.984808
20 2.000 2.350 0.350 15 20.6469 3.2524 12.138 1.035276 0.965926
20 2.000 2.350 0.350 30 22.7959 3.6276 6.283 1.154700 0.866025
20 2.000 2.350 0.350 35 23.9568 3.8352 5.477 1.220776 0.819152

Extra load 
capacity

22.50 2.000 2.300 0.325 10 22.8118 3.1901 18.092 1.015427 0.984808
22.50 2.000 2.300 0.325 15 23.2109 3.2524 12.138 1.035276 0.965926
22.50 2.000 2.300 0.325 30 25.5614 3.6276 6.283 1.154700 0.866025
22.50 2.000 2.300 0.325 35 26.8240 3.8352 5.477 1.220776 0.819152

High load 
capacity

25 2.000 2.250 0.300 10 25.3376 3.1901 18.092 1.015427 0.984808
25 2.000 2.250 0.300 15 25.7693 3.2524 12.138 1.035276 0.965926
25 2.000 2.250 0.300 30 28.3000 3.6276 6.283 1.154700 0.866025
25 2.000 2.250 0.300 35 29.6510 3.8352 5.477 1.220776 0.819152

Special for 
low noise

18.2377 2.000 2.400 0.400 10 18.5000 3.1901 18.092 1.015427 0.984808
17.9105 2.000 2.400 0.400 15 18.5000 3.2524 12.138 1.035276 0.965926
16.1599 2.000 2.400 0.400 30 18.5000 3.6276 6.283 1.154700 0.866025
15.3275 2.000 2.400 0.400 35 18.5000 3.8352 5.477 1.220776 0.819152

Special for 
very low 
noise

17.2500 2.200 2.575 0.375 10 17.5000 3.1901 18.092 1.015427 0.984808
16.9384 2.200 2.575 0.375 15 17.5000 3.2524 12.138 1.035276 0.965926
15.2727 2.200 2.575 0.375 30 17.5000 3.6276 6.283 1.154700 0.866025
14.4817 2.200 2.575 0.375 35 17.5000 3.8352 5.477 1.220776 0.819152

Note: All angles are in degrees. For the metric system, all dimensions are in millimeters. Multiply by normal module for dimensions of other than 1 mod-
ule. For the English system, all dimensions are in inches. Divide by normal diametral pitch for dimensions of other than 1 normal diametral pitch. 
Module in normal section is 1.000 for the metric system. Diametral pitch is 1.000 in normal section for English system.
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at least two axial pitches.) When the gears are made double helical, there is no thrust load 
because the thrust of one helix is opposed by an equal and opposite thrust from the other 
helix.

Double-helix gears should be made with at least 30° helix angle. At helix angles this 
high, it is possible to get several axial pitches within the face width of each helix. This is 
beneficial for quiet running. The full benefit of helical tooth action can be obtained quite 
readily with double-helix gears. Note the double-helical design illustrated in Figure 5.17. 
There are over five axial pitches per helix.

In a double-helix-gear design, the usual design practice is to position the gear axially 
with thrust bearings, then permit the pinion to float axially so that the load is divided 
evenly between the two helices. There may be resistance to axial float resulting from fric-
tion in coupling devices. If there is enough resistance to axial movement, the division of 
load in a double-helical gear may be impaired. A 30° helix angle, or higher, is needed in 
the double-helical design to ensure that resistance to axial movement from coupling can be 
quite readily overcome (it would be a design mistake, in most cases, to use 15° helix angle 
for a double-helical set).

The relation between the normal and transverse pressure angles of helical gears is given 
by the following equation:

 tan
tan
cos

α
α
βt
n= metric  (5.32)

 tan
tan
cos

φ
φ
ψt
n= English  (5.33)

FIGURE 5.17
Helical gear set used to drive a 1750-kW generator at 1200 rpm. Turbine speed is 10,638 rpm. (From Transamerica 
DeLaval, Trenton, NJ, USA.)
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5.1.13  Helical Gear Dimension Sheet

Table 5.17 shows a helical gear dimension sheet. All the tooth dimensions that will ordi-
narily be needed are shown on this sheet. In some low-cost applications, items like roll 
angles, form diameter, and axial pitch may not be required.

The face-width dimensions should be based on the load-carrying requirements, as 
discussed in Section 5.2.4. Also, it should be remembered that the wider the face width, 
the harder it is to secure accuracy enough to make the whole face width carry load uni-
formly. In addition to these considerations, the designer should consider the fact that a 
certain amount of face width is required to get the benefit of helical gear action. General 

TABLE 5.17

Helical Gear Dimensions

Item Reference Metric English

1. Center distance Sections 4.2.2 and 4.2.4 187.9026 7.39774
2. Normal circular pitch Equation 1.8 9.4248 0.371054
3. Normal pressure angle Section 5.1.12 Table 5.16 20 20
4. Working depth Table 5.16 6.00 0.236
5. Helix angle Section 5.1.12 15 15
6. Transverse pressure angle Equations 5.32 and 5.33 20.64689 20.64689
7. Module, normal Equation 1.9 3 –
8. Normal diametral pitch Equation 1.10 – 8.466667

Pinion Gear Pinion Gear

9. Number of teeth Section 5.1.13 25 96 25 96
10. Pitch diameter Equations 1.4 and 1.5 77.6457 298.1595 3.05692 11.73856
11. Addendum Section 5.1.13 3.00 3.00 0.118 0.118
12. Whole depth Table 5.16 7.05 7.05 0.2775 0.2775
13. Outside diameter (10) + 2 × (11) 83.65 304.16 3.293 11.974
14. Root diameter (13) – 2 × (12) 69.55 290.06 2.738 11.419
15. Normal arc tooth thickness Section 5.1.6 4.617 4.617 0.1818 0.1818
16. Chordal tooth thickness Equations 5.9 and 5.10 4.594 4.609 0.1809 0.1815
17. Chordal addendum Equations 5.7 and 5.8 3.047 3.014 0.1200 0.1185
18. Ball size Table B.1 5.33401 5.33401 0.210 0.210
19. Diameter over balls Table B.9
20. Face width Sections 5.1.12 and 

5.1.13
78 77 3.07 3.03

21. Form diameter Table B.3 73.393 293.338 2.8894 11.5487
22. Roll angle, OD Table B.3 32.68 24.87 3268 24.87
23. Roll angle, FD Table B.3 8.17 18.60 8.17 18.60
24. Base circle diameter (10) × cos (6) 72.6586 279.0091 2.86057 10.98458
25. Hand of helix Section 1.13 RH LH RH LH
26. Lead (2) × (9) ÷ sin (5) 910.364 3495.796 35.8410 137.625
27. Minimum root radius Section 5.1.13 0.89 0.78 0.035 0.030
28. Accuracy Section 7.4.1 See Note 3

Note: 1. Metric dimensions are in millimeters, English dimensions are in inches, and angles are in degrees.
 2. This sheet shows a standard center distance design. See Section 10.1 for an example of a special “spread 

center” design.
 3. After the designer has done the load rating and studied Section 7.4.1, accuracy needs may be satisfied by 

an ISO or AGMA quality level, or the designer may need to write a special recipe for accuracy limits.
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experience indicates that it takes at least two axial pitches of face width to get full benefit 
from the overlapping action of helical teeth. In critical high-speed gears, where noise is the 
problem, the designer should aim to get four or more axial pitches in the face width. If the 
face width is less than one axial pitch, the tooth action will be in between that of a spur 
and a true helical gear.

Helical pinions should have enough addendum to avoid undercut. Equations 5.3 and 
5.4 can be used to calculate the number of teeth at which undercut just starts on a helical 
pinion. Two pressure angles have to be used, though, to get the right answer. In calculat-
ing the hfx dimension, the normal pressure angle αn is used. In calculating z, the transverse 
pressure angle αt is used. Helical pinions can go to lower numbers of teeth without under-
cut than spur pinions. It is seldom that helical gearing requires long and short addendum 
to avoid undercut.

In general, there Is not so much need to use long and short addendum to balance strength 
between pinion and gear in helical gearing as in spur gearing. Low-hardness helical gear-
ing usually has strength to spare and is in no danger of scoring trouble. Wear in the form of 
pitting is the main thing that limits the design. In this situation, a long-addendum pinion 
meshing with a short-addendum gear offers only a slight advantage over equal addendum 
on both members. In high-hardness helical gearing where the pinion has a low number of 
teeth and the ratio is high, it may be desirable to use about the same ratio between pinion 
addendum and gear addendum as would be used for spur gears. In this case, Figure 5.5 
may be used as a guide.

The minimum root fillet radius of a helical gear is not usually specified on the drawing. 
This is a hard dimension to check because you cannot get a good projection view of the fil-
let without cutting out and mounting a section* of the gear. If beam strength is not critical, 
then it is not necessary to keep close control over root-fillet curvature. It is good judgment, 
though, to require that all cutting tools have as much radius as possible.

The equation for the minimum radius of curvature in the root fillet of a helical gear is

 ρ
β

f
a f a

p f a

=
− −( )

+ −( )
r h r

d h r
0
2

0

2

2
02/

metric
( cos )  (5.34)

where hf = h − ha, and ra0 is edge radius of generating rack;

 ρ
ψ

f
T T

T

=
− −( )

+ −( )
r b r

d b r

2 2

22/
English

( cos )  (5.35)

where b = ht − a, and rT is edge radius of generating rack.
Although Equations 5.34 and 5.35 are based on the generating action of a rack, the 

designer can use it for any type of helical gear manufacture on the assumption that other 
methods of tooth cutting can meet the same minimum radius value.

The shape of helical teeth in the normal section is almost exactly the same as that of a 
spur gear with a larger number of teeth. For instance, the 25-tooth helical pinion on a 
77.6457-mm pitch diameter shown on the sample dimension sheet would be matched in 

* The section cut is normal to the helical tooth. The minimum radius specified is, of course, in the normal 
section.
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tooth contour by a spur pinion of 27.74 teeth on an 83.220-mm pitch diameter with a 20° 
pressure angle.

The matching number of teeth in a spur gear is called the virtual number of teeth. The 
virtual number of spur teeth is equal to the number of helical teeth divided by the cube of 
the cosine of the helix angle. See Table B.11.

5.1.14  Bevel Gear Tooth Proportions

The proportions of straight bevel, Zerol® (Gleason Works, Rochester, NY) bevel, and spi-
ral bevel gears can quite logically be considered together. Gleason Works has done an 
excellent job of standardizing the designs of these kinds of gears. Their work is generally 
accepted by the gear industry, and in time it usually becomes part of the standards of the 
American Gear Manufacturers Association (AGMA). The material in this section and the 
next three sections is taken from the revised editions of Gleason bevel gear systems for 
straight, spiral, and Zerol bevel gears manuals.

The pressure angles and tooth depths generally recommended for bevel gears are given 
in Table 5.18. The whole depth specified is sometimes slightly exceeded by the practice of 
rough cutting some pitches slightly deeper than the calculated depth to save wear on the 
finishing cutters.

The various Gleason systems have the amount of addendum for the gear and the pinion 
worked out so as to avoid undercut with a low number of teeth, and balance the strength 
of gear and pinion teeth. In each case, though, there is a limit to how far the system will go. 
Table 5.19 shows the minimum numbers of teeth that can be used in different combinations.

TABLE 5.18

Bevel Gear Proportions

Kind of Bevel 
Gear

Size Range

Pressure Angle, 
α (or ϕ)

Working Depth, 
h′ (or hk)

Whole 
Depth, 
h (or ht)Module, mt

Diametral Pitch, 
Pt

Straight 25.4–0.40 1–64 20° 2.000
2 188

0 005
.

.
+

mt  
or 0.002Pt

Spiral 25.4–1.27 1–20 20° 1.700 1.888
25.4–1.27 1–20 16° 1.700 1.888

Zerol 5.00–0.40 5–64 20° 2.000
2 188

0 05
.

.
+

mt  
or 0.002Pt

5.00–0.80 5–32 22.5° 2.000
5.00–1.27 5–20 25° 2.000

Note: 1. For metric design, the values are multiplied by the module to get the working depth and the whole 
depth.

 2. For English design, the values are divided by the diametral pitch to get the whole working depth and 
the whole depth.

 3. To protect fine pitches, a constant value is added to the whole depth. This is done for all pitches, but it is 
not very significant on large pitches. The value is 0.05 mm or 0.002 in.

 4. Examples for straight bevel:

5 Module 1 Module

Working depth 10.00 mm 2.000 mm
Whole depth 10.99 mm 2.398 mm
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In spur and helical gear work, the amount of addendum for the pinion is first deter-
mined. Then what is left of the working depth is used for the gear addendum. In bevel 
gear practice, just the opposite procedure is used. The gear addendum is determined first.

Table 5.20 shows the amount of gear addendum recommended for bevel gears.
Since bevel gears and bevel pinions usually have different addendums, it is necessary 

to use different tooth thicknesses for the two members. The standard systems worked out 
by the Gleason Works adjust the tooth thicknesses so that approximately equal strength 
is obtained for each member. The adjustment of the tooth thickness is accomplished by a 
factor called k. This k should not be confused with the K-factor used as an index of tooth 
load. The k values can be read from Figures 5.18 through 5.21.

The thicknesses of bevel gear teeth are calculated for the large ends of the teeth. It is cus-
tomary to calculate the circular thicknesses of the teeth without allowing any backlash. In 
straight bevel gearing, chordal tooth thicknesses are calculated with backlash. The chordal 
thicknesses of a straight-bevel-gear tooth can be measured with tooth calipers.

The formula for the gear circular tooth thickness of any kind of bevel gear is

TABLE 5.19

Minimum Tooth Numbers for Bevel Gears

Kind of Gear Pressure Angle
No. of Pinion 

Teeth
Min. No. of Gear 

Teeth

Straight bevel 20° 13 31
14 20
15 17
16 16

Spiral bevel 20° 12 26
13 22
14 20
15 19
16 18
17 17

Zerol bevel 20° 15 25
16 20
17 17

22.5° 13 15
14 14

25° 13 14
13 13

TABLE 5.20

Gear Addendum for Bevel Gears

Kind of Bevel Gear Metric English

Straight or Zerol
0 540

0 460
2

.
.

m
m

ut
t+

0 540 0 460
2

. .
P P md d G

+

Spiral bevel
0 540

0 390
2

.
.

m
m

ut
t+

0 540 0 390
2

. .
P P md d G

+

Note: The pinion addendum is obtained by subtracting the gear 
addendum from the working depth.
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FIGURE 5.18
Circular thickness factor for straight bevel gears with 20° pressure angle.
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where k is the circular tooth thickness factor given by the appropriate curve for straight, 
Zerol, or spiral bevel gears. See Figures 5.18 through 5.21.

The recommended amount of backlash for bevel gear sets when they are assembled 
ready to run is given in Table 5.21. In instrument and control gearing, it may be desirable 
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FIGURE 5.20
Circular thickness factor for Zerol bevel gears with 20° pressure angle operating at 90° shaft angle.

0.110
0.100
0.090
0.080
0.070
0.060
0.050
0.040
0.030
0.020
0.010
0.000

1.0 0.9 0.8 0.7

Ci
rc

ul
ar

 th
ic

kn
es

s f
ac

to
r k

N
um

be
r o

f p
in

io
n 

te
et

h

0.6 0.5 0.4 0.3 0.2 0.1

13

14
15
16
17
18
19
20
21
22
23
24
25
26
27 and up

Inverse ratio = no. pinion teeth
no. gear teeth

FIGURE 5.21
Circular thickness factor for Zerol bevel gears with 25° pressure angle operating at 90° shaft angle.
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to use values even lower than those shown. Conversely, some high-speed gears and gears 
mounted in casing with a material different from that of the gear may require more 
backlash.

5.1.15  Straight Bevel Gear Dimension Sheet

A dimension sheet for calculating straight bevel gear tooth data is given in Table 5.22. This 
sheet gives several formulas not previously discussed. These can be tried out quite read-
ily by working through numerical calculations for the sample design that is shown in the 
table.

The backlash allowance in item (20) of the table is taken from Table 5.21. The designer 
should consult the text in Section 5.1.6 and then decide whether special requirements of 
the application might make it desirable to depart from standard backlash.

The correction for chordal tooth thickness and chordal addendum are made by these 
equations:

Chordal tooth thickness

 s s
s

d

j
2 2

2

3

2
2

6 2
= −

( )
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metric  (5.38)
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TABLE 5.21

Nominal Backlash for Bevel Gears at Tightest Point of Mesh

Tooth Size Range Backlash for Low Accuracy Backlash for High Accuracy

Module, mt Diametral Pitch, Pd mm in. mm in.

25–20 1.00–1.25 1.14–1.65 0.045–0.065 0.51–0.76 0.020–0.030
20–17 1.25–1.50 0.89–1.40 0.035–0.055 0.46–0.66 0.018–0.026
17–14 1.50–1.75 0.63–1.10 0.025–0.045 0.41–0.56 0.016–0.022
14–12 1.75–2.00 0.51–1.00 0.020–0.040 0.36–0.46 0.014–0.018
12–10 2.00–2.50 0.46–0.76 0.018–0.030 0.30–0.41 0.012–0.016
10–8.5 2.50–3.00 0.38–0.63 0.015–0.025 0.25–0.33 0.010–0.013
8.5–7.2 3.00–3.50 0.30–0.56 0.012–0.022 0.20–0.28 0.008–0.011
7.2–6.3 3.50–4.00 0.25–0.51 0.010–0.020 0.18–0.22 0.007–0.009
6.3–5.1 4.00–5.00 0.20–0.41 0.008–0.016 0.15–0.20 0.006–0.008
5.1–4.2 5.00–6.00 0.15–0.33 0.006–0.013 0.13–0.18 0.005–0.007
4.2–3.1 6.00–8.00 0.13–0.25 0.005–0.010 0.10–0.15 0.004–0.006
3.1–2.5 8.00–10.00 0.10–0.20 0.004–0.008 0.076–0.127 0.003–0.005
2.6–1.6 10.00–16.00 0.076–0.127 0.003–0.005 0.051–0.102 0.002–0.004
1.6–1.2 16.00–20.00 0.051–0.102 0.002–0.004 0.025–0.076 0.001–0.003
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TABLE 5.22

Straight Bevel Gear Dimensions

Item Reference Metric English

1. Circular pitch (8) × π ÷ (7) 15.7079 0.61842
2. Pressure angle Section 1.15 20 20
3. Working depth Table 5.18 20.00 0.3937
4. Shaft angle Assumed to be 90° 90 90
5. Module (8) ÷ (7) 5.000 –
6. Diametral pitch (7) ÷ (8) – 5.080

Pinion Gear Pinion Gear

7. Number of teeth Table 5.19 16 49 16. 49.
8. Pitch diameter Section 4.2.5 80.00 245.00 3.1496 9.6457
9. Pitch angle Section 1.15, Table 5.23 18.08 71.92 18.08 71.92
10. Outer cone distance Table 5.23 128.87 128.87 5.074 5.074
11. Face width Sections 4.2.5 and 5.1.15 40.00 40.00 1.575 1.575
12. Addendum Table 5.20 7.05 2.95 0.278 0.116
13. Whole depth Table 5.18 10.99 10.99 0.433 0.433
14. Dedendum angle Table 5.23 1.73 3.55 1.73 3.55
15. Face angle Table 5.23 21.63 73.65 21.63 73.65
16. Root angle Table 5.23 16.35 68.37 16.35 68.37
17. Outside diameter Table 5.23 93.41 246.83 3.678 9.718
18. Pitch apex to crown Table 5.23 120.31 37.20 4.737 1.465
19. Circular tooth 
thickness

Equations 5.36 and  5.37 9.514 6.194 0.3745 0.2438

20. Backlash Table 5.21, Section 5.1.6 0.13–0.18 0.13–0.18 0.005–0.007 0.005–0.007
21. Chordal tooth 
thickness

Equations 5.38 and  5.41 9.43 6.13 0.3712 0.2413

22. Chordal addendum Equations 5.42 through 5.45 7.32 2.96 0.2882 0.1165
23. Tooth angle Table 5.23 2.75 2.67 2.75 2.67
24. Limit point width: 
large end

Section 5.1.15, Table B.12 3.30 3.63 0.130 0.143

25. Limit point width: 
small end

Section 5.1.15, Table B.12 2.31 2.54 0.091 0.100

26. Tool point width Section 5.1.15, Table B.12 1.65 1.78 0.065 0.070
27. Tool edge radius Section 5.1.15, Table B.12 0.63 0.63 0.025 0.025

Note: Metric dimensions are in millimeters, English dimensions are in inches, and angles are in degrees. For 
more complete data, see Gleason dimension sheet, Table B.12.
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where backlash (in millimeters for metric) is designated as j, and backlash (in inches for 
English) is denoted by B.

The tooth angle is a machine setting used on a Gleason two-tool straight-bevel-gear gen-
erator. See Table 5.23 for the definition of this angle.

The limit-point width is the maximum width of the point of a straight-sided V-tool, which 
will touch the sides and bottom of the tooth at the small end. The tool actually used must 
not be larger than this dimension, but it may be a little smaller.

The tool advance corresponds to the 0.05 mm or 0.002 in. in the whole depth formula. 
(see Table 5.18). This dimension sets the tool deeper and increases the clearance along the 
length of the tooth.

Table 5.22 gives the calculations for bevel gears mounted on a 90° shaft angle only. If 
bevel gears are to be mounted on some other angle, special calculations have to be made. 
Gleason data references at the end of the book may be consulted to get information beyond 
the scope of this book. A complete Gleason dimension sheet for the bevel gears in Table 
5.22 is given as Table B.12.

The face width of straight bevel gears should not exceed 32% of the outer cone distance 
nor exceed 3.18 times the circular pitch. These rules may be rounded off to 30% of the 
face width and 3 times the circular pitch for convenience. If either rule is exceeded by 
much, there is apt to be trouble in making and fitting the teeth properly. Real load-carrying 
capacity will probably be lost as a result of poor running fits when bevel tooth gears are 
made wider in face width than the rules just mentioned will allow.

5.1.16  Spiral Bevel Gear Dimension Sheet

Table 5.24 shows the relatively simple design sheet that is used for spiral bevel gears. 
Control of the spiral bevel gear’s geometry is obtained by controlling the machine settings 
of the machine used to make the gears and by testing each gear with standard test gears.

Table 5.21 is issued as a design guide for backlash of spiral bevel gears. In general, all the 
backlash is subtracted from the pinion thickness.

Table 5.24 should be used only for spiral bevel gears on 90° shaft angle. The standard 
spiral angle is 35°.

The mean circular thickness shown in item (20) is the tooth thickness at the midsection (mid-
way from the face width). The dimensions in the midsection are all smaller (due to the conical 
shape of a bevel gear) than they are at the large end. The relation of midsection to large end is

 
Midsection
Large end

2.0 outer cone distance fac
=

× − ee width
2.0 outer cone distance×

 (5.46a)
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If the face width is 30% of the cone distance, this ratio will come out to be 0.850. This 
means the mean tooth thicknesses will be about 85% of the thicknesses at the large end.

The tooth thicknesses shown in Table 5.24 for the 16/49 spiral bevel set have been reduced 
from the theoretical to allow for a minimum backlash for precision spiral bevel teeth. The 
sum of the tooth thicknesses is less than the mean circular pitch by the backlash. (The 
mean circular pitch for the example is 13.2700 mm or 0.5224 in.)

TABLE 5.23

Calculation of Bevel Gear Body Dimensions

Pitch apex to
back

(29)
Crown to back

Crown
Shaft
angle

Back
angle

Front
angle

Uniform
clearance

Gear

(3
)

(2
5)

Face
width

Pitch
apex

(21)
(19)

(11)

(4)
(27)

Back
cone

(13)
Pinion

(23)

1. No. pinion teeth 16 22. Pinion RA, (10) – (16) 16.3322
2. No. gear teeth 19 23. Gear RA, (11) – (19) 68.3464
3. Pinion, pitch diameter 80.00 24. 2.0 (5) × cos (10) 13.4035
4. Gear, pitch diameter 245.00 25. Pinion OD, (3) + (24) 93.4035
5. Pinion addendum 7.05 26. 2.0 (6) × cos (11) 1.8314
6. Gear addendum 2.95 27. Gear OD, (4) + (26) 246.8314
7. Working depth 10.00 28. 0.50 × (4) – (5) sin (10) 120.3117
8. Whole depth 10.99 29. Pinion pitch apex to crown (28)
9. (1) ÷ (2) 0.326531 30. 0.50 × (3) – (6) sin (11) 37.1957
10. Pinion PA, arctan (9) 18.0834 31. Gear pitch apex to crown (30)
11. Gear PA, 90° − (10) 71.9165 For straight bevels only:
12. 2 sin (10) 0.620804 32. Pinion circular thickness 9.514
13. Outer cone distance, (3) ÷ (12) 128.8652 33. Pressure angle 20°
14. (8) – (5) 3.94 34. 0.50 × (32) + (14) tan (33) 6.19104
15. (14) ÷ (13) 0.030575 35. 57.30 ÷ (13) 0.44465
16. Pinion ded. angle, arctan (15) 1.7512 36. Pinion tooth angle, (34) × (35) 2.7528
17. (8) – (6) 8.04 37. Gear circular thickness 6.194
18. (17) ÷ (13) 0.062391 38. 0.50 × (37) + (17) tan (33) 6.02332
19. Gear ded. angle, arctan (18) 3.5701 39. Gear tooth angle, (35) × (38) 2.6782
20. Pinion FA, (19) + (10) 21.6535
21. Gear FA, (16) + (11) 73.6677

Note: These calculations are for straight, spiral, or Zerol bevel gears on a 90° shaft angle. The abbreviations used 
are PA, pitch angle; FA, face angle; RA, root angle; OD, outside diameter.
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The data shown in Tables 5.22 and 5.25 have been calculated by computer at Gleason
Works. They do not agree exactly with the data given in the Gleason references at the 
end of the book. With somewhat more complex calculations—handled easily in a large 
computer program—the proportions can be modified to give best results for the planned 
method of manufacture. A slightly tilted root-line taper, for instance, is often used to allow 
for maximum tooling-point widths. This achieves the best tool life and the largest fillet 
radii (for decreased bending stresses).

On large production jobs, using Gleason machine tools, it is possible to obtain a complete 
summary of design and manufacturing dimensions from Gleason Works. These dimen-
sion sheets show considerably more data than the basic engineering data. Also, computa-
tions at Gleason Works are carried out on a large computer. Small variations to favor a 
particular job can be made very readily. As examples, the following dimension sheets are 
given in Appendix B:

TABLE 5.24

Spiral Bevel Gear Dimensions

Item Reference Metric English

1. Circular pitch (9) × π ÷ (8) 15.7079 0.61842
2. Pressure angle Section 1.17 20 20
3. Spiral angle Section 5.1.16 35 35
4. Working depth Table 5.18 8.30 0.327
5. Shaft angle Assumed to be 90° 90 90
6. Module (9) ÷ (8) 5.00 –
7. Diametral pitch (8) ÷ (9) – 5.080

Pinion Gear Pinion Gear

8. Number of teeth Table 3.19 16 49 16 49
9. Pitch diameter Section 4.2.5 80.00 245.00 3.1496 9.6457
10. Pitch angle Table 5.23 18.08 71.92 18.08 71.92
11. Outer cone distance Table 5.23 128.87 128.87 5.074 5.074
12. Face width Section 5.1.16 38 38 1.496 1.496
13. Addendum Table 5.20 5.91 2.38 0.233 0.094
14. Whole depth Table 5.18 9.22 9.22 0.363 0.363
15. Dedendum angle Table 5.23 1.13 2.83 1.13 2.83
16. Face angle Table 5.23 20.92 73.05 20.92 73.05
17. Root angle Table 5.23 16.95 69.08 16.95 69.08
18. Outside diameter Table 5.23 91.26 246.48 3.593 9.704
19. Pitch apex to crown Table 5.23 120.67 37.74 4.751 1.485
20. Mean circular tooth 
thickness

Section 5.1.16 8.13 5.04 0.320 1.1984

21. Backlash Section 5.1.16, 
Table 5.21

0.13–0.18 0.13–0.18 0.005–9.007 0.005–9.007

22. Hand of spiral One LH, other RH LH RH LH RH
23. Function Design choice Driver Driven Driver Driven
24. Direction of rotation Design choice CCW CW CCW CW
25. Cutter diameter Table B.13 190.5 190.5 7.50 7.50
26. Cutter edge radius Table B.13 0.63 0.63 0.025 0.025

Note: Metric dimensions are in millimeters, English dimensions are in inches, and angles are in degrees. For 
more complete data, see Gleason dimension sheet, Table B.13.  

www.mohandesidl.ir
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Table B.12 Straight bevel Matches Table 5.22
Table B.13 Spiral bevel Matches Table 5.24
Table B.14 Zerol bevel Matches Table 5.25

Spiral bevel gears should not have a face width exceeding 30% of the outer cone distance.

5.1.17  Zerol Bevel Gear Dimension Sheet

The Zerol bevel gear has curved teeth like the spiral bevel gear, but its spiral angle is 0°. 
The dimension sheet (Table 5.25) is similar in form to the one used for spiral bevel gears, 
but the dimensions have numerical values more like those used for straight bevel teeth.

The mean tooth thickness values shown in Table 5.25 are similar to those just discussed 
in Section 5.1.16 for spiral bevel gears. They are for the middle of the face width, and they 
have been reduced to allow for an amount of backlash for precision gears.

The dedendum angle for Zerol bevel gears has a small amount added to the angle that 
would be obtained using the method shown in Table 5.23 for bevel gear body dimensions. 
This added amount, in degrees, can be obtained from the following:

TABLE 5.25

Zerol Bevel Gear Dimensions

Item Reference Metric English

1. Circular pitch (8) × π ÷ (7) 7.8540 0.30921
2. Pressure angle Section 1.16 20 20
3. Working depth Table 5.18 5.00 0.197
4. Shaft angle Assumed to be 90° 90 90
5. Module (8) ÷ (7) 2.500 –
6. Diametral pitch (7) ÷ (8) – 10.160

Pinion Gear Pinion Gear

7. Number of teeth Table 5.19 32 98 32 98
8. Pitch diameter Section 4.2.5 80 245.00 3.1496 9.6456
9. Pitch angle Table 5.23 18.08 71.92 18.08 71.92
10. Outer cone distance Table 5.23 128.87 128.87 5.074 5.074
11. Face width Section 5.1.17 32 32 1.260 1.260
12. Addendum Table 5.20 3.53 1.47 1.1390 0.0579
13. Whole depth Table 5.18 5.47 5.47 0.2154 0.2154
14. Dedendum angle Table 5.23 1.37 3.28 1.37 3.28
15. Face angle Table 5.23 21.37 73.28 21.37 73.28
16. Root angle Table 5.23 16.72 68.63 16.72 68.63
17. Outside diameter Table 5.23 86.71 245.91 3.414 9.681
18. Pitch apex to crown Table 5.23 121.41 38.60 4.780 1.520
19. Mean circular tooth 
thickness

Section 5.1.17 3.92 2.86 0.1543 0.1126

20. Backlash Section 5.1.17 
Table 5.21

0.05–0.10 0.05–0.10 0.002–004 0.002–004

21. Cutter diameter Table B.14 152.4 152.4 6.00 6.00

Note: Metric dimensions are in millimeters, English dimensions are in inches, and angles are in degrees. For 
more complete data, see Gleason dimension sheet, Table B.14.
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	 Δ dedendum angle = A − B − C (5.46b)

where A is

Pressure Angle

Value of A

Metric English

20° 111.13° ÷ z 111.13° ÷ Nc

22.5° 81.13° ÷ z 81.13° ÷ Nc

25° 56.87° ÷ z 56.87° ÷ Nc

Number of crown teeth

 za 2.0 (Ra ÷ mt)  metric (5.47)

 Nc = 2.0 PdAo  English (5.48)

The value B is the same regardless of pressure angle:

 B
d

zb
=
25 2 1 2. sinp δ

metric  (5.49)

 B
d
N F

=
5 sinΓ

c

English  (5.50)

The value C is also the same regardless of pressure angle:

 C = 5.918 ÷ (z × mt)  metric (5.51)

 C = (0.2333 Pd) ÷ Nc  English (5.52)

Zerol bevel gears are quite frequently used in critical instrument work. For this kind of 
work, it is frequently necessary to use almost no backlash. If the gears are to be used for 
general-purpose work, Table 5.21 may be used as a design guide for backlash.

The dedendum angles shown in Table 5.25 are made to suit the Duplex method of cut-
ting Zerol bevel gears. This is a rapid method of cutting that allows both pinion and gear 
to be cut spread-blade (both sides of a tooth space are finished simultaneously). Present 
machine capacity limits the use of Duplex method to cut gears approximately 2.5 module 
(10 pitch) and finer and to ground gears approximately 4 module (6 pitch) and finer. The 
minimum number of pinion teeth is 13.

Table 5.25 is for use only when the shaft angle is 90°. Angular Zerol bevel gears require 
special calculations. The face width of Zerol bevel gears should not exceed 25% of the outer 
cone distance.

5.1.18  Hypoid Gear Calculations

The hypoid gear quite closely resembles a spiral bevel gear in appearance. The major dif-
ference is that the pinion axis is offset above or below the gear axis. In the regular bevel 
gear family, the axis of the pinion and that of the gear always intersect. The hypoid type of 
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gear does not have intersecting axes. Since this kind of gear is basically different from the 
bevel gear, hypoid gears are not ordinarily called hypoid bevel gears. Instead, they are just 
called hypoid gears. From a manufacturing standpoint, though, they are cut or ground with 
the same kinds of machinery that are used to make spiral bevel gears.

Hypoid gears can be more readily designed for low numbers of pinion teeth and high 
ratios than can spiral bevel gears. Gleason Works recommends the following minimum 
numbers of teeth for formate* pinions:

Ratio Minimum No. of Pinion Teeth

2.5 15
3 12
4 9
5 7
6 6
10 5

The calculations involved in designing a set of hypoid gears are quite long. A calculation 
sheet of about 150 items must be calculated to get all the answers needed. About 45 items 
on the sheet must be worked through on a trial basis, then repeated two or three times 
until the assumed and calculated values check. With the advent of computers, hypoid gear 
calculations became much easier since they could be programmed.

In view of the large amount of material needed to explain hypoid gear calculations, it is 
not possible to present the method here. Those interested in obtaining hypoid gear designs 
should either consult a manufacturer of hypoid gears or study the hypoid gear design 
information published by Gleason Works. A practical approach for most jobs is to get a 
hypoid dimension sheet made by Gleason Works.

5.1.19  Face Gear Calculations

The pinion of a face gear set can be designed in just the same manner as a spur or heli-
cal pinion would be designed. The pinion should have enough addendum to avoid being 
undercut. Equations 5.3 and 5.4 may be used to check a design to see if it is in danger of 
undercutting. The meshing action of the face gear with the pinion is somewhat similar to 
that of a rack meshing with the pinion. The involute profile of the pinion should be fin-
ished accurately to an enough depth to permit the pinion to mesh with a rack.

One of the principal design problems in face gears is to calculate the face width. Since the 
face gear teeth run across the end of a cylindrical blank instead of across the outside diam-
eter, the length of the tooth sets an inside diameter and an outside diameter. The face gear 
tooth changes its shape as you move lengthwise along the tooth. The minimum inside diam-
eter is determined by the point at which the undercut portion of the gear profile extends to 
about the middle of the tooth height. The maximum outside diameter is established by the 
point at which the top land of the tooth narrows to a knife edge. In general, it is good design 
practice to make the face width of the gear somewhat shorter than these two extremes.

Table 5.26 shows some recommended proportions for spur face gears of 20° pressure 
angle. A ratio of less than 1.5 is not generally recommended. The diameter constants are 
used to calculate the limiting outside and inside diameters of the gear as follows:

* Formate pinions are pinions that are matched to run with formate gears. Formate gears are cut without any 
generating action. 
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TABLE 5.26

Tooth Proportions and Diameter Constants for Face Gears, 20° Pressure Angle

No. of Pinion 
Teeth z1 (NP)

Pinion 
Addendum 

ha1 (aP)

Pinion Tooth 
Thickness s1 

(tP)

Gear 
Addendum 

ha2 (aG)

Gear Diameter Constants for Gear Ratios

Ratio = 1.5 Ratio = 2.0 Ratio = 4.0 Ratio = 8.0

εo (mo) εi (mi) εo (mo) εi (mi) εo (mo) εi (mi) εo (mo) εi (mi)

12 1.120 1.790 0.700 … … 1.221 1.020 1.221 0.960 1.221 0.945
13 1.100 1.745 0.760 1.202 1.064 1.202 1.015 1.202 0.959 1.202 0.945
14 1.080 1.700 0.820 1.187 1.062 1.187 1.011 1.187 0.958 1.187 0.944
15 1.060 1.660 0.880 1.174 1.052 1.174 1.007 1.174 0.957 1.174 0.944
16 1.040 1.620 0.940 1.161 1.051 1.161 1.004 1.161 0.956 1.161 0.944
17 1.020 1.580 0.980 1.156 1.041 1.156 1.000 1.156 0.955 1.156 0.944
18 1.000 1.570 1.000 1.150 1.039 1.150 0.997 1.150 0.954 1.150 0.943

1.250 1.752 0.750 1.176 1.042 1.176 0.999 1.176 0.955 1.176 0.943
20 1.000 1.570 1.000 1.144 1.030 1.144 0.991 1.144 0.953 1.144 0.943

1.250 1.752 0.750 1.166 1.032 1.166 0.993 1.166 0.953 1.166 0.943
22 1.000 1.570 1.000 1.140 1.022 1.140 0.987 1.140 0.952 1.140 0.943

1.200 1.715 0.800 1.156 1.024 1.156 0.988 1.156 0.952 1.156 0.943
24 1.000 1.570 1.000 1.133 1.015 1.133 0.983 1.133 0.951 1.133 0.942

1.200 1.715 0.800 1.150 1.017 1.150 0.984 1.150 0.951 1.150 0.943
30 1.000 1.570 1.000 1.121 1.001 1.121 0.975 1.121 0.949 1.121 0.942

1.150 1.680 0.850 1.131 1.001 1.131 0.975 1.131 0.949 1.131 0.942
40 1.000 1.570 1.000 1.109 0.986 1.109 0.966 1.109 0.946 1.109 0.941

1.100 1.640 0.900 1.113 0.986 1.113 0.966 1.113 0.946 1.113 0.941

Note: For metric design, the dimensions are in millimeters and are for 1 module. For English design, the dimensions are in inches and are for 1 diametral pitch.
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 da2 = εoz2mt   metric (5.53)

where εo = m0

 D
m N
Po
o G

d

= English  (5.54)

 di2 = ε1z2mt  metric (5.55)

where ε1 = mi

 D
mN
Pi
i G

d

= English  (5.56)

In Equations 5.53 through 5.56, z2 and NG are the number of face gear teeth. The con-
stants mo and mi may be read from Table 5.26.

The maximum usable face width of the gear is

 b
d d

2
2 2

2
=

−a i metric  (5.57)

 F
D D

G
o i=
−
2

English  (5.58)

The face width of the pinion is usually made a little greater than that of the gear to allow 
for error in axial positioning of the pinion.

The face gear is cut with a pinion-shaped cutter that has either the same number of teeth 
as the pinion or just slightly more. If the cutter has slightly more teeth, the gear tooth will 
be “crowned” slightly, and contact will be heavy in the center of the face width, with little 
or no contact at the ends of the teeth. The face gear is never cut with a cutter that has a 
smaller number of teeth than the pinion. If it were, contact would be heavy at the ends and 
hollow in the center—a very unsatisfactory condition.

When the pinion of a face gear set has less than 17 teeth, it is necessary to reduce the 
cutter outside diameter to keep the top land of the cutter from becoming too narrow. If 
the land is too narrow, the cutter will wear too fast at the tip. It should be noted that the 
combinations shown in Table 5.26 have a working depth of less than 2.000 when the pin-
ion has less than 17 teeth. Also, the pinion tooth thickness is increased more than might 
be expected for the value of long addendum. These things are done to make it possible to 
design cutters for the gear with a reasonable top land.

The whole depth of the face gear is

 h = ha1 + ha2 + c  metric (5.59)

 ht = aP + ag + c  English (5.60)

where clearance is designated by c. A reasonable value for gear clearance is 0.25mt (or 
0.25/Pd).
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The pinion may be made to the same whole depth as that given in Table 5.6, or the depth 
may be adjusted to agree with the gear. The choice usually depends on what tools are on 
hand to cut the pinion.

The face gear tooth thickness can be obtained by subtracting the pinion thickness plus 
backlash from the circular pitch. Since the gear tooth is tapered, this value does not mean 
much. The size of face gear teeth is usually controlled by measuring backlash when the 
face gear is assembled in a test fixture with a master pinion.

The profile of the face gear cannot be measured in presently available checking machines. 
The shape of the tooth can be checked only by contacting the tooth with the tooth of a mat-
ing pinion. The shape of the pinion tooth can be checked in an involute machine. In figur-
ing the roll angle of the pinion at the form diameter, Table 5.11 does not apply. Instead, the 
roll angle at the limit diameter is

 θ θ
π α αrl rl

a

p t t

= −
360 2

1

h
d sin cos

, deg metric  (5.61)

 ε ε
π φ φrl rP

G

t t

= −
360a

d sin cos
, deg English  (5.62)

After the pinion roll angle of the limit diameter is obtained, the pinion form diameter 
and roll angle of the form diameter may be obtained in the usual manner.

The top and bottom of the face gear tooth are defined by axial dimensions. The adden-
dum and whole-depth dimensions of the gear are used in figuring these axial dimensions.

5.1.20  Crossed-Helical Gear Proportions

The elements of a crossed-helical gear are the same as those of a parallel-helical gear. The 
bigger difference in the calculations is that the crossed-helical gears meshing together may 
not have the same pitch, the same pressure angle, or the same helix angle. The only dimen-
sions that are necessarily the same for both members are those in the normal section. By 
comparison, a mating parallel-helical gear and pinion have the same dimensions in both 
the transverse and normal planes.

Most designers favor making crossed-helical gears with deeper teeth and lower pres-
sure angles than parallel-helical gears. This is done to get a contact ratio equal to or greater 
than 2. Since the crossed-helical gear has only point contact instead of contact across a face 
width, its load-carrying capacity and its smoothness of running are much improved by 
having a design, which gives a contact ratio of 2 or better. When the ratio is this high, there 
will be either two or three pairs of teeth in contact at every instant of time as the teeth roll 
through mesh. If the contact ratio were less than 2, there would be one interval of time 
when only a single pair of teeth was carrying the load.

There is no trade standard for crossed-helical gear tooth proportions. Many manufactur-
ers use cross-helical gears only occasionally. To save tool cost, they frequently design and 
cut crossed-helical gears with the same hobs or other tools used for parallel-helical gears. 
This practice will usually give a workable design, but it will not give the load-carrying 
capacity and smoothness of running that can be obtained with tooth proportions designed 
for crossed-helical gears.

Table 5.27 shows a recommended set of proportions for the design of crossed-helical gears. 
These proportions have been used with good results in many high-speed applications.
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Figure 5.22 shows an example of crossed-helical gears in a small mechanism. Since the 
crossed-helical gear is not critical on center distance accuracy or on axial position, it is very 
handy to use when the power is low and costs are critical.

The proportions shown in Table 5.27 will give a contact ratio greater than 2 for all com-
binations of teeth where undercut is not present. The minimum number of driven teeth 
needed to avoid undercut is 20. This same number holds for all four combinations shown 
in the table.

The minimum number of driver teeth needed to avoid undercut is

Helix Angle of Driver Minimum No. of Teeth

45° 20
60° 9
75° 4
86° 1

TABLE 5.27

Tooth Proportions for Crossed-Helical Gears

Normal module mn = 1

Normal circular pitch pn = 3.14159 mm

(Normal diametral pitch Pnd = 1

Normal circular pitch pn = 3.14159 in.)

Helix Angle
Normal Pressure 

Angle, αn (ϕn)
Addendum, 

ha (a)
Working 

Depth h′ (hk)
Whole Depth 

h (ht)Driver, β1 (ψ1) Driven, β2 (ψ2)

45° 45° 14° 30′ 1.200 2.400 2.650
60° 30° 17° 30′ 1.200 2.400 2.650
75° 15° 19° 30′ 1.200 2.400 2.650
86° 4° 20° 1.200 2.400 2.650

Note: The addendum, working depth, and whole depth values are for 1 normal module (metric) in millimeters 
or for 1 diametral pitch (English) in inches.

FIGURE 5.22
Crossed-helical gears in a small mechanism. Driver is steel and driven gear is nylon.
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One of the first two combinations shown in Table 5.27 should be used when both mem-
bers are to be either shaved or hobbed. Both these operations are difficult to perform when 
the helix angle is above 60°. When very high ratios are needed or there is need for a large-
diameter driver, the last two combinations become attractive.

The whole depth shown does not allow for a very large root fillet radius. In crossed-
helical gears, root stresses are not high, and so a full fillet radius is not needed. Long and 
short addendum is sometimes used in crossed-helical gear design, but there is not much 
need for it. Since the strength of the teeth is not a problem in most cases, there is no need to 
juggle addendums either to balance strength between two members or to avoid undercut 
and permit the use of a smaller number of driver teeth and a resultant coarser pitch.

Table 5.28 shows a dimension sheet and a sample problem for calculating crossed-helical 
gears. It is based on a 90° shaft angle, and helix angles of like hand for each member.

The exact face width needed on crossed-helical gears depends on how far the point of 
contact moves as the teeth roll through mesh. When the set is new, the arc of action will 

TABLE 5.28

Crossed-Helical Gear Dimensions

Item Reference Metric English

1. Center distance [(9)driver + (9)driven]/2 100.725 3.9655
2. Normal circular pitch Design choice (Note 4) 7.853982 0.309212
3. Normal pressure angle Table 5.27 17.50 17.50
4. Working depth Table 5.27 6.00 0.236
5. Module, normal (2) ÷ 3.14159265 2.500 –
6. Normal diametral pitch 3.14159265 ÷ (2) – 10.160

Driver Driven Driver Driven

7. Number of teeth Section 5.1.20 12 49 12 49
8. Helix angle Equations 1.23 and 1.28 60° RH 30° RH 60° RH 30° RH
9. Pitch diameter (7) × (2) ÷ [π × cos (8)] 60.00 141.451 2.3622 5.5689
10. Addendum Table 5.27 3.00 3.00 0.118 0.118
11. Whole depth Table 5.27 6.63 6.63 0.261 0.261
12. Outside diameter (9) + 2.0 × (10) 66.00 147.45 2.598 5.805
13. Root diameter (12) – 2.0 × (11) 52.74 134.19 2.076 5.283
14. Normal tooth thickness Section 5.1.6 3.88 3.88 0.1525 0.1525
15. Chordal tooth thickness Equations 5.9 and 5.10 3.88 3.88 0.1525 0.1525
16. Chordal addendum Equations 5.7 and 5.8 3.02 3.02 0.1188 0.1188
17. Face width Section 5.1.20 27 19 1.0625 0.75
18. Lead (2) × (7) ÷ sin (8) 108.828 769.690 4.2846 30.3028
19. Base circle diameter See Note 2 48.0508 130.4024 1.9098 5.1339
20. Accuracy Section 5.1.18 See Note 5

Note: 1. Metric dimensions are in millimeters, English dimensions are in inches, and angles are in degrees.
 2. Base circle diameter = cos (transverse pressure angle) × (9), and tan (transverse pressure angle) = tan 

(3) ÷ cos (8).
 3. The shaft angle is assumed to be 90° for this table, and the helix angles are assumed to be of the same 

hand for both members of the set.
 4. After a preliminary size is chosen, a rating estimate for the set may be made with the help of Section 5.2.7 

in this chapter.
 5. After the design has done the load rating and studied Section 7.4.1, accuracy needs may be satisfied by 

an ISO or AGMA quality level, or the designer may need to write a special recipe for accuracy limits.
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be a little longer than two normal circular pitches. After the set has worn in, there will be 
meshing action over about three or slightly more normal circular pitches.

Table 5.28 shows the pinion face width to be equivalent to a projection of three normal 
circular pitches plus an increment. The added increment keeps contact away from the ends 
of the tooth and allows for error in axial positioning and variation in the amount of wear. 
For 2.5 normal module (10 pitch), this increment should be at least 6.3 mm (0.25 in.).

5.1.21  Single-Enveloping Worm Gear Proportions

Like crossed-helical gearing, worm gearing seldom has two mating members with the 
same module (diametral pitch). The axial pitch of the worm equals the circular pitch of the 
gear. Also, both members have the same normal circular pitch.

In the past, it has been quite common practice to make the tooth proportions a function 
of the circular pitch (or axial pitch). An addendum of one mn (Pd)—which is standard in 
many kinds of gears—is equivalent to 0.3183pn, where pn is the normal circular pitch in 
either millimeters or inches.

With low lead angles and only one or two worm threads, it has been quite customary 
to use an addendum of 0.3183pn, a working depth of 0.6366pn, and a whole depth equal to 
the working depth plus 0.050pn.

With multiple threads and high lead angles, it is necessary to use quite high pressure 
angles. It is necessary to shorten the addendum and working depth to avoid getting sharp-
pointed teeth and to keep out of undercut trouble. If the tooth proportions are based on 
the circular pitch of the gear, a high lead angle like 45° may require that the addendum 
and working depth be cut back to about 70% of the values mentioned above. However, if 
the tooth proportions are based on the normal circular pitch, the addendum will stay in 
about the right proportion to the lead angle. For instance, 0.3183pn at a 45° lead angle is 
equal to 0.2250p.

In the fine-pitch field, fine-pitch worm gearing has been discussed in considerable 
detail. Commonly, a standard bases the proportions of fine-pitch worm gears on the nor-
mal circular pitch. There are no generally accepted trade standards for the proportions of 
medium-pitch worm gears. From a practical standpoint, it is best to base the proportions 
of all sizes of worm gears on the normal circular pitch.

Table 5.29 shows recommended proportions for three general kinds of applications. The 
fine-pitch design is that commonly used in practice. The design for index and holding 
mechanisms represents average shop practice.

TABLE 5.29

Tooth Proportions for Single-Enveloping Worm Gears

Item
No. of Worm 

Threads, z1 (Nw)
Cutter Pressure 
Angle, α0 (ϕc)

Addendum, 
ha (a)

Working 
Depth, h′ (hk)

Whole Depth, 
h (ht)

Index or holding 
mechanism

1 or 2 14° 30′ 0.3183pn 0.6366pn 0.7000pn

Power gearing 1 or 2 20° 0.3183pn 0.6366pn 0.7000pn

3 or more 25° 0.2860pn 0.5720pn 0.6350pn

Fine-pitch 
(instrument)

1–10 20° 0.3183pn 0.6366pn 0.7003pn + 
0.05a

Note: The addendum, working depth, and whole depth values are for 1 normal module (metric) in millimeters 
or for 1 normal diametral pitch (English) in inches.

a 0.05 is for the metric system. Add 0.002 in. for the English system.
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5.1.22  Single-Enveloping Worm Gears

Low-lead-angle worm gear sets are frequently self-locking. This means that the worm 
cannot be driven by the gear. The set will “hold” when the worm has no power applied 
to it.

The exact lead angle at which a worm will be self-locking depends on variables like the 
surface finish, the kind of lubrications, and the amount of vibration where the drive is 
installed. Generally speaking, though, self-locking occurs if the lead angle is below 6°, and 
it may occur with as much as 10° lead angle.

The pressure angle of the tool shown in Table 5.29 is the pressure angle of a straight-
sided conical milling or grinding wheel used to finish the worm threads. The normal 
pressure angle of the worm is slightly less than this value. The equations for the normal 
pressure angle are:

	 αn = α0 − Δα  metric (5.63)

	 ϕn = ϕc − Δϕ  English (5.64)

where

 ∆ p

p p
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where
γ (λ)—lead angle
dp1 (d)—worm pitch diameter
dp0 (dc)—cutter pitch diameter

The angle Δα (Δϕ) is in degrees.
Table 5.29 allows more clearance than the old value of 0.050p. This is in line with the 

practice of putting more generous tip radii on tools.
The pitch diameter of the worm usually represents a compromise among several con-

siderations. If the worm is small compared with the gear, the lead angle will be high and 
efficiency will be good. However, the face width of the gear will be small, and there may be 
trouble getting the bearing close enough together to prevent bending of the small worm. A 
large worm compared with the gear gives lower efficiency, but it may be possible to use a 
large enough bore in the worm to permit keying it on its shaft instead of making it integral 
with the shaft.

An approximate value for the worm mean diameter is

 d
a

p1

0 875

2 2
=

.

.
metric  (5.67)

 d
C

=
0 875

2 2

.

.
English  (5.68)
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It is believed that this value gives a good practical size for the worm, considering all 
the factors mentioned. Of course, if the designer is not primarily interested in the efficient 
transmission of power, it is possible to depart widely from Equations 5.67 and 5.68 and still 
get satisfactory operation. The worm pitch diameter may range from a0.875/1.7 to a0.875/3.0 
(c0.875/1.7 to c0.875/3.0) without substantial effect on the power capacity.

If the worm addendum equals the gear addendum, the mean worm diameter is actually 
the pitch diameter.

In the fine-pitch field, the efficiency and power-transmitting ability of a given size set 
are usually not too important. For this reason, no particular effort has been made to pro-
portion the worm pitch diameter to the equations like Equations 5.67 and 5.68. A series of 
standard axial pitches and a series of standard lead angles are used in practice. Indirectly, 
this results in a series of standard pitch diameters. The axial pitches range from 0.75 to 
4.0 mm (0.03–0.16 in.), and the lead angles range from 30′ to 30°. A considerable amount of 
tabulated data is given in the standard for each of the combinations shown.

The lead angle of the worm is equal to the helix angle of the worm gear when the shaft 
angle is 90°. The lead angle may be calculated from any of the following relations:

 tan γ =
d

ud
p metric2

1p
 (5.69)

 tan γ
π

=
p z
d
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p

metric1
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 (5.70)
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π

=
p N

d
n W English  (5.74)

In the Equations 5.69 through 5.74, px is the axial pitch and u (mG) is the number of gear 
teeth divided by the number of worm threads.

It is wise to not use more than 6° lead angle per thread. For instance, if the lead angle 
is 30°, there should be at least five threads of the worm. If too few threads are used, the 
problem of designing tools and producing accurate curvatures on the worm threads and 
on the gear teeth becomes too critical for good manufacturing practice.

In general, the number of teeth on the gear should be less than 29. As an exception, the 
number can be reduced to 20 when the cutter pressure angle is 25° and the lead angle does 
not exceed 15°. The number of teeth on the gear and the number of threads on the worm 
should be picked to get a hunting ratio. This is particularly important in worm gearing 
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because the hob for generating the gear should have the same number of threads as the 
worm.

Different designers use several different means to get the worm gear face width and 
the worm gear outside diameter. A simple method that is always safe and that will utilize 
practically all the worm gear teeth that are worth using is to make the face width equal to 
(or just slightly greater than) the length of a tangent to the worm pitch circle between the 
points at which it is intersected by the worm outside diameter. The worm gear maximum 
diameter is made just large enough to have about 60% of the face width throated. This 
design is shown as design A in Figure 5.23. Design B shows an alternative that has been 
widely used for power gearing. Design C shows a nonthroated design that may be used 
for instrument or other applications in which maximum power transmission is not an 
important design consideration.

The profile of the worm will have a slight convex curvature when it is produced by a 
straight-sided milling cutter or grinding wheel. Section 8.4 shows how to calculate the 
normal section curvature of the worm.

In worm gearing, it has been customary to obtain backlash by thinning the worm threads 
only. The worm gear teeth are given a design thickness equal to half the normal circular 
pitch (when equal addendums are used for the worm and the worm gear). Generally speak-
ing, worm gears require more backlash than do spur or helical gears. Quite often a steel 
worm and a bronze gear are housed in a cast-iron casing. The temperature of the set may 
change quite considerably during operation because of the high sliding velocity of the worm 
threads. Different expansions can easily cause an appreciable change in backlash. Except for 
slow-speed control gears, the design should provide enough backlash to keep the gears from 
binding at any speed or temperature condition under which the set may have to operate.

Table 5.30 shows a dimension sheet for single-enveloping worm gears and the solution 
of a sample problem.

5.1.23  Double-Enveloping Worm Gears

Although several types of double-enveloping worm gears are mentioned in gear literature, 
one type is at present much more widely used in industry than any other type. This is the 
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FIGURE 5.23
Worm gear design examples. (Dimensions shown have English system symbols.)
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Cone Drive gear, produced by Cone Drive Operations, a division of Ex-Cell-O Corporation. 
The material in this section is based on the Cone Drive design of double-enveloping worm 
gear. Other types of double-enveloping worm gears are in use, but the Cone Drive type 
is produced in such large quantities in the United States that it seems most appropriate to 
cover this type only in this book.

Table 5.31 shows the proportions recommended by Cone Drive for double-enveloping 
worm gears.

TABLE 5.30

Single-Enveloping Worm Gear Dimensions

Item Reference Metric English

1. Center distance Section 4.2.6 249.565 9.82537
2. Axial pitch of worm π × (10)G ÷ (9)G 25.00 0.98425
3. Cutter pressure angle Table 5.29 25° 25°
4. Worm lead angle Equations 5.69 through 

5.74
25° 25°

5. Working depth Table 5.29 14.42 0.568
6. Module, transverse (2) ÷ 3.141593 7.95775 –
7. Diametral pitch, transverse 3.141593 ÷ (2) – 3.191858
8. Normal circular pitch (2) × cos (4) 22.6577 0.892035

Worm Gear Worm Gear

9. Number of teeth Section 5.1.22 5 52 5 52
10. Pitch diameter Section 5.1.22 85.327 413.803 3.3593 16.2914
11. Addendum Table 5.29 7.21 7.21 0.284 0.284
12. Whole depth Table 5.29 15.86 15.86 0.625 0.625
13. Outside diameter (10) + 2.0 × (11) 99.75 428.22 3.927 16.859
14. Maximum outside 
diameter, gear

Section 5.1.22 – 435.35 – 17.140

15. Root diameter (13) – 2.0 × (12) 68.03 396.50 2.677 15.609
16. Normal tooth thickness Section 5.1.22 10.88 11.32 0.428 0.446
17. Chordal addendum Equations 5.7 and 5.8 7.27 7.27 0.2865 0.2865
18. Face width Section 5.1.22 115.0 54.20 4.52 2.13
19. Pressure angle change Equations 5.65 and 5.66 0.5559 – 0.5559 –
20. Normal pressure angle Equations 5.63 and 5.64 24.4441 – 24.4441 –
21. Tool to produce the worm. Straight-sided milling cutter. 150 mm (5.905 in.) diameter
22. Accuracy

Note: 1. The helix angle of the worm gear is the same as the lead angle of the worm when the shaft angle is 90°.
 2. If the worm is to be hardened and ground, then the tool definition in (21) should state the diameter of 

the grinding wheel and the form of grinding wheel.
 3. There are some individual company standards for the accuracy of worm gearing, but there are no gener-

ally recognized trade standards thus far (1983).
 4. Metric data are in millimeters, English data are in inches, and all angles are in degrees.

TABLE 5.31

Tooth Proportions for Double-Enveloping Worm Gears

Normal Pressure 
Angle αn (ϕn)

Addendum 
ha (a)

Working Depth 
h′ (hk)

Whole Depth 
h (ht)

20° 0.225pn 0.450pn 0.500pn 
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The pitch diameter of the worm should be approximately a0.875/2.2 (c0.875/2.2). This is the 
same value as that given by Equations 5.67 and 5.68. The worm root diameter is

 df1 = dp1 + 2ha1 − 2h1  metric (5.75)

 dR = d + 2aP − 2htP  English (5.76)

If this value comes out less than a0.875/3 (c0.875/3), the worm pitch diameter should be 
increased so that the root diameter is not less than this value.

In picking numbers of threads, the designer should not have more than about 6° per 
thread lead angle for sets of 125 mm (5 in.) or less center distance.

The number of gear teeth should be picked so as to give a hunting ratio if possible. This 
is not quite as important as with single-enveloping worm gears. It is further recommended 
that the relation of the number of gear teeth to the center distance be as follows:

Center Distance

No. of Gear Teethmm in.

50 2 24–40
150 6 30–50
300 12 40–60
600 24 60–80

The axial pressure angle of any kind or worm is determined by the relation

 tan
tan
cos

α
α
γx
n metric=  (5.77)

 tan
tan
cos

φ
φ
λx
n English=  (5.78)

For double-enveloping worm gears, the lead angle that is used is at the center of the 
worm.

The base circle diameter of the double-enveloping worm gear can be determined by 
layout, or it can be calculated by

 db2 = dp2 sin (αx +	Δα)  metric (5.79)

 Db = D sin (ϕx + β)  English (5.80)

where sin Δα = px/2dp2 (metric) or sin β = px/2D (English).
The active part of the worm face width should almost equal the base circle diameter. 

Usually, the face width of the worm is made a little shorter. Thus

 b1 = db2 − 0.03a  metric (5.81)

 Fw = Db − 0.03C  English (5.82)
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In general, the face width of the gear is made slightly less than the root diameter of the worm.
The thickness of the worm threads and gear teeth are controlled by side-feeding opera-

tions. It is customary to make the worm thread equal to 45% of the axial circular pitch and 
the gear tooth equal to 55% of the normal circular pitch, provided that the tool design will 
permit and gear strength is critical. Backlash is subtracted from the worm thread thick-
ness. For average applications, the following amounts of backlash are reasonable:

Center Distance Backlash

mm in. mm in.

50 2 0.08–0.20 0.003–0.008
150 6 0.15–0.30 0.006–0.012
300 12 0.30–0.50 0.012–0.020
600 24 0.45–0.75 0.018–0.030

Table 5.32 is a dimension sheet for calculating double-enveloping worm gears. The solu-
tion of a sample problem is shown on the dimension sheet.

TABLE 5.32

Double-Enveloping Worm Gear Dimension

Item Reference Metric English

1. Center distance Section 4.2.6 253.558 9.9826
2. Axial pitch of worma π × (10)G ÷ (9)G 25.40 1.000
3. Normal pressure angle Table 5.31 20 20
4. Worm lead anglea Equations 5.69 through 

5.74
25 25

5. Working depth Table 5.31 10.36 0.406
6. Module, transverse (2) ÷ π 8.0851 –
7. Diametral pitch, transverse π ÷ (2) – 3.141593
8. Normal circular pitch (2) × cos (4) 23.020 0.906308

Worm Gear Worm Gear

9. Number of teeth Section 5.1.23 5 52 5 52
10. Pitch diameter Section 5.1.23 86.69 420.42 3.413 16.552
11. Addendum Table 5.31 5.18 5.18 0.203 0.203
12. Whole depth Table 5.31 11.51 11.51 0.453 0.453
13. Outside diameter From layout 115.57 445.64 4.550 17.545
14. Throat diameter (10) + 2 × (11) 97.05 430.78 3.819 16.958
15. Root diameter Equations 5.75 and 5.76 74.03 – 2.913 –
16. Normal tooth thickness Section 5.1.23 8.99 13.82 0.354 0.544
17. Axial pressure angle Equations 5.77 and 5.78 21.88020 – 21.88020 –
18. Base circle diameter Equations 5.79 and 5.80 – 168.39 – 6.63
19. Face width Section 5.1.23 160.3 66.7 6.3125 2.625
20. Face angle From layout 45 87.5 45 87.5
21. Accuracy See Note 3

Note: 1. The helix angle of the worm gear is the same as the lead angle of the worm when the shaft angle is 90°.
 2. Metric data are in millimeters, English data are in inches, and all angles are in degrees.
 3. There are no trade standards for accuracy of double-enveloping worm gears. Cone Drive can be con-

sulted for appropriate accuracy limits.
a At the center of the worm. 
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5.2  Gear Rating Practice

After the gear tooth data have been calculated, it is necessary to calculate the capacity of 
the gear set. Since the design was started from an estimate (see Chapter 4), it may happen 
that the first design that is worked out in detail is too small or too large.

Once all the gear tooth data have been calculated, it is possible to use design formulas 
to determine a rated capacity of the gear set. This rated capacity should be larger than the 
actual load that will be applied to the gear set.

In some field of gearing, there are well-established trade standards in regard to the rat-
ing of gear sets. Sometimes these are quite conservative. In a few unusual cases, a trade 
standard may rate a gear set as able to carry more load than it really will carry. It mast be 
recognized that a trade standard is based on the general level of quality that representa-
tive members of the industry can produce. This quality includes the accuracy of the gear 
teeth, the accuracy with which the gears are positioned in their casings, and the quality 
of the materials from which the gears are made. Manufacturers who cannot live up to 
the “normal” level of quality for particular kind of gears cannot expect their gears to 
safely carry the full ratings allowed by a trade standard. Likewise, manufacturers who 
can build gearing of appreciably better quality than the general level of the trade might 
expect that their gears would be able to carry somewhat more load than that allowed by 
a trade standard.

As a general rule, in checking gear capacity, it is wise to first check the design using 
general formulas for tooth strength and durability. Then, if the application falls into the 
field of a particular trade standard, it should be checked against the trade standard. If the 
design meets both tests, it is probably all right. In this part of the chapter, we consider both 
general formulas and trade standards for rating gears.

5.2.1  General Considerations in Rating Calculations

Gear designers make rating calculations to establish that a given gear design is suitable in 
size and in quality to meet the specified requirements of a gear application. (The buyer of 
a gear unit or the user of a gear unit may also make rating calculations to check the design 
being bought or used.)

Rating calculations are concerned with more than direct load-carrying capacity. All 
three of these somewhat different concerns tend to apply:

• Has the rating been calculated correctly with a good formula, and have all the 
right assumptions and decisions been made in regard to materials, material qual-
ity, and geometric quality?

• Does the design calculate a suitable rated power, length of life, and degree of reli-
ability to satisfy a specified formula in the business contract or one established 
and recognized in normal trade practice? For instance, AGMA formulas cover 
many gear applications. There is a legal obligation in many projects, both in the 
United States and worldwide,* to meet all applicable AGMA standards.

* In an international project, gears might be built in Europe and installed in South America. If the project was 
insured or financed by U.S. interests, there would probably be a contract requirement that the gears meet 
AGMA standards, even though they were not built in the United States.
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• Will the gear unit meet its normal rating capacity in the power package using the 
gears? In a power system, there are often situations in which gears are prema-
turely damaged by undefined overloads, misalignments, unexpected temperature 
excursions, or contamination of the lubricant by some foreign material (water, ash, 
chemical vapors at the site, etc.).

 The designer needs to rate the gears to meet the application. In a new applica-
tion with unknown hazards, an appropriate gear rating may not be possible until 
several prototype units have been in service for a suitable period. A reliable gear 
rating may not be practical until enough development work has been done and 
enough filed experience acquired to prove out a gear design suitable for the haz-
ards of the application. (See Chapter 9 for a discussion of things that may be prob-
lems in power breakages.)

Somewhat aside from the mechanics of making gear-rating calculations and the con-
cerns of contract requirements and application hazards is the fact that there is a shortage 
of good technical data and specifications to closely control all the things that go into a 
rating.

In earlier times, the mechanical designer tried to calculate a “safe” stress. It was thought 
that all parts with less than the safe stress limit would perform without failure. Gears, 
bearings, and many other mechanical components have a probability of failure. A safe 
stress is in reality only a stress at which the probability of failure is low.

Theoretical gear design has now shifted to using stress values based primarily on some 
level of probability of failure. Unfortunately, the data available to set probability of failure 
are still rather limited. This problem is compounded by the fact that a system of probabil-
ity of failure versus stress needs to be tied into a system of material quality grades.

Material quality grades are still not very clearly defined. AGMA established two grades 
of quality for aircraft gears in the 1960s. In the 1970s, two grades were established for vehi-
cle gears. As this is being written, work is under way to establish grades for high-speed 
gearing used with marine and land turbine units.

Generally speaking, there is about a 20% to 25% change in load-carrying capacity as you 
go from grade 1 to grade 2 material. In a fully developed gear grading system, there should 
probably be more than two grades of material (at least three), and the material specifica-
tions of each grade should be more closely defined than is now the case. The designer who 
is going to shift a rating up or down 20% for material grade certainly needs some rather 
clear-cut definitions of what must be achieved to qualify the material for its designated 
grade. (See Section 6.2.6 for detailed information on material quality.)

In earlier times, failure by tooth breakage meant a broken tooth, and failure by pitting 
meant a substantial number of “destructive” pits. Recent work shows that both of these 
criteria of failure are inadequate. An aircraft gear with some small cracks in the root 
found at overhaul has usually “failed”. It is not safe to use the part if the cracks are above 
a certain size in a critical location, so the gear is scrapped—even if it might run another 
1000 hours.

At the other extreme, an industrial gear may have a whole layer of material pitted away 
from the lower flank and still be able to run for several more years. In this case, failure by 
pitting only comes when so much metal has worn away and load sharing between teeth 
has become so bad that the teeth break.

A further design complication comes from the fact that gear teeth may work-harden in 
service and may polish up rough tooth surfaces. The designer used to design gears based 
on the hardness of the part and the finish and fit of the part when it left the gear shop. 
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Now the final finishing of the gear teeth and the final metallurgical character of the tooth 
surface are often established in service.

The data on how to allow for improvements in finish and fit and for work harden-
ing is still rather limited. Technical papers* have shown quantitative data that indicate 
a 2-to-1 improvement in finish and a change in hardness of 100 points Vickers or 100 
BHN are not uncommon in lower-hardness gears running at medium to low pitch-line 
velocities.

5.2.1.1  Calculation Procedure

The calculation begins with a requirement that a gear set must handle a specified power at 
a given input speed. In a simple rating calculation, the preliminary sizing of the unit has 
established these things:

• Power to be transmitted, in kilowatts (kW) or horsepower (hp)
• Rotational speed of pinion
• Number of pinion teeth and number of gear teeth
• Face width
• Pitch diameters of pinion and gear
• Pressure angle (normal pressure angle for helical gears)
• Size of teeth by module or diametral pitch
• Helix angle
• Hours of life needed at rated load

The first calculation step is to get the tangential driving load. The pinion torque is calcu-
lated first, then the torque is converted to a tangential force acting at the pitch diameter.

The torque is

 Pinion torque
power constant

pinion rpm
=

×
 (5.83)

 T
P

n1
1

9549 3
=

× .
metric  (5.84)

 T
P

nP
P

English=
× 63 025,

 (5.85)

In metric equation, the power P is in kilowatts, and the calculated torque will be in 
Newton-meters (N·m). For English equation, the power is in horsepower, and the answer 
will be in inch-pounds (in.-lb).

* Material presented by P.M. Nityanandan at the June 1982 International Federation for the Theory of Machinery 
and Mechanisms (IFToM) gearing committee meeting in Eindhoven, Holland, was very revealing in regard to 
the performance of low-hardness gears in India.
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The tangential driving force is

 W
T

dt
p

N metric=
×1

1

2000
,  (5.86)

 W
T

dt
P lb English=
× 2 0.

,  (5.87)

The geometry factor for strength is usually read from a table or a curve sheet. 
Section 5.2.3 gives typical values. The overall de-rating factor may be read from a table 
or  calculated. Section 5.2.4 covers overall de-rating for strength. The geometry factor 
durability is covered in Section 5.2.5, while overall de-rating for durability is in Section 
5.2.6.

The bending and contact stresses can now be calculated. Before checking whether these 
stresses are permissible, the designer must make some further determinations. The life 
cycles required for the pinion and for the gear need to be known, and an estimate of 
which quality grade of material will be used needs to be made. Also, the level of reliability 
needed for the application should be determined.

The loading cycles are

 nc1 = pinion rpm × hours life × 60 × no. contacts (5.88)

 nc2 = gear rpm × hours life × 60 × no. contacts (5.89)

In the above equations, a pinion driving three gears would have three contacts per revo-
lution. Likewise, if five planet pinions drive a single gear, there would be five contacts per 
revolution of the gear. This kind of situation is common in epicyclic gears. A single pinion 
driving a single gear has one contact per revolution. (The gear also has one contact for each 
revolution it makes.)

5.2.1.2  Grades of Material Quality

In general, two quality grades can be considered possible. These are

GR ADE 2

The best quality obtainable with an approximate choice of material composition and pro-
cessing that is close to optimum. Usually there is extra cost for the best quality.

GR ADE 1

A quality of material that is good, but not optimum. This could be considered a typical 
quality from gear makers doing good industrial work at competitive costs.

For highly critical work in space vehicles, or highly sensitive applications, a grade 3 qual-
ity can be considered. This might be thought of as essentially perfect material made under 
such rigid controls that there is relatively absolute assurance that the highest possible per-
fection is obtained. Obviously, the very high cost grade 3 gears will carry more stress—or 
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will have higher reliability at the same stress—than grade 2 gears. Grade 3 gear data will 
not be given in this book. It is too complex and limited in usage.

5.2.1.3  Reliability of Gears

In regard to reliability, these general concepts should be kept in mind:

RELI ABILI T Y LE V EL

L.1 Fewer than one failure in 1000 Seldom used
L1 Fewer than one failure in 100 Typical gear design
L10 Fewer than one failure in 10 May be used in vehicle gears
L20 Fewer than one failure in 5 Expendable gearing
L50 Fewer than one failure in 2 Highly expendable gearing

The L.1 level has been used in some highly critical aerospace work (particularly space 
vehicles). L1 is typical of industrial turbine work, helicopter work, and high-grade electric 
motor gearing. Vehicle gears for land use have tended to be in the L1 to L10 range. Home 
tools, toys, gadgets, etc., may be in the L20 area, or even up to L50.

There is a limited amount of laboratory test data, and an average curve is drawn 
through failure points, the curve will be around L50. (It takes much test data and field 
experience to determine where a stress level that is equivalent to an L1 level of reliability 
can be located.)

5.2.2  General Formulas for Tooth Bending Strength and Tooth Surface Durability

The rating formulas for gear tooth strength and gear surface durability have become 
very long and very difficult to handle in many of the rating standards of the AGMA, the 
International Standards Organization (ISO), and other trade groups. In this work, short 
and simple formulas will be used. In Appendix B, the complete formulas are given in 
Section B.9.

The short formulas group all variables into essentially three factors:

• An index of load intensity, with dimensions
• A geometry factor, dimensionless
• A de-rating factor, dimensionless

The load intensity evaluations is based on all real numbers that relate the size of the 
gears to the power being carried by the gears.

The geometry factor evaluates the shape of the tooth. This involves pressure angle, helix 
angle, depth of tooth, root fillet radius, and proportion of addendum to dedendum.

The de-rating factor handles all the things that tend to reduce the load-carrying capacity. 
(Concentration of too much load at spots on the surfaces of some teeth reduces the average 
load allowable since failure can be avoided only when the most overloaded spots are still 
within safe limits.)

The de-rating factor handles nonuniform load distribution across the face width and in a 
circumferential direction. It also handles dynamic overloads due to spacing error and the 
masses of the pinion and gear meshing together, and other things—quality related—such 
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as surface finish effects, overload effects due to nonsteady power, and variations in metal 
quality between very large gears and small gears.

5.2.2.1  Strength Formula

The simplified general formula for tooth bending stress of spur, helical, and bevel* gears is

 st = Kt Ul Kd (5.90)

The bending stress st is measured in N/mm2 when metric system is applied, and in psi 
for the English system.

In Equation 5.90, the geometry factor for bending strength is designated as Kt (see Section 
5.2.3):

 K
Jt

constant cos (helix angle)
factor

=
×
−

 (5.91)

Unit load, index for tooth breakage, is denoted by Ul:

 U
W
bml

t

n

2N/mm metric=  (5.92)

 U
WP
Fl
t nd psi English=  (5.93)

Overall de-rating for bending strength is designated as Kd (see Section 5.2.4):

 K
K K K

Kd
a m s

v

metric or English=  (5.94)

Individual items in the above equations are defined in Table 5.33, along with many others 
used in load-rating equations.

5.2.2.2  Durability Formula

The simplified general formula for tooth surface durability of spur, helical, and bevel† 
gears give the contact stress:

 s C KCc k d=  (5.95)

* See Section 5.2.2.4 at the end of this section. Also, see Figure 4.21 for the method of determining the unit load 
on a bevel gear.

† See Section 5.2.2.4 at the end of this section. Also, see Figure 4.21 for the method of determining the K-factor 
on a bevel gear.
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TABLE 5.33

Gear Terms, Symbols, and Units Used in Load Rating of Gears

Term

Metric English

Reference or FormulaSymbol Units Symbol Units

Module, transverse m or mt mm – – Metric tooth size
Module, normal mn mm – – mn = 25.5/Pnd

Diametral pitch, 
transverse

– – Pd or Pt in.–1 English tooth size

Diametral pitch, normal – – Pnd in.–1 Pnd = 25.5/mn

Center distance a mm C in. Figure 4.14
Face width b mm F in. Figure 1.18
Face width, effective b′ mm Fe in. Equations 5.122 and 

5.123
Pitch diameter dp mm d in. Figure 4.10

of pinion dp1 mm d in. Equation 1.3
of gear dp2 mm D in. Equations 1.4 and 1.13
of driver 
(crossed-helical)

dp1 mm D1 in. Equation 5.117

of driven 
(crossed-helical)

dp2 mm D2 in.

Throat diameter, worm dt1 mm d1 in. Equations 5.132 and 
5.133

Ratio (tooth) u – mG – No. of gear teeth ÷ No. 
of pinion teeth

Pressure angle, normal αn deg ϕn deg Equation 5.117
Pressure angle, transverse αt deg ϕt deg Figure 1.18
Helix or spiral angle β deg ψ deg Figure 1.19
Lead angle γ deg λ deg Figure 1.19
Rotational speed, pinion 
or worm

n1 rpm nP or nW rpm Equations 5.83 through 
5.85

Rotational speed, gear n2 rpm nG rpm Equations 5.126 and 
5.127

Sliding velocity vs m/s vs fpm, fps Equations 5.121, 5.124, 
5.125, 5.132, and 5.133

Power P kW P hp Equations 5.83 through 
5.85

Torque T N·m T in.-lb Equations 5.83 through 
5.85

Torque on pinion T1 N·m TP in.-lb Equations 5.83 through 
5.85

Tangential load or force Wt N Wt lb Equations 5.86, 5.87, 
5.124, and 5.125

Dynamic load Wd N Wd lb Equation 5.112
in normal plane Wn N Wn lb Equation 5.120

Unit load Ul N/mm2 Ul psi Equations 5.92, 5.93, 
5.128, and 5.129

Number of load cycles nc – nc –
for pinion nc1 – ncP – Equation 5.88
for gear nc2 – ncG – Equation 5.89

(continued)
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TABLE 5.33 (Continued)

Gear Terms, Symbols, and Units Used in Load Rating of Gears

Term

Metric English

Reference or FormulaSymbol Units Symbol Units

Reliability level L – L – End of Section 5.2.1
K-factor, pitting index K N/mm2-- K psi Equations 5.95, 5.97, 

and 5.98
Stress on tooth surface s N/mm2 s psi Equation 5.65
Bending stress (strength) st N/mm2 st psi Equation 5.90
Contact stress (surface) sc N/mm2 sc psi Equation 5.95
Overall de-rating factor:

for bending strength Kd – Kd – Section 5.2.2, Equation 
5.104

for surface durability Cd – Cd – Section 5.2.6, Equation 
5.115

Geometry factor:
for bending strength Kt – Kt – Sections 5.2.2 and 5.2.3
for surface durability Ck – Ck – Sections 5.2.2 and 5.2.5

Application factor:
for bending strength Ka – Ka – Section 5.2.4
for surface durability Ca – Ca – Section 5.2.6

Size factor:
for bending strength Ks – Ks – Section 5.2.4
for surface durability Cs – Cs – Section 5.2.6

Dynamic load factor:
for bending strength Kv – Kv – Sections 5.2.4 and 5.2.7
for surface durability Cv – Cv – Sections 5.2.4 and 5.2.6

Load distribution factor:
for bending strength Km – Km – Section 5.2.4

(face width effects) Kmf – Kmf – Equations 5.105, 5.106, 
5.107, 5.108, and 5.109

(transverse effects) Kmt – Kmt – Equation 5.105
for surface durability Cm – Cm – Section 5.2.6

(face width effects) Cmf – Cmf – Section 5.2.4
Modulus of elasticity xE N/mm2 E psi Equation 5.118
Wear-in amount ew mm ew in. Table 5.39
Mismatch error et mm et in. Equations 5.106 and 

5.107
Material and type 
constant 

Cp – Cp – Equations 5.113 and 
5.114

Wear load – – Ww lb Equation 5.116
Aspect ratio ma – ma – Section 5.2.4
J-factor (geometric 
strength)

J – J – Alt. to Kt, Section 5.2.3

I-factor (geometric 
pitting)

I – I – Alt. to Ck, Section 5.2.5

Contact ratio εα – mp – Section 5.2.5
Flash temperature index Tf °C Tf °F Equation 5.135

(continued)
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where geometry factor for durability Ck is equal (see Section 5.2.5)

 C
Ik constant

ratio
(ratio + 1)

= × ⋅
1

 (5.96)

The K-factor (index for pitting) is calculated from

 K
W
bd

u
u

= ⋅
+t

p

metric
1

1
 (5.97)

 K
W
Fd

m
m

= ⋅
+t G

G

English
1

 (5.98)

and, finally, overall de-rating for durability Cd is calculated by (see Section 5.2.6)

TABLE 5.33 (Continued)

Gear Terms, Symbols, and Units Used in Load Rating of Gears

Term

Metric English

Reference or FormulaSymbol Units Symbol Units

Gear body temperature Tb °C Tb °F Equation 5.135
Geometry constant Zt – Zt – Equation 5.135
Surface finish constant Zs – Zs – Equation 5.135
Scoring criterion number Zc °Ca Zc °Fa Equation 5.135
Oil-film thickness (EHD) hmin μm hmin μin. Equation 5.143
Effective surface finish S′ μm S′ μin. Equation 5.148
Lambda ratio Λ – Λ – Equation 5.149

Note: 1. Abbreviations for units are as follows:

Metric System English System

mm millimetres in. inches
deg degrees deg. degrees
rpm revolutions per minute rpm revolutions per minute
m/s meters per second fpm feet per minute

fps feet per second
kW kilowatts hp horsepower
N Newtons lb pounds
N·m newton-meters in.-lb inches-pounds
N/mm2 newtons per square millimeter psi pounds per square inch
°C degrees Celsius °F degrees Fahrenheit
μm micrometers (10–6 m) μin. microinches (10–6 in.)

 2. See Table 5.2 for terms, symbols, and units in the calculation of gear dimensional data.
a Zc is not a temperature, but becomes a change of temperature when multiplied by Zt and Zs.
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 C
C C C

Cd
a m s

v

=  (5.99)

In the metric system the contact stress sc (see Equation 5.95) is measured in N/mm2, and 
in the English system the contact stress sc is measured in psi.

In most long-life power gearing, the size of the gear drive (center distance and face width) 
is determined by the durability formula. The calculated contact stress must not exceed the 
allowable stress for the number of cycles of life required and the quality (grade) of material 
used. The allowed stress is adjusted for the permissible risk of failure (L1, L10, etc.).

The gear strength calculations are used primarily to determine what size of tooth (mod-
ule or pitch) is needed to keep the bending stress within allowable limits for the number 
of cycles of life required, the quality of the material, and the permissible risk of failure.

An exception to this occurs when gears with a very high torque rating are needed for a 
low number of cycles. (Final drive vehicle gears are often in this situation.)

The gear size may beset primarily by gear strength considerations. The gears may suf-
fer some degree of surface failure and still run satisfactorily for their required lifetime. 
Generally speaking, gear teeth that suffer surface damage in less than 1 million (106) cycles 
of high torque cannot keep on running for more than about 100 million (108) cycles, even 
if the continuous torque is rather light. Turbine gearing, for instance, generally has to run 
more than a billion (109) cycles. Turbine gears cannot have surface damage due to a high 
torque at low cycles and be expected to last for many years of operation.

Much gear research work was done in the 1980s to set accurate values for all the vari-
ables needed to accurately rate gears. The 1980 ASME paper by Winter and Weiss, for 
instance, gives a good summary of German work at the Technical University of Munich. 
Some very good comparisons of proposed ISO rating formulas and AGMA standards are 
given in the 1980 ASME papers by Imwalle, Labath, and Hutchinson of the United States 
and by Castelliani of Italy.

In writing this section on rating formulas and the next five sections on factors in the rat-
ing formulas, the following strategies have been accepted:

• The general formulas and their principal terms will be given in a manner that 
should remain unchanged for many years.

• Some items that are being changed—and perhaps will continue to change for 
many years—will be given in numerical values that are conservative for the gear-
ing design practice. The reader will be given practical guidance in what to use in 
rating gears, but obviously may be able to find better numerical values to use as 
worldwide gear research and field experience give more information about how to 
evaluate all of the many things that enter into gear rating.

• This book will endeavor to give the reader a means of determining the approxi-
mate size of gear teeth needed to handle a desired rating.* Whenever recognized 
trade standards or contract specifications are involved, the final sizing and design 
of the gears should be adjusted to meet these obligations. (In general, gears sized 
by the principles in this book should not need much adjustment to fit contract 
obligations. If a contract would allow significantly smaller or weaker gears, the 

* See Chapter 9 for a discussion of gear ratings and of possible factors other than the basic rating that may cause 
failures.
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designer should review the field experience available and decide whether going 
beyond the recommendations given here is reasonable).

• In many areas, not enough is known to rate the gears with any great confidence 
that the rating is really right. This is particularly true in regimen I lubrication 
conditions. (See Section 4.1.4 for a decision of lubrication regimens.) If extensive 
field experience is not available to verify a gear rating procedure, it is generally 
necessary to do initial factory and field testing of prototype units to prove their 
specified ratings before going into production of the units.

5.2.2.3  Rating Curves of Stress versus Cycles

The following rating curves are presented as general guides to the gear designer:

Figure 5.24 Covers allowable bending stressa for short cycles
Figure 5.25 Covers allowable bending stressa for long cycles
Figure 5.26 Covers contact stress for regimen II lubrication and short cycles
Figure 5.27 Covers contact stress for regimen III lubrication and long cycles

a The bending stress that is considered in Figures 5.24 and 5.25 is a unidirectional 
stress for normal gear action. When gear teeth are subject to loading in two direc-
tions, such as a planet in an epicyclic set that is loaded on both sides of the teeth, the 
rating must be reduced for reverse bending. An approximately correct rating can be 
obtained by multiplying the allowable bending stress by 0.70 before comparing it to 
the calculated stress.

These curves are somewhat different from the presently published curves used in gear 
standards. They reflect the concept that high loads in fewer than 107 cycles can cause 
microscopic metal damage that makes the gear tooth unable to run for 109 cycles or longer. 

Note: �ese curves are drawn for full-hardness carburized gears at 60 HRC minimum hardness—700 HV. See Section 6.2.2 for comments on
the load-carrying capacity of nitrided gears.
�ese curves are for unidirectional tooth loading.
If teeth are subject to reverse bending (idlers, planets, etc.), multiply allowable bending stress by 0.70.
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FIGURE 5.24
Bending stress for short-life design.
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They also take into account regimens of lubrication and the change in slope of the stress 
versus cycle curves for durability.

There are not enough good data in the gear trade to plot a set of curves like those in 
Figures 5.24 through 5.27 with a high degree of confidence. The data shown are intended 
to represent as good a judgment as can be determined, given the present state of the art 
gear. Hopefully, more research work and field experience will make it possible to have 
better data.

These curves are intended for use with the load histogram manner of design and an 
obligation to control the scoring problem. See Section 5.2.8 for more on the load histogram 
method, and for a discussion on how to handle the scoring hazard.

Note: Full hardness is 60 HRC–700 HV minimum
Medium hardness is 300 HB–320 HV minimum.
Low hardness is 210 HB–220 HV minimum.
�ese curves are for unidirectional tooth loading.
If teeth are subject to reverse bending (idlers, planets, etc.), multiply allowable bending stress by 0.70.
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FIGURE 5.25
Bending stress for long-life design.
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5.2.2.4  Rating Bevel Gears

When the intensities of tooth loading for bevel gears (K-factor and unit load) are calculated 
by the method shown in Figure 4.31, the values obtained are comparable to those of spur 
and helical gears. This is very helpful in preliminary design work when a decision as to 
whether the body shape of the gears should be cylindrical or conical has not yet been made.

As a general rule, a reasonable K-factor on a bevel gear tends to be about equal to that on 
a matching spur or helical gear with the same hardness, quality, and pitch-line speed. The 
unit load may be somewhat less since it is harder to get a large root fillet radius on a bevel 
gear than on a matching spur or helical gear.

Size is another factor. Large bevel gears need more de-rating for size than do cylindrical 
gears.

With these factors in mind, this book was written with the plan that the basic calcula-
tions for surface compressive stress and bending stress of bevel gears would be handled 
the same way and use the same “allowable stress” as those for spur and helical gears.

For a long while, bevel-gear rating equations were put together differently than those for 
spur and helical gears. Furthermore, the allowable stress values were different. The trend 
now is to use similar formulas and to bring the stress values together. (Seemingly the 
stress values would be the same if they were true stresses. Of course, as Section 4.1 points 
out, the stresses used in gear rating are not really true values. They are “stress numbers” 
that have been established by experience in developing gear ratings.)

The geometry factors and the de-rating factors for bevel gears in this book follow quite 
closely the general practice developed in the United States over the last years. Using 
Equation 5.90 for strength and Equation 5.95 for surface durability and the definitions of 
all the factors in Sections 5.2.2 though 5.2.6 results in calculation stress for bevel gears that 
generally come out high compared with the allowable stresses in Figures 5.24 through 
5.27. Sample calculations show that for bevel gears known to be satisfactory in service, 
calculated stresses predict quick failure. This is a serious problem. How should bevel gears 
be treated?

Note: Full hardness is 60 HRC–700 HV minimum
Medium hardness is 300 HB–320 HV minimum
Low hardness is 210 HB–220 HV minimum
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In time, there will be adjustment in the geometry and the de-rating factors for both 
bevel and cylindrical gears. Quite likely, these changes, plus some adjustments in the 
stress curves, will make it possible to use the same stresses for both bevel and cylindri-
cal gears. It would seem, though, that it will take a certain time for this process to run 
its course.

For those using this book, the best plan is the following:

• Establish initial designs by the methods shown here, but cross-check these with 
applicable AGMA standards, proven experience in bevel gear work, and recom-
mendations by the Gleason Machine Division in Rochester, New York, USA.

• Keep in mind that this book does not cover ratings of bevel gears for aerospace 
work or for vehicle gears. Only industrial bevel gears are covered.

• Strength of bevel gears is more critical than that of cylindrical gears. Lower 
numbers of pinion teeth are advisable, particularly on fully hardened gears. The 
strength rating is often the controlling rating for bevel gears, whereas the durabil-
ity rating is generally controlling for cylindrical gears.

• The bending stress of a bevel gear calculated by Equation 5.90 can generally be 
divided by an adjustment factor of 1.4 before it is compared with the strength rat-
ing curves of Figure 5.25.

• The surface compressive stress of a bevel gear calculated by Equation 5.95 can 
generally be divided by an adjustment factor of 1.25 before it is compared with the 
durability rating curves of Figure 5.27.

5.2.3  Geometry Factors for Strength

The geometry factor for strength is a dimensionless factor that evaluates the shape of the 
tooth, the amount of load sharing between teeth, and the stress concentration in the root 
area. AGMA has standard procedure for handling this factor. The ISO standards now 
being developed have somewhat different procedures. Chapter 4, Section 4.3, gave a gen-
eral background on how gear tooth strength has been handled in the past.

The geometry factors for strength presented in this section are based on AGMA 908-B89. 
This standard shows the procedures for determining J-factors and, in addition, shows the 
main graphs of J-factor values for different gear designs. Although the ISO is developing 
a somewhat different method for determining geometry factors for strength, the AGMA 
system has worked quite well in practice and is well accepted in the gear trade.

In this book simplified calculation methods are used, and a Kt-factor—rather than a 
J-factor—is used in the stress formulas. The relation of Kt to J is

 K
Jt spur gears=
1 0.

 (5.100)

 K
Jt

cos (helix angle)
helical gears=  (5.101)

 K
Jt straight Zerol bevel gears=
1 0.

 (5.102)
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 K
Jt

cos (spiral angle)
spiral bevel gears=  (5.103)

Since the strength factor is dimensionless, it can be used equally well in metric and 
English calculations.

5.2.3.1  Lack of Load Sharing

Normally the strength of spur gear teeth is calculated on the basis of the teeth sharing 
load at the first point of contact and at last point of contact. This is why the critical load is 
taken at the highest point of single-tooth contact. If the teeth are not cut accurately enough 
to share load, they may still wear in enough so that load sharing exists before there have 
been many stress cycles.

In some cases, the accuracy may be poor enough or the metal hard enough so that essen-
tially no useful load sharing is achieved. If this happens, then the geometry factor for 
strength should be determined with full load taken at the tip of the tooth. Table 5.34 gives 
some typical strength factors for full load taken at the tip. Table 5.35 gives some guideline 
information as to how much error it takes to cause a failure of load sharing.

Calculations for helical gears and bevel gears are not often made for the condition where 
load sharing does not exist. In general, these gears are either made accurately enough to 
share load or lapped until a satisfactory contact pattern is achieved. (If they cannot be fit-
ted so that they contact properly, they may be rejected.) Inaccurate low-hardness gears may 
wear and cold-flow enough to develop relatively good contact patterns—and good load 
sharing—early in their service life.

5.2.3.2  Helical Gears with Narrow Face Width

A good helical gear should have enough face width so that contact ratio in the axial plane 
is at least 2. If the face width is narrow relative to the pitch diameter of the pinion or if 

TABLE 5.34

Geometry Factors Kt for Strength of Spur Gears Loaded at Tip

No. Teeth

20° Pressure Angle 25° Pressure Angle

1.25 
Addendum

1.00 
Addendum

0.75 
Addendum

1.25 
Addendum

1.00 
Addendum

0.75 
Addendum

12 3.95 – – 3.10 3.70 –
15 3.77 4.50 – 2.97 3.51 –
18 3.66 4.29 – 2.88 3.34 –
25 3.52 3.97 – 2.77 3.09 –
35 3.40 3.70 4.12 2.67 2.92 3.20
50 – 3.57 3.85 – 2.79 2.99
100 – 3.39 3.51 – 2.66 2.75
275 – 3.26 3.29 – 2.58 2.61

Note: 1. It is assumed that a pinion with 1.25 basic addendum meshes with a gear of 0.75 addendum and that the 
tooth thicknesses are adjusted for the change in addendum.

 2. It is assumed that a 1.00-addendum pinion meshes with a 1.00-addendum gear and that the tooth thick-
nesses are standard.

 3. These data are for extra-depth teeth cut with a relatively full radius fillet (whole depth 2.35–2.40).

  



318 Dudley’s Handbook of Practical Gear Design and Manufacture

the helix angle is quite low (e.g., 8° or less), the axial contact ratio may be less than 1. How 
should the strength of a helical pinion or gear be calculated when the axial contact ratio is 
only 0.50?

When the axial contact ratio is less than 1.0, the helical gear can best be thought of as 
in an intermediate zone between a helical gear and a spur gear. At an axial contact ratio 
of 0.50, a close approximation of the geometry factor for strength can be taken midway 
between the value for a spur gear and the value for a helical gear. Appendix D of AGMA 
908-B89 shows how to derive the J-factor for helical gears, either wide face width or narrow 
face width. This standard can be used to get data beyond those given in this book.

5.2.3.3  Geometry Factors for Strength for Some Standard Designs

The geometry factors for strength have been calculated and plotted on curve sheets for 
several standard designs of spur and helical gears (see Figures 5.28 and 5.29). The method 
used was that of AGMA 908-B89. The data shown agree with tabulated data in AGMA 
6002-B93.

Although much design practice is based on AGMA 908-B89, it is not known with cer-
tainty that the geometry factors are just right. The work by Drago (1981) has shown evi-
dence that rim thickness is important and that the true stress may not agree exactly with 
a stress determined by AGMA 908-B89.

The ISO method does not agree with the AGMA method. In particular, the relation of 
spur teeth to helical teeth is different. Work by Castellani (1980) and by Imwalle et al. (1981) 
has brought this out.

Figures 5.28 and 5.29 give results that are reliable as long as gear rims are reasonably 
thick and centrifugal forces are low. When gear research work provides better values, they 
will probably not be very different from those shown.

Geometry factors for the strength of bevel gears are given in Table 5.36. These are used 
when the unit load is calculated for the middle of the bevel tooth. See Figure 4.21.

TABLE 5.35

Limiting Error in Action for Steel Spur Gears

Load Intensity 
per Unit of Face Width

Dimensional Error on Line of Action between Contact Points

Teeth Share Load Teeth Failed to Share Load

Metric, 
Wt/b, N/mm

English, 
Wt/F, lb/in. Metric, mm English, in. Metric, mm English, in.

100 571 0.005 0.0002 0.013 0.0005
200 1142 0.008 0.0003 0.020 0.0008
300 1713 0.010 0.0004 0.030 0.0012
400 2284 0.013 0.0005 0.041 0.0016
600 3426 0.020 0.0008 0.061 0.0024
1000 5710 0.033 0.0013 0.076 0.0030
1600 9140 0.050 0.0020 0.122 0.0048

Note: The error values above are useful only as rough guides. Perfect load sharing, of course, can only 
occur with perfect accuracy. The meaning of “teeth share load” is that reasonably good load 
sharing can be expected. The meaning of “teeth fail to share load” is that very little useful load 
sharing can be expected unless the teeth wear enough to remove most of the error.  The “error 
on the line of action” may be either profile error or spacing error, or some combination of the 
two. Adjacent spacing error is usually the most troublesome.
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5.2.4  Overall De-Rating Factor for Strength

The overall de-rating factor evaluates all the things that tend to make the load higher than 
it should be for the load being transmitted. Specifically, the factor is

 K
K K K

Kd
a m s

v

=  (5.104)

where
Ka—application factor
Km—load distribution factor
Ks—size factor
Kv—dynamic factor
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FIGURE 5.28
Geometry factors for strength of spur gears based on highest point of single tooth loading.
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Each of these factors is explained in the following subsections. The numerical values 
given should be considered as somewhat typical of what is being used, but not necessarily 
precise values for any given situation. Most of them are based on experience as much as 
on theoretical logic. Experience, of course, tends to be an average of known data. Anything 
that is an average represents the mean of a range of actual values. Also, the known data 
may be somewhat limited compared with the unknown data—which would have given a 
different value, had they been known.

Another problem is that much data has been accumulated in the past on gears that were 
not too high in power and had low-hardness gear teeth. These parts were not too large in 
size, and the lower hardness was helpful in letting the teeth wear in to accommodate man-
ufacturing errors. As gears become larger, they are more difficult to make with good qual-
ity; if they are much harder, the teeth have very little tendency to wear in during service.

A good example of this kind of changes has occurred in mill gearing. Certain mill gear-
ing formerly transmitted around 1000 kW and used gearing around 300 HV (280 HB). In 
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Geometry factors for strength of helical gears based on highest point of single tooth loading and sharing of load 
between teeth in zone of contact.
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recent gears, the power has gone up to 3000 kW and much gearing is being built with sur-
face hardness over 600 HV (550 HB). In this case, past de-rating practice need modification 
to handle the new situation, but the bulk of the experience in the gear trade was accumu-
lated in earlier years on the smaller, lower-hardness gears. How can the gear trade quickly 
obtain the experience needed to design new products out of the range of older products?

The de-rating values given in this section must be considered as general guides. AGMA 
and other organizations will write new standards. In a particular contract job, the buyer 
may specify that the gearing must meet certain design standards of AGMA (or others). 
Since de-rating is so critical and so potentially variable, the gear designer should endeavor 
to meet these objectives:

• Any contract design specifications should either be met or variations negotiated.
• The design should look reasonable by the logic of this book and other books appli-

cable to the gear job at hand.
• If the organization building the gears has no good depth of experience in making 

gears of the size, the hardness, or the kind required, the job should be considered 
developmental until adequate experience is obtained. This involves things like 
bench testing of components, factory testing of whole units at full load and full 
speed for some millions of contact cycles, and then a field evaluation of a few 

TABLE 5.36

Geometry Factors Kt for the Strength of Bevel Gears

No. of 
Pinion Teeth

No. of Gear 
Teeth

Straight Bevel Gears Spiral Bevel Gears

Pinion Gear Pinion Gear

15 20 5.00 5.75 4.93 4.93
35 4.48 5.56 3.79 3.79
50 4.35 5.49 3.21 3.21
100 3.79 4.90 2.57 2.57

20 20 5.04 5.04 4.45 4.45
35 4.25 5.00 3.62 3.62
50 4.15 4.90 3.05 3.05
100 3.57 4.35 2.48 2.48

25 20 4.61 4.91 3.80 3.80
35 4.11 4.67 3.48 3.48
50 3.95 4.61 2.94 2.94
100 3.42 4.00 2.42 2.42

35 35 4.14 4.14 3.13 3.13
50 3.75 4.20 2.78 2.78
100 3.16 3.66 2.35 2.35

50 50 3.71 3.71 2.64 2.64
100 2.95 3.33 2.29 2.29

Note: The values in this table are subject to change as refinements are made in the procedure 
of determining stress intensity due to bending load on gear teeth. This table is based on 
the normal design and manufacturing procedure recommended by Gleason Works. In 
many cases, there will be reason to modify the actual design, and this will tend to cause 
change in the geometry factors from the “guideline” values given. The straight bevel 
data are from Coniflex bevel gears having 20° pressure angle. The geometry factors for 
Zerol bevel teeth tend to be the same as those for straight bevels.
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prototype production units under actual field service conditions. (A design stan-
dard is useful, but it does not remove the need for gear builders to obtain a good 
depth of experience in the product they are making.)

5.2.4.1  Application Factor Ka

This factor evaluates external factors that tend to apply more load to the gear teeth than the 
applied load Wt. A rough-running prime mover and/or a rough-running piece of driven 
equipment can seriously increase the effect of the applied load. On an instantaneous basis, 
the torque being transmitted may be fluctuating considerably. The transmitted torque is 
then just the mean value of the torque fluctuations.

Other things like accelerations and decelerations, rudder turns or a ship, engine misfir-
ing, and power-system vibrations, enter into the application factor.

In the past, the service factor was somewhat similar to the application factor. The service 
factor concept, though, involved life and reliability as well as overloads. The best present 
practice treats life on the basis of cycles and reliability on a probability of failure basis. The 
application factor is used, and the service factor is not used.

The application factor is determined by experience. An application factor of 1.0 is best 
thought of as a perfectly smooth turbine driving a perfectly smooth generator at an always 
constant load and speed. If another application has to have the load reduced 2 to 1 so that 
the same gears will last as long as in the ideal turbine/generator application, then the 
application factor is 2.0.

Table 5.37 gives application factors for a range of gear applications.

5.2.4.2  Load Distribution Factor Km

This factor evaluates nonuniform load distribution across the face width and nonuniform 
load distribution in the meshing direction (transverse plane).

The general formula is

 Km = Kmf Kmt (5.105)

The transverse effect is evaluated in some of the ISO standards that are in process of 
approval at this time. If the gear teeth fit reasonably well, the effect of Km is relatively small 
and will be taken care of by making Kmf appropriately large. The data given in this book 
anticipated that a value of 1.0 will be used for Kmt.

The factor Kmf should evaluate all the effects that may be due to the following:

• Helical spiral of pinion does not match helical spiral of mating gear (helix error 
effect).

• The pinion body bends and twists under load so that there is a mismatch between 
the pinion and the gear teeth (deflection effects).

• The pinion axis, under load, is not parallel to the gear axis. Or, in bevel gears, the 
pinion axis is not at a 90° axis angle (position error effects, under load).

• Centrifugal forces distort the shape of the pinion or gear and mismatch the teeth 
(centrifugal effects).

• Thermal gradients distort the shape of the pinion or gear and mismatch the teeth 
(thermal effect).
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TABLE 5.37

Typical Application Factors Ka for Power Gearing

Prime Mover

Driven EquipmentTurbine Motor Internal Combustion Engine

Generators and Exciters
1.3 1.3 1.7 Based load or continuous
1.1 1.1 1.3 Pack duty cycle

Compressors
1.7 1.5 1.8 Centrifugal
1.7 1.5 1.8 Axial
1.8 1.7 2.0 Rotary lobe (radial, axial, screw, and so forth)
2.2 2.0 2.5 Reciprocating

Pumps
1.5 1.3 1.7 Centrifugal (all service except as listed below)
2.0 1.7 – Centrifugal—boiler feed
2.0 1.7 – High-speed centrifugal (over 3600 rpm)
1.7 1.5 2.0 Centrifugal—water supply
1.5 1.5 1.8 Rotary—axial flow—all types
2.0 2.0 2.3 Reciprocating

Blowers
1.7 1.5 1.8 Centrifugal

Fans
1.7 1.4 1.8 Centrifugal
1.7 1.4 1.8 Forced draft
2.0 1.7 2.2 Induced draft

Paper Industry
1.5 1.5 – Jordan or refiner
1.3 1.3 – Paper machine, line shaft
– 1.5 – Pulp beater

Sugar Industry
1.5 1.5 1.8 Cane knife
1.7 1.7 2.0 Centrifugal
1.7 1.7 2.0 Mill

Processing Mills
– 1.75 – Autogenous, ball
– 1.75 – Pulverizers
– 1.75 – Cement mills

Metal Rolling or Drawing
– 1.4 – Rod mills
– 2.0 – Plate mills, roughing
– 2.75 – Hot blooming or slabbing

Note: 1. The values given are illustrative. As more experience is gained, new application factors will be estab-
lished in the gear trade.

 2. The values given may vary in a multistage drive. Experience and study will often show that the first 
stage needs a different application factor than that needed for the last stage.

 3. The power rating and the kind of gear arrangement affect the application factor. The values given here 
represent somewhat average situations. (Be wary of new gear designs of high power. The old experience 
on application factors may be wrong for the new situation.)

  



324 Dudley’s Handbook of Practical Gear Design and Manufacture

• Deliberate design modifications, such as crowning, end easement or helix correc-
tion, concentrate the load in one area, and relieve the load in another area. This is 
usually done to lessen the effect of one of the preceding items, but it is an effect in 
itself (design effects).

The listing just given shows why load distribution is one of the most complex subjects in 
gear design. The later proposed standard method of handling all these variables had about 
150 pages—and it was found that it did not adequately cover all the possible situations!

5.2.4.3  Effect of Helix Error and Shaft Misalignment

In this section some limited data will be given on misalignment effects that are due to 
error in matching the helical spirals and on deflection errors that are due to the aspect 
ratio of the pinion. Table 5.38 gives some target values that the designer should try to meet. 
(Instead of figuring how high the Km is when all tolerances and deflections are allowed for, 
figure close the tolerances and the deflections must be held to get a reasonable value of Km).

Figure 5.30 shows the approximate face load distribution factor as a function of mismatch 
error et and intensity of load. The curves were plotted up to Kmf = 2.0 from the relations

 K
b

W
emf

t
t metric= × +

10 000
1

,
 (5.106)

TABLE 5.38

Some Target Values of Km for Spur and Helical Gears

Hardness of Gear Set and Load 
per Unit of Face Width

Target Values of Km for Gears with Face Width

50 mm
(2 in.)

100 mm
(4 in.)

250 mm
(10 in.)

750 mm
(30 in.)

High Hardness (675 HV)
Wt/b = 100 (Wt/F = 571) 1.7 1.9 – –
Wt/b = 300 (Wt/F = 1713) 1.4 1.6 1.8 –
Wt/b = 800 (Wt/F = 4568) 1.2 1.3 1.6 1.8

Medium Hardness (300 HV) 1.8

Wt/b = 100 (Wt/F = 571) 1.5 1.6 1.8 –
Wt/b = 300 (Wt/F = 1713) 1.2 1.3 1.6 1.8
Wt/b = 800 (Wt/F = 4568) 1.1 1.2 1.4 1.5

Low Hardness (6210 HV)
Wt/b = 800 (Wt/F = 4568) 1.3 1.4 1.5 1.6
Wt/b = 300 (Wt/F = 1713) 1.1 1.2 1.4 1.5
Wt/b = 800 (Wt/F = 4568) 1.0 1.1 1.2 1.3

Note: 1. These values assume that the accuracy is adjusted, with high-hardness gears being more 
accurate than low-hardness gear.

 2. For gears over 100 mm face width, it is assumed that each set is matched or fitted to get an 
acceptable contact pattern at full load.

 3. It is assumed that the low-hardness gears wear in (or cold-flow the metal) to improve the 
contact. This happens to a lesser extent with medium-hard gears, and almost no useful wear-
in occurs with high-hardness gears.
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1 450 000
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, ,
 (5.107)

In Equations 5.106 and 5.107, Wt is in newtons for the metric calculation and in pounds 
for the English calculation. The face width and error are in millimeters for the metric cal-
culation and in inches for the English calculation. The answer is dimensionless.

The basics for Equations 5.106 and 5.107 is that the total mesh deflection is

 Mesh deflection
load

stiffnes constant face widt
=

× hh  

 =
W

b
t metric

20 000,
 (5.108)

 =
W

F
t

2 900 000, ,
 (5.109)

When Kmf is over 2.0, the error is great enough to make the face width in contact less than 
the total face width. The equation for the face load distribution factor then becomes

 K
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40 000,

 (5.110)
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Approximate load distribution factors Kmf from combined effects of helix mismatch and shaft misalignment.
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The choice of stiffness constant of 20,000 N/mm2 (2,900,000 psi) deserves some com-
ment. Tests of gear teeth show that this is good average value for typical gear design. If it 
is an error, it is more apt to be a little low rather than a little high. In a limited amount of 
testing, 23,000 N/mm2 was found to be typical for high-strength tooth design.

In earlier years, values like 2,000,000 psi and even 1,000,000 psi have been used. (2,000,000 
psi is equivalent to about 14,000 N/mm2). These values seemed to give reasonable correla-
tion with results observed in practice. The reason they did was that either the teeth tend to 
wear in to develop a good fit or the gears were flexible enough in their mountings to shift 
so that the contact was better than it should have been, based on errors and true stiffness 
of teeth.

The problem with this design approach is that large gears and very hard gears scarcely 
shift at all, and they do not wear in, either. Therefore, it is best to make a relatively true 
calculation of Kmf. If there is wear-in or gear-body shifting, this can more appropriately 
be allowed for by determining the compensating amounts directly and then subtracting 
them from the helix error.

Table 5.39 shows amounts of wear-in ew that might be expected. There is relatively little 
good data on wear-in of gears, and so this table should be considered a good opinion on 
what is likely to happen rather than the results of any study in depth.

TABLE 5.39

Approximate Wear-In Amounts ew That May Be Realized with Approximate Lubricants and Good 
Break-In Procedure

Material 
Hardness

Initial Misfit in Helix Width

0.023 mm 
(0.0009 in.)

0.038 mm 
(0.0015 in.)

0.064 mm 
(0.0025 in.)

0.010 mm 
(0.0040 in.)

HV HB mm in. mm in. mm in. mm in.

Regimen I—Less than 1 m/s (200 fpm) Pitch-Line Velocity
210 200 0.0150 0.0006 0.0230 0.0009 0.0380 0.0015 0.0500 0.0020
320 300 0.0125 0.0005 0.0200 0.0008 0.0300 0.0012 0.0380 0.0015
415 400 0.0100 0.0004 0.0180 0.0007 0.0230 0.0009 0.0300 0.0012
530 500 0.0075 0.0003 0.0125 0.0005 0.0150 0.0006 0.0250 0.0010
675 600 0.0050 0.0002 0.0075 0.0003 0.0125 0.0005 0.0200 0.0008

Regimen II—Less than 5 m/s (1000 fpm) Pitch-Line Velocity
210 200 0.0125 0.0005 0.0180 0.0007 0.0250 0.0010 0.0300 0.0012
320 300 0.0100 0.0004 0.0150 0.0006 0.0200 0.0008 0.0250 0.0010
415 400 0.0075 0.0003 0.0125 0.0005 0.0150 0.0006 0.0200 0.0008
530 500 0.0500 0.0002 0.0075 0.0003 0.0125 0.0005 0.0150 0.0006
675 600 0.0025 0.0001 0.0050 0.0002 0.0100 0.0004 0.0125 0.0005

Regimen III—Less than 20 m/s (4000 fpm) Pitch-Line Velocity
210 200 0.0075 0.0003 0.0100 0.0004 0.0125 0.0005 0.0150 0.0006
320 300 0.0050 0.0002 0.0075 0.0003 0.0100 0.0004 0.0125 0.0005
415 400 0.0050 0.0002 0.0050 0.0002 0.0075 0.0003 0.0100 0.0004
530 500 0.0025 0.0001 0.0025 0.0001 0.0050 0.0002 0.0075 0.0003
675 600 0.0025 0.0001 0.0025 0.0001 0.0025 0.0001 0.0050 0.0002
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5.2.4.4  Aspect Ratio Effects

The relative slenderness of the pinion is called the aspect ratio. The aspect ratio ma is the 
contacting face width of the pinion divided by the pitch diameter. For double-helical pin-
ions, the best practice is to use the total face width (the width of the two helices plus the 
gap between the helices).

When the aspect ratio approaches 2.0, both single-helical and double-helical pinions 
bend and twist enough to tend to develop relatively high Kmf values. Figure 5.31 shows a 
plot of Kmf against the aspect ratio for both single-enveloping and double-enveloping pin-
ions. This curve sheet was drawn to fit these assumptions:

• The teeth are cut to true and exactly matching helix angles.
• The pinions and gears are straddle-mounted on bearings, and the bearings are a 

reasonable distance from the tooth ends.
• There is no wear-in to compensate for deflection.
• An approximation formula was used to get the deflection. The deflection was 

taken as an error and converted to Kmf by the formulas just discussed. Since deflec-
tion is proportional to load intensity, the answer in Kmf  is the same regardless of 
the load intensity.

Figure 5.31 makes it look like the double helix does better than the single helix. This is 
really not so, because of the gap. When a single-helix pinion and a double-helix pinion 
have the same working face width, the Kmf value tends to be about the same.

The high Kmf value for an aspect ratio around 2.0 can be reduced considerably by helix 
modification. In general, helix modification (also called helix correction) should be given 
strong consideration when the aspect ratio of single-helical pinions exceeds 1.15 or that of 
double-helical pinions exceeds 1.60.

The problem of Kmf  begins to look rather formidable from all the foregoing. Some things 
can be done, though, to improve the situation for spur and helical gears. (Bevel gears are 
discussed next.)
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• If the aspect ratio is under 1.15 and the pinion and gear are straddle-mounted in 
their bearings, there should be no serious effect from bending and twisting. Of 
course, if the pinion is overhung, special calculations will be needed to find the 
overhung deflection, even with an aspect ratio of 1.0.

  The main problem when the aspect ratio is under 1.15 is the manufacturing error.
• If the aspect ratio is over 1.5, the bending and twisting effects need to be calcu-

lated. Helix correction is apt to be needed. When helix correction is made, the 
pinions are generally fitted to their gears so that under no load (or very light load), 
the contact pattern is open where the teeth have been relieved. Using special mea-
suring techniques, the amount the teeth are open can be measured.

  If the pinion does not match its gear properly, it can be reshaved or reground. 
(In some cases, bearings may be shifted slightly to fix the fit.) When the fit-
ting job is done, the desired mismatch to compensate for deflection has been 
achieved, and manufacturing errors in cutting teeth or boring cases have been 
taken care of.

• When the aspect ratio is quite low—like 0.25 or less—there is often a tendency 
for the gear (or both pinion and gear) to deflect or shift so as to distribute the 
load relatively evenly, even when an appreciable helix mismatch exists. Tests and 
observations may reveal that a pair of gears that would have a Kmf of around 2.5 
may actually run with a real Kmf of only 1.4! It is beyond the scope of this book to 
represent engineering analysis data on how gears can deflect sideways or shift on 
their mountings to achieve a substantial reduction in Kmf (or Cmf). The designer 
should be alert for this possibility and test new designs thoroughly as that any 
favorable reduction in Kmf can be noted and used.

  As a matter of interest, it is quite common for vehicle transmission gears to have 
a low aspect ratio and a favorable tendency to run at much lower Kmf values than 
a simple calculation based on helix errors and tooth load per unit of face width 
would indicate.

• Helical gears are loaded on an inclined line that runs from the top of the tooth to 
the limit diameter. Under misaligned conditions, the area of high loading is local-
ized, and the developed field of stress in the tooth root is not as severe as it would 
be for a spur gear.

  It is often practical to use a somewhat lower Kmf  for helical gears than for spur 
gears when the aspect ratio is low. For high-aspect-ratio gears, Kmf is generally 
considered to be equal to Cmf, the durability factor for misalignment effects.

5.2.4.5  Load Distribution Factor Km for Bevel Gears

Bevel gears are generally made with the following design controls:

• The face width is 0.30 or 0.25 of the outer cone distance (an aspect ratio control).
• The teeth are cut or ground so that the tooth contact is localized. A slight crown is 

introduced to compensate for small errors in tooth making and in mounting the 
bevel gears on their axes.

• The bevel gears are tested in special contact-checking machines. If the fit is not 
right, the bevel gears are either rejected or lightly lapped to make the fit accept-
able. If the misfit is more than lapping can correct, the pinion or gear may be recut 
or reground to bring the tooth fit on the tester under control.
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The purpose of these special practices and controls is to make it much easier to establish 
reasonable load distribution factors for bevel gears than for spur or helical gears.

Table 5.40 shows the general pattern of load distribution factors for bevel gears. The 
same load distribution factor is generally used for both strength and durability rating 
calculations (Km = Cm).

Industrial bevel gears are often made in large sizes. In general, both members are straddle-
mounted. Figure 5.32 shows the general trend for the increase in mounting factor as the 
parts get larger and there is more difficulty in controlling the accuracy.

The mounting factors for bevel gears are right for the rated load. The reason for this is 
that the localized contact is developed to suit the rated torque. If the bevels are operated 
at lower than the rated torque, the mounting factors tend to increase because the fit is not 
right. This is not too critical, though, because the torque generally decreases faster than the 
load distribution factor increases.

A serious problem can occur when a bevel set has to handle very high overload torques 
for a small number of cycles (e.g., 105) and then must run for a large number of cycles (e.g., 
109) at the rated torque. At the rated torque, the load distribution will not be as good as it 
should be, and a higher than normal load distribution factor will be needed.

TABLE 5.40

Load Distribution Factors for Bevel Gears, Km and Cm

Application
Both Members 

Straddle Mounted
One Member

Straddle Mounted
Neither Member 

Straddle Mounted

General industrial 1.00–1.10 1.10–1.25 1.25–1.40
Vehicle 1.00–1.10 1.10–1.25 –
Aerospace 1.00–1.25 1.10–1.40 1.25–1.50

Note: 1. These values are based on setting the position on the cone element very close to the 
right position. For instance, if a bevel gear with 25 mm (1 in.) face width was out of posi-
tion about 0.15 mm (0.006 in.), a Km value of 1.05 would increase to about 1.8!

 2. These values are based on the face width not exceeding 25 mm. Industrial bevel gears 
are made in rather large sizes. Figure 5.32 shows how the load distribution factor tends to 
increase as the face width increases.
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5.2.4.6  Size Factor Ks

The size factor de-rates the gear design for the adverse effect of size on material properties. 
Large gears may have the same hardness as small gears, but the material may not be as 
strong or as fatigue resistant. Inclusions or other flaws in the steel tend to be more numer-
ous in a large stressed area than in a small stressed area.

The making of gears involves pouring ingots, forging ingots, quenching and normal-
izing of forgings, hardening and tempering of gears, etc. All these operations can be done 
with better control on small part than on very large parts.

The size factor tends to go up to around 2 in going from rather small gears to very large 
gears—when all the adverse effects of size are considered. Fortunately, some things can be 
done to decrease the effect of size.

If the steel used is chosen to have enough alloy content, a much better heat-treating 
response can be obtained. Also, if temperatures or other variables are somewhat out of 
control, the richer-alloy steels are more “forgiving” of less than optimum conditions.

Figure 5.33 shows size factors for the strength of spur, helical, and bevel gears. The bevel 
curve is not the one normally used in older standards. The old curve had a unity value 
for a very large tooth and a 0.5 value for a small tooth. This was compensated for by using 
about one-half the allowed stress in bending for bevel teeth as for spur and helical teeth. 
The new trend is to use the same allowed stresses for spur, helical, and bevel teeth. This is 
done by making the size factor greater than unity as size becomes detrimental.

5.2.4.7  Dynamic Load Factors Kv and Cv

The dynamic factor makes allowance for overload effects generated by a pair of meshing 
gears. If both members of the gear pair were perfect, a uniform angular rotation of one mem-
ber would result in a uniform angular rotation of the other member. The ratio of the number 
of gear teeth to the number of pinion teeth would be exact ratio of the two angular velocities.

Gear teeth are never perfect, although a high-precision pair of gears is much more perfect 
than a low-precision or “commercial” accuracy pair. The tooth error result in a transmission 
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error, which makes the ratio of input speed to output speed tend to fluctuate. On an instan-
taneous basis, each member of the gear pair is constantly going through slight accelera-
tions and decelerations. This results, in turn, in dynamic forces being developed because 
of the mass of the pinion and its shaft and the gear and its shaft.

Tooth errors in spacing, runout, and profile cause transmission error. Helix errors influ-
ence transmission error because of their indirect effect on load sharing between teeth and 
their effect on the stiffness constant for the mesh.

The dynamic factor is used as a de-rating factor to compensate for the adverse effect of 
the dynamic overloads caused by the driving or driven machinery. The application factors 
Kv and Cv are used to handle dynamic loads unrelated to gear tooth accuracy.

The equation for dynamic factor is

 K C
W

W Wv v
t

t d

metric or English= =
+

 (5.112)

where
Cv—dynamic factor for durability
Wt—transmitted load, newtons or pounds
Wd—dynamic load, newtons or pounds

Equation 5.112 makes the dynamic factor for strength the same as the dynamic factor for 
durability. The definition used for dynamic load is unrelated to the kind of trouble that 
the load can cause when it is too great. Excessive dynamic loads are a hazard to gear tooth 
strength, gear tooth surface durability, and gear tooth scoring resistance.

For AGMA calculations of bending stress or contact stress, it has been customary to put 
the dynamic factor in the denominator, whereas the other de-rating factors are put in the 
numerator. This makes a high dynamic factor come out to some value like 0.50 instead 
of 2.0. The ISO work puts the dynamic factor in the numerator. In this book, the AGMA 
practice will be followed.

Figure 5.34 shows dynamic factors for spur and helical gears. A range of values is shown 
for four general levels of gear accuracy. These levels can be described as follows:
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A . HIGH ACC U R AC Y

Generally ground gears. May be gears hobbed or shaped to very close limits and then pre-
cision shaved. The tooth design provides good profile modification and helix modification 
(across the face width). Tooth spacing (both tooth-to-tooth and accumulated), profile (both 
slope and modification), helix (crown, end easement, and/or allowance for bending and 
twisting), gear runout, and gear surface finish (smoothness and lack of waviness) are held 
to very close limits. The modifications in profile and helix are based on a single load that 
is reasoned to be the significant load determining the rating.

B. M EDI U M-HIGH ACC U R AC Y

Ground or shaved gears, but quality is a significant step lower than that outlined above.

C . M EDI U M ACC U R AC Y

Gears are precision-finished by hobbing or shaping. Modifications in profile or helix are 
either not made or made without close control. This is the best that skilled gear people can 
do by taking extra time for finishing and using the most suitable machine tools.

D. LOW ACC U R AC Y

Gears are hobbed or shaped to normal practice. Profile modifications are either not made 
or made with close control. Machine tools used are good, but may not have the accuracy 
capability of the newest types.

These levels of accuracy cannot be tied closely to AGMA 2009-B01 and AGMA 2011-A98 
limits. Some requisite quality items are not specified in AGMA 2009-B01 and AGMA 2011-
A98, and some are not set to match the latest machine tool capability. As a rough guide, 
though, high accuracy is like an AGMA quality level of 12 to 13, and medium accuracy is 
like an AGMA quality level of 8. DIN quality grade 5 is in the high-accuracy range. (See 
Section 7.4.1 for more on gear accuracy.)

The range shown in Figure 5.34 is typical of the practice that has been followed success-
fully for many years. A gear designer can judge how closely every accuracy item is apt to 
be held in gears that will be made to a given design. If the gears are going to be extra good 
for the way they are made, then there is reason to go to the top of the range.

Figure 5.34 stops low-accuracy gears at a pitch-line velocity of 15 m/s (3000 fpm) and 
medium-high-accuracy gears at 35 m/s (7000 fpm). Generally speaking, these kinds of 
gears are not apt to be used at higher speeds, although they might give satisfactory service. 
(If a low-accuracy gear is run too fast, there is apt to be trouble with noise and vibration, 
besides the uncertainty as to whether the gear unit will perform as well as its rating would 
anticipate.)

High-accuracy gears (and super-high-accuracy gears) are being used with relatively 
good success at pitch-line velocities up to 200 m/s (40,000 fpm). What dynamic load is 
appropriate for high-precision gears in the 40 to 200 m/s speed range?

High-speed gears must be made very precisely. In general, the dynamic load factor will 
be quite low—from 0.85 to 0.95. To get the best results, the teeth need to be helical, with 
enough face width and axial contact ratio to get two axial crossovers.

The following values show what may be expected in high-speed gearing:

• Helical, axial contact ratio over 2.0, truly high precision in all details

 Kv = Cv = 0.95 
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• Helical, axial contact ratio of 1.0, truly precision

 Kv = Cv = 0.90 

• Helical, high precision, but profile and helix corrections not made

 Kv = Cv = 0.85 

• Spur truly high precision in all details. (The high-speed spur gear needs to be nar-
row in face width to run above 40 m/s. Generally the upper limit for spur gears is 
around 20 m/s.)

 Kv = Cv = 0.85 

The dynamic load factors for bevel gears are shown in Figure 5.35. The curves repre-
sent the practices that were followed successfully for a long while. The values plotted are 
the same as those shown in AGMA bevel gear standards and in publications by Gleason 
Works.

Straight bevel gears are not often used above 10 m/s (2000 fpm) pitch-line velocity. If 
they are not cut to precision accuracy and fitted for the best contact pattern, the dynamic 
factor should be read from the second or third curve.

Spiral bevel gears that are finished by cutting and fitted for a good contact pattern should 
use the dynamic factor given by the second curve.

Some further discussion of dynamic load is given in Appendix B. See Section B.2 for this 
material.

5.2.5  Geometry Factors for Durability

The geometry factors for durability evaluate the shape of the tooth and the amount of load 
sharing between teeth. AGMA and ISO have procedures for evaluating these factors. The 
material in this section is based on AGMA methods.
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The I-factors shown in AGMA standard are geometry factors, but not the same kind as 
those in this book, with one exception: The Ck factor given in AGMA 6002-B93 for spur and 
helical vehicle gears is the same kind.

The relation of Ck to I is

 C
C

I
u

uk
p metric= ⋅

+12 043
1

1.
 (5.113)

 C
C
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mk
p English= ⋅

+1 00
1
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G

G
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where
Cp—constant for material and gear type (Cp = 2300 for steel spur or helical gears, and 

Cp = 2800 for steel straight, spiral, or Zerol bevel gears)
I—dimensionless constant defined in AGMA standard 2003-B97 (see AGMA 2001-D04 

and 908-B89 for additional information covering special cases)
u—metric symbol for tooth ratio
mG—English symbol for tooth ratio

Figure 5.36 shows geometry factors for the durability of spur gears of standard-addendum 
and 25% long-addendum pinion designs for both 20° and 25° pressure angles. These geom-
etry values are based on the most critical stress being taken at the lowest point of single tooth 
contact.

The choice of the lowest point is felt to be more conservative than determining the stress 
at the pitch line. If the number of pinion teeth is over 25 and the contact ratio is 1.7 or 
higher, there is not much practical difference between stress taken at the lowest point of 
single tooth contact and those taken at the pitch line.

Figure 5.37 shows geometry factors for helical gear teeth of 15° and 30° helix angles 
and normal pressure angles of 20° and 25°. The critical stress is determined by an AGMA 
method that allows for load sharing in the zone of action. It is assumed that the axial 
contact ratio is 2.0 or more (minimum of two axial crossovers). If the axial contact ratio 
is only 1.0, the geometry factors will increase by a small amount. AGMA 2001-D04 and 
908-B89 has provision for calculating this special case. If the axial contact ratio is less 
than 1.0, the helical gear approaches the spur gear. (At an axial contact ratio of 0.5, the 
character of the gear set is about halfway between the character of a spur gear and that 
of a helical gear.)

Table 5.41 shows geometry factors for the durability of bevel gears. These values are 
based on I-factors that were recommended in AGMA standards and in publications of 
Gleason Works.

It seems likely that gear research will develop values for the durability geometry factors 
that are somewhat more complex and therefore more accurate than those given in Figures 
5.36 and 5.37 and in Table 5.41. There is not much, though, that they will change by any 
large amount. Experience in the gear trade shows that the geometry constants for surface 
durability determined by AGMA methods are quite good.
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5.2.6  Overall De-Rating Factor for Surface Durability

The overall de-rating factor evaluates all the things that tend to make the load higher than 
it should be for the torque being transmitted. The factor is

 C
C C C

Cd
a m s

v

metric or English=  (5.115)

where
Ca—application factor. Generally Ca is taken to be the same as Ka. See Section 5.2.4.

Pressure angle 20°
Helix angle 0°
For metric teeth, pitch is 1 module
and dimensions are in millimeters
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pitch and dimensions are in inches
Multiply Ck by 12.043
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FIGURE 5.36
Geometry factors for durability of spur gears based on lowest point of single tooth contact.
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Cm—load distribution factor. This factor is generally taken to be the same as Km. See 
Section 5.2.4. In some special cases, Km may justifiably be lower than Cm.

Cs—size factor. This factor is not the same as Ks.
Cv—dynamic factor. This factor is the same as Kv. See Section 5.2.4.

Since the overall de-rating for surface durability is rather close to being the same as the 
overall de-rating factor for strength, Section 5.2.4 should be read for general information and 
for specific data on the factors that are the same in de-rating for strength and for durability.

5.2.6.1  Size Factor Cs

From a surface durability standpoint, face width is probably the best way to evaluate the 
detrimental effect of size. (For tooth breakage, tooth size seems to be the best measure of 
the size effect.)

The size factor for durability (like that for strength, discussed in Section 5.2.4) is intended 
primarily for de-rating gears for the fact that large pieces of steel tend to have more flaws 
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Multiply Ck by 12.043

Normal pressure angle 25°
Helix angle 15.00°

Pinion addendum 1.00
Whole depth 2.30

Gear addendum 1.00
Tip radius, gen. rack 0.30

Normal pressure angle  20°
Helix angle 30°

Pinion addendum 1.00
Whole depth 2.35

Gear addendum 1.00
Tip radius, gen. rack 0.35

Normal pressure angle  25°
Helix angle 30°

Pinion addendum 1.00
Whole depth 2.30

Gear addendum 1.00
Tip radius, gen. rack 0.30

12 15 18 20 25 30 40 50 70 100 200 ∞

12 15 18 20 25 30 40 50 70 100 200 ∞

12 15 18 20 25 30 40 50 70 100 200 ∞

12 15 18 20 25 30 40 50 70 100 200 ∞

400

375

350

400

375

350

400

375

350

400

375

350

35 gear teeth

85
50

275

35 gear teeth

85
50

275

35 gear teeth

85
50

275

35 gear teeth
50

85
275

G
eo

m
et

ry
 fa

ct
or

 C
k

C
k

C
k

C
k

Number of teeth, pinion

FIGURE 5.37
Geometry factors for durability of helical gears based on tip loading and sharing of load between teeth in zone 
of contact.
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and are more difficult to forge and heat treat for ideal metallurgical properties than are 
small pieces of steel.

Since 1966, AGMA standards have acknowledged the need for a size factor in the rating 
formula for durability of spur and helical gears. However, no numerical values have yet 
been agreed on and written into standards. It is left to each designer to assign an appropri-
ate value when large gears cannot be made with metal quality comparable with that of the 
small gears that were used to set basic allowable stresses in the standards.

For bevel gears, AGMA did set a size factor Cs, with numerical values, in AGMA 6010-
F97. This standard, though, deviates from spur and helical practice in that the detrimental 
effect of size is not handled by a factor greater than unity. Instead, a factor near unity is 
given to a large and a factor of 0.5 to a small gear. This, in effect, says that the large gear 
is the standard of reference and gives the small gear credit for being better than the large 
gear. The more usual AGMA philosophy is that the more is known about and made right 
with the small gear, and it should be the standard of reference. Large gears are then de-
rated for the fact that their size tends to give imperfections that reduce the amount of stress 
that can be carried.

TABLE 5.41

Geometry Factors Ck for Durability of Bevel Gears

No. of 
Pinion Teeth

No. of 
Gear Teeth

Straight 
Bevel Gears

Spiral 
Bevel Gears

15 20 8433 7780
35 8731 7281
50 8967 6837
100 8752 6260

20 20 7952 7537
35 8102 7285
50 8315 6803
100 8144 6283

25 20 7766 7379
35 7808 7251
50 7935 6742
100 7766 6271

35 35 7565 6956
50 7593 6627
100 7317 6222

50 50 7353 6458
100 6989 6121

Note: 1. These values are subject to change as refinements are made in the proce-
dure to determine stress intensity due to bending load on gear teeth.

 2. This table is based on the normal design and manufacturing process rec-
ommended by Gleason Works. In many cases, there will be reason to mod-
ify the actual design, and this will tend to cause changes in the geometry 
factors from the “guideline” values given here.

 3. The straight bevel data are for Coniflex bevel gears with a 20° pressure 
angle.

 4. The spiral bevel data are for 20° pressure angle, 35° spiral angle bevel 
gears.

 5. The geometry factors for Zerol bevel teeth tend to be the same as those for 
straight bevel gears.
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AGMA 6010-F97 was issued to cover spur, helical, and spiral bevel gears. This standard 
shows a minimum Cs value of 1.0 for spur and helical gears, but it does show Cs values less 
than 1.0 for spiral bevel gears (The same as AGMA 6010-F97.)

Figure 5.38 shows a plot of size factors for durability versus face width. The spiral bevel 
curve is worked out to place the unity value on the small gear and de-rate the large gear 
(rather than up-rate the small gear). This change was made for this book by shifting the 
allowable contact stress so that the value used is right for the small gear at Cs = 1.0.

The size factor—by AGMA definition—does include “area of stress pattern.” This vari-
able shifts more in going from small to large bevel gears than it does in spur or helical 
gears. This has to do with the way the teeth are made and fitted. (It must be kept in mind 
that bevel teeth are on the surface of a cone, while spur and helical teeth are on a cylinder.)

The size factor for spiral bevel gears changes about 2 to 1 in going from a small gear to 
a large gear. The dashed curve for spur and helical gears changes about 1.5 to 1.0 in going 
from a small gear to a very large gear. The relative difference is essentially due to the geo-
metric difference between bevel gears and helical gears.

For spur and helical gears, the curve for Cs in Figure 5.38 is shown dashed. It is not based 
on any AGMA standard. Instead, the curve represents what can normally be expected in 
good industrial gear manufacture.

5.2.6.2  Complementary Considerations

Here are the considerations that relate to recommended values of the size factor Cs for 
gears of various applications:

• Up to 125 mm (5 in.) face width, it should be possible to pick steel and process it 
well enough to have essentially no size effect. Cs = 1.00.

• Above 125 mm face width, it becomes increasingly difficult to avoid size effects. 
A gear set with about 400 mm (16 in.) face width is apt to have a pinion around 
400 mm pitch diameter mating with a gear in the range of 1600 mm (64 in.) pitch 
diameter. Metallurgical studies (see Section 6.2.4) of gears of this size generally 
show quality degradations ranging from small to very serious. A size de-rating of 
1.3 for a gear with 400 mm face width seems to be about average for industrial gear 
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manufacture around the world by those skilled in the gear art. (Those unskilled 
may, of course, do much worse.)

• In the aerospace field, great skill and effort are used to keep gear metallurgical 
quality under close control. Aerospace people could probably make gears up to 
250 mm face width without any noticeable size effects. (Most aerospace gears are 
of less than 125 mm face width.)

• Marine gears are made in face widths up to 1000 mm (40 in.). Marine practice for 
ocean-going ships is highly specialized. An appropriate size de-rating for a 1000-
mm marine drive might be around Cs = 1.20.

5.2.7  Load Rating of Worm Gearing

The complete worm gear family comprises:

• Crossed-helical gears (nonenveloping)
• Cylindrical worm gearing (single-enveloping)
• Double-enveloping worm gears

This section will cover methods for estimating the load-carrying capacity of each of the 
three family members. The method for crossed-helical gears will follow the work of Earle 
Buckingham. This method gives reasonable results and is a good guide. There are no trade 
standards on crossed-helical gears. Since Buckingham’s work is all in English units, the 
synopsis given here will be in English symbols and units only. (Readers can probably best 
check the reference by sticking to English units.)

The rating for cylindrical worm gearing will follow AGMA 6034-A87. This is a good guide 
developed over many years. Not much change can be anticipated in the immediate future.

The rating for double-enveloping worm gears will follow AGMA 6034-A87. This again 
gives good guidance and will probably not change much in the immediate future.

The rating of all kinds of worm gearing is primarily based on surface durability. Tooth 
strength is usually not much of risk—unless abnormally small threads or teeth are used. 
For this reason, strength is handled on a very approximate basis. The set is sized from the 
durability estimates.

5.2.7.1  Crossed-Helical Gear Durability

Crossed-helical gears are generally rated only by a surface durability formula. With point 
contact, not enough load can be carried to cause much danger of tooth breakage. The 
method presented by Earle Buckingham is a handy general formula for crossed-helical 
gears, which gives very reasonable results.

The first step is to calculate a wear load, Ww:

 Ww = A6 B3 KQ (5.116)

The factors A and B depend on the ratio of the radii of curvature of the profiles of the 
driver and driven. The radius of curvature of the driver is

 R
D

c
n

1
1

2
12

=
sin

cos
φ

ψ
 (5.117)
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The radius of curvature of the driven member is determined by a similar equation. The 
pitch diameter of the driver is D1, and the normal pressure angle is ϕn. The helix angle is ψ1.

Table 5.42 shows the constants A6 and B3.
The constant K is not the same as the K-factor discussed in Chapter 4. This K is

 K s
E E

= +29 7662
1 13

1 2

2

.  (5.118)

The value s is the stress on the tooth surface, and E is the modulus of elasticity.
The value Q is a ratio factor:

 Q
R R
R R

=
+

c c

c c

1 2

1 2

2

 (5.119)

The allowable K for crossed-helical gears that Buckingham recommends is given in 
Table 5.43.

It should be noted that Table 5.43 shows quite a difference in capacity with running in. A 
little wear at light load tends to broaden the point of contact considerably.

The calculated wear load in Equation 5.116 should be compared with the dynamic load 
in the normal plane. If the torque on the driver is T1, the transmitted load in the normal 
plane is

 W
T

Dn
n

=
2 1

1 1cos cosψ φ
 (5.120)

If high degree of accuracy is obtained, it is usually possible to keep the dynamic load on 
crossed-helical gears within about 150% of the transmitted load in the normal plane. The 
calculated wear load should be enough less than the transmitted load to allow for dynamic 
load effects and to allow for any application factor that may be appropriate for the job.

There is little conclusive information to go on to judge the limiting rubbing velocity that 
can be handled by spiral gears of different materials. Hardened steel on bronze will han-
dle the most speed. With ordinary materials and good commercial accuracy, the rubbing 
speed should be probably net exceed 30 m/s (6000 fpm). Use of special bronze material in 
combination with a case-hardened and ground driver makes it possible to handle rubbing 

TABLE 5.42

Factors for Rating Crossed-Helical Gears

Curvature Ratio, 
Rc2/Rc1 A6 B3 A6 B3

1.000 0.560 1.0000 0.560
1.500 1.302 0.4490 0.583
2.000 2.411 0.2520 0.609
3.000 6.053 0.1120 0.678
4.000 11.620 0.0640 0.744
6.000 30.437 0.0292 0.889
10.000 106.069 0.0108 1.141
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speed up to 50 m/s (10,000 fpm) in aircraft and steam-turbine applications. The other mate-
rial combinations shown in Table 5.43 should probably not be used above a rubbing speed 
of 20 m/s (4000 fpm) in ordinary applications.

The sliding or rubbing velocity may be calculated by the formula

 v
n D

s fpm= 0 262 1 1

1

.
sinψ

 (5.121)

where n1 is the rotational speed of the driver in rpm.
A special word of caution should be added. The crosswise rubbing in crossed-helical 

sets tends to destroy the EHD oil film. This means that these gears can get into more 
trouble than other worm gears, bevel gears, or regular helical gears when the oil is thin or 
surface finishes are poor. Those using crossed-helical gears need past experience or test-
stand results to make sure that the choice of lubricant and the quality of the tooth surface 
finishes are appropriate for the application.

5.2.7.2  Cylindrical Worm Gear Durability

The load-carrying capacity of worm gear sets may be estimated from the general formula 
given below. Since this formula has been developed more by experience than by rational 
derivation, it is more reasonable to calculate tangential load capacity than it is to calculate 
stress and compare the calculated stress to allowable stress. The general formula for cylin-
drical worm gear sets is

 W
K d b K K

t
s m v N metric= p.

.

.
2

0 8

75 948
 (5.122)

TABLE 5.43

Load-Stress Factors for Crossed-Helical Gears

Pinion (Driver) Gear (Driven) s, psi K, lb

With Initial Point Contact
Hardened steel Hardened steel 150,000 446
Hardened steel Bronze, phosphor 83,000 170
Cast iron Bronze, phosphor 83,000 302
Cast iron Cast iron 90,000 385

With Short Running-In Period
Hardened steel Hardened steel – 446
Hardened steel Bronze, phosphor – 230
Cast iron Bronze, phosphor – 600
Cast iron Cast iron – 770

With Extensive Running In
Hardened steel Hardened steel – 446
Hardened steel Bronze, phosphor – 300
Cast iron Bronze, phosphor – 1200
Cast iron Cast iron – 1500
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 Wt = Kt D0.8 Fe Km Kv lb English (5.123)

where
Ks—materials factor (see Table 5.44; this is different from the Ks size factor)
d2p or D—worm gear pitch diameter, mm or in.
b′ or Fe—effective face width, mm or in. (not exceed two-thirds of the worm pitch diameter)
Km—ratio correction factor, dimensionless (see Table 5.45)
Kv—dynamic factor, dimensionless (see Table 5.46)

TABLE 5.44

Material Factor Ks for Cylindrical Worm Gears

For Units of 75 mm (3 in.) Center Distance to about 1 m (40 in.) Center Distance

Gear Pitch Diameter

Sand Cast
Static Chill 

Cast Centrifugal Castmm in.

65 2.5 1000 – –
75 3 960 – –
100 4 900 – –
125 5 855 – –
150 6 820 – –
175 7 790 – –
200 8 760 1000 –
250 10 715 955 –
375 15 630 875 –
505 20 570 815 –
635 25 525 770 1000
760 30 – 740 985
1015 40 – 680 960
1270 50 – 635 945
1775 70 – 570 920

For Units with Less than 75 mm (3 in.) Center Distance

Center Distance

Maximum Ks Valuemm in.

12 0.5 725
25 1.0 735
38 1.5 760
50 2.0 800
63 2.5 880
75 3.0 1000

Source: AGMA, Standard practice for single and double reduction cylindrical-worm 
and helical-worm speed reducers (AGMA 6034-B92), 1959. With permission.

Note: 1. For bronze worm gear and steel worm with at least HV 655 (HRC 58) surface 
hardness.

 2. See Chapter 6 for worm gear material data.
 3. Sliding velocity not to exceed 30 m/s (6000 fpm); worm speed not more than 

3600 rpm.
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The sliding velocity is

 v
d n

s
p m/s metric= 1 1

19 098, cos γ
 (5.124)

 v
dn

s
w fpm English= 0 2618.

cosλ
 (5.125)

where
n1 or nw—rotational speed of worm, rpm
γ or λ—lead angle of threads at mean worm diameter, degrees

After the allowable value of Wt is determined, an output power capacity (at an applica-
tion factor of 1) can be determined from

 P
Wd n

= t p kW metric2 2

19 090 800, ,
 (5.126)

 P
WDn

= t G hp English
126 800,

 (5.127)

where n2 (or nG) is gear speed, rpm.
The available output power from the worm gear set alone has to be divided by a ser-

vice factor to make allowance for the smoothness or roughness of the driving and driven 
equipment. In worm gear practice, this factor is still a service factor since it also allows for 
the amount of time the unit is to be operated. As was explained in Section 5.2.4, the latest 
practice for spur and helical gears is to use an application factor instead of a service factor. 
The application factor considers roughness of connected equipment but does not evaluate 
life cycles or hours of operation.

TABLE 5.45

Ratio Correction Factor Km for Cylindrical Worm Gears

Ratio, u (mG) Km Ratio, u (mG) Km

3.0 0.500 14.0 0.799
3.5 0.554 16.0 0.809
4.0 0.593 20.0 0.820
4.5 0.620 30.0 0.825
5.0 0.645 40.0 0.815
6.0 0.679 50.0 0.785
7.0 0.706 60.0 0.745
8.0 0.724 70.0 0.687
9.0 0.744 80.0 0.622
10.0 0.760 90.0 0.555
12.0 0.783 100.0 0.490

Source: AGMA, Standard practice for single and double 
reduction cylindrical-worm and helical-worm speed 
reducers (AGMA 6034-B92), 1959. With permission.
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Table 5.47 shows typical service factors. These were extracted from AGMA 6034-A87.
If input power is needed, the output power must have added to it the losses in the gear-

box. These losses come from friction on the gear teeth, bearing losses, seal losses, and 
losses due to oil churning. The relation is

 Input power = power used by driven machine + sum of all losses

The calculation of worm gear efficiencies is too complex to be included in this book.
Worm gears are used with materials other than a bronze gear and a steel worm. There 

are no trade standards for these other materials. Some rough guidance as to what these 
other materials might be expected to do is given in Table 5.48.

The strength of worm gear teeth is not well established. Since strength is usually not 
critical, there has not been any extensive research activity to establish calculation means 
and allowable bending stress. (Some worm gearing builders have done a considerable 
amount of testing to establish data for their own products.)

A unit load can be calculated for worm gears:

 U
W
b ml

t

n

2N/mm metric=  (5.128)

 U
WP
Fl
t nd

e

psi English=  (5.129)

TABLE 5.46

Velocity Factor Kv for Cylindrical Worm

Sliding Velocity
Velocity 

Factor, Kv

Sliding Velocity
Velocity 

Factor, Kvm/s fpm m/s fpm

0.005 1 0.649 3.0 600 0.340
0.025 5 0.647 3.5 700 0.310
0.050 10 0.644 4.0 800 0.289
0.100 20 0.638 4.5 900 0.272
0.150 30 0.631 5.0 1000 0.258
0.200 40 0.625 6.0 1200 0.235
0.300 60 0.613 7.0 1400 0.216
0.400 80 0.600 8.0 1600 0.200
0.500 100 0.588 9.0 1800 0.187
0.750 150 0.588 10.0 2000 0.175
1.000 200 0.588 11.0 2200 0.165
1.250 250 0.500 12.0 2400 0.156
1.500 300 0.472 13.0 2600 0.148
1.750 350 0.446 14.0 2800 0.140
2.000 400 0.421 15.0 3000 0.134
2.250 450 0.398 20.0 4000 0.106
2.500 500 0.378 25.0 5000 0.089
2.750 550 0.358 30.0 6000 0.079

Source: AGMA, Standard practice for single and double reduction cylin-
drical-worm and helical-worm speed reducers (AGMA 6034-B92), 
1959. With permission.
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where
Wt—tangential load, N (metric) or lb (English)
b′—effective face width, mm (metric)
Fe—effective face width, in. (English)

 m
p

n
x (metric)=
cos

.
γ

3 14159  

TABLE 5.47

Service Factors for Cylindrical Worm Gear Units

Prime Mover
Duration of Service 

per Day

Driven Machine Load Classification

Uniform
Moderate 

Shock Heavy Shock

Electric motor Occasional 0.5 hour 0.80 0.90 1.00
Intermittent 2 hours 0.90 1.0 1.25

10 hours 1.00 1.25 1.50
24 hours 1.25 1.50 1.75

Multicylinder internal 
combustion engine

Occasional 0.5 hour 0.90 1.00 1.25
Intermittent 2 hours 1.00 1.25 1.50

10 hours 1.25 1.50 1.75
24 hours 1.50 1.75 2.00

Single-cylinder internal 
combustion engine

Occasional 0.5 hour 1.00 1.25 1.50
Intermittent 2 hours 1.25 1.50 1.75

10 hours 1.50 1.75 2.00
24 hours 1.75 2.00 2.25

Service Factors that Apply for Applications Involving Frequent Starts and Stops
Electric motor Occasional 0.5 hour 0.90 1.00 1.25

Intermittent 2 hours 1.00 1.25 1.50
10 hours 1.25 1.50 1.75
24 hours 1.50 1.75 2.00

Source: AGMA, Standard practice for single and double reduction cylindrical-worm and helical-
worm speed reducers (AGMA 6034-B92), 1959. With permission.

Note: 1. Time specified for intermittent and occasional service refers to total operating time per 
day.

 2. Term “frequent starts and stops” refers to more than 10 starts per hour.

TABLE 5.48

Guide to Approximate Material Capacity for a Variety of Worm Gear Material Combinations

Material
Durability 

Constant, Ks

Speed Range, Rubbing 
VelocityWorm Worm Gear

Steel, 53 HRC minimum Bronze, phosphor 600 Up to 30 m/s (6000 fpm)
Steel, 35 HRC minimum Bronze, phosphor 600 Up to 10 m/s (2000 fpm)
Steel, 53 HRC minimum Bronze, super manganese 1000 Up to 2 m/s (400 fpm)
Steel, 53 HRC minimum Bronze, forged manganese 700 Up to 10 m/s (2000 fpm)
Cast iron Cast iron 700 Up to 2 m/s (400 fpm)
Cast iron Bronze, phosphor 600 Up to 10 m/s (2000 fpm)
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 P
pnd
x

English=
3 14159.

cosλ  

Table 5.49 gives some rather approximate values for unit load. Generally there is no prob-
lem if the unit load is less than the values shown (providing no unusual shock loads are 
present).

5.2.7.3  Double-Enveloping Worm Gear Durability

The load-carrying capacity of double-enveloping worm gears is calculated as the input 
horsepower by a simplified empirical formula:

 P
n K K K K
u

=
0 7457 1. s m a v kW metric  (5.130)

 P
n
m

K K K K= W

G
s m a v hp English  (5.131)

where
n1 or nW—worm speed, rpm

u or mG—tooth ratio =
no. gear teeth

no. worm threads

Ks—pressure constant based on center distance (see Figure 5.39)
Km—ratio correction factor (see Table 5.50)
Ka—face width and materials factor based on center distance (see Table 5.51)
Kv—velocity factor based on rubbing or sliding speed (see Figure 5.40)

TABLE 5.49

Approximate Values of Unit Load for Cylindrical Worm Gears

Material Combination Ul, psi

Worm Worm Gear Running Static

Steel, hardened Bronze, phosphor 1,350 5,500
Steel, hardened Bronze, super manganese 3,200 12,500
Steel, hardened Bronze, forged manganese 1,800 7,000
Cast iron Cast iron 1,000 5,500
Cast iron Bronze, phosphor 1,350 5,500

Note: 1. The hardened steel worm will usually be HV 655 or HRC 58 to get surface 
durability. Some slow-speed worm gears may use through-hardened steel 
worms. These have less surface durability. It is assumed that the hardened steel 
worm will at least have HV 354 or HRC 35 hardness.

 2. These values assume an average contact ratio of only 1.5. Many worm gear 
designs will have a higher contact ratio and therefore somewhat higher unit 
load capability.
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FIGURE 5.39
Basic pressure constant based on center distance for standard-design double-enveloping worm gears.

TABLE 5.50

Ratio Correction Factor Km for Double-Enveloping 
Worm Gears

Ratio, u (mG) Km Ratio, u (mG) Km

3.0 0.380 14.0 0.720
3.5 0.435 16.0 0.727
4.0 0.490 20.0 0.737
4.5 0.520 30.0 0.746
5.0 0.550 40.0 0.748
6.0 0.604 50.0 0.750
7.0 0.632 60.0 0.751
8.0 0.665 70.0 0.752
9.0 0.675 80.0 0.752
10.0 0.690 90.0 0.753
12.0 0.706 100.0 0.753

Source: AGMA, Standard practice for single, double- and tri-
ple-reduction worm and helical-worm speed reduc-
ers (AGMA 6035-A02), 1978. With permission.
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TABLE 5.51

Face Width and Materials Factors for Standard Design 
Double-Enveloping Worm Gears

Center Distance

Materials Factor, Kamm in.

50.08 2.000 0.620
63.5 2.500 0.684
76.2 3.000 0.755
88.9 3.500 0.780
101.9 4.000 0.855
127.0 5.000 0.934
152.4 6.000 1.014
177.8 7.000 1.073
203.2 8.000 1.113
254.0 10.000 1.175
304.8 12.000 1.250
381.0 15.000 1.281
457.2 18.000 1.328
533.4 21.000 1.368
609.6 24.000 1.398
660.4 26.000 1.411
711.2 28.000 1.425
762.0 30.000 1.438
812.8 32.000 1.445
863.6 34.000 1.453
914.4 36.000 1.460
965.2 38.000 1.469
1016.0 40.000 1.476

Source: AGMA, Standard practice for single, double- and tri-
ple-reduction worm and helical-worm speed reducers 
(AGMA 6035-A02), 1978. With permission.
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FIGURE 5.40
Velocity factor for double-enveloping worm gears.
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The sliding speed of double-enveloping worm gear is

 v
d n

s
t m/s metric= 1 1

19 089, cosβ
 (5.132)

 v
d n

s
t W fpm English=

0 2618.
cosψ

 (5.133)

where
dt1 or dt—worm throat diameter (Figure 1.31)
n1 or nW—worm rpm
β or ψ—worm gear helix angle

The output power can be obtained by subtracting all the losses from the input power. 
Thus

  Output power = input power − sum of all losses (5.134)

AGMA 6035-A02 shows the standard method of calculating the rating for double- 
enveloping worm gears. In this standard, overall efficiency values are given for a wide 
range of standard designs. The rating data shown above are extracted from this standard. 
Those designing double-enveloping worm gears should use this standard to obtain more 
data than can be covered in this book.

In double-enveloping worm gear practice, the service factors are based on the shock in 
the system. (There is no particular difference between an electric motor drive and a tur-
bine.) The useable power is the power obtained from Equations 5.130 and 5.131 divided by 
the service factor. Table 5.52 shows service factors extracted from AGMA 6035-A02.

5.2.7.4  Comparison of Double-Enveloping and Cylindrical Worm Gear Rating Procedures

There are several significant differences in practice. A wider variety of design practices are 
used for cylindrical worm gears. This has led to the use of more general-purpose formulas 
rather than highly specialized formulas.

TABLE 5.52

Service Factors for Double-Enveloping Worm Gears

Hours/Day Uniform Moderate Shock Heavy Shock Extreme Shock

0.5 0.6 0.8 0.9 1.1
1 0.7 0.9 1.0 1.2
2 0.9 1.0 1.2 1.3
10 1.0 1.2 1.3 1.5
24 1.2 1.3 1.5 1.75

Source: AGMA, Standard practice for single, double- and triple-reduction worm and 
helical-worm speed reducers (AGMA 6035-A02), 1978. With permission.
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To help keep the reader from getting confused over the data presented, these compari-
sons are worth noting:

Item Comparison

Power Cylindrical ratings are based on output power. Double-enveloping ratings are based on 
input power.

Size The worm gear pitch diameter is the primary size quantity for cylindrical worm gear 
units. The double-enveloping units use center distance as the primary size quantity.

Materials Several materials are in general use for the worms or worm gears of cylindrical worm 
units. Double-enveloping worm gear units usually use through-hardened steel worms 
and chill-cast or centrifugally cast bronze gears. For each center distance and speed, 
there is essentially only one choice of material. (This explains why the “material factor” 
is handled indirectly as a function of center distance and rubbing speed.)

Design flexibility Cylindrical worm gear practice allows some flexibility in regard to worm pitch diameter 
for a given center distance and some flexibility on other design variables. For double-
enveloping worm gears, all variables are tied quite closely to the center distance and 
the desired ratio.

5.2.8  Design Formulas for Scoring

The problem of designing gears to resist scoring is still not completely solved. Section 4.1.5 
gives a historical background of PVT and flash-temperature calculations.

Much work has been done on EHD calculations of oil-film thickness and the possible 
relation of gear tooth surface roughness to EHD film.

The best that can be done is to estimate the hazard of scoring. There is no positive assur-
ance that gears that are calculated to be quite good will not score, and gears that are cal-
culated to be somewhat poor may still perform satisfactorily. The best procedure is to 
calculate the scoring risk and then plan to handle it by either design changes to lessen the 
scoring risk or special development of the gear set and its lubrication system to handle a 
latent scoring hazard.

This section will give two design approaches. One is based on flash temperature and hot 
scoring; the other is based on oil-film thickness and cold scoring.

5.2.8.1  Hot Scoring

A general design formula for spur and helical gears is

 Tf = Tb + Zt Zs Zc (5.135)

where
Tf—flash temperature index, °C or °F
Tb—gear body temperature, °C or °F
Zt—geometry constant, dimensionless
Zs—surface finish constant, dimensionless
Zc—scoring criterion number, °C factor or °F factor

The body temperature is hard to measure, but it can be measured with thermocouples and 
a means of getting the reading out of the rotating part (by slip rings or by miniature radio). 
In well-designed gears with oil nozzles delivering enough oil, the temperature increase of 
the gear body (over the incoming temperature) ought not exceed the following values:
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• 25°C (45°F) for aerospace gears
• 15°C (27°F) for turbine gears

The geometry constant Zt was defined in Section 4.1.5, Equation 4.52. If the teeth have no 
tip relief, Zt should be calculated for the tips of the pinion and the gear, since the hazard 
of scoring will be highest at the tips. Table 5.53 gives some representative values of Zt for 
tip conditions.

High performance gears with teeth 2.5 module (10 diametral pitch) or larger are gen-
erally given a standard profile modification. With profile modification, the most critical 
point for scoring is generally at the start of modification.

Table 5.54 shows a design guide for profile modification worked out for general-purpose 
gearing with moderately heavy loads. (This guide may not be appropriate for highly criti-
cal aerospace power gears or the most critical vehicle gears—more on this see Section 10.2.)

The values of Zt that match the modification depth shown in Table 5.54 are plotted in 
Figures 5.41 through 5.44. See Appendix B.14 for a general method to determine Zt at any 
point on the profile.

TABLE 5.53

Geometry Constant for Scoring Zt at Tip of Tooth

Pressure 
Angle, 
αt or ϕt

No. of 
Pinion Teeth, 

z1 or NP

No. of Gear 
Teeth, z2 or 

NG

Pinion 
Addendum, ha1 or 
aP (for m = 1.0 or 

Pd = 1.0)

Gear 
Addendum, ha2 
or aG (for m = 
1.0 or Pd = 1.0)

Zt

At Pinion 
Tip

At Gear 
Tip

20° 18 25 1.00 1.00 0.0184 –0.0278
18 35 1.00 1.00 0.0139 –0.0281
18 85 1.00 1.00 0.0092 –0.0307
25 25 1.00 1.00 0.0200 –0.0200
25 35 1.00 1.00 0.0144 –0.0187
25 85 1.00 1.00 0.0088 –0.0167
12 35 1.25 0.75 0.0161 –0.0402
18 85 1.25 0.75 0.0107 –0.0161
25 85 1.25 0.75 0.0104 –0.0112
35 85 1.25 0.75 0.0101 –0.0087
35 275 1.25 0.75 0.0070 –0.0072

25° 18 25 1.00 1.00 0.0135 –0.0169
18 35 1.00 1.00 0.0107 –0.0168
18 85 1.00 1.00 0.0074 –0.0141
25 25 1.00 1.00 0.0141 –0.0141
25 35 1.00 1.00 0.0107 –0.0126
25 85 1.00 1.00 0.0069 –0.0103
12 35 1.25 0.75 0.0328 –0.0160
12 85 1.25 0.75 0.0500 –0.0151
18 85 1.25 0.75 0.0056 –0.0095
25 85 1.25 0.75 0.0082 –0.0073
35 85 1.25 0.75 0.0078 –0.0060
35 275 1.25 0.75 0.0056 –0.0048

Note: When proper profile modification is made, the risk of scoring is probably more critical at the start of modi-
fication than at the tip of the tooth. Values of Zt at the approximate start of modification are given in 
Figures 5.41 through 5.44.
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A standard amount of modification for general design can be set:

 Gear-tip modification mm metricm t=
6 5
105

. C W
b

 (5.136)

 Gear-tip modification in. Englishm t=
4 5
107
. C W

F
 (5.137)

 Pinion-tip modification mm metricm t=
4 1
105

. C W
b

 (5.138)

 Pinion-tip modification in. Englishm t=
2 8
107
. C W

F
 (5.139)

where Cm is the load distribution factor for surface durability.
The factor Zs allows for surface finish conditions. This is a most difficult variable to 

determine. With much test-stand experience, a manufacturer can determine reasonable 
values for calculation purposes. On a new product, one must consider the finish achieved 
in the shop, the initial wear-in (which may considerably improve the effective finish, from 
a scoring standpoint), and the beneficial effects of lubricant additives. (Special oils and 
additives may be used to condition the surfaces of gears critical scoring.)

TABLE 5.54

Depth to Start of Profile Modification for General-Purpose Gears

Amount, pinion
Depth, pinion

Depth,
gear Amount, gear

Schematic diagram to show locations of amounts of profile modification and 
depth of profile modification on a pinion and on a gear

Normal Pressure Angle Pinion (Driver) Gear (Driven)

20° 0.400 0.450
22.5° 0.365 0.415
25° 0.325 0.375

Note: 1. The depth shown is in millimeters for 1 module, normal, or in inches for 1 normal 
diametral pitch. For teeth of other sizes, multiply depth by normal module for met-
ric, or divide depth by normal diametral pitch for English.

 2. In some cases, manufacturing considerations lead to putting all the modification 
on the pinion. If this is done, the modification that might have been put at the gear tip 
is put at the pinion form diameter. In this case, a diameter for start modification can 
be calculated for the gear. Then as a next step, Table B.16 formulas can be used to find 
the diameter on the pinion that matches this diameter. This matching pinion diame-
ter is then used as a start of modification diameter for the lower flank of the pinion.
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The following values represent a rough guide for Zs:

Initial Finish, AA Zs Comment

0.3 μm (12 μin.) 1.2 Usually honed, after finish ground

0.5 μm (20 μin.) 1.5 Fine finish; some break-in needed

0.75 μm (30 μin.) 1.7 Good finish; special break-in needed (for Zs to equal 1.7)

1 μm (40 μin.) 2.0 Nominal finish; extensive break-in needed (for Zs to equal 2.0)

1.5 μm (60 μin.) 2.5 Poor finish; special break-in procedure should be used (then 
Zs = 2.5 is possible)

The factor Zc is the scoring criterion number. This index of scoring risk is presented in 
Section 4.1.5, Equation 4.50. This factor will be given in somewhat more detail here.

 Z
W
b

m
n Cc

te t factor metric=
( )0 75 0 25

11 094

. .

.
°  (5.140)

 Z
W
F P

n Fc
te

t

P factor English=
( )

0 75

0 25

1
.

.  (5.141)
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FIGURE 5.41
Geometry factor for scoring, Zt, at start of standard profile modification. Full depth, 20° pressure angle spur 
gears. Pinion addendum 1.00, gear addendum 1.00.
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where
Wte—tangential load that is applied to a point on the profile in danger of scoring, new-

tons (metric) or lb (English)
b and F—face width, mm or in.
n1 and nP—pinion rpm
mt—module, transverse
Pt—transverse diametral pitch

The load applied at the start of profile modification should generally be the full load. 
For spur gears with modification, the design is generally worked out so that the start of 
modification becomes a real highest point of single-tooth loading. For helical gears, the 
design may have a high enough transverse contact ratio to keep the maximum effective 
load somewhat below the full load. (Usually doing an extensive analysis of load sharing 
to find out if the helical tooth merited less than full load at the start of modification is not 
worth the trouble.)

If the teeth are not modified, close to full load may be applied at the tooth tips. The spur 
gear, unmodified, would only get about 50% load at the tip—since two pairs of teeth are 
sharing the load. However, scoring is a hazard at the position of the worst tooth-to-tooth 
spacing error. At this position, the tooth tip may get full load because the spacing error 
prevented load sharing. Then the few worst teeth may score, and the scoring may wear 
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FIGURE 5.42
Geometry factor for scoring, Zt, at start of standard profile modification. Full depth, 20° pressure angle spur 
gears. Pinion addendum 1.5, gear addendum 0.75.

  



355Design Formulas

away enough metal to restore load sharing. If the scoring is not too bad, it may heal up, and 
then the unit may run without further scoring.

For both spur and helical gears that are unmodified, a simple and conservative design 
practice is to take full load at the tooth tips when figuring the scoring risk.

The load distribution across the face width also enters into the choice of load. If Cm = 1.5, 
then the load Wte should be 50% higher. Scoring, of course, is most apt to happen at the end 
of the face width that is overloaded.

To sum it up:

 Wte = Wt × Cm × percent load for profile position (5.142)

Some values of the flash temperature and a rough guess as to the probability of scoring 
are given in Table 5.55.

5.2.8.2  Cold Scoring

Cold scoring occurs when EHD oil film is small compared with the surface roughness, and 
the lubricant does not have enough additives to prevent scoring as the asperities on the 
contacting gear tooth surfaces wear abrasively.

18 20 22 24
No. pinion teeth

26 28 30 35

18 20 22 24
No. pinion teeth

26 28 30 35

Z t
, p

in
io

n 
ad

de
nd

um
Z t

, p
in

io
n 

de
de

nd
um

0.007

0.006

0.005

0.004

–0.004

–0.005

–0.006

–0.007

–0.008

–0.009

50 gear teeth

85

85 gear teeth

50

FIGURE 5.43
Geometry factor for scoring, Zt, at start of standard profile modification. Full depth, 25° pressure angle spur 
gears. Pinion addendum 1.00, gear addendum 1.00.
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The first design step is to calculate an approximate EDD oil-film thickness, hmin. A rela-
tively exact calculation of hmin is quite complicated and requires special data about the oil. 
(Paraffinic oils have somewhat different data than napthenic oils.)

A simple, but approximate, calculation for the minimum oil film at the pitch line will be 
given. The calculation will be given in English units only. The answer, of course, can easily 
be changed into metric units.
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FIGURE 5.44
Geometry factor for scoring, Zt, at the start of standard profile modification. Full depth, 25° pressure angle spur 
gears. Pinion addendum 1.25, gear addendum 0.75.

TABLE 5.55

Flash Temperature Limits Tf and Scoring Probability

Kind of Lubricant

Risk of Scoring

Low High

°C °F °C °F

Synthetic Oil
Mil-L-7808 135 275 175 350
Mil-L-23699 150 300 190 375

Mineral Oil
Mil-O-6081, grade 1005 65 150 120 250
Mil-L-6086, grade medium 160 325 200 400
SAE 50 motor oil with mild EP 200 400 260 500

Mil-L-2105, Grade 90
(SAE 90 gear oil) 260 500 315 600
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 h
r

min
.

=
⋅44 6 e (lubricant factor) (velocity factor))

(loading factor)
 (5.143)

where effective radius of curvature at pitch diameter, re, is

 r
C m

me
n G

G

= ⋅
+

sin
cos ( )

φ

ψ2 21
 (5.144)

 Lubricant factor = (∝ E′)0.54 (5.145)

where
∝—lubricant pressure-viscosity coefficient, in.2/lb (see Table 5.56)
E′—effective elastic modulus for a steel gear set
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0 7
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.

 (5.146)

where
μ0—lubricant viscosity at operating temperatures, cP (centipoises); see Table 5.56

u—rolling velocity (at the pitch line), in./s u
n d

=
π φP tsin

60d—pinion pitch diameter
nP—pinion rpm
ϕt—transverse pressure angle

TABLE 5.56

Nominal Lubricant Properties

Kind of Oil

Temperature

Viscosity, cP

Lubricant Pressure-
Viscosity Coefficient, 

in.2/lb°C °F

Mil-L-7808 100 212 3.6 min. 0.000105
71 160 5.5 min. 0.000115

Mil-L-23699 100 212 5.0 min. 0.000105
71 160 8.0 min. 0.000115

Mil-O-6081, grade 1005 100 212 5.0 min. 0.000075
Mil-L-6086, grade 
medium

100 212 8.0 min. 0.000096
71 160 17.0 min. 0.000110

SAE 30 motor oil 100 212 11.5 min. 0.000096
SAE 50 motor oil 100 212 17.0 min. 0.000096
SAE 90 gear oil 100 212 16.5 min. 0.000096

71 160 45.0 min. 0.000110
SAE 140 gear oil 100 212 35.0 min. 0.000096
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 Loading factor t

e

=
W
FE r

0 13.

 (5.147)

where
Wt—tangential load, lb
F—face width, in.

The answer, hmin, comes out in microinches (μin.). This value can be changed to micro-
meters (μm) by dividing by 39.37.

Figure 5.45 shows some plotted values of hmin for a heavy vehicle oil, SAE 90 gear oil, and 
for a light synthetic oil, Mil-L-23699, that is used in the aerospace field. Note that the cold 
synthetic oil gives less oil-film thickness than the hot vehicle oil.

Table 5.57 shows a general study of how oil-film thickness changes with gear size, gear 
tooth load, and pitch-line velocity. Note that pitch-line velocity is by far the most important 
variable. This table was made for an oil that might be used with medium-speed industrial 
gears.

After the minimum EHD oil-film thickness is determined, it can be compared with the 
surface finish of the gear teeth by Figure 5.46. The surface finish to be used is not the finish 
before the gears have operated, but the effective finish after they have been given whatever 
break-in or wear-in treatment is intended.
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FIGURE 5.45
Approximate EHD oil-film thickness for a heavy mineral oil used in vehicles and a light synthetic oil used in 
aircraft. Note size of gear set.
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The effective finish for a pair of gears running together is

 = +S S S1
2

2
2  (5.148)

where
S1—finish of one gear after break-in, arithmetic average
S2—finish of mating gear after break-in, arithmetic average

The ratio of film thickness to surface finish is

 Λ =
h
S
min  (5.149)

This ratio that can be called the lambda ratio, is usually over 1.0 for regimen III conditions. 
In regimen II, it will tend to be less than 1.0, with usual values around 0.4 to 0.8. In regimen 
I, the lambda ratio is often around 0.1 to 0.3.

Since lambda ratio varies considerably, the best way to estimate probable gear running 
conditions is to use a diagram like Figure 5.46. (Gear builders can plot their own Figure 

TABLE 5.57

Approximate EHD Minimum Oil-Film Thickness for Mil-L-6086 oil (similar to AGMA 2, SAE 30 
Motor Oil or ASTM 315 Oil)

Gear Mesh

hmin, μm for Pitch-Line Speed, m/s hmin, μin. for Pitch-Line Speed, fpmTemperature
K-Factor,a 

N/mm2°C °F 0.5 2.5 10 50 100 500 2,000 10,000

Small Gear Unitb

60 140 1.38 0.053 0.163 0.44 1.33 2.08 6.41 17.50 52.40
4.14 0.045 0.141 0.38 1.15 1.80 5.56 15.17 45.40
13.80 0.039 0.120 0.33 0.98 1.54 4.75 12.97 38.80

80 176 1.38 0.031 0.097 0.26 0.79 1.24 3.82 10.42 31.20
4.14 0.027 0.084 0.23 0.69 1.08 3.31 9.03 27.10
13.80 0.023 0.072 0.20 0.58 0.92 2.83 7.72 23.10

100 212 1.38 0.021 0.065 0.18 0.53 0.83 2.56 6.98 20.90
4.14 0.018 0.056 0.15 0.46 0.72 2.22 6.05 18.10
13.80 0.015 0.048 0.13 0.39 0.61 1.89 5.17 15.40

Large Gear Unitc

60 140 1.38 0.086 0.265 0.72 2.15 3.40 10.43 28.40 85.10
4.14 0.073 0.229 0.62 1.87 2.90 9.04 24.60 73.80
13.80 0.063 0.196 0.53 1.60 2.50 7.73 21.00 63.00

80 176 1.38 0.051 0.157 0.43 1.28 2.01 6.20 16.90 50.61
4.14 0.044 0.136 0.37 1.11 1.74 5.38 14.60 43.89
13.80 0.038 0.116 0.32 0.95 1.49 4.59 12.50 37.50

100 212 1.38 0.034 0.105 0.29 0.86 1.35 4.16 11.30 33.97
4.14 0.029 0.092 0.25 0.75 1.117 3.61 9.80 29.50
13.80 0.025 0.078 0.21 0.64 1.00 3.08 8.37 25.18

a 1.38 N/mm2 = 200 psi; 4.14 N/mm2 = 600 psi; 13.8 N/mm2 = 2000 psi.
b re = 8.39 mm = 0.3304 in. 
c re = 41.96 mm = 1.652 in. 
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5.46 once they gain considerable experience in the application of their gears.) The secret, 
of course, to successful gear application over all regimens of lubrication is to make up for 
small lambda ratio values by appropriately strong additives in the oil.

In general, these conclusions hold:

Regimen Conclusion

I High hazard of cold scoring. Need a strong EP oil.
II Moderate hazard of cold scoring. Need an anti-wear oil or an EP oil.
III A mild anti-wear oil or a straight mineral oil will probably be OK. No serious hazard of cold scoring.

5.2.8.3  Design Practice to Handle Scoring

In most cases, gears are sized to meet durability requirements. Then the tooth size is made 
large enough to meet tooth strength requirements. Gear sizing is seldom done to meet 
scoring requirements.

The usual procedure is to establish the gear design and then check the design for scoring 
hazard. What can the designer do if

 1. There is a serious risk of hot scoring?
 2. There is a serious risk of cold scoring?

In the case of hot scoring, the most effective things to do are to improve the surface finish 
and to use a more score-resistant oil.

Using smaller gear teeth and changing the addendum proportions may be of some help. 
(Note in Figures 5.41 through 5.44 how the Zt value changes as more or less long adden-
dum is put on the pinion.)
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Regimens of lubrication are determined by minimum EHD oil-film thickness and effective surface finish.
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A higher pressure angle or a special profile modification can also help (note Problem 10.6 
in Chapter 10), as can better tooth accuracy (note data on tooth accuracy in Section 7.4.1).

If a design is marginal and all the obvious things have been done, it may be necessary 
to copper-plate or silver-plate the teeth. A very thin deposit of copper or silver is quite 
effective in preventing scoring. Large turbine gears, running at very high speeds, are rou-
tinely plated with copper or silver to control the scoring hazard. Some gear drives for large 
propeller-driven aircraft have had to use silver-plated teeth.

If cold scoring is the hazard and the gears are in regimen I or in the transition zone to 
regimen II, the situation may be rather critical. The most obvious thing to do is to use a 
stronger EP oil. (The chemical additives in the EP oil tend to make a chemical film that will 
substitute for the EHD film that is missing.)

In regimen I, and to a lesser extent in regimen II, the gears tend to machine themselves 
in service. A gear pair with a 2-μm finish when it left the factory, may, in a few days of run-
ning, wear in a new surface that is as smooth as 0.5 μm (in the direction of sliding).

This means that it is critical to use an extra-strong EP oil during the break-in period. 
Also, the gears should not be operated at maximum torque or maximum temperature 
while they are wearing in. If the wear-in is accomplished without serious damage to the 
profiles, then the gears can often run for years without the need for a special EP oil.

When cold scoring is a hazard, it is helpful to use as heavy an oil as possible and to use 
the right amount of profile modification.

In conclusion to this section, it should be said that experience is most important in 
handling scoring problems. If gears score on the test stand or in the field, it is usually 
possible to try different improvements in lubrication and in the way the gear teeth are 
finished. Sometimes the pattern of grinding or cutting marks can be changed, with much 
improvement in scoring resistance. Sometimes an oil specialist can recommend a change 
in lubricant or a lubricant additive that will clear up the scoring problem. Sometimes a 
change in the heat-treatment procedure used in making the gear teeth will result in a 
more score-resistant tooth surface. Each builder of gears for applications with high scor-
ing hazard needs to learn a “recipe” for making gears that will survive without undue 
scoring trouble.

5.2.9  Trade Standards for Rating Gears

Sections 5.2.1 through 5.2.7 gives general methods for determining a gear’s load-carrying 
capacity. The reader will probably be surprised to note that the load-carrying capacity is 
quite “elastic.” If one assumes that a high degree of accuracy is obtained in the gearing and 
that the driving and driven apparatus do not impose shock, one obtains a large amount 
of capacity for a given size of gear set. On the other hand, if poor accuracy and rough-
running apparatus are assumed, the calculated capacity becomes quite low. In a sense, the 
general rating formulas require the designer to use considerable judgment in evaluating 
all the factors that affect the capacity of a given design.

In contrast, standard rating formulas are usually not elastic. They give a definite answer.
Standards are established by a technical group that meets to discuss the intensity of 

loading that their field experience has shown to be safe and conservative. In some cases, 
the degree of quality on which a standard is based is spelled out in the standard. In 
many cases, though, not all the things that contribute to the quality of a gear are pre-
cisely defined. A newcomer in a given gear field may have to scout around to find 
out just how good the gears that are being made by established manufacturers in the 
field are.
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The principal groups writing general trade standards for gears are as follows:

T HE A M ER IC A N GE A R M A N U FAC T U RER S ASSOC I AT ION (AGM A)

1901 North Fort Myer Drive, Suite 1000
Arlington, Virginia 22209, USA

IN T ER NAT IONAL STA N DA RDS ORGA N I ZAT ION (ISO)

Secretariat address:
DIN * Kamestrasse 2-8
D-5000 Köln
German Federal Republik

DE U TSC HES INST I T U T E F Ü R NOR M U NG (DIN)

Berlin 30 and Köln 1
German Federal Republik

The standards for gear design or for gear rating may be written to cover a broad field, 
or they may be product standards for a limited area of usage. For instance, a “mother” 
standard on gear rating will tend to cover the principles and practice for rating the surface 
durability and strength of all kinds of spur and helical gears. This kind of standard will 
often give more than one method for determining a variable. A “product” standard will 
cover only a limited field of usage. The product standard will be quite specific on how to 
rate the gears. The principle is that the product standard is derived from the mother stan-
dard, and so it can be much shorter and more specific. In a limited field, those who are 
building and using the gears should have rather good experience to judge what is correct 
for good technical practice.

Product standards on gear units cover a number of things beyond the capacity of the 
gear teeth. Frequently the capacity of a set has to be limited by the capacity of the casing 
to radiate and conduct heat away. The kind of lubrication, the kind of material, the kind 
of bearings, and the amount of the service factor are some of the other things that may be 
specified in gear standards.

The material in this book covers many of the things that are in trade standards. However, 
a designer who wishes to design a gear in accordance with a particular standard should 
get a copy of the standard and study every detail of it. Standards are like legal documents. 
All the fine print must be read and followed before one can claim to be acting in accor-
dance with the standard.

Purchase contracts frequently specify standards or other details of a gear unit design. A 
builder of gears under contract is, of course, obligated to meet the contract. What should 
be done if some requirement relating to the gears seems unreasonable or impractical, or if 
it allows gears to be built that have too much risk or failure? (This book is intended to be 
conservative and to alert the reader to risks in gear making—hence a gear contract may 
allow things that do not agree with this book.)

If this book is more conservative than some gear standard or some contract provision, 
the gear builder or gear buyer would be well advised to consider whether there is enough 
proven experience to justify going beyond the recommendations given here. In the last 
analysis, it is proven experience that sets the design. Certainly, progress is being made in 
all aspects of gear art. It is to be expected that there will be many situations in which there 
is enough experience and technical know-how to go beyond the things discussed in this 
book.
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5.2.10  Vehicle Gear Rating Practice

Vehicle-gear designers are always under great pressure to make their gears both small and 
inexpensive. A gear failure is not too serious because there is not much risk to the safety of 
the vehicle’s driver. Expensive equipment is not tied up by a failure, as it is when gears in 
a power plant or a ship fail. However, failure cannot be allowed to happen very often, or 
the vehicle will get a reputation for being poorly designed. Also, the customer complaint 
charges may become serious.

The vehicle designer needs to know quite precisely where the danger point is in load-
ing the gears. There are two good sources of information. Since vehicles are built in very 
large quantities, a large amount of statistical data is available. These can be collected and 
plotted to give design curves that are quite reliable for the limited field of gear work for 
which they apply.

The second source of information is the product experience of individual manufactur-
ers. After many thousands of transmissions and rear ends have been built and put into 
service, the builder finds out which parts are weak and which parts are stronger than 
they need to be. If the weak spots are doctored, the rating of the gears can usually be 
increased. In many cases, automotive manufacturers have been able to improve their 
gear drives at about the same rate as engine horsepower has been increased. Present-
day vehicle engines are much more powerful than they were 20 years ago. In general, 
though, the gear drives are not larger. They are just made with better accuracy and better 
materials.

The AGMA 6002-B93 standard is a design standard for spur and helical vehicle gears. 
The standard defines two quality grades, grade 1 and grade 2. Grade 2 steel is specified 
to be cleaner, harder, and having better metallurgical structure than grade 1 steel. The 
standard shows the composition of low-alloy, medium-alloy, and high-alloy steel. The text 
explains that that higher-alloy steels are required as the gears become larger and the vehi-
cle is subjected to more severe duty requirements.

AGMA 6002-B93 gives typical de-rating factors for different vehicle applications. Table 
5.58 shows a sampling of these factors.

TABLE 5.58

A Sampling of Overall De-Rating Factors from AGMA 170.01

Application

Overall De-Rating Factor

Medium 
Precision

Medium-High 
Precision

Final drive Off-highway 1.2 1.0
Truck 1.4 1.2

Shifting transmission Off-highway 1.5 1.3
Truck 1.6 1.4
Passenger car 1.7 1.5

Epicyclic Off-highway 1.7 1.6
Passenger car – 2.0

Source: AGMA 170.01, Design guide for vehicle spur and helical gears, 1976. With per-
mission of the American Gear Manufacturers Association.
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The design stress limits shown in AGMA 6002-B93 are adjusted for grade 2 or grade 1 
material, and also adjusted for a probability of failure of L10 or L1. An L10 designation 
means that 10 out of 100 gears might fail prematurely by the mode of failure for which the 
stress level is given.

Table 5.59 shows the design stress limits in tabular form. (The standard presents the 
values in curve form.)

Vehicle-gear design is characterized by two things:

• Very severe loads are permitted at low numbers of cycles (less than 107). This 
means that the teeth are apt to have some surface or subsurface damage from 
the high loading. The damage may take the form of microcrackings, surface 
cold work, or some pitting. This kind of damage is not expected to result in 
failure before 108 cycles, provided the gear meets the design limits. At 108 cycles 
the gear may be definitely damaged, and it may be quite unfit to run for 109 or 
1010 cycles.

TABLE 5.59

Design Stress Limits Shown in AGMA 170.01

No. of 
Stress 
Cycles

Bending Stressa Contact Stress

Grade 2 Grade 1 Grade 2 Grade 1

L10 L1 L10 L1 L10 L1 L10 L1

Metric, N/mm2

103 1270 1170 980 880 – – – –
104 960 880 750 690 – 3270 3450 2860
105 760 690 570 520 3100 2620 2690 2240
106 580 520 450 410 2480 2140 2140 1790
2 × 106 530 480 410 370 – – – –
107 530 480 410 370 2000 1720 1690 1400
108 530 480 410 370 1650 1380 1310 1100

English, psi (Multiply by 1000)
103 185 170 142 128 – – – –
104 140 128 109 100 – 475 500 415
105 110 100 83 76 450 380 390 325
106 84 75 65 59 360 310 310 260
2 × 106 77 70 60 54 – – – –
107 77 70 60 54 290 250 245 203
108 77 70 60 54 240 200 190 160

Source: AGMA 170.01, Design guide for vehicle spur and helical gears, 1976. With permission of the American 
Gear Manufacturers Association.

Note: 1. These limits are for short life (2 × 108 maximum).
 2. Some microdamage can be tolerated at cycles below 106.
 3. These limits are for operation in regimen II.
a The bending stress data show no slope after 2 × 106 cycles. However, the standard concedes that a shallow slope 

may be needed and suggests a drop of 34 N/mm2 (5000 psi) in going from 2 × 106 cycles to 108 cycles.
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• In general, vehicle gears operate under regimen II conditions. To meet their design 
ratings, they must have appropriate lubricants that have the right viscosity and 
appropriate additives. Because of regimen II conditions, the load that can be 
carried on the surface of the tooth drops rather rapidly as the number of cycles 
increases.

In general, vehicles are built in large quantities. This makes it practical (on new design) 
to build a few gear drives that are made just as small as possible by vehicle criteria. The 
first few drives are then extensively tested. The test results will probably show some fail-
ures. In general, design modifications are made to improve the design without changing 
the overall size. With improvements, the design will pass the test satisfactorily, and it is 
then read to go into initial production. After a unit has been in production for a period of 
time, field results may show a need for further design improvements.

The design improvements might include any one or all of the following things:

• Change to a higher-alloy steel or improve the heat-treating practice to get better 
hardness and metallurgy

• Change the profile modification or the helix modification to get better fit
• Change the pitch of the teeth, the pressure angle, or the tooth proportions to get 

better geometric conditions
• Improve the accuracy of the teeth, or improve the bearing and casing structures 

that support the gears
• Use a better lubricant and/or a better means of cooling the gears when they are 

running under the worst heavy-loading, extreme temperature conditions

More could be added.

5.2.11  Marine Gear Rating Practice

The gears used to drive large ships are almost all helical. The gears are so large that it is 
difficult to case harden them and retain enough dimensional accuracy to permit finish 
grinding. The high speed and long life requirements of marine gears make it necessary to 
grind the gears after case carburizing. In some cases, the smaller marine gears (epicyclic 
marine gears, for instance) are cut, shaved, or ground before nitriding, then nitrided with 
such overall skill and control of the manufacturing process that they can be put into ser-
vice after final hardening without any grinding in the final hard condition.

There has been considerable use of through-hardened gears for marine service that are 
precision-cut and shaved or ground. These gears have no case and are essentially uniform 
in hardness throughout the tooth area.

The gear drive on large ship is a very important piece of machinery. Ship owners want the 
gearing to be good enough to stay in service for something like 20 to 30 years. The gears run at 
fairly high speeds, so the lifetime cycles may get up to 1010 or even higher. If a gear drive on a 
ship were to fail, there would be a chance that in the event of a storm, the ship might be blown 
onto the rocks and wrecked. There is also the risk that a ship with disabled gears might take 
too long a time to reach the port that a perishable cargo would be lost.

The design of gearing for ships tends to be very conservative. Those who purchase gear 
drives frequently control the conservatism of the design by specifying maximum K-factor 
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and unit-load values. As an example, a large ship using medium-hard gears might have 
gears designed to meet values like the following:

F IR ST STAGE

High-speed pinions Hardness 262–311 HB
High-speed gears Hardness 241–285 HB
K-factor not to exceed 0.86 N/mm2 (125 psi)

SECON D STAGE

Low-speed pinions Hardness 241–285 HB
Low-speed gears Hardness 223–269 HB
K-factor not to exceed 0.69 N/mm2 (100 psi)

Those who operate large ships almost always insure the ship. Those who write insurance 
for ships or for machinery on the ship need independent certification of the capability and 
condition of the ship or the piece of equipment under consideration. This kind of work is 
ordinarily handled by organizations that are commonly called classification societies. These 
groups are concerned with the power rating of gears, the quality of gears, and the charac-
teristics of the drive system associated with the gears. This latter concern involves things 
like propeller shaft bearings, mountings for turbines, and hull deflections under different 
sea conditions.

These classification societies are involved in approving new designs, as well as evaluat-
ing machinery in service. Each of them tends to have rules pertaining to gear rating. A 
marine-gear designer will often find that a design is required by contract to meet the rules 
of a designated classification society.

The names and addresses of the principal classification societies are:

A M ER IC A N BU RE AU OF SHIPPING

45 Broad Street
New York, N.Y. 10004 USA

BU RE AU V ER I TAS

31 Rue Henri-Rochefort
Paris 17e, France

DE T NOR SKE V ER I TAS

Veritasveien 1, Høvik
Oslo, Norway

GER M A N ISC HER LLOY D

Postfach 30 20 60
2000 Hamburg 36
West Germany

LLOY DS REGIST ER OF SHIPPING

71, Fenchurch Street
London, EC3M 4BS
United Kingdom
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5.2.12  Oil and Gas Industry Gear Rating

The gears used in the oil and gas industry need high reliability. Power gearing often 
handles power from 1000 kW to as much as 30,000 kW. A compressor or generator drive 
system will often be required to run 20,000 to 30,000 hours before overhauling, and have 
a total life requirement of 50,000 to 100,000 hours. At an overhaul, seals and couples, and 
sometimes bearings, might be replaced. It is generally expected that the gears them-
selves will last for the total design life. (Sometimes a gear or pinion will last for the total 
design life, but some rework of teeth or journal bearing surfaces may be required during 
the life.)

Very often, fast-running turbines drive the gear units in this field. The total life cycles of 
gear parts are often in the area of 1010 to 1011 cycles.

The high-speed-gear standard that has been in use for a considerable period of time is 
AGMA 6011-I03 (and its predecessor back to 421.01). Large power gears all have pitch-line 
speeds that classify them under a high-speed-gear standard.

In October 1969, Dudley presented a paper (AGMA paper no. 159.02) recommending 
some changes in the factors used in this standard. This paper made a particular point of 
the higher reliabilities needed in gears for the oil industry and advocated a more conserva-
tive design approach. A general vision of AGMA 6011I03 has been in process for the last 
few years and is now quite close to being approved and issued.

The American Petroleum Institute (API) is concerned with the reliability of power gears. 
The API issued a short Standard 613 of their own, in which special rating controls were put 
along with other materials relating to the design and manufacture of gears.

Table 5.60 shows some material extracted from API Standard 613. The “material index 
number” is really the K-factor when the application factor is equal to 1. In most cases, 

TABLE 5.60

Some Design Limits Extracted from API Standard 613

Kind of Material

Material Index Number Bending Stress Number

N/mm2 psi N/mm2 psi

Carburized
HRC 59 3.10 450 269 39,000
HRC 55 2.83 410 248 36,000

Through hardened
HB 300 1.38 200 179 26,000
HB 200 0.90 130 145 21,000

Source: API 613, Special-purpose units for refinery services. With permission 
of the American Petroleum Institute.

Note: 1. When the material index is divided by the application factor, it becomes 
a design K-factor.

 2. The bending stress equation used by API has the application factor in 
it and an overall de-rating factor of 1.8.

 3. API uses the term “service factor.” The values used, though, are appro-
priate for the new AGMA definition of application factor. (API sets their 
limits low enough to handle about 1010 cycles, and so their so-called SF 
values are really application factors.)
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though, the API recommends an application factor greater than 1, and so the real K-factor 
is obtained by dividing the material index number by the application factor.

In some cases, large power gears used in the oil and gas industry heat to the point 
where the fit of the teeth is considerably affected by thermal distortions and the body 
temperature of the pinion may be over 50°C hotter than the incoming oil. Thermal prob-
lems are being handled, but no trade standards have yet been developed. Section 9.3.4 
of this book has further material on this subject. The 1972 ASME paper by Martinaglia 
gives some very worthwhile engineering data relative to thermal behavior of high-speed 
gears.

5.2.13  Aerospace Gear Rating Practice

Aerospace gears must be very light in weight for the loads carried, and yet they must be 
very reliable. Many of the gears are so important to the operation of the aircraft that a bro-
ken tooth would cause an aircraft to crash.

The life of an aircraft gear at full torque may vary anywhere from about 106 to 109 
cycles.

Laboratory and bench tests are used extensively to provide design data for aircraft gears. 
New aircraft engines are so expensive to design and build that it is worth doing a lot of 
work to develop component parts before they are put into an engine. The stakes are high. 
A small reduction in the volume and weight of a gearbox could result in one manufac-
turer’s engine being accepted for production contracts and another’s being rejected. Gear 
failures in the field can cause all aircraft using the particular design to be grounded until 
the questionable gearing is replaced.

Under laboratory conditions, gears will perform best of all. Usually the quality is better 
than that obtained in large-quantity production. Test stands usually provide a gear with 
better lubrication and alignment than the worst of the engines that the gears will have to 
run in.

When the load-carrying capacity of a gear has been determined in a test stand, it is nec-
essary to reduce that capacity for use in an actual engine. Allowances must be made so 
that even the poorest gear operating in the worst engine will not fail.

New engines are given extensive testing in engine test cells to demonstrate that they will 
meet design requirements. Then, if they appear to be satisfactory, they are flight-tested. 
After this the engine may be approved for use in commercial or military aircraft. Aircraft 
gear designers are usually free to use any design formula that looks good to them, but 
their gears—to be successful—must go through the development and testing procedure 
just described.

In propeller aircraft, the gear unit is generally considered to be a part of the engine pack-
age. Many small propeller-driven aircraft are used for pleasure, but relatively few are now 
used to carry passengers. Jet-engine aircraft usually uses no main power gearing, but have 
a considerable amount of gearing in accessory drives. The smaller military cargo planes do 
use propellers and propulsion gears.

A large new use of aerospace gearing is in helicopters. Helicopters are used for com-
mercial purposes, and they have a major use in the army. A typical army helicopter will 
have one or two main rotor drives, and each main rotor drive will have about three stages 
of gearing. The first stage of gearing is often built into the turbine engine package and fur-
nished with the engine. The second and third stages are generally in a gear unit furnished 
with the helicopter. The helicopter gears work rather hard most of the time. Even when the 

  



369Design Formulas

helicopter is hovering, the helicopter rotor must provide lift to support the weight of the 
helicopter.

The widely used design guide for aerospace gearing is AGMA 911-A94. This standard 
recognizes two grades of material and lists de-rating factors for several kinds of applica-
tions. Stress levels are given for both grades of material.

The grade 2 material is a high-quality steel of the AISI 9310 type. It is specified to have 
very good cleanness, high hardness, and a very good metallurgical structure. The grade 1 
steel may be carburized 9310, or it may be a somewhat similar steel if appropriate hardness 
and quality can be obtained. It may be air melted rather than vacuum melted. Not quite so 
high hardness is specified.

Nitriding steel of the Nitralloy 135 type is permitted for grade 1, provided that the teeth 
are not larger than 2.5 module (10 pitch). The nitride case is thin, even with rather long 
nitriding time. The standard reflects concern that the case depth may not be adequate for 
grade 1 levels of tooth loading if the teeth are larger than 2.5 module.

Table 5.61 shows some of the overall de-rating factors given in AGMA 911-A94. Table 5.62 
shows the design stress limits given in AGMA 911-A94 for different numbers of cycles. 
These stress limits are intended to go with an L1 probability of failure. At the time this 
standard was written, the gear trade had not recognized the different regimens of lubrica-
tion. It is now acknowledged that these data were developed from test and field experi-
ence that was essentially all in regimen III. Recent work in the aerospace field has shown 
that some situations get into regimen II—even when the gears are relatively fast-running 
power gears. The gears subject to intermittent duty in controlling flaps and tail rudders on 
large aircraft are quite often in regimen II.

The aerospace field is somewhat like the vehicle field. The industry standards, in both 
cases, are really intended as design guides rather than rigid rules. They show what is 
being achieved by those who are relatively skilled in the gear art and serve as a guide for 
new designs. The new design, though, is usually made as small as the designer dares to 
make it.

As was said earlier in this section, the new design has to be proven by considerable test-
ing on the ground and in the air. Frequently, design modifications are made to improve 
the fit of the gears or the quality of the material in the gears. Profile modifications are very 
important, as is surface finish. The lubrication system must work well. Generally the oil 
is specified, and it is not possible to solve gear problems by using a heavy oil or one with 
more additives. Aircraft are apt to travel all over the world, and so they have to use the 

TABLE 5.61

Sampling of Overall De-Rating Factors from AGMA 411.02

Application

Overall De-Rating Factor

Medium-High 
Precision High Precision

Main propulsion drive gears Continuous 1.8 1.2
Take-off and early climb 1.5 1.0

Power take-off accessory gears 2.1 1.5
Auxiliary power units 2.1 1.5

Source: AGMA 411.02, Design procedure for aircraft engine and power take-off spur and helical 
gears. With permission of the American Gear Manufacturers Association.
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lubricants stocked at airfields. Also, an aircraft may start in the Arctic and a few hours 
later be operating under hot desert conditions. Usually the oil for the gears has to be the 
same oil used by the turbine engine. These oils stand hot temperatures quite well, and are 
thin enough for the equipment to operate in most arctic conditions. The additives in the 
oil are mild, but they are sufficient for regimen III operation under favorable conditions.

TABLE 5.62

Design Stress Limits Shown in AGMA 411.02

No. of Stress 
Cycles

Bending Stress Contact Stress

Grade 2 Grade 1 Grade 2
Grade 

1

Metric, N/mm2

1 1103 965 2296 2041
104 827 710 2296 2041
105 627 538 2034 1793
106 489 414 1779 1586
107 448 379 1551 1379
108 414 352 1358 1207
109 379 324 1193 1069
1010 345 303 1041 938

English, psi
1 160,000 140,000 333,000 296,000
104 120,000 103,000 333,000 296,000
105 91,000 78,000 295,000 260,000
106 71,000 60,000 258,000 230,000
107 65,000 55,000 225,000 200,000
108 60,000 51,000 197,000 175,000
109 55,000 47,000 173,000 155,000
1010 50,000 44,000 151,000 136,000

Source: AGMA 411.02, Design procedure for aircraft engine and power 
take-off spur and helical gears. With permission of the 
American Gear Manufacturers Association.

Note: 1. These stress limits are based on a probability of failure of 1 I 
100 (LI).

 2. These limits are intended for long life; no microdamage is 
expected at cycles below 106.

 3. These limits are for operating in regimen III.
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6
Gear Materials

A wide variety of steels, cast irons, bronzes, and phenolic resins have been used for gears. 
New materials such as nylon, titanium, and sintered iron have also become important in 
gear work. Designers might well become hopelessly confused when faced with so many 
different gear materials, except that there are good and specific reasons for using each of 
the materials that have been adopted for gears. As their outstanding characteristics, steel 
gears have the greatest strength per unit volume and the lowest cost per pound. In many 
fields of gear work, steel is the only material to consider.

The cast irons have long been popular because of their good wearing characteristics, 
their excellent machinability, and the ease with which complicated shapes may be pro-
duced by the casting method.

The bronzes are very important in worm gear work because of their ability to withstand 
high sliding velocity and to wear in to fit hardened-steel worms. They are also very use-
ful in applications in which corrosion is a problem. The ease with which bronze can be 
worked makes it a good choice where small gear teeth are produced by stamping or by 
drawing rods through dies.

The phenolic resins are used in various combinations to produce laminated gears with 
remarkably good load-carrying capacity in spite of the low physical strength of the mate-
rial. In general, these materials are about 30 times as elastic as steel. (Their deformation per 
unit load is about 30 times that of steel.) Their “rubbery” nature allows them operate with 
less shock due to tooth errors and allows their teeth to bend enough to make more teeth 
contact and share load than in metal designs. Some of these materials can stand quite high 
sliding velocities.

In this chapter we study all the kinds of gear materials just mentioned. Condensed infor-
mation will be given to define the composition, heat treatment, and mechanical properties 
of these materials. To help the reader with the language of materials, a short glossary is 
given in Table 6.1.

6.1  Steels for Gears

There are a number of steels used for gears, ranging from plain carbon steels through the 
highly alloyed steels and from low to high carbon contents. The choice will depend on a 
number of factors, including size, service, and design. The following discussions should 
serve as a guide in selecting steels.

6.1.1  Mechanical Properties

In designing gears, the mechanical properties of the material are of some interest to the 
designer from a comparative standpoint, but they cannot be used directly in calculating 
the load-carrying capacity. As was pointed out in Section 4.1.1, the calculated stress on 
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TABLE 6.1

Glossary of Metallurgical and Heat-Treating Nomenclature

Term Definition

Aging A change in an alloy by which the structure recovers from an unstable or meta-stable 
condition produced by quenching or by cold working. The degree of stable equilibrium 
obtained for any given grade of steel is a function of time and temperature. The change in 
structure consists of precipitation and is marked by change in physical and mechanical 
properties. Aging, which takes place slowly at room temperature, may be accelerated by an 
increase in temperature.

Annealing A broad term used to describe the heating and cooling of steel in the solid form. The term 
annealing usually implies relatively slow cooling. In annealing, the size, shape, and 
composition of steel produced and the purpose of the treatment determine the temperature 
of the operation, the rate of temperature change, and the time at heat. Annealing is used to 
induce softness, to remove stress, to alter physical and mechanical properties, to remove 
gases, to change the crystalline structure, and to produce a desired microstructure.

Austenite In steels, the gamma form of iron with carbon in solid solution. Austenite is tough and 
nonmagnetic and tends to harden rapidly when worked below the critical temperature.

Austenitic steels Steels that are austenitic at room temperature.
Brinell hardness A hardness number determined by applying a known load to the surface of the material to 

be tested through a hardened-steel ball of known diameter. The diameter of the resulting 
permanent indentation is measured. This method is unsuitable for measuring the hardness 
of sheet or strip metal.

Carburizing Diffusing carbon into the surface of iron-based alloys by heating such alloys in the presence 
of carbonaceous materials at high temperatures. Such treatments followed by appropriate 
quenching and tempering, harden the surface of the metal to a depth proportional to the 
time of carburizing.

Case hardening Hardening the outer layer of an iron-based alloy by a process that changes the surface 
chemical composition, followed by an appropriate thermal treatment. Carburizing and 
nitriding are typical case-hardening techniques. Induction heating and the hardening of the 
outer layer of metal is another form of case hardening.

Cold working Permanent deformation of a metal below its recrystallization temperature. Some metals can 
be hot-worked at room temperature, while others can be cold-worked at temperatures in 
excess of 1000°F.

Ductility The property of metal that allows it to be permanently deformed before final rupture. It is 
commonly evaluated by tensile testing in which the amount of elongation or reduction of 
area of the broken test specimen, as compared with the original, is measured.

Elastic limit Maximum stress to which a metal can be subjected without permanent deformation.
Endurance limit The maximum stress to which material may be subjected an infinite number of times 

without failure.
Ferrite Iron in the alpha form in which alloying constituents may be dissolved. Ferrite is magnetic, 

soft, and acts as a solvent for manganese, nickel, and silicon.
Flame hardening Hardening an iron-based alloy by using a high-temperature flame to heat the surface layer 

above the transformation temperature range at which austenite begins to form, then 
cooling the surface quickly by quenching. This process is usually followed by tempering. 
An oxyacetylene torch is often used in flame hardening.

Grain size The grain size number is determined by a count of a definite microscopic area, usually at 
100× magnification. The larger the grain size number, the smaller the grains.

Grains Individual crystals in metals.
Hardenability The property that determines the depth and distribution of hardness induced by quenching. 

The higher the hardenability value, the greater the depth to which the material can be 
hardened and the slower the quench that can be used.

Hardness The property of materials that is measured by resistance to indentation.

(continued)
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TABLE 6.1 (Continued)

Glossary of Metallurgical and Heat-Treating Nomenclature

Term Definition

Heat treatment A general term that refers to operations involving the heating and cooling of a metal in the 
solid state for the purpose of obtaining certain desired conditions or properties. Heating 
and cooling for the prime purpose of mechanical working are not included in the meaning 
of the definition. Gear metal heat treatments include heating in a furnace followed by 
quenching, flame hardening, and induction hardening.

Inclusions Particles of nonmetallic materials, usually silicates, oxides, or sulfides, which are 
mechanically entrapped or are formed during solidification or by subsequent reaction 
within the solid metal. Impurities in metals.

Induction 
hardening

Hardening of steel by using an alternating current to induce heating, followed by 
quenching. This process can be used to harden only the surface by using high-frequency 
current, or it can through-harden the steel if low frequency is used. Induction hardening is 
a fast process that can be controlled to produce the desired depth and hardness in a 
localized area and with low distortion.

Jominy test The Jominy test is used to determine the end-quench hardenability of steel. It consists of water-
quenching one end of a 1-in.-diameter bar under closely controlled conditions and measuring the 
degree of hardness at regular intervals along the side of the bar from the quenched end up.

Martensite A microconstituent in quenched steel characterized by an acicular, or needle-type, structure. It 
has the maximum hardness of any structure obtained from the decomposition of austenite.

Modulus of 
elasticity

The ratio, within the elastic limit, of the stress to the corresponding strain. The stress in 
pounds per square inch is divided by the elongation of the original gage length of the 
specimen in inches per inch. Also known as Young’s modulus.

Nitriding Adding nitrogen to solid iron-based alloys by heating the steel in contact with ammonia gas 
or other suitable nitrogenous material. This process is used to harden the surface of gears.

Normalizing A process in which steel is heated to a temperature above the transformation range and 
subsequently cooled in still air to room temperature.

Pearlite The lamellar aggregate of ferrite and cementite resulting from the direct transformation of 
austenite at the lower critical point.

Quenching Rapid cooling by contact with liquids, gases, or solids, such as oil, air, water, brine, or 
molten salt.

Residual stress Stresses remaining in a part after the completion of working, heat treating, welding, etc., due 
to phase changes, expansion, contraction, and other phenomena.

Rockwell 
hardness

A hardness number determined by a Rockwell hardness tester, a direct-reading machine that 
may use a steel ball or diamond penetrator.

Secondary 
hardening

An increase in hardness developed by tempering high-alloy steels after quenching, usually 
associated with precipitation reactions.

Stress relief A process of reducing internal residual stresses in a metal part by heating the part to a 
suitable temperature and holding it at that temperature for a proper time. Stress relieving 
may be applied to parts that have been welded, machined, cast, heat treated, or worked.

Tempering A process that reduces brittleness and internal strains by the reheating of quench-hardened 
or normalized steels to a temperature below the transformation range. A draw treatment is 
a tempering treatment that is hot enough to reduce hardness.

Tensile strength The maximum load per unit of original cross-sectional area carried by a material during a 
tensile test.

Through 
hardening

Increasing the hardness of a metallic part by a process that hardens the core material as well 
as the surface layers, with the hardness uniform throughout the whole gear tooth and the 
metal immediately adjacent to the gear tooth.

Transformation 
range

The temperature range within which austenite forms in ferrous alloys.

Yield point The load per unit of original cross section at which a marked increase in deformation occurs 
without any increase in load.
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gear teeth are not necessarily the true stresses in the material. Moreover, tensile proper-
ties—the most commonly published mechanical properties of a material—are determined 
by loading small bars in simple tension. The gear tooth is a different geometric shape with 
a more complex stress pattern, and therefore the actual properties of the material as a gear 
can best be determined by testing the material in the shape of a gear tooth. The allowable 
stresses for rating gears (see Sections 5.2.1 and 5.2.2) are based on tests and field experience 
with gears rather than on the mechanical properties of the material as determined by rou-
tine laboratory tests. Gear materials and treatments can be most readily discussed, how-
ever, on the basis of simple mechanical properties. The mechanical properties are valuable 
indirectly in that they indicate how gears made of a particular material might be expected 
to perform. Figure 6.1 is a rough guide to the tensile properties of steel.

In gear terminology, some steels are considered to be alloy steels and some are consid-
ered to be plain carbon steels. The steels used for gears tend to vary from those with a small 
amount of alloys to steels rich in alloys. From a practical standpoint, the steels that are con-
sidered to be plain carbon usually have some alloy content, such as manganese and silicon. 
The steels that are normally thought of as alloy steels usually have chromium, nickel, and 
molybdenum as well as manganese and silicon.

There is a general feeling in the gear trade that alloy steels are inherently stronger and 
more fatigue-resistant than the so-called plain carbon steels. The real situation is rather 
complex. If two steels have equal hardness and each has the same tempered martens-
itic structure, then the ultimate strength, yield strength, and endurance strength will be 
essentially the same—in a small piece of the metal.
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The alloy content helps out in several very important ways:

• The cooling rate in quenching can be considerably slower. This makes it possible 
to get a good metallurgical structure in the large gears. (A large gear with low 
alloy content does tend to be weaker because a good metallurgical structure is not 
obtained.)

• Gears with high alloy content can be carburized with too rich or too lean a car-
burizing atmosphere and still come out fairly good. Nickel, in particular, makes 
heat-treating operations less sensitive to precise control.

• Certain alloy combinations are helpful in developing fracture toughness. (With 
these combinations, a small crack grows very slowly, or perhaps ceases to grow. 
This is important in gears that suffer some surface damage but could run a long 
time if the surface damage did not lead to tooth breakage.)

• In general, the impact properties are considerably improved by alloy content. Nickel 
and molybdenum are particularly valuable for impact strength. (Many gears suf-
fer occasional heavy shock loads and therefore need good impact strength.)

Overall, the composition of the steel used in gears is very important. A poor choice of 
alloy content has often led to early failure in gears built with good precision and sized 
large enough to meet appropriate design standards.

6.1.2  Heat-Treating Techniques

Gear steels are heat treated for two general purposes. First, they must be put in condition 
for proper machinability. Second, the necessary hardness, strength, and wear resistance 
for the intended use must be developed. Steel in the as-rolled or as-forged condition may 
be coarser grained and has nonuniform hardness as a result of uncontrolled cooling after 
the forging or rolling operations. Therefore, heat treatment followed by controlled cool-
ing is used to develop the type of metallurgical structure most suited to the subsequent 
machining operations. Gear forgings of carburizing steels are usually normalized or nor-
malized and tempered to develop a uniform microstructure and reduce their tendency to 
distort during later hardening operations. Normalizing consists of heating the steel to 
well above the critical temperature and somewhat above the final hardening temperature, 
followed by an air cool.

Another treatment similar to normalizing is annealing. The part to be annealed is heated 
above the critical range, just as in normalizing, but it is cooled at a slow rate either by con-
trolling the furnace cooling rate or by allowing the furnace and load to cool off together 
with the doors closed. Slow cooling in the furnace usually produces a pearlitic or lamel-
lar structure that provides good surface finishes after machining. An interrupted or cycle 
annealing produces a spheroidized structure that often has maximum machinability.

Steel parts are hardened by quenching and tempering to develop the combination of 
strength, toughness, hardness, and wear resistance that may be needed to make the part 
function properly. Proper hardening consists of cooling the steel from above the critical 
temperature quickly enough to form a fully hardened structure and to prevent the forma-
tion of undesired structures, which could occur at intermediate temperatures if the cool-
ing rate is too slow. Table 6.2 shows the important temperatures that must be observed 
with different kinds of steel. Table 6.3 shows the critical cooling rates for steels made 
to the minimum composition range for each kind of steel. The size of round that will 
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through-harden in a mild quench and the hardness obtained with 60% martensite forma-
tion are also shown in Table 6.3. Table 6.4 shows the approximate cooling rates needed to 
get a high level of metallurgical quality in gears.

The steels listed in Tables 6.2 and 6.3 are those commonly used for gears. The composi-
tions of these steels that have been established by the American Iron and Steel Institute 
(AISI) are given in Table 6.5. (Modified compositions of steels are often used as well. When 
buying gear steel, note the exact composition being specified or offered.)

TABLE 6.2

Heat-Treating Data for Typical Gear Steels

AISI No.

Normalizing 
Temperature, 

°F

Annealing 
Temperature, 

°F

Hardening 
Temperature, 

°F

Carburizing 
Temperature, 

°F

Reheat 
Temperature, 

°F

Ms 
Temperatures,a 

°F

1015 1700 1600 – 1650–1700

1025 1650–1750 1600 1575–1650 1500–1650
1040 1650–1750 1450 1525–1575
1045 1600–1700 1450 1450–1550
1060 1550–1650 1400–1500 1450–1550 – – 555
1118 1700 1450 – 1650–1700 1650–1700
1320 1600–1650 1500–1700 – 1650–1700 1450–1500 740
1335 1600–1700 1500–1600 1500–1550 – – 640
2317 1650–1750 1575 – 1650–1700 1450–1500 725
2340 1600–1700 1400–1500 1425–1475 – – 555
3310 1650–1750 1575 – 1650–1700 1450–1500 655
3140 1600–1700 1450–1550 1500–1550 – – 590
4028 1600–1700 1525–1575 – 1600–1700 1450–1500 750
4047 1550–1750 1525–1575 1475–1550
4130 1600–1700 1450–1550 1550–1650 – – 685
4140 1600–1700 1450–1550 1525–1625 – – 595
4320 1600–1800 1575 – 1650–1700 1425–1475 720
4340 1600–1700 1100–1225 1475–1525 – – 545
4620 1700–1800 1575 – 1650–1700 1475–1525 555
4640 1600–1700 1450–1550 1450–1550 – – 605
4820 1650–1750 1575 – 1650–1700 1450–1500 685
5145 1600–1700 1450–1550 1475–1525
5210 – 1350–1450 1425–1600 – – 485
6120 1700–1800 1600 – 1700 1475–1550 760
6150 1650–1750 1550–1650 1550–1650 – – 545
8620 1600–1800 1575 – 1700 1425–1550 745
9310 1650–1750 1575 – 1650–1700 1425–1550 650
EX 24 1650–1750 1600 1660 1650–1700 1500–1550 830
EX 29 1650–1750 1600 1600 1650–1700 1500–1550 830
EX 30 1650–1750 1550 1600 1650–1700 1500–1550 830
EX 55 1650–1750 1525 1600 1650–1700 1500–1550 790
a The Ms temperature is the temperature at which martensite forms.
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TABLE 6.3

Hardenability Data for Typical Gear Steels

AISI No.
Hardness of 60% 
Martensite, HRC

Critical Cooling Rate, 
°F per Second at 1300°F

Size of Round That 
Will Through 

Harden, in.
Mildly Agitated 

Quenching Medium

Through-Hardening Steels
1045 50.5 400a 0.50b Water
1060 54 125a 1.20b Water
1335 46 195 1.00 Water
2340 49 125 0.60 Oil
3140 49 125 0.60 Oil
4047 52 195 1.00 Water

0.40 Oil

4130 44 305 0.70 Water
4140 49 56 1.00 Oil
4340 49 10 2.80 Oil
5145 51 125 0.60 Oil
5210 60 30 1.30 Oil
6150 53 77 0.80 Oil

AISI No.
Minimum Core 

Hardness
Critical Cooling Rate, 

°F per Second at 1300°F

Size of Round That 
Will Through-Harden, 

in.
Mildly Agitated 

Quenching Medium

Data for Core of Case-Carburizing Steels
1015 15 400b 0.50b Water
1025 18 400b 0.50b Water
1118 20 400b 0.50b Water
1320 20 305 0.70 Water
3310 25 3 3.00 Oil
4028 24 300a 0.80b Water
4320 32 195 0.40 Oil
4620 30 305 0.20 Oil

0.70 Water

4820 35 77 0.80 Oil
8620 25 250a 0.80 Water

0.30 Oil

9310 25 21 1.70 Oil
EX 24 26 195a 0.80 Water
EX 29 32 175a 1.00b Water
EX 30 35 150a 1.20 Water
EX 55 40 42b 2.00 Oil

Note: Data are based on minimum composition range except where noted.
a Estimated values.
b Obtained from nominal composition rather than from minimum of specification range.
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The exact composition of steel may vary somewhat from one steel company to another 
or from steels used in vehicles to those used in aircraft. For instance, a designer who wants 
to use 4340-type steel in aircraft gears should specify an aircraft composition. The aircraft 
composition tends to have closer ranges for each alloy element, and there is more control 
of trace elements.

International users of this book should be able to find German, Japanese, French, or 
English steel specifications that are very similar to the American types of steels that are 
shown. In this chapter, the heat-treating temperatures are given in degrees Fahrenheit 
rather than degrees Celsius. (There is no room to show both in the tables.) The conversion 
to Celsius is

 
Degrees Celsius

degrees Fahrenheit
=

− 32
1 8.

 (6.1)

The hardening temperature of a steel must be slightly above the critical temperature. The 
critical temperature is the temperature at which the steel is completely austenized and 
ready to undergo the hardening reaction upon quenching. The critical cooling rate is the 
rate of cooling that is just fast enough to produce a fully hardened structure in a particular 
steel composition.

The Ms temperature is the temperature at which the fully hard structure (martensite) first 
starts to form during the quench. If the cooling rate is slower than the critical rate, other 
structures (ferrite, Pearlite, and upper bainite) may form at intermediate temperatures 
between the critical temperature and the Ms temperature.

After quenching, steels are usually tempered or stress-relieved. The tempering operation 
may be used to reduce the hardness of a part and increase the toughness. By properly 
adjusting the tempering temperature, a wide range of hardness may be obtained. Even 

TABLE 6.4

Approximate Cooling Rates Needed to Achieve Appropriate Metallurgical Quality for Long-Life, 
Highly Loaded Gears

Carburizing Steel Core Hardness HV10

Time,a s

to 600°C (1112°F) to 400°C (752°F) to 200°C (392°F)

4028 339b 3 8 10
8620 339 5 12 28
EX 24 339 6 20 35
4620 339 3 8 10
4320 339 8 22 60
EX 29 339 8 22 60
9310 339 10 35 90
4815 339 6 21 58
EX 30 339 6 21 58
EX 35 390 13 50 125
a Time is from start of quench to the temperature listed.
b 339 HV10 is approximately 34 HRC. 390 HV10 is approximately 40 HRC.
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when no reduction in hardness is desired, a low-temperature (250–350°F) tempering oper-
ation is desirable to reduce stresses in the steel and produce a kind of martensite that is 
tougher than the kind produced immediately upon quenching.

6.1.3  Heat-Treating Data

The gear designer should remember that, in most cases, the strength and hardness of the 
steel gear will depend primarily on the skill and intelligence with which the steel has been 
heat-treated. Improper quenching or tempering at the wrong temperature will completely 
defeat the designer’s selection of the best steel for the job. Heat treating is still a skilled art. 
The best gears are made by those who carefully study the microstructure of their product 
and alter their heat-treating technique to get the best possible results.

TABLE 6.5

Composition of Typical Gear Steels

AISI 
No.

Chemical Composition Limits, %

C Mn P S Si Ni Cr Mo

1015 0.13/0.18 0.30/0.60 0.040 0.050 – – – –
1025 0.22/0.28 0.30/0.60 0.040 0.050 – – – –
1045 0.43/0.50 0.60/0.90 0.040 0.050 – – – –
1060 0.55/0.65 0.60/0.90 0.040 0.050 – – – –
1118 0.14/0.20 1.30/1.60 0.045 0.080/0.13 – – – –
1320 0.18/0.23 1.60/1.90 0.040 0.040 0.20/0.35 – – –
1335 0.33/0.38 1.60/1.90 0.040 0.040 0.20/0.35 – – –
3140 0.38/0.43 0.70/0.90 0.040 0.040 0.20/0.35 1.10/1.40 0.55/0.75 –
3310 0.08/0.13 0.45/0.60 0.025 0.025 0.20/0.35 3.25/3.75 1.40/1.75 –
4028 0.25/0.30 0.70/0.90 0.040 0.040 0.20/0.35 – – 0.20/0.30
4047 0.45/0.50 0.70/0.90 0.040 0.040 0.20/0.35 – – 0.20/0.30
4130 0.28/0.33 0.40/0.60 0.040 0.040 0.20/0.35 – 0.80/1.10 0.15/0.25
4140 0.38/0.43 0.75/1.00 0.040 0.040 0.20/0.35 – 0.80/1.10 0.15/0.25
4320 0.17/0.22 0.45/0.65 0.040 0.040 0.20/0.35 1.65/2/00 0.40/0.60 0.20/0.30
4340 0.38/0.43 0.60/0.80 0.040 0.040 0.20/0.35 1.65/2/00 0.70/0.90 0.20/0.30
4620 0.17/0.22 0.45/0.65 0.040 0.040 0.20/0.35 1.65/2/00 – 0.20/0.30
4640 0.38/0.43 0.60/0.80 0.040 0.040 0.20/0.35 1.65/2/00 – 0.20/0.30
4820 0.18/023 0.50/0.70 0.040 0.040 0.20/0.35 3.25/3.75 – 0.20/0.30
5145 0.43/048 0.70/0.90 0.040 0.040 0.20/0.35 – 0.70/0.90 –
5210 0.95/1.10 0.25/0.45 0.025 0.025 0.20/0.35 – 1.30/1.60 –
6120 0.17/0.22 0.70/0.90 0.040 0.040 0.20/0.35 – 0.70/0.90 V 0.10 min
6150 0.48/053 0.70/0.90 0.040 0.040 0.20/0.35 – 0.80/1.10 V 0.15 min
8620 0.18/0.23 0.70/0.90 0.040 0.040 0.20/0.35 0.40/0.70 0.40/0.60 Mo 0.15/0.25
9310 0.08/0.13 0.45/0.65 0.025 0.025 0.20/0.35 3.00/3.50 1.00/1.40 0.08/0.15
EX 24 0.18/0.23 0.75/1.00 0.040 0.040 0.20/0.35 – 0.45/0.65 0.20/0.30
EX 29 0.18/0.23 0.75/1.00 0.040 0.040 0.20/0.35 0.40/0.70 0.45/0.65 0.30/0.40
EX 30 0.13/0.18 0.70/0.90 0.040 0.040 0.20/0.35 0.70/1.00 0.45/0.65 0.45/0.60
EX 35 0.15/0.20 0.20/1.00 0.040 0.040 0.20/0.35 1.65/2.00 0.45/0.65 0.65/0.80
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Table 6.2 gave heat-treating data for some typical gear steels. The values shown should 
be considered to be nominal and should be varied in actual practice as experience dictates.

Figure 6.2 shows the way in which structures form during the cooling of 4340 steel. 
Transformation diagrams such as this one can be obtained from several companies that 
are involved in steel making. These diagrams are helpful in developing a suitable heat-
treating procedure for a particular steel.

The carbon content of a steel establishes the maximum hardness that can be reached in 
the fully hardened condition, while the alloying elements determine the critical cooling 
rate necessary for full hardening and therefore the section thickness that will harden with 
the quench that is available. For example, plain carbon steels have such high critical cool-
ing rates that they must be water- or brine-quenched to be fully hardened even when the 
section is relatively small. Alloy steels transform more slowly and can be hardened with 
an oil quench. In the case of some high-alloy tool and die steels, even cooling in still air 
will develop high hardness!

End-quench-hardenability curves demonstrate how alloys slow down the reaction 
rates of steels and give the heat treater enough time to develop full hardness with a mild 
quench. With large parts made of plain carbon or low-alloy steels, there is a distinct danger 
of developing cracks in the parts if they are quenched drastically enough to harden com-
pletely. On the other hand, a milder quench may not develop structures with the required 
strength. In extreme cases, the part may be so large that even with considerable alloy con-
tent, it is not practical to use a fast enough quench to develop full hardness. In this case, 
the designer has to recognize that compromise is necessary, and design with low enough 
stresses to get by with whatever properties can be obtained in steel.

Figure 6.3 shows end-quench-hardenability curves for several kinds of gear steels. These 
data together with those shown in Tables 6.3 and 6.4 will help the designer choose a steel 
that will have sufficient hardenability for a specific gear. The designer should also note 
material quality grades in gear-rating specifications. (See Sections 5.2.1, 5.2.10, and 5.2.13.)
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Transformation diagram of AISI 4340. (From International Nickel Co., New York, NY, USA.)

  



381Gear Materials

6.1.4  Hardness Tests

The easiest way to determine the approximate tensile strength of a piece of steel is to check 
its hardness. Gear parts do not always have the same hardness in the teeth as in the rim, 
web, or hub. One of the best ways for the designer to control the final condition of the heat-
treated gear is to specify the hardness of the teeth. In some cases it is desirable to check 
both the gear teeth and the gear blank for hardness. Small spur-gear teeth can be checked 
for hardness right on the working flank of the tooth. Figure 6.4 shows how this is done on 
small aircraft gears.
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FIGURE 6.3
Some typical Jominy curves showing end-quench hardenability.

FIGURE 6.4
Hardness-checking an aircraft gear near pitch line of tooth. (From General Electric Co., Lynn, MA, USA.)
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Table 6.6 shows some of the commonly used hardness checks and the kind of gear for 
which they are most suited. The amount of load used and the kind of ball or point used to 
indent the piece being tested are also shown.

The approximate relation between the various hardness-test scales is shown in Table 6.7. 
The values shown are averages of tests on carbon and alloy steels. Because of difference 
in structure, cold-working tendencies, and other factors, there is no exact mathematical 
conversion between the scales. For this reason, hardness requirements on a gear drawing 
should be given only in the scale by which they will be checked. This will prevent possible 
ambiguity of hardness specifications.

TABLE 6.6

Hardness Testing Apparatus and Application for Gears

Instrument
Shape and Type of 

Indenter Loading Recommended Use

Brinell 10-mm steel or tungsten 
carbide ball

3000 kg For large gears and shafts ranging in of hardness 
from 100 to 400 Brinell. (If gears have a hard 
case, the case depth must be sufficient and the 
core strength adequate to support the area 
under test. Rockwell C tests may be used to 
reveal an error from such irregular conditions.) 
Brinell tests, when fairly representative of the 
general hardness, are good measures of the 
ultimate tensile strength of the material.

Rockwell C Diamond Brale penetrator 
(120° diamond cone)

150 kg For gears medium to large in size. Range 
approximately 25–68 Rockwell C.

Rockwell A Diamond Brale penetrator 
(120° diamond cone)

60 kg For small gears and tips of large gear teeth. 
Range Rockwell A 62 to 85.

Rockwell 30-N Diamond Brale penetrator 
(120° diamond cone, 
special indenter)

30 kg For small parts and shallow case-hardened 
parts.

Rockwell 15-N Diamond Brale penetrator 
(120° diamond cone, 
special indenter)

15 kg Lightest Rockwell load. For testing very small 
parts and checking the working side of teeth. 
Check for very thinly case-hardened parts. 
Rockwell 15-N is used 72-93.

Vickers, pyramid 136° Diamond pyramid 50 kg All applications where piece will not be too 
heavy for machine. For use in testing hardness 
of shallow cases, etc.

Scleroscope Does not indent surface. 
Diamond-tipped tup 
bounced on specimen

– For applications permitting no damage or 
indentation to surfaces (results not always 
comparable with indentation hardness tests).

Tukon Knoop indenter 500–
1000 g 

for 
practical 

use

A laboratory instrument used only for finding 
the hardness of material on pieces of cross 
sections, e.g., hardness from surface inward, 
every 0.05 mm (0.0002 in.), or hardness of 
individual microconstituents. All test areas 
must have flat mirror-polished surfaces. An 
extremely delicate and precise test. Used for 
any hardness.
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6.2  Localized Hardening of Gear Teeth

Several methods are used either to case-harden only the gear teeth or to harden the sur-
faces of gear teeth and leave the inside part of the tooth at an intermediate hardness. 
Carburizing, nitriding, induction hardening, and flame hardening can all be used to pro-
duce gear teeth that are much harder than the gear blank that supports the teeth. Since 
the tooth surfaces are much more critically stressed than the gear rim, web, or hub, a high-
capacity gear can be obtained by fully hardening the gear teeth only.

6.2.1  Carburizing

Carburizing is the oldest and probably the most widely used process for hardening gear 
teeth. It consists of heating a 0.10% to 0.25% carbon steel at a temperature above its critical 
range in a gaseous, solid, or liquid medium capable of imparting carbon to the steel. The 

TABLE 6.7

Approximate Relation between Hardness Test Scales

Brinell 
3000 kg, 
10 mm

Rockwell
Vickers 
Pyramid

Scleroscope 
(Shore)

Tukon 
(Knoop)C A 30-N 15-N

70 86.5 86.0 94.0 1076

65 84.0 82.0 92.0 820 90 840

63 83.0 80.0 91.5 763 87 790

614 60 81.0 77.5 90.0 695 81 725
587 58 80.0 75.5 89.3 655 79 680
547 55 78.5 73.0 88.0 598 74 620
522 53 77.5 71.0 87.0 562 71 580
484 50 76.0 68.5 85.5 513 67 530
460 48 74.5 66.5 84.5 485 64 500
426 45 73.0 64.0 83.0 446 61 460
393 42 71.5 61.5 81.5 413 56 425
352 38 69.5 57.5 79.5 373 51 390
301 33 67.0 53.0 76.5 323 45 355
250 24 62.5 45.0 71.5 257 37.5

230 20 60.5 41.5 69.5 236 34

Rockwell

B 30-T 15-T

200 93 78.0 91.0 210 30

180 89 75.5 89.5 189 28

150 80 70.0 86.5 158 24

100 56 54.0 79.0 105

80a 47 47.7 75.7

70a 34 38.5 71.5

a Based on 500-kg load and 10-mm ball.
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surface layer becomes enriched in carbon and therefore is capable of developing a high 
degree of hardness after quenching.

The concentration of carbon in the surface layer is determined by many factors; if uncon-
trolled, it may reach 1.20%. For best strength and toughness, though, the concentration 
should be kept under 1.0%, preferably around 0.80% to 0.90%. Control of the richness of the 
carbon case is obtained by controlling the richness of the carburizing atmosphere.

The development of the case depends on the diffusion of carbon into the steel; therefore, 
time and temperature are the main factors that control the case depth. Steel composition has 
no great influence on the rate of carbon penetration. Figure 6.5 shows the approximate effect of 
temperature and time on the depth of case obtained in a gaseous carburizing operation.

Carburized parts may be heat treated in several ways to achieve a variety of case and 
core properties. Several of the most important treatments are illustrated in Figure  6.6 
and explained in the table accompanying the chart. For heavy-duty gearing, treatment C 
generally provides both a good case and a strong core. With only one quench, distortion 
is minimized. In some high-production gear jobs, it has been possible to get satisfactory 
gears by directly quenching from the carburizing temperature. The designer should hesi-
tate to use this shortcut method unless there is a steel and a procedure that will produce 
gears that are known (by proper testing) to be good enough for the job.

In the vehicle field, the direct quench method is normally used for carburizes gears. The 
gears are somewhat small, the volume of the production is high, and the facilities used are 
picked to be just right for the part. All these things tend to make it practical to use direct 
quench.

In the turbine field, most carburized gears are given a reheat quench. Here the gear parts 
tend to be fairly large, general-purpose heat-treatment equipment is used, and the volume 
is low. The reheat method seems to give better metallurgical structure and more assurance 
that the gears can run satisfactorily for 109 or 1010 cycles. (In the vehicle field, gears seldom 
run at high loads for more than 108 cycles.)

Commonly used carburized steels are shown in Table 6.3. For best load-carrying capac-
ity, the case should be up to 700 HV (60 HRC), and the core should be in the range of 340 to 
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Nominal time and temperature requirements for different case depths.
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415 HV (35 to 42 HRC). Too hard a core promotes brittleness and cuts down the compres-
sive stress that is developed by the slight difference in volume between the case material 
and the core material. Too soft a core does not provide strength enough to support the high 
loads that the case can carry. For aircraft work, most designers favor a steel of the AISI 9310 
type. The aircraft material specification (AMS)  6260* specification quite closely follows 
the AISI 9310 specification. This is the nickel-chromium-molybdenum type of steel. Other 
types of steels used for making heavy-duty gears for marine, tractor, railroad, and other 
applications are the nickel, nickel-chromium, and nickel-molybdenum types. In a few gear 
applications (usually smaller parts), good load-carrying capacity has been obtained using 
steels with a low alloy content. On a new job, the designer should do some development 
work to determine the most suitable type of steel for a given application.

The carburizing cycle brings gears up to a red-hot temperature. When the red-hot gear is 
quenched, it cools rapidly, but somewhat unevenly. The outer surface, of course, cools the 
fastest because it is in contact with the quenching medium.

As the steel cools, the structure changes and grows stronger. The unequal cooling rates 
in different parts of the gear body tend to make the gear change in size very slightly and 

* Most of the critical aircraft gears are made from AMS 6265 steel. This is a vacuum-arc remelt steel of unusual 
cleanness. Both AMS 6260 and 6265 are 9310 types of steel. (AMS 6260 is an air-melt quality of steel.)
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FIGURE 6.6
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teristics obtained. (From International Nickel Co., NY, USA.)
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to undergo distortion. In addition, the carburized case tends to be slightly larger in volume 
than the core material. This also contributes to the size change and distortion tendency.

The overall result of this is that the pressure angle of the tooth tends to increase slightly 
and the helix angle tends to unwind. There is also a tendency for the bore to shrink, for the 
part to develop axial and radial runout, and for the outside diameter to become slightly 
coned. Because of these things, it is necessary either to make allowances for dimensional 
changes or to grind the part after carburizing. In either event, quenching dies may be 
helpful in cutting down distortion and reducing the amount of change that must be either 
allowed for or ground off.

Carburized gears have to have enough surface hardness to resist surface-initiated pit-
ting. The allowable contact stress is based on the surface hardness. Small gears, with about 
2.5- module (10-pitch) teeth and pitch diameters in the range of about 40 to 300 mm, can be 
carburized to achieve a surface hardness in the range of 700 to 759 HV (60 to 63 HRC). Larger 
gears, with 5-module (5-pitch) teeth and diameters going up to 1 m (40 in.), are more difficult 
to carburize with optimum results in hardness and metallurgical structure. The design hard-
ness of the medium-large gear should generally be in the range of 675 to 725 HV (58–62 HRC).

If there are problems in processing carburized gears, the achievable minimum surface hard-
ness may be only 600 HV (55 HRC). The problems may come from the parts being rather small 
or very large. Parts as small as 1 module (25 pitch) or as large as 25 module (1 pitch) are carbu-
rized. Either of these sizes is difficult to handle, and the surface hardness may be low.

Besides surface hardness, the carburized pinion or gear needs an adequate case depth. 
There are subsurface stresses that are strong enough to cause cracks in the region of case-
to-core interface if the case is too thin.

The carburized case needs to be deep enough to give adequate bending strength and 
deep enough to resist case crushing or case spalling. The depth needed for bending 
strength is a function of the normal module (or the normal diametral pitch), but the depth 
needed to resist subsurface stresses due to contact loads is a function of the pitch diameter 
of the pinion, the ratio, and the pressure angle (primarily). Figure 6.7 shows an example 
of a carburized tooth sectioned to study case and core structure—before finish grinding.

The minimum effective case depth in the root fillet for tooth bending strength may be 
estimated by this relation:
 het = 0.16 mn mm metric (6.2)

 h
Pet
nd

in.=
0 16.

 English (6.3)

(a) (b) (c)

FIGURE 6.7
Carburized gear tooth. (a) Section about 5×. (b) Case structure about 1000×. (c) Core about 250×.
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where
mn—normal module
Pnd—normal diametral pitch

The minimum effective case depth on the flank of the tooth for surface durability may 
be estimated by this relation:

 h
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uec
c p t
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48 250 1
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β
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where
sc—maximum contact stress in the region of 106 to 107 cycles (N/mm2 for metric, psi for 

English)
dp1—pinion pitch diameter, mm (metric)
d—pinion pitch diameter, in. (English)
αt, ϕt—pressure angle, transverse, metric, English
βb, ψb—base helix angle, metric, English
u, mG—tooth ratio, metric, English

Figure  6.8 shows a schematic view of the case on a gear tooth. The minimum thick-
ness needed at region A is determined by Equations 6.4 and 6.5. The minimum thickness 
needed at region B is determined by Equations 6.2 and 6.3.

C

A

B

D

A Flank case thickness
B Root case thickness
C Tip case thickness
D Core hardness taken here

FIGURE 6.8
Carburized case pattern. Shaded area is all 510 HV (50 HRC) or higher in hardness. Unshaded area is less than 
510 HV (50 HRC).
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If the case is too deep, the depth at region C becomes too great. A deep case at region C is 
a hazard because the whole top of the tooth may break off. Generally speaking, the depth 
at region C should not be greater than

 hem = 0.40 mn mm metric (6.6)

 h
Pem
nd

in.=
0 40.

 English (6.7)

In carburizing gears, the case depth is customarily specified for region A, with maximum 
and minimum limits of effective case depth. The effective case depth for parts with a minimum 
surface hardness of at least 675 HV (58 HRC) is taken at the point at which the case is at least 
HV 510 (50 HRC). For parts with less surface hardness, it is advisable to put the limit point for 
effective case depth at about 7 HRC points lower than the minimum surface hardness. Thus, 
the effective case depth for 600 HV (55 HRC) might be taken at HV 485 (48 HRC).

In specifying case depth, a set of values like this needs to be used:

• Effective case depth, flank, 0.50 to 0.75 mm (0.020–0.030 in.)
• Minimum effective case depth, root, 0.40 mm (0.016 in.)
• Maximum effective case depth, tip, 1.00 mm (0.040 in.)

The above might be about right for a 2.5-module spur pinion, heavily loaded.
The amount of case depth needed for surface durability is illustrated in Figure 6.9. This 

figure shows an example of spur gears with 22.5° pressure angle and a tooth contact stress 
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Minimum effective case depth for carburized spur gears of 22.5° pressure angle and a contact stress of 1800 
N/ mm2 (261,000 psi) for not over 107 cycles.
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of 1800 N/mm2 (261,000 psi) for 5 × 106 cycles. This is typical of a very good vehicle gear, 
with very high torque at relatively slow pitch-line speed. The faster-running turbine gears, 
for instance, would have lower design stresses in the region of 107 cycles and still lower 
stress levels at a rated load in the region of 109 or 1010 cycles.

At the present time, more research work is under way to determine all the variables that 
affect the required case depth. Those designing gears should be alert to new requirements 
that may appear in trade standards.

6.2.2  Nitriding

Nitriding is a case-hardening process in which the hardening agents are nitrides formed in 
the surface layers of steel through the absorption of nitrogen from a nitrogenous medium, 
usually dissociated ammonia gas.

6.2.2.1  Features of Nitriding Process

Almost any steel composition will absorb nitrogen, but useful cases can be obtained only 
on steels that contain appreciable amounts of aluminum, chromium, or molybdenum. 
Other elements, such as nickel and vanadium, may be needed for their special effects on 
the properties of the nitrided steel. The gear steels most commonly nitrided are shown in 
Table 6.8. The temperatures used and the hardness obtained are shown in Table 6.9.

A nitride case does not form as fast as a carbon case. Figure 6.10 shows the nominal rela-
tion between nitriding time and case depth obtained. Nitriding, like carburizing, is a dif-
ficult process, but because the rate of penetration is slower, the time cycles are quite long.

Nitriding is conducted in sealed retorts in an atmosphere of dissociated ammonia at 
temperatures between 930°F and 1000°F. The modern practice is to start the process with 
30% ammonia dissociation for the first several hours, then to allow dissociation to increase 
to 85%. At the lower dissociation rate, a weak and brittle layer of overly rich nitrides is 
formed at a surface layer about 0.05 mm (0.002 in.) deep. This is called a white layer because 
it etches out white in a micrograph. The higher dissociation rate that is used at the end of 
the cycle allows most of the excess nitrides to diffuse into the metal, leaving only traces of 
a white layer. Figure 6.11 shows examples of nitride cases on spline and gear teeth.

For best results, parts to be case hardened by nitriding should be rough-machined and 
then quenched and tempered. The tempering temperature is usually between 1000°F and 
1150°F. After heat treatment, the part is finish-machined, stress-relieved at about 1100°F, 
and then nitrided.

TABLE 6.8

Nitriding Gear Steels

Steel Carbon Manganese Silicon Chromium Aluminum Molybdenum Nickel

Nitralloy 135 0.35 0.55 0.30 1.20 1.00 0.20 –
Nitralloy 135 
(modified)

0.41 0.55 0.30 1.60 1.00 0.35 –

Nitralloy N 0.23 0.55 0.30 1.15 1.00 0.25 3
AISI 4340 0.40 0.70 0.30 0.80 – 0.25 1
AISI 4140 0.40 0.90 0.30 0.95 – 0.20 –
31 Cr Mo V 9 0.30 0.55 0.30 2.50 – 0.20 –
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Since the nitriding temperature is lower than the original tempering temperature of the 
steel, hardening occurs with minimum distortion. The method is therefore suitable for 
complex parts such as gears that can be machined while in the medium-hardness region 
and then hardened without enough distortion to require grinding. Parts that are too flimsy 
to stand a quench and draw without serious distortion can often be successfully brought 
up to full hardness by nitriding.

The formation of nitrides in this case causes the steel to expand, and, as in carburized 
cases, a favorable compressive stress is developed. This also results in a slight overall 
growth of the part. In spur gears this is manifested by an increase in outside diameter 
and in the diameter over pins. As an example, a 2-module (12-pitch) spur gear with a light-
weight web showed an average increase in outside diameter of 0.13 mm (0.005 in.) and a 
0.20-mm (0.008-in.) growth in diameter over pins. The pressure angle tends to decrease 
slightly. (This is just the opposite of the change in profile caused by case carburizing.)

In general there is no distortion of the gear blank, provided that the blank was thor-
oughly tempered and stabilized before nitriding. If the blank has residual stresses before 
nitriding, the many hours at nitriding temperature will relieve these stresses and cause 
the part to warp.

The tendency for the nitride case to grow produces a “cornice” effect, or an overhang of 
quite brittle material on sharp corners and edges of parts, unless precautions have been 

TABLE 6.9

Nominal Temperatures Used in Nitriding and Hardnesses Obtained

Steel

Temperature 
before 

Nitriding, °F Nitriding, °F

Hardness, Rockwell C

Case Core

Nitralloy 135a 1150 975 62–65 30–35
Nitralloy 135 modified 1150 975 62–65 32–36
Nitralloy N 1000 975 62–65 40–44
AISI 4340 1100 975 48–53 27–35
AISI 4140 1100 975 49–54 27–35
31 Cr Mo V 9 1100 975 58–62 27–33
a Nitralloy® (Nitralloy Corp., New York, NY, USA).
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FIGURE 6.10
Nominal time required for different nitride case depths. Note: under the most favorable conditions, about 40% 
more case depth is possible.
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taken to break such corners with a small radius before nitriding. If the controlled dissocia-
tion method of nitriding is not used, it is usually advisable to grind or lap off the white 
layer [0.08 mm (0.003 in.) nominally] after nitriding. It is also advisable to take precautions 
to avoid decarburization of areas to be nitrided. A very weak and brittle case is produced 
on decarburized steels or on steels that have not been properly quenched and tempered 
before nitriding.

If the steel contains aluminum, a nitrided case is relatively harder and inherently more 
brittle than a carburized case. Under high pressures, it may crack and spall because of 
either too little case depth or too weak a core material under the case. In general, nitrided 
gears need almost as much case as shown in Figure 6.9, but with the coarser pitches, it 
is not possible to get the required depth. In severe load applications, some help can be 
obtained by using the Nitralloy N type material. This material goes through a precipitation 
hardening of the core during the nitriding cycle. This gives the case added support and 
may, to some extent, compensate for the case being too thin on coarser-pitch gears.

The nitrided gear—because of its high hardness—resists scoring and abrasion better 
than other types of gears. Tests of 2.5-module (10-pitch) and finer nitrided gears have 
shown that with proper nitriding technique, just as heavy loads could be carried on a 
nitrided tooth* as on a good case-carburized tooth. In cases where shock loading is pres-
ent, or where the pitch is medium to coarse, most designers have found that other types of 
hardened gears would stand more loading than the nitrided gear.

* This statement assumes that the nitrided case is of the same hardness as the carburized case and that the 
governing load was one for 107 cycles or more (not a very high initial load for less than 106 cycles).

0.50 mm

0.25 mm 0.10 mm

(a)

(b) (c)

FIGURE 6.11
Examples of nitrided gear tooth structures. (a) Small spline, Nitralloy 135M. White layer 0.03 mm (0.0012 in). 
Case depth 0.41 mm (0.016 in.). (b) Medium size, internal spline 4340. White layer 0.01 mm (0.0004 in.). Case 
depth 0.38 mm (0.015 in.). (c) Part of 5-module gear tooth, 31 Cr Mo V 9. White layer 0.016 mm (0.0006 in.). Case 
depth 0.65 mm (0.026 in.).
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6.2.2.2  Nitride Case Depth

The case depth needed for nitriding gears seems to be less than that needed for carburized 
gears. The logic of nitride case depth is still not understood too clearly. The American 
Society of Mechanical Engineers (ASME) paper by Young (1980)* has a good review of the 
theory of case depth for nitrided gears and a summary of much practical experience in 
making large nitrided gears.

From the standpoint of tooth breakage, the nitride case does not generally give a high 
degree of strength. For spur teeth in the range of 4-module (6-pitch) to 10-module (2.5-
pitch), nitriding has some value in increasing the surface load-carrying capacity, but 
the beam strength has to be based almost entirely on the core hardness of the tooth. 
Equations 6.2 and 6.3 are a good approximation of the case depth needed if the nitrided 
case—instead of the core—is to govern the beam strength of the nitrided tooth. It can be 
seen from Figure 6.10 that it takes about 55 hours of nitriding time to get a case depth of 
0.48 mm (0.019 in.). Equations 6.2 and 6.3 show that a 3-module spur tooth needs a case 
depth of about 0.48 mm if the case is to control the beam strength. This means that a very 
long nitriding time is needed if teeth larger than 3 module are going to get much beam 
strength help from the nitride case.

From the standpoint of surface durability, the situation is also rather critical on nitride 
case depth. A pinion of 150-mm (6-in.) pitch diameter running with a gear of 450 mm 
(18 in.) needs about 1.5 mm (0.060 in.) case depth when carburized and designed to carry 
a load of 1800  N/mm2 (261,000  psi). Some limited experience suggests that nitride case 
depth does not need to be quite as deep as carburized depth to handle the same load. If 
this is true, the nitride case depth would need to be at least 85% of the values given by 
Equations 6.4 and 6.5.

The net result is that only small pinions (less than 100 mm) will be able to have enough 
nitride case depth to carry as much load as their surface hardness would indicate.

Many large pinions (and their mating gears) are nitrided and used successfully in 
turbine- gear applications. How do they get by with a very thin case for their size?

The answer seems to lie in using a surface loading that is lower than what the surface 
hardness could handle, but with subsurface stresses that are within the capability of the 
core material. The ASME Wear Control Handbook shows a simplified method of subsurface 
stress analysis.

If the nitrided gear has a core hardness of at least HV 335 (34 HRC), the subsurface capa-
bility of the material underneath the case should be able to handle a surface loading up to 
about 1000 N/mm2 (145,000 psi).

In actual practice, nitrided turbine gears tend to be designed for surface loading in the 
range of 900 to 1000 N/mm2 (130,000–145,000 psi). This means that they can get by with a 
much thinner case than Equations 6.4 and 6.5 would indicate—providing they have good 
core hardness. 

For nitrided gears, the effective† case depth based on HV 395 (40 HRC) seems to work 
the best. Low-chromium nitriding steels develop a surface hardness of only about HV 515 
(50 HRC). They need a much lower case determination point than do carburized steels. The 
aluminum types of nitriding steels and the high-chromium nitriding steels develop hard-
ness comparable to carburized steels. The shape of their case hardness curves, though, is 

* Consult the reference section at the end of the book for complete data on this paper.
† It the nitrided gear has a core hardness approaching HV 395 (40 HRC), then a higher value, such as 446 HV 

(45 HRC), must be used for effective case depth.
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such that most of the hard metal is above HRC 40. Figure 6.12 shows two actual examples. 
Note how well the effective case is defined by the HRC 40 point.

To conclude this section, it should be said that more gear research is needed to fully 
define all the criteria relative to the case depths needed for nitrided and carburized gears. 
The subject of failure by subsurface stress needs more study and more controlled labora-
tory tests. The work of Fujita in Japan is a good example of the pioneering research needed 
to understand how cased parts fail. The work of Sharma, Breen, and Walter has been most 
helpful in providing initial guidelines for designing gears with a consideration of the sub-
surface stress. (See references at the end of the book.)

6.2.3  Induction Hardening of Steel

High-frequency alternating currents can be used to locally heat the surface layers of steel 
gear teeth. Since the gear body remains relatively cold during the induction hardening, it 
serves as a fixture to maintain the dimensional accuracy of the induction-hardened teeth. 
The surface layers of metal undergo some plastic upsetting as they are heated because of 
the restraint of the cold blank. Upon hardening, the surface layers of metal undergo some 
expansion due to the volume in crease of the hardened metal. There are thus two conflict-
ing tendencies in induction hardening. One is a tendency for the part to shrink, and the 
other is a tendency for the part to expand. If the right technique is used with the right steel 
on the right pitch of teeth, good residual compression can be obtained. If the cycle is not 
just right, damaging residual tension stresses can result. Some gear manufacturers have 
developed proprietary processes for induction hardening of certain kinds of gears that 
enable them to build induction-hardened gears similar in strength to case-carburized or 
nitrided teeth. Many manufacturers have not been able to build induction-hardened gears 
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FIGURE 6.12
Examples of two steels nitrided for a total time of 45 hours. 4340 is a low-chromium steel. 135M is high- 
chromium and aluminum steel.
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with as much capacity as case-hardened gears. Designers of induction-hardened gears 
should plan on running enough experiments to develop just the right kind of cycle for the 
particular pitch and size of blank they are concerned with.

Induction-hardened gears have some tendency to warp. Usually there is no change in 
tooth profile, but there may be a “coning” of outside diameter, axial runout, and radial 
bumps or hollows near holes in the web or near spokes in the wheel. Fortunately, much 
can be done to control induction-hardened-gear distortion by changes in blank design and 
changes in the induction-heating technique.

Both plain carbon and alloy steels are used for induction-hardened gears. Carbon con-
tent is usually either 0.40% or 0.50%. If a very fast cycle of heating is used, the choice of 
alloy will depend on the time that is required for the steel to austenitize. A small gear may 
be brought to the upper critical temperature in as little as 4 seconds.

The hardness pattern obtained with induction hardening will depend on the alloy used, 
the amount of power per square inch of gear surface, the heating time, the frequency, and 
the pitch of the tooth. Figure 6.13 shows a special machine for induction hardening gears 
in a coil. Figure  6.14 shows some examples of hardness pattern obtained in very-high-
capacity gear teeth.

The induction-hardening current may be obtained from motor-generator sets, spark-
gap oscillators, or vacuum-tube oscillators. The power and frequency available from these 
sources are as follows:

Source Power, kW Frequency, Cycles per Second

Motor generator 5–1,000 5,000–12,000
Spark-gap oscillator 2–15 10,000–300,000
Vacuum tube oscillator 2–100 300,000–1,000,000

FIGURE 6.13
High-frequency power source and quenching machine for induction hardening gears. (From General Electric 
Co., Lynn, MA, USA.)
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The amount of power required to harden a gear is very hard to estimate. It depends on 
the efficiency of the coil, the amount of preheat used, and the amount of time that can be 
spent heating the gear without having too much distortion.

Table 6.10 shows that quite large amounts of power are required to induction harden 
gears when a coil is wrapped around the whole gear. Many designs cannot be induction-
hardened simply because equipment with power enough to handle them is not available.

Fine-pitch gears require very high frequency for best results, while coarse-pitch gears 
require low frequency. If the wrong frequency is used, the heat may be developed below 
the teeth (fine pitch) or only in the tooth tips (coarse pitch). Table 6.11 shows the frequencies 
generally recommended.

6.2.3.1  Induction Hardening by Scanning

During the 1960s and 1970s, methods were developed to induction harden gear teeth by 
moving an inductor across the face width of the gear to harden either a single tooth or the 
space between two teeth. In this way, a large gear could be progressively hardened with 
relatively small power.

(a) (b)

FIGURE 6.14
Hardness patterns obtained with induction-hardened gear teeth. (a) 2-module (12-pitch) pinion. (b) 10-module 
(2.5-pitch) pinion.

TABLE 6.10

Power and Time Required to Induction-Harden Spur Gears

Power, kW

Gear Size

Tooth Size Approximate 
Heating 
Time, s

Diameter Face Width

mm in. mm in. m Pd

25 12 0.5 12 0.50 1.25 20 5
25 50 2.0 6 0.25 2.50 10 10
25 50 2.0 25 1.00 2.50 10 50
50 25 1.0 6 0.25 1.25 20 4
50 25 1.0 18 0.75 1.25 20 15
50 125 5.0 6 0.25 2.50 10 5
50 125 5.0 18 0.75 2.50 10 7
100 150 6.0 125 5.00 8.00 3 90
100 250 10.0 25 1.00 2.50 10 12
700 150 6.0 50 2.00 3.00 8 6
700 150 6.0 125 5.00 8.00 3 20
700 750 30.0 125 5.00 8.00 3 130

Note: This table is for hardening the whole gear in one operation.
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If a gear had 100 teeth, it would take 100 passes of the inductor across the face width to 
harden the whole gear. Although this is somewhat time consuming, the method was quite 
practical. A carburized gear might require 5 to 10 hours of furnace time, while a nitrided 
gear might require 50 hours of furnace time. If it took 3 hours to harden a gear by the scan-
ning method, this is not bad. Of course, if the gear could have been induction-hardened 
by a coil wrapped around the gear, it might have been done in something like 5 minutes.

The scanning method offered the ability to achieve quite close control over the contour 
that was hardened. Figure 6.15 shows some examples of tests to establish a desired case 
depth. In the illustration, the S values are rates of coil traverse, and the P values are power 
settings. Note the deep case at the left with S 10″ and P 4.0, and the thinner case at the right 
with S 17.5″ and P 5.5. These tests were done with an inductor between the teeth.

The scanning method will do large gears with large teeth. It will do internal gears as well 
as external gears. The inductor can follow a helical spiral to do helical gears. Figure 6.16 
shows a machine doing a large internal gear, while Figure 6.17 shows a close-up of the 
mechanism that scans the teeth. Note in this view the guide pin, the inductor, the power 
lines, and the lines to pass coolant through the inductor.

In some equipment the gear and the inductor are submerged in coolant while the induc-
tor hardens the teeth. In other equipment, the gear is kept cool by jets of coolant going 
along behind the inductor; the inductor is not submerged. In some cases, the setup is quite 
flexible and can be used in a variety of ways to best suit the part being done.

The basics of measuring case depth on teeth hardened by the scanning method are 
shown in Figure 6.18. As with the carburized tooth shown in Figure 6.8, there are three 
places to check the case and one location for measuring core hardness.

An example of the hardness pattern that may be obtained with the scanning method 
is shown in Figure 6.19. Note the rather uniform hardness across the case and then the 
abrupt drop to core hardness. The effective case depth can be taken at 40 HRC like nitrided 
gears. (It would not make much difference if it were 45 HRC.)

TABLE 6.11

Frequencies Generally Recommended for Induction Hardening

Module Diametral Pitch Frequency, Cycles per Second

0.7 32 500,000–1,000,000
2.5 10 300,000–500,000
5 5 10,000–300,000
10 2.5 6,000–10,000

FIGURE 6.15
Induction-hardened test piece for case depth. This work was done with a patented submerged inductor by 
National Automatic Tool Co. Inc. (Richmond, IN, USA).
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The scanning method uses frequency values that range from 10 to 300 kHz (a kilohertz 
is a thousand cycles per second; 10 kHz = 10,000 cycles per second). Table 6.12 shows the 
nominal range of case depths that can be obtained for different tooth sizes and different 
frequency values. At a given frequency, the case depth is adjusted by the rate of scanning 
and the power setting. (Figure  6.15 shows test samples done at 200  kHz on 10-module 
teeth.)

The case depth needed with induction-hardened teeth is somewhat greater than that 
needed for carburized teeth. Since the transition from case to core is not gradual, the case/
core interface may not be able to carry as much load as its hardness would indicate. This 

FIGURE 6.16
Machine for induction hardening large internal gears. (From National Automatic Tool Co., Inc., Richmond, IN, 
USA.)

FIGURE 6.17
Close-up view of scanning mechanism on a large induction-hardening machine. Note round guide pin, induc-
tor, electric power cables, coolant lines, and traversing ram. (From National Automatic Tool Co., Inc., IN, USA.)
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makes it desirable to get the interface zone deeper into the tooth, where the subsurface 
stresses are lower.

6.2.3.2  Load-Carrying Capacity of Induction-Hardened Gear Teeth

The induction-hardened tooth may have about the same load-carrying capacity as a car-
burized tooth. If the surface hardness is up to about 58 HRC and the pattern of the case is 
good, a high load-carrying capacity may be achieved by getting an appropriate metallurgi-
cal structure and an appropriate residual stress pattern.

The problem, though, is that the fast heating and cooling times involved tend to cause 
considerable variation in both metallurgical structure and the residual stress pattern. The 
hardness and depth of the case may seem to be right for the job, but the gears may fail 

C
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A Flank case thickness
B Root case thickness
C No case at center, top land
D Core hardness taken here

FIGURE 6.18
Induction-hardened case pattern by scanning method of tooth heating.
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FIGURE 6.19
Example of 4340 gear induction-hardened by scanning method.
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prematurely in service because their structure and/or residual stress pattern did not come 
out right. (“Right” means able to carry the load—not necessarily right from a theory of 
metals standpoint.)

Pitting is another problem. An induction-hardened tooth may pit, and then a tooth frac-
ture may start at a pit. In many cases, induction-hardened gears have shown less capability 
to survive under moderately serious pitting than have case-carburized teeth. (It is prob-
able that a good choice of an alloy steel and a biased heat-treating procedure can make an 
induction-hardened tooth able to stand as much pitting without tooth fracture as a good 
carburized tooth. Past problems with induction-hardened teeth fracturing after pitting 
were probably due to a lack of understanding of the metallurgy involved on the part of 
those making the gears.)

In view of the above, the builder of induction-hardened gears needs to develop each 
design to meet its job requirements. This development involves:

• Metallurgical study of sample teeth to verify that the alloy chosen and the 
induction- hardening cycle will give satisfactory case depth, case pattern, case 
hardness, and metallurgical structure.

• Study of process variable to control uniformity of case from tooth to tooth, from 
end to end, and from top of tooth to bottom of tooth.

• Control study of the induction-hardening machine to maintain its power setting, 
maintain inductor positioning, avoid over- and under-temperature conditions due 
to electrical malfunction, etc. (Of particular concern is how to handle a machine 

TABLE 6.12

Scanning Induction Heating Frequency and Case Depth Ranges That Are Practical for Different 
Sizes of Gear Teeth

Tooth Size Frequency, kHz

Module Diametral Pitch 300 150 50 10

2.5 10 0.5–1.0 – – –
(0.02–0.04)

3 8 0.75–1.25 – – –
(0.03–0.05)

4 6 – 0.75–1.50 0.75–1.50 –
(0.03–0.06) (0.03–0.06)

5 5 – 0.89–1.65 0.89–1.75 1.75–2.50
(0.035–0.065) (0.035–0.070) (0.07–0.10)

6 4 – 1.00–1.75 1.00–2.00 2.00–2.75
(0.04–0.07) (0.04–0.08) (0.08–0.11)

12 2 – 1.50–2.25 1.50–2.50 2.50–3.25
(0.06–0.09) (0.06–0.10) (0.10–0.13)

25 1 – – – 2.75–3.50
(0.11–0.14)

Note: 1. The flank case depths shown are ranges that are practical for tooth size and frequency. The tolerance on 
case depth should be about ±15%. (For 1-mm case, use 0.85–1.15 mm.)

 2. The case in the root should be about 70% of the case on the flank.
 3. The case depths shown above are in millimeters, with equivalent depth in inches shown in parentheses.
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stoppage when a gear is partly done without putting a weak spot in the circumfer-
ence of the gear.)

• Verification that the expected load-carrying capacity is achieved by appropriate 
full-load testing in the factory, and then follow-up observation of gears in service 
in the field to verify that the expected life and reliability is being achieved. (Of 
particular concern is field damage to the teeth by pitting, foreign material going 
through the mesh, overloads in transient operating conditions, etc.)

Many experienced builders are producing induction-hardened gears that are very sat-
isfactory for their application. There have been quite a few cases in which inexperienced 
builders have not understood the complexity of the induction hardening process and have 
built gears that have failed prematurely under load ratings that seemed reasonable. With 
all these in mind, it seems most prudent not to try to establish an industry load rating for 
induction-hardened gears. Instead, a load rating should become established for a given 
gear set as the builder acquires enough experience with it to check the manufacturing 
“recipe” and to acquire adequate knowledge of how the gears stand up in actual service.

6.2.4  Flame Hardening of Steel

Flame hardening is similar to induction hardening in both results obtained and kinds of 
steel used. It differs from induction hardening in that the heat is applied to the surface 
by oxyacetylene flames instead of being generated electrically in a layer extending from 
the surface to a small distance below the surface. In some cases it is difficult—or impos-
sible—to get the same hardness pattern and fatigue strength by flame as can be obtained 
by induction hardening.

Special burners have been developed to impinge gas flames simultaneously on all 
tooth surfaces. Some types of flame-hardening apparatus use electronic control to turn 
off the gas at precisely the time when the temperature of the part just exceeds the critical 
temperature.

The flame-hardening process can be used quite handily either to harden the whole 
tooth or to harden just the working part of the tooth. Where beam strength is critical, the 
designer can usually improve the tooth strength by hardening the root fillet as well as 
the working part of the tooth. If wear is the only consideration, hardening the tooth to the 
form diameter will do the job and reduces the risk of distorting the gear blank.

Figure 6.20 shows some examples of flame-hardened teeth.

(a) (b)

FIGURE 6.20
Sections through flame-hardened gear teeth. (a) 1.3-module (20-pitch) teeth, 5×. (b) 4-module (6-pitch) teeth, 5×.
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6.2.5  Combined Heat Treatments

In recent years a number of combination heat treatments have been developed. The skilled 
gear designer can often make use of such heat treatments to get results that are impossible 
with one procedure alone.

For instance, a double-cycle heat treatment of carburized gears produces a strong, long-
wearing case. However, both distortion and the time consumed in heat treating may be 
more than is desired. In some cases it is practical to carburize, quench from the carburizing 
heat, and draw the gear to medium hardness. Then the teeth can be finished by shaving or 
light grinding and, as a last step, induction-hardened. This procedure saves furnace time 
since induction heating is very rapid. Also the distortion is appreciably reduced because 
the whole gear blank does not undergo a high heat and quench after the teeth are finished.

Induction hardening can be done using a furnace preheat and then a period of both 
high- and low-frequency heating.

The carburizing and nitriding treatments may be combined by using molten slats (or 
gases) that liberate both available carbon and nitrogen. The heating temperature does not 
need to be as high as that required for carburizing, and the case formed requires less time 
than nitriding alone would require. The case is harder, generally, than that obtained by 
carburizing alone but softer than nitrided cases on steels containing aluminum. In general, 
this type of treatment does not achieve quite as high a fatigue strength and quite as much 
pitting resistance as can be obtained with straight carburizing. In automotive gear work, 
where the cycles at maximum load are not too great, many types of gears have been pro-
duced with a cyanide hardening process, and they appear to perform just as well as car-
burized gears. In aircraft work, where the cycles at maximum load are usually quite large, 
very little use has been made so far of gears heat treated by cyaniding or carbo-nitriding.

The gear designer who wants to know what the best hardening process for a particular 
gear is should plan on experimenting with the processes just described. Things like pitch, 
blank design, steel used, and application requirements all enter into why one heat treat-
ment may work better than others in a particular job.

Hot quenching of gears and other parts may be used to minimize distortions. One such 
treatment is called austempering. It consists of quenching and holding the austenitized 
gear in a salt bath heated to some temperature below Ac1 (the critical temperature of the 
case) but below the Ms temperature. A range of hardnesses between 400 and 650 HV (400 
and 575 HB) can be developed, depending on the temperature that is used. An extended 
time in the quench is required, particularly with the more highly alloyed steels, to permit 
full transformation. The hardness results are similar to those obtained by a quench and 
medium-temperature draw, but the structures developed are quite different and generally 
have better toughness at a given hardness.

Another hot-quench type of treatment is martempering. The part is quenched in a bath 
that is either just above or just below the Ms temperature for a time that is just long enough 
for all sections of the part to cool down to the bath temperature. Then the part is removed 
and air-cooled to room temperature. This treatment produces full hardness. After mar-
tempering, the part should be given a conventional tempering treatment to the desired 
hardness. Even if no reduction in hardness is desired, tempering is needed to remove 
stresses and improve the structure. Austempered pieces, however, do not require further 
tempering.

The two treatments just described are successful only on parts with small sections or 
with parts of large sections made of highly alloyed steels. Both are relatively slow quench-
ing processes.
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6.2.6  Metallurgical Quality of Steel Gears

For reliable performance at the design load rating, the gears in a gear unit must have two 
kinds of quality that are suitable for the application:

Geometric accuracy

 This involves profile, spacing, helix, runout, finish, balance, etc.
Material quality

 This involves hardness, hardness pattern, grain structure, inclusions, surface 
defects, residual stress pattern, internal seams or voids, etc.

In the gear trade, the importance of geometric accuracy has been understood ever since 
the pioneering work of Earl Buckingham on dynamic load effects. AGMA and DIN stan-
dards set quality classes for geometric accuracy of gears. This work is continuing. More 
and better geometric accuracy standards for gear teeth may be expected. (In this book, see 
Section 7.4.1 for a discussion of gear tooth geometric accuracy.)

In the field of gear materials, the quality aspect of the material has not received the atten-
tion it deserves. The AGMA aerospace gear standard was the first to recognize gear qual-
ity with a definition of grade 1 and grade 2 material. This standard was first issued in 1955.

The AGMA vehicle gear standard followed this trend in 1976 with definitions of grades 1 
and 2 material for vehicle gears.

In the private sector, several major companies building aerospace or turbine gearing for 
land use have rather detailed specifications for steel gears showing more than one grade of 
material and several quality control things to check the gear materials. Gears are passed or 
rejected for material quality just as they are passed or rejected for their geometric quality.

As time goes on, much more work on gear material quality can be expected. Trade stan-
dards that cover at least two grades of material for aerospace, vehicle, turbine, industrial, 
and mill gear fields of usage are needed. The present definitions used need to be expanded 
to cover more things and to more precisely define what is acceptable and unacceptable in 
each area of gear practice.

The possible gradations in gear material quality have been thought of in these terms:

Grade 0 Ordinary quality
No gross defects, but no close control of quality items

Grade 1 Good quality
Modest level of control on the most important quality items (The normal practice of 
experienced gear and metals people doing good work.)

Grade 2 Premium quality
Close control on essential all critical items (some extra material expense to achieve better 
load-carrying capacity and/or improved reliability)

Grade 3 Super quality
Essentially absolute control of all critical items (Much extra expense to achieve the ultimate. 
Has been used in space vehicle work. The need for this level of quality will be rather rare.)

6.2.6.1  Quality Items for Carburized Steel Gears

The principal items to control for material quality of carburized gears are

• Surface hardness
• Core hardness
• Case structure
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• Core structure
• Steel cleanness
• Surface condition, flanks
• Surface condition, root fillet
• Grain size
• Nonuniformity in hardness or structure

TABLE 6.13

General Comparison of Carburized Steel Gear Metallurgical Quality

Quality Item Grade 1 Grade 2

Metallurgy of case Tempered martensite. Retained 
austenite 20% maximum. Minor 
carbide network permitted. Some 
transformation products permitted. 
Acceptable and unacceptable 
conditions defined by 1000× 
microphotos.

Tempered martensite. Retained austenite 
10% maximum. No carbide networks. 
Almost no transformation products such 
as bainite, pearlite, proeutectoid ferrite, 
or cementite permitted. Acceptable and 
unacceptable conditions defined by 
1000× microphotos.

Metallurgy of core (at 
tooth root diameter)

Low-carbon martensite. Some 
transformation products permitted. 
Acceptable and unacceptable 
conditions defined by 250× 
microphotos.

Low-carbon martensite. Almost no 
transformation products permitted. 
Acceptable and unacceptable conditions 
defined by 250× microphotos.

Material cleanness Air-melt (aircraft quality). 
AMS 2301 E

Vacuum-arc remelt (VAR) or vacuum slag 
process. AMS 2300

Magnetic indications of 
cracks or flaws on gear 
teeth

No indications parallel to axis. Not 
more than 4 surface indications, 
nonparallel to axis, per tooth, 
maximum length 4 mm. Not more 
than 6 subsurface indications, 
nonparallel to axis, maximum length 
5 mm.

No indications parallel to axis. Not more 
than 2 surface indications, nonparallel to 
axis, per tooth, maximum length 2 mm. 
Not more than 3 subsurface indications, 
nonparallel to axis, maximum length 
3 mm.

Forging grain flow Forgings required for parts over 
200 mm (8 in.) diameter. Close grain 
definition on forging drawing.

Forgings required for part over 125 mm 
(5 in.) in diameter. Very close grain flow 
requirements on forging drawing.

Surface defects after 
carburizing

Surface oxidation not to exceed 
0.012 mm (0.0005 in.). 
Decarburization effects not to exceed 
60 HKN (3 HRC).

Surface oxidation not to exceed 
0.0008 mm (0.0003 in.). Decarburization 
effects not to exceed 40 HKN (2 HRC).

Minimum hardness of 
case at surface

Flank (A) 685 HKN (57.8 HRC) 725 HKN (59.6 HRC)
Root (B) 660 HKN (56.5 HRC) 695 HKN (58 HRC)

Minimum hardness of 
core at rood diameter (D)

30 HRC 34 HRC

Note: 1. This table shows a partial list of the required magnetic particle specifications. Data are for turbine gears 
but not for vehicle gears.

 2. Details of acceptable and unacceptable decarburization can be shown by examples of plots of case hard-
ness versus case depth.

 3. Maximum case hardness is generally 800 HKN (63 HRC), but it may be specified lower to ensure that 
the draw treatment after final hardening lowers the hardness slightly and increases the impact strength.

 4. The maximum core hardness is generally HRC 41, but it may be made slightly lower to better control 
the residual stress pattern.
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The appropriate controls on these items will not be the same for aerospace gears and vehi-
cle gears. For instance, some retained austenite is generally permissible (or even desired) 
in vehicle gears. In long-life aerospace or turbine gears, almost no retained austenite is per-
mitted. Cleanness is another item. Certain kinds of dirt are tolerable in vehicle gears when 
the very high stress is applied for less than 107 cycles. Aerospace gears with a heavy design 
load for over 109 cycles are often made with vacuum-arc remelt steel to remove essentially 
all the dirt particles in the steel.

Table 6.13 shows some typical data for long-life, high-speed gears illustrate the possible 
difference between grade 1 and grade 2 gears. Figure 6.21 shows some metallurgical illus-
trations of grade 1 and grade 2 permissible structures.

As stated earlier, metallurgical quality grades are just being established in the gear 
industry. Table 6.13 and Figure 6.21 (and Table 6.14 and Figure 6.22) should be considered 
as examples of what is involved. Much study and work are needed to fully establish mate-
rial grades in several important fields of gear work.

6.2.6.2  Quality Items for Nitrided Gears

The same list of items for carburized gears applies to nitrided gears. The nitrided gear 
tends to have a “white layer” and may have internal cracks as a result of improper nitrid-
ing. These things make the actual control of nitrided gear quality somewhat different from 
that of carburized gears.

Table 6.14 and Figure 6.22 show concepts of quality grade considerations for nitrided gears.

0.05 mm

0.10 mm

0.10 mm

0.25 mm0.05 mm

0.10 mm

(a)

(d)

(b)

(e)

(c)

(f )

FIGURE 6.21
Metallurgical examples, carburized gears. (a) Case structure, acceptable for grade 2 (and grade 1). (b) Core 
structure, acceptable for grade 2. (c) Core structure, not acceptable for grade 1. (d) Carbide network at tooth tip. 
Acceptable for grade 1 but not for grade 2. (e) Intergranular oxide layer, acceptable for grade 1 but not for grade 
2. (f) Subsurface crack. Not acceptable for any grade.
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6.2.6.3  Procedure to Get Grade 2 Quality

The premium grade 2 quality requires extra effort and expense. The principal steps that 
are generally needed are

 1. Choose a steel with enough alloy in it to respond well in the heat-treatment proce-
dures planned.

 2. Check incoming raw material for cleanness. (A certification from the supplier is 
usually not enough. Take samples and run laboratory tests.)

 3. Test the heat-treatment cycle planned by running one or more test gears. Set time, 
temperature, location in the furnace, etc., so that sure results can be obtained on 
the gears.

TABLE 6.14

General Comparison of Nitrided Steel Gear Metallurgical Quality

Quality Item Grade 1 Grade 2

Metallurgy of case White layer permitted up to 0.02 mm 
(0.0008 in.) maximum. Complete 
grain boundary network acceptable. 
No microcracks, soft spots, or gross 
nitrogen penetration areas 
permitted.

Acceptable and unacceptable 
conditions defined in 500× 
microphotos.

No white layer permitted on working 
surfaces of the tooth, other surfaces 
0.02 mm (0.0008 in.) maximum. No 
microcracks, soft spots, or heavy 
nitrogen penetration along grain 
boundaries permitted. Continuous 
iron nitride network not permitted.

Acceptable and unacceptable conditions 
defined in 500× microphotos.

Metallurgy of core (at 
tooth root diameter)

Medium-carbon tempered 
martensite. Some transformation 
products permitted.

Acceptable and unacceptable 
conditions defined in 250× 
microphotos.

Medium-carbon tempered martensite. 
Almost no transformation products 
(bainite and pearlite) or ferrite 
permitted.

Acceptable and unacceptable 
conditions defined in 250× 
microphotos.

Material cleanness Air-melt (turbine quality). Air-melt (aircraft quality).
AMS 2301 E

Minimum hardness of case 
at surface (A, B):
Nitralloy 135, 135 M, and N 730 HKN (60 HRC) 740 HKN (60.5 HRC)
31 Cr Mo V 9 700 HKN (58.5 HRC) 725 HKN (59.6 HRC)
AISI 4140, 4340 520 HKN (48.6 HRC) 545 HKN (50.2 HRC)

Minimum hardness of core 
at root (D):
Nitralloy 135, 135 M 31 HRC 34 HRC

Nitralloy N 37 HRC 40 HRC
31 Cr Mo V 9 28 HRC 32 HRC
AISI 4140, 4340 30 HRC 34 HRC

Note: 1. This table shows a partial list of the required magnetic particle specifications. Data are for small gears 
heavily loaded or medium-large gears with low enough loading to permit nitriding.

 2. Details of acceptable and unacceptable decarburization can be shown by examples of plots of case hard-
ness versus case depth.

 3. Maximum case hardness is generally 800 HKN (63 HRC), but it may be specified lower to ensure that 
the draw treatment after final hardening lowers the hardness slightly and increases the impact strength.

 4. The maximum core hardness is generally HRC 41, but it may be made slightly lower to better control the 
residual stress pattern.
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 4. Use a portion of a toothed gear (or a whole gear) as a heat-treat sample, when a 
batch of gears is done.

 5. Do laboratory work on the furnace samples after carburizing or nitriding.
 6. Inspect finished gears for cracks and possible improper surface condition by non-

destructive methods.

6.3  Cast Irons for Gears

Cast iron has long been used as a gear material. It has special merit, and some disadvan-
tages, derived from its inherent structure and resulting properties. The gray cast irons, 
especially the alloyed types commonly used for gears, range in strength up to that of low-
hardness steel. A newly developed cast iron with spheroidal graphite extends well into the 
strength range of heat-treated steels.

Cast irons differ from steel in both composition and structure. Their carbon content usu-
ally ranges from 2.5% to 4%, whereas gear steels contain substantially less than 1% carbon. 
The resulting structural differences, however, are most important. In cast irons as a class, 
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FIGURE 6.22
Metallurgical examples, nitrided gears. (a) Case structure, thin white layer. Acceptable for grade 2 by honing off 
white layer. (b) Case structure, thicker white layer but acceptable for grade 1 without removal. (c) Continuous 
grain boundary nitrides. Not acceptable for grade 1. (d) 4340 core structure, acceptable for grade 2 (or grade 1). 
(e) Nitralloy core structure, acceptable for grade 1 but not for grade 2. (f) 4340 core structure, not acceptable for 
grade 1 or 2.
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the carbon is predominantly in the free, or graphitic, state, with only a small proportion 
in the combined, or pearlitic, form. Steels normally contain only the combined form of 
carbon.

It is the amount, form, size of the graphite in cast iron that are responsible for is charac-
teristic combination of properties. From the standpoint of mechanical properties, graphite, 
being weak in itself, reduces ductility, strength, elasticity, and impact resistance; however, 
on the other hand, it increases the ability of cast iron to damp vibrations and noise. The 
graphite also helps cast-iron gear teeth to operate with scanty lubrication.

6.3.1  Gray Cast Iron

Gray cast irons, either plain or alloyed, are characterized by graphite in the flake form. 
These flakes act as a source of stress concentration, breaking the continuity of the steel-like 
matrix. Figure 6.23 shows the characteristic structure of gray cast iron in comparison with 
other cast irons.

As cast iron solidifies and cools in the mold, metallurgical changes occur that are simi-
lar in many respects to those discussed in the heat treatment of steel. In fact, the mold 
cooling conditions should be considered a heat treatment—the only one that many gray 
irons ever receive. The size and distribution of flake graphite are controlled by the rela-
tionship between composition and section size, and by several phases of foundry practice. 
The matrix behaves like steel, and therefore the composition defines the extent of harden-
ing under given cooling conditions. Light sections that cool rapidly are inclined to freeze 
“white,” with the carbon in the form of iron carbide (cementite). Higher carbon and silicon 
inoculation, and nickel and copper additions, reduce the chilling power and produce gra-
phitic and machinable structures in light sections. High carbon and silicon alone, however, 

(a)

(b) (c)

FIGURE 6.23
Comparison of structures (all unetched, 250×). Dark particles are graphite. (a) Gray iron. (b) Malleable iron. 
(c) Ductile iron.
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are likely to produce large flakes and weak structures in heavy sections, and so castings 
with heavy sections are usually made from controlled and inoculated nickel irons.

A pearlitic matrix is highly desirable for a high-strength, wear-resistant iron, and the 
usual alloying elements—nickel, molybdenum, and copper—are used to increase the abil-
ity of gray-iron matrix to harden to this structure either in the mold or by subsequent heat 
treatment.

Gray iron has a low modulus of elasticity, varying with the strength level, that ranges 
from one-third to two-thirds that of steel. For gearing, this is an advantage since it tends to 
reduce the compressive stress (hertz stress) developed by a given tooth load. It also tends 
to reduce slightly the beam strength because the teeth bend more and there is more shar-
ing of load. Gray iron is so brittle, though, that it should not be considered in gears subject 
to serve shock.

AGMA  2004-B89, the Gear Materials Manual, gives a wide range of data on steel, cast 
irons, and certain nonferrous materials. This standard is in the process of revision and, 
therefore, can be expected to soon have even more and better data than it now has. Gear 
designers should keep abreast of this work and use the many items of information about 
trade practices, test bars, normal acceptance limits, etc. In Tables 6.15 through 6.17 some 
general data have been given as a guide, but no attempt will be made to cover the whole 
range of data now available (or soon to become to available).

Table 6.15 shows the classes of gray cast iron and their data for minimum hardness and 
minimum tensile strength.

Alloy cast irons are needed as size increases and as the part complexity in section thick-
ness increases. Table 6.16 shows some typical alloy cast iron compositions and the expected 
modulus of elasticity.

The nominal properties of malleable cast iron are given in Table 6.17. This kind of cast 
iron will take much more shock than gray cast iron. Note the elongation values.

6.3.2  Ductile Iron

Up until 1948 malleable iron was the only type of cast iron available that would provide 
a useful degree of toughness or ductility. In malleable iron, the free graphite forms from 
white iron during annealing in clusters of tiny flakes. Malleable iron, as compared with 
gray iron, has ductility and better yield and elastic properties. Malleable iron has not been 
used widely for gears, however, because of its poor wear resistance and limitation to parts 
of relative light section size.

TABLE 6.15

Classes of Gray Cast Iron and Approximate Data for Hardness 
and Ultimate Tensile Strength

Class No.
Brinell Hardness, 

Minimum
Tensile Strength, psi, 

Minimum

20 155 20,000
30 185 30,000
35 205 35,000
40 220 40,000
50 250 50,000
60 285 60,000
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Production of iron with true spheroidal graphite in the as-cast condition was announced 
in 1948. The material is variously referred to as ductile iron, spheroidal-graphite iron, or nodu-
lar iron. Figure 6.23, which shows flake graphite in gray iron and spheroidal graphite in 
ductile iron, clearly demonstrates that the term nodular iron is not a completely accurate 
term to describe the new material.

The spheroidal form of graphite, furthermore, provides a material with a different com-
bination of properties than is possible with malleable iron. Ductile iron may be made by 
treating a low-phosphorus gray-iron base composition with a magnesium or equivalent 
additive. It has tensile strength ranging from 60,000 to 180,000 psi, yield strength from 
45,000 to about 150,000, and elongation up to 25%. The modulus of elasticity is about 
24 × 106 psi. The standard grades now listed are shown in Table 6.18.

Ductile iron can be made with a high carbon content and still have low carbide content. 
It is, therefore, not surprising that both its machinability and its wear resistance are excel-
lent. The combination of (a) strength, (b) toughness, (c) wear and fatigue resistance, and 
(d) susceptibility to heat treatment offered by ductile iron, has been of considerable interest 
to gear designers. This material has been used to advantage in applications formerly filled 
by carbon and alloy through-hardened steels, flame-hardened steel, gray cast iron, and 
gear bronze.

TABLE 6.16

Data on Alloy Cast Irons

Class No.

Composite Range
Modulus of Elasticity, 

psi, MinimumNickel Molybdenum Chromium

30 0.5–1.0 Optimal 0.2–0.4 14 × 106

40 1.0–2.0 Optimal 0.3–0.5 16 × 106

50 1.5–2.0 0.3–0.4 Optimal 18 × 106

60 2.0–2.5 0.4–0.5 0.20 Maximum 20 × 106

70 2.5–3.0 0.5–0.6 0.20 Maximum 22 × 106

80 3.0–3.5 0.6–0.7 0.20 Maximum 24 × 106

TABLE 6.17

Mechanical Properties of Malleable Iron

Commercial 
Designation

Typical Brinell 
Hardness Range

Tensile Strength, 
psi, Minimum

Yield Strength, 
psi, Minimum

Elongation in 2 in., 
%, Minimum

40010 160–210 60,000 40,000 10.0
43010 160–210 60,000 43,000 10.0
45007 165–220 65,000 45,000 7.0
48005 180–230 70,000 48,000 5.0
50005 180–230 70,000 50,000 5.0
53007 195–240 75,000 53,000 4.0
60003 195–245 80,000 60,000 3.0
70003 205–265 85,000 70,000 3.0
80002 240–270 95,000 80,000 2.0
90001 265–305 105,000 90,000 1.0
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6.3.3  Sintered Iron

The art of making metal parts from powdered metals, or sponge metal, is not new. The 
ancient Egyptians forged tools from sponge iron. Platinum wire was made in the 19th 
century from sponge platinum powder.

The art of powder metallurgy is applied to the making of structural parts, in direct con-
nection with other methods of manufacture. Improvements in the process have made it 
possible to make many parts by this method, which can compete successfully with other 
methods of fabrication on the strength of cost. Gears made from pressed and sintered iron 
powder have been made by the millions for such low-cost pieces of machinery as washing 
machines and food mixtures.

The usual base material for sintered gears is iron or brass metal powders, but when 
used alone these metals have inherently low strength. They are suitable only for light-duty 
gearing, for example, in timing devices, small appliances, or toys. Copper-impregnating 
pressed-iron gears, though, can considerably increase their strength. The impregnation is 
accomplished by putting a small piece of copper on top of a sintered-iron gear and then 
heating the gear in an atmosphere-controlled furnace so that molten copper soaks through 
the porous sintered gear. The copper fills the voids and bonds the material into a strong 
structure.

Generally accepted trade standards for the composition of powder-metal products have 
not yet been established. Table 6.19 shows the composition and strength of sintered metals 
commonly used for gears.

Because of the limitations of die design, only spur gears have been made in large quan-
tities by the powder-metal process. Helical gears can be made if the helix is not too large 

TABLE 6.18

Typical Properties of Different Grades of Ductile Iron

Commercial 
Designation

Recommended Heat 
Treatment

Brinell 
Hardness 

Range

Tensile 
Strength, psi, 

Minimum

Yield 
Strength, psi, 

Minimum

Elongation in 
2 in., %, 

Minimum

60-40-18 Annealed 140–180 60,000 40,000 18.0
65-45-12 As cast or annealed 150–200 65,000 45,000 12.0
80-55-06 Quenched and tempered 180–250 80,000 55,000 6.0
100-70-03 Quenched and tempered 230–285 100,000 70,000 3.0
120-90-02 Quenched and tempered 270–330 120,000 90,000 2.0

TABLE 6.19

Typical Sintered Metals Used for Gears

Type

Tensile Strength, psi % Elongation

As Sintered
Copper-

Impregnated As Sintered
Copper-

Impregnated

Alloy A (iron, 7.5 % copper) 35,000 70,000 0.8 1.0
Alloy B (iron, 1.0 % copper) 35,000 85,000 0.8 1.0
Alloy C (iron) 20,000 60,000 15 20
Alloy D (80% iron, 20% copper) 30,000 – 20 –
High strength (1% carbon, 17% copper) 
balance iron

– 85,000 – 1.0
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an angle. Blanks for any kind of gear can be made by sintering if the teeth are cut after 
sintering. There is not much incentive to do this, though, as the biggest cost saving in the 
sintering process comes from finishing the part by sintering and avoiding the cost of gear 
tooth cutting.

Sintered gears can carry moderately heavy loads at fairly fast speeds. They resist wear 
very well, and they are easy to lubricate.

6.4  Nonferrous Gear Metals

The metals copper, zinc, tin, aluminum, and manganese are used in various combinations 
as gear materials. The most important, perhaps, is the alloy called bronze.

The bronzes have become a widely used family of materials for gears, largely because 
of their ability to withstand heavy sliding loads. Like cast iron, bronzes are easy to cast 
into complex shapes, while certain types are available in wrought forms. Because bronze 
casting as a rule will be more expensive than cast iron, the designer will select the mate-
rial primarily for its ability to meet special service requirements. Most gear designers are 
of the opinion that bronze will withstand high-speed rubbing—such as in a worm gear 
set—better than cast iron. When the best tin bronzes are compared with the best gray cast 
irons, the bronzes indeed seem to be superior as a “bearing” material, although individual 
tests have been recorded in which certain bronzes were found inferior to some cast irons. 
Even in low-speed applications, bronze may be the most desirable material. Although the 
tables of hobbing machines do not turn very fast, experience indicates that higher table 
speeds can be used without danger of scoring when the hobbers have bronze index wheels 
than when they have cast-iron wheels.

The value of bronze as a bearing material seems to depend on the fact that the micro-
structure of the material is made up of two phases, one hard and one soft. It is believed 
that, when a bronze gear or bearing wears into good contact, the hard constituent of the 
microstructure has become aligned to fit the rubbing surface and to carry the bearing load. 
The softer constituent has been soft enough to allow this aligning process to occur.

A number of special alloys are used for die-casting gears. In this type of work, a low-
melting-point material with good casting characteristics is essential. Zinc-based alloys 
such as SAE alloy 903 are very popular. This alloy contains about 4% aluminum and 
about 0.04% magnesium, with the remainder zinc. It melts at about 700°F and has a tensile 
strength of around 40,000 psi. Aluminum-based die castings have about the same tensile 
strength, but they weigh only about 40% as much as the zinc castings. Their melting point 
is around 1100°F. A good composition for gear work is the aluminum alloy with 10% sili-
con and 0.5% magnesium.

6.4.1  Kinds of Bronze

Like the terms “steel” and “cast iron,” “bronze” is really the name of a family of materi-
als that may vary over a wide range of composition and properties. A bronze family is an 
alloy of copper and tin, as compared with “brass,” which is an alloy of copper and zinc. 
In practice, however, certain bronzes contain both tin and zinc, and the aluminum and 
manganese bronzes, for example, may contain very little or no tin. It might have been less 
confusing if these had been called brasses.
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The basic bronze is an alloy of 90% copper and 10% tin that exhibits the desired two-
phase structure. The best strength and bearing properties are developed if the hard and 
soft constituents are finely and intimately dispersed. This is usually accomplished by care-
fully chilling the casting. See Figure 6.24a for the “delta” constituent.

Zinc is added to copper–tin bronze to increase strength, but at the expense of some bear-
ing properties. Nickel also increases strength and has a further beneficial effect on hard-
ness and uniformity of structure.

Lead added to bronze does not combine with the base metal but remains distributed 
throughout the casting to act as a solid lubricant, much as graphite does in cast iron. See 
Figure 6.24b for lead particles in bronze.

Lead is weak; therefore, it softens and weakens the bronze but improves machinability 
and allows quicker wearing in with a mating part. If bronze is not melted with the proper 
techniques, the tin may oxidize, and very hard crystals of tin may form. These may be as 
destructive to the bearing surface as emery added to the lubricant! Proper deoxidation 
will prevent this danger. The tin bronzes deoxidized with phosphor are usually the best 
for gear applications. The term phosphor bronze literally means a bronze deoxidized with 
phosphor.

Aluminum bronzes are more complex than the copper-tin grades and may not have 
such good bearing properties. These alloys have a high strength as cast, however, and the 
strength can be increased by heat treatment. Aluminum bronzes have been used in many 
gear applications where sliding velocity is not high.

Manganese bronzes have high zinc content along with smaller amounts of manganese, 
iron, and aluminum. Their strength far exceeds that of the tin bronzes. Super-manganese 
bronze has a tensile strength above 100,000 psi. With steel worms of 300 or more Brinell 
hardness, it makes about the strongest worm gear combination that can be obtained for 
slow-speed applications, outside of using steel on steel.

Manganese bronzes are also available as forgings or as cold-drawn or extruded bars. The 
wrought-manganese bronze has lower alloy content and strength than the super- manganese 
bronze, but has surprisingly good bearing properties. Some worm gear applications with 
rubbing speeds of up to 50 m/s (10,000 fpm) have been handled with wrought-manganese 
bronze. It is also suitable for many low-speed, heavy-load applications.

Silicon-alloy bronzes are available in both cast and wrought forms. Silicon increases 
strength only moderately in the cast grades, while the wrought forms can be further 

(a) (b)

FIGURE 6.24
Two typical tin-based worm gear bronzes (both 250×). (a) Etched phosphor bronze. Light islands are “delta” 
constituent, hard particles in structure. (b) Unetched lead bronze.
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strengthened and hardened by cold drawing. There has been only limited use of silicon 
bronze for gears.

Table 6.20 shows some of the nominal compositions, tensile properties, and uses of the 
several kinds of bronze. It should be understood that there are a host of other bronzes that 
differ somewhat in composition from the typical kinds shown in the table. The strength 
and hardness values shown are average values. There is a considerable spread in properties 
for each composition, depending on the size of the part, the rate of cooling of the casting, 
and the quality of the bronze.

6.4.2  Standard Gear Bronzes

At the present time, three kinds of copper–tin bronzes are specified as standard materials 
by AGMA for use in worm gear applications. AGMA standard 2004-B89 shows material for 
cast-bronze gear blanks. Besides copper–tin bronzes, aluminum bronzes and manganese 
bronzes are shown. The compositions are not given, but expected physical properties are.

Many organizations other than AGMA have set up standards on bronze. The situation is 
somewhat confusing because there are no standards that are accepted by all bronze users. 
Frequently contracts will specify that bronze parts are to be made of some kind of bronze 
that may not be appropriate for the kind of gearing that is required. In such cases, the 
gear designer should obtain approval to substitute an appropriate gear bronze. Some of 
the organizations that have set up bronze standards are the U.S. Navy Department, Naval 

TABLE 6.20

Types of Gear Bronzes and Typical Examples of Each Type

Type Composition, % Strength,a psi HB (500 kg) Uses

Bronze 
(zinc-deoxidized)

Cu 88, Sn 10, Zn 2 ult. 46,000
y.s. 19,000
e.l. 12,000

65 Spur, bevel, worm 
gears

Phosphor bronze 
(chill-cast)

Cu 88, Sn 10, Pb 0.25 ult. 50,000
y.s. 22,000

85 Medium-speed 
worm gears

Nickel-phosphor 
bronze (chill-cast)

Cu 88, Sn 10.5, Ni 1.5, 
Ph 0.2

ult. 55,000
y.s. 28,000

90 Medium-speed 
worm gears

Lead phosphor 
bronze (sand-cast)

Cu 87.5, Sn 11, Pb 1.5 ult. 50,000
y.s. 22,000

75 High-speed worm 
gears

Aluminum bronze 
(sand-cast)

Cu 89, Al 10, Fe 1 ult. 65,000
y.s. 27,000
e.l. 20,000

120 Spur, bevel, 
low-speed worm 
gears

Aluminum bronze Same as above but 
heat-treated

ult. 95,000
y.s. 60,000
e.l. 50,000

210 Heavy-duty 
low-speed gears

Super-manganese 
bronze (sand-cast)

Cu 64, Zn 23, Fe 2.75, 
Mn 3.75, Al 6.75

ult. 110,000
y.s. 70,000
e.l. 52,000

236 Heavy-duty 
low-speed gears

Manganese bronze 
(forged)

Cu 58, Zn 37.5, Al 1.5, 
Mn 2.5, Si 0.5

ult. 75,000
y.s. 40,000

135 Moderate-load 
gears. Small 
high-speed gears

Silicon bronze 
(sand-cast)

Cu 95, Si 4, Mn 1 ult. 45,000
y.s. 20,000

80 Low-speed gears or 
moderate load

a ult., ultimate strength; y.s., yield strengths; e.l., elastic limit.
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Aircraft Factory, U.S. Air Corps, Society of Automotive Engineers, and American Society 
of Testing Materials.

6.5  Nonmetallic Gears

In early times, gears were often made of wood. At present, few wooden gears are made 
(see Appendix A). A large quantity of “nonmetallic” gears is used, however. The modern 
use of nonmetallic gears goes back to the early 1900s, when John Miller conceived the idea 
of making a gear out of textile fibers held in a state of compression. He patented his idea 
in 1913. His original gears were made by taking layers of canvas cloth or nonwoven fabric 
and pressing them between steel plates. The steel plates were bolted together to hold the 
canvas in a state of compression. Later on, fibers were used instead of cloth, and the gear 
blank was impregnated with oil. The gear was sold under the tradename Fabroil®.

For several years Fabroil, which was made of textile fibers, was the only type of nonme-
tallic gear in general use. Then another type of nonmetallic gear, made with phenolic resin, 
appeared on the market. Phenolic resins—such as the Bakelite invented by Dr. Bakeland—
were adopted as a means of holding textile fibers in compression. In these gears, layers of 
cloth were bonded together with a phenol–formaldehyde resin binder. After processing, 
the gear blank becomes a solid structure that does not require metal shrouds and steel 
studs to hold it together, as Fabroil did.

The cotton–phenolic type of gear belongs to a general class of material called thermo-
setting laminates. In addition to the laminates, several other plastic materials are used for 
gears. Bakelite and similar plastics are used to injection-mold complete toothed gears. 
These materials do not have the strength of the laminates, but they are inexpensive and 
easy to manufacture, and so suitable when large quantities of small, light-duty gears are 
needed.

Later, several remarkable new plastics have been appeared on the market. Nylon, for 
instance, had high strength for a plastic and possesses some good gear properties. Delrin 
and several other plastic gears are commonly used. (See Table 6.21 for general families of 
nonmetallic gears.)

6.5.1  Thermosetting Laminates

A wide variety of sheet materials, such as paper, asbestos, cotton fabric or mat, wood 
veneer, nylon fabric, and glass fabric, may be used in making laminates. The binders may 
be phenolic resins, melamine resin, or silicones. The laminates used for gears are generally 
of cotton fabrics, although paper is used occasionally.

Laminates are made by coating the sheet material with the liquid binder. After drying, 
the sheets are cut, stacked between metal plates, and bounded to form a board under a 
pressures of 1000 to 2500 psi at a temperature between 270°F and 350°F. Such a board will 
show directional properties because the components differ in strength from one direction 
to another.

The teeth of gears cut from these prelaminated boards will differ in strength, depend-
ing on the position of the teeth with respect to the grain of the board. When the highest 
strength is needed, it is possible to prepare special gear blanks with the fibers for the lami-
nate running in all possible directions. Then all teeth will have equal strength.
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The laminates are sold under a variety of trademarks. Compositions and properties vary 
considerably. Table 6.21 shows typical properties for several kinds of nonmetallic gears, 
including phenolic laminates.

Phenolic-laminated material has several characteristics that make it attractive for gear-
ing. Being nonmetallic, it runs quietly even when meshed with a steel pinion. Nonmetallic 
gears show very little tendency to vibrate or respond to vibrations.

Nonmetallic gears weigh only about one-fifth to one-sixth as much as steel gears of the 
same size. Even though their strength is only from one-tenth to one-thirteenth that of steel, 
it is possible, in some applications, to have nonmetallic gears carry about the same load as 
a cast-iron gear or low-hardness steel gear of the same size. If both the steel gear and the 
nonmetallic gear are made to commercial accuracy limits, the effect of tooth errors on the 
steel gear set is much greater because the teeth deform less under load, and so small errors 
create severe dynamic overloads in the steel gear teeth. The nonmetallic gear deforms 
about 30 times more than steel. This ensures good sharing of load between teeth and a low 
hertz stress as a result of the wide contact band.

Laminated nonmetallic gears have been run together in some applications with only 
water used as a lubricant. A steel pinion and a laminated gear will often run with less 
lubrication than a pair of steel gears.

In designing nonmetallic gears, the relatively large tooth deflection creates a problem. 
The driven gear—because of deflection—has a tendency to gouge the driver at the first 
point of contact. If the driver is a steel or cast-iron gear, this problem is not serious because 
the nonmetallic driven gear does not have enough hardness to gouge the hard metal. If 
the driven gear is steel, the gouging tendency can be controlled fairly well by making the 
driver with a very long addendum and the driven gear with little or no addendum.

For highest load capacity, nonmetallic gears are mated with steel or cast-iron gears. The 
best wear resistance is obtained when the metal gear of the set has a hardness of 300 
Brinell (or more).

In selecting a phenolic laminate, the pitch should be considered. When the teeth are 
1.5 module (16 pitch) or coarser, a 15 oz/yd2 tightly woven duck is about right. Teeth of 

TABLE 6.21

Physical Properties of Nonmetallic Gears

Property Polycarbonate Polyamide Acetal

Phenolic Fabric, LE

Crosswise Lengthwise

Tensile strength, psi × 103 9–10.5 8.5–11 10 9.5 13.5
Flexural strength, psi × 103 11–13 14.6 14 13.5 15
Elongation, % 60–100 60–300 15–75 – –
Impact strength, ft-lb per in. 12–16 0.9–2.0 1.4–2.3 1.00 1.25
Water absorption, % per 24 h 0.3 1.5 0.4 See Note 2
Coefficient of thermal linear 
expansion, °F, in. per in. per °F

3.9 5.5 4.5 1.1 –

Heat resistance, °F (continuous) 250–275 250 – 250 –
Representative trade names Lexan Nylon, Zytel Derlin Prenolite, Textolite

Source: General Electric Company, Plastic Division, Pittsfield, MA, USA.
Note: 1. The tabulated data are average values and should not be used for specifications.
 2. The water absorption percentages for phenolic fabric are as follows: 1/8″, 1.3; 1/4″, 0.95; 1/2″, 0.70; and 

1″ up to 0.55.
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1 module (24 pitch) require a fabric base of about 6.5-oz duck. Finer-pitch gears use about 
3-oz fine cambric.

Laminated nonmetallic gears have been used in a wide variety of applications. A few 
typical applications are air compressors, automotive timing gears, shoemaking machinery, 
electric clocks, and household appliances, bottling machinery, and calculating machinery. 
When mated with a good steel gear, sliding velocities up to about 15 m/s (3000 fpm) can be 
handled. Figure 6.25 shows a gear after testing at 40 m/s (8000 fpm).

6.5.2  Nylon Gears

One of the newer gear materials is nylon. This versatile plastic material has surpris-
ingly high strength for a molded plastic. It has good bearing properties and considerable 
toughness.

Nylon may be injected-molded to form a complete toothed gear, or it may be molded 
in the form of rods or sheets from which gears may be machined. The best accuracy is 
obtained when the teeth are cut. The lowest cost, of course, is obtained when the complete 
part is molded.

A commonly used nylon for gears is the du Pont material FM-10001. Some of the proper-
ties of this material are shown in Table 6.22.

FIGURE 6.25
Phenolic laminated gear with a steel hub, after testing at a pitch-line velocity of 40 m/s (8000 fpm). (From 
General Electric Co., Lynn, MA, USA.)

TABLE 6.22

Some Properties of FM-10001 Nylon

Tensile Strength:

At −70°F 15,700
At 77°F 10,000
At 170°F 7,600

Modulus of elasticity, at 77°F 400,000
Rockwell hardness (R) 118
Specific gravity 1.14
Mold shrinkage, in. per in. 0.015
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The values in Table 6.22 indicate that nylon has almost as much strength as the best lami-
nates. Its weight is slightly less than that of the laminates. Nylon will deform under load 
about 75 times as much as steel!

One of the attractive features of nylon gears is their ability to operate with marginal 
lubrication. Small nylon gears have been able to run at high speed under light load with 
no lubricant at all. This is important in some applications, for example, where a lubricant 
would soil the yarn or film in a machine. Nylon gears have worked well in may gear 
applications, such as in movie cameras, textile machines, food mixers, and timing devices. 
In some cases, it has been reported that nylon did not stand up well. It is proven by tests 
that nylon gears are capable of running at 40 m/s (8000 fpm) pitch-line velocity and tooth 
loads up to those carried by low-hardness steel gears. This indicates that nylon—when 
properly processed into a well-designed gear—is a surprisingly good gear material (see 
Figure 6.26).

FIGURE 6.26
Solid nylon gear after testing at pitch-line velocity of 40 m/s (8000 fpm) and overload rating. (From General 
Electric Co., Lynn, MA, USA.)
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7
Gear-Manufacturing Methods

The many methods of making gear teeth must be considered by the gear designer. The size 
and geometric shape of the gear or pinion must be within the capacity range of some machine 
tool. If the lowest competitive cost is to be obtained, then the gear designer must make the gear 
of a size, shape, and material that will permit the most economical method of manufacture.

The purpose of this chapter is to review all the commonly used methods of making gears. 
Illustrative data concerning the sizes and kinds of machine tools now available on the market 
will be given. Design limitations for each method of manufacture will be discussed so that the 
gear designer will have at least a general idea of what can be done by each method. Some data 
will be given on how fast gears can be made by each method. This is a controversial subject. 
The reader should use the data given with caution. They will not fit all situations.

A subject like gear-manufacturing methods is broad enough to require several books.* 
In this chapter it will be possible to tell only a small part of the story. Further information 
may be found in the references at the end of the book.

Gear-manufacturing terms used in this chapter are defined in the glossary (Table 7.1).
Figure 7.1 shows a broad outline of the methods used to make gear teeth. Methods that are 

geometrically similar are grouped together. This figure shows that the gear designer will have 
to evaluate a large number of methods to choose the most suitable method for each job.

7.1  Gear Tooth Cutting

A wide variety of machines are used to cut gear teeth. As shown in Figure 7.1, there are four 
more or less distinct ways to cut material from a gear blank so as to leave a toothed wheel after 
cutting. The cutting tool may be threaded and gashed. If so, it is a hob, and the method of cut-
ting is called hobbing. When the cutting tool is shaped like a pinion or a section of a rack, it will 
be used in a cutting method called shaping. In the milling process, the cutting tool is a toothed 
disk with a gear tooth contour ground into the sides of the teeth. The fourth general method 
uses a tool, or series of tools, that wraps around the gear and cuts all teeth at the same time. 
Methods of this type are broaching, punching, and shear cutting.

7.1.1  Gear Hobbing

Spur, helical, crossed-helical (spiral), and worm gears can be produced by hobbing. All 
gears but worm gears are cut by feeding the hob across the face width of the gear. In the 
case of worm gears, the hob is fed either tangentially past the blank or radially into the 
blank. Figure 7.2 shows how a hob forms teeth on different kinds of gears.

* The interested reader may wish to go for details on gear-manufacturing methods to Radzevich (2010), Gear 
Cutting Tools: Fundamentals of Design and Computation, CRC Press, Boca Raton, Florida, 2010, 786 pages.
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TABLE 7.1

Glossary of Gear Manufacturing Nomenclature

Term Definition

Broaching A machining operation that rapidly forms a desired contour in a working surface by moving a 
cutter, called a broach, entirely past the workpiece. The broach has a long series of cutting 
teeth that gradually increase in height. The broach can be made in many different shapes to 
produce a variety of contours. The last few teeth of the broach are designed to finish the cut 
rather than to remove considerably more metal. Broaches are often used to cut internal gear 
teeth, racks, and gear segments on small gears, and usually are designed to cut all teeth at the 
same time.

Burnishing A finishing operation that polishes a surface by rubbing.
Casting A process of pouring molten metal into a mold so that the metal hardens into desired shape. 

Casting is often used to make gear blanks that will have cut teeth. Small gears are frequently 
cast complete with teeth by the die-casting process, which uses a precision mold of tool steel 
and low-melting-point alloys for the gears.

Drawing A metal forming process used to make gear teeth on a small-diameter rod by pulling the rod 
through a small gear-shaped hole.

Extruding A process that uses extreme pressure to push solid metal through a die of the desired shape.
Generating Any gear-cutting method in which the cutter rolls in mesh with the gear being cut. A 

generating method allows a straight-sided cutter to cut a curved involute profile in the gear 
blank. 

Grinding A process that shapes the surface by passes with a rotating abrasive wheel. Grinding is not 
practical way to remove large amounts of metal, so grinding is used to make very fine-pitch 
teeth, or to remove heat-treat distortion from large gears that have been cut and then fully 
hardened. Many different kinds of grinding operations are used in gear manufacture.

Hobbing A precise gear-tooth-cutting operation that uses a threaded and gashed cutting tool called a 
hob to remove the metal between the teeth. The rotating hob has a series of rack teeth 
arranged in a spiral around the outside of a cylinder (see Figure 8.9), so it cuts several gear 
teeth at one time.

Lapping A polishing operation that uses an abrasive paste to finish the surfaces of gear teeth. Generally 
a toothed, cast-iron lap is rolled with the gear being finished.

Milling A machining operation that removes the metal between two gear teeth by passing a rotating 
cutting wheel across the gear blanks.

Molding A process like casting that involves filling a specially shaped container (the mold) with liquid 
plastic or metal so that the material has the shape of the mold after it cools. Injection-molding 
machines use high pressure to force the hot plastic into steel gear molds.

Punching A fast, inexpensive method of producing small gears from thin sheets of metal. The metal is 
sheared by a punching die that stamps through the sheet stock into a mating hole.

Rolling A process that rapidly shapes fine gear teeth or worm threads by high pressure rolling with a 
toothed die.

Shaping A gear-cutting method in which the cutting tool is shaped like a pinion. The shaper cuts while 
traversing across the face width and rolling with the gear blank at the same time.

Shaving A finishing operation that uses a serrated gear-shaped or rack-shaped cutter to shave off small 
amounts of metal as the gear and cutter are meshed at an angle to one another. The crossed 
axes crate a sliding motion that enables the shaving cutter to cut.

Shear cutting A rapid gear-cutting process that cuts all gear teeth at the same time using a highly specialized 
machine. This method of cutting gear teeth is no longer used very frequently.

Sintering A process for making small gears by pressing powder metal into a precision mold under great 
pressure and then baking the resulting gear-shaped briquette in an oven. Sintering is 
cost-effective only for quantity production because the molds and tools are very expensive.

Stamping Another word for punching.
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A wide variety of sizes and kinds of hobbing machines are used. Machines have been 
built to hob gears all the way from less than 2 mm to over 10 m (3/32 to 400 in.) in diameter. 
Large double-helical gears are frequently hobbed with double-stanchion machines. These 
hobbers use two cutting heads 180° apart to cut both helices at once. Figures 7.3 through 
7.5 show several examples of hobbing.

Methods to make gear teeth
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FIGURE 7.1
Outline of methods of making gear teeth.

Hob feed Hob feed
Hob taper

Depth
of finished

teeth

Cross feed Tangential feed Radial feed

Depth
of finished

teeth

Hob  feed

FIGURE 7.2
Comparison of different kinds of hobbing.
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In designing gears to be hobbed, a number of things must be considered. A hob needs 
clearance to “run out” at the end of the cut. If the gear teeth come too close to a shoulder 
or other obstruction, it may be impossible to cut the part by hobbing. If the gear is double 
helical, a gap must be left between the helices for hob runout. The method of calculating 
the width of this gap is given in Section 8.2. If it is not possible to use the narrowest pos-
sible gap, the values shown in Table 7.2 may be used.

Some large hobbers do not have centers to mount the work. In such cases, the gear is 
normally clamped on its rim. This makes it necessary to provide rim surfaces that are true 
with the journals of the part. Most of the smaller hobbing machines mount the work on 
centers. If the part does not have shaft extensions with centers, it is necessary to provide 
tooling so that the part can be mounted on a cutting arbor with centers.

The hobbing process is quite advantageous in cutting gears with very wide face widths 
or gears that have a toothed section that is integrated with a long shaft. A very high 
degree of tooth-spacing accuracy can be obtained with hobbing. High-speed marine and 

FIGURE 7.3
Tapered hob ready to finish-cut a small helical gear. This picture shows gear hobbing basics.

FIGURE 7.4
Large coupling hub with external spur teeth that has been precision-hobbed on medium-sized hobbing 
machine. (From Sier-Bath Gear Col Inc., North Bergen, NJ, USA.)
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industrial gears with pitch-line speeds in the range of 15 to 100 m/s (3,000–20,000 fpm) and 
diameters up to 5 m (200 in.) are very often cut by hobbing. A few large mill gears up to 
10 m (400 in.) in diameter are hobbed. (These are not high-speed gears.)

Gears can be finished by setting the hob to full depth and making only one cut. Where 
highest accuracy is desired, it is customary to make a roughing and finishing cut. The rough-
ing cut removes almost all the stock. The finishing cut may remove from 0.25 to 1.00 mm 
(0.010–0.040 in.) of tooth thickness, depending on the size of the tooth.

The time required to make a hobbing cut can be calculated from the following formula:

 Hobbing time, min
no. of gear teeth (face gap)

n
=

× +
oo. of hob threads feed hob rpm× ×

 (7.1)

FIGURE 7.5
Large hobbing machine used to cut precision gears for large ships. (From General Electric Co., Lynn, MA, USA.)

TABLE 7.2

Nominal Gap Width

Tooth Size Hob Diameter

Gap Width

15° Helix 30° Helix 45° Helix

Module, 
Normal

Normal 
Diametral Pitch mm in. mm in. mm in. mm in.

1.25 20 48 1.875 16 0.625 19 0.75 19 0.75
1.60 16 64 2.50 22 0.875 26 1.00 26 1.00
2.50 10 76 3.00 32 1.250 38 1.50 38 1.50
3.00 8 76 3.00 35 1.375 48 1.875 48 1.875
4.00 6 89 3.50 45 1.750 51 2.00 57 2.25
6.00 4 102 4.00 57 2.250 70 2.75 83 3.25
8.00 3 115 4.50 73 2.875 89 3.50 105 4.125
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The reason for adding the gap to the face width is the fact that a hob has to travel a cer-
tain distance in going into the cut and coming out of the cut. This extra travel happens to 
equal the amount of space that is necessary for the gap between helices. Equation 7.1 works 
with either millimeters or inches for face and feed.

In the past it was quite customary to use single-thread hobs for finish and single- or 
double-thread hobs for roughing. Single-thread hobs give the best surface finish and tooth 
accuracy. In many cases, though, multiple-thread hobs are used for both roughing and fin-
ishing. When gears are shaved or lapped after hobbing, surface finish in hobbing is not quite 
so important. If the gear has enough teeth and they are not an even multiple of the number 
of the hob threads, hobs with as many as five or seven threads may be quite profitably used. 
For best results there should be about 30 gear teeth for each hob thread. This would mean 
that a five-thread hob would not be used to cut fewer than 151 gear teeth. For commercial 
work of moderate accuracy, the number of gear teeth may be as low as 15 per hob thread.

Hobbing feeds and speeds depend on how well the gear material cuts, the accuracy 
desired, the size of the gear, and the strength of the hobbing machine. Table 7.3 shows 
representative values for three classes of work. The conservative values show what would 
be used when best accuracy was needed. The high-speed values are about the highest that 
can be obtained when machine and hob design receive special attention, and accuracy is 
not the most important thing. The size of hob will depend on the pitch. Section 8.2 shows 
standard hob sizes for different pitches.

Table  7.3 is based on a low-hardness steel of 100% machinability. For different hard-
nesses, the cutting speed should be reduced about as indicated in Table 7.4.

Table 7.4 is based on hobbers of rugged design cutting parts well within the machine 
capacity. In many cases it is necessary to reduce feeds and speeds to about 60% of the values 
given to reduce wear on the hob caused by machine vibration.

In the 1960s and 1970s and in later years many advancements were made in machine-
tool and cutting-tool designs. The art of gear cutting made notable improvements in both 
the accuracy and production rates that could be achieved. Also the diversity of equipment 
and methods became much greater than it was in earlier years. It is not possible in this 
book to cover all the latest things in gear hobbing.

To give the reader an appreciation of the state of the art in hobbing, Table 7.5 was pre-
pared. This table shows nominal production time for a small gear set and a large gear set. 

TABLE 7.3

Hobbing Feeds and Speeds

Hob 
Diameter

Feed per Revolution

Speed, rpm
Finishing, 
1 Thread

Roughing, 
1 Thread

Roughing, 
2 Thread

Roughing, 
3 Thread

mm in. mm in. mm in. mm in. mm in. Conservative Normal High

25 1 0.5 0.020 1.3 0.050 0.9 0.035 0.6 0.025 590 870 1150
47 1.875 0.7 0.030 1.5 0.060 1.1 0.045 0.7 0.030 270 370 490
75 3 1.1 0.045 2.2 0.085 1.7 0.065 1.0 0.040 145 210 270
100 4 1.4 0.055 2.5 0.100 1.9 0.075 1.3 0.050 105 150 200
125 5 1.5 0.060 2.5 0.100 1.9 0.075 1.3 0.050 80 115 150
150 6 1.7 0.065 2.8 0.110 2.0 0.080 1.4 0.055 65 95 125
200 8 1.8 0.070 3.0 0.120 2.3 0.090 1.5 0.060 50 70 95

Note: These values are based on AISI B1112 steel, 100% machinability rating.
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It also shows fast production time—what can be done using the most advanced hobbers, 
hobs, and hobbing techniques.

The data shown in Table 7.5 are a composite of survey data collected. This means that 
the data are somewhat average. It is possible to do even better under the most favorable 
conditions. (Of course, under poor conditions, Table 7.5 times for either job-shop or fast 
production will not be achievable.)

Table 7.5 brings out these important considerations:

• Fast production work with the best equipment may be three to five times faster 
than job-shop work with more ordinary equipment.

• Finish cutting of the harder steels may take two or three times longer than pre-
grind cutting of lower-hardness steels.

• Skive hobbing of fully hardened steels is as fast as or faster than finish hobbing 
medium-hard steels.

TABLE 7.4

Recommended Values for Reduction of Cutting Speed

Material

Hardness
Percentage of 

Table 7.3 SpeedHV HB

Steel 370 350 32
320 300 40
205 200 56

Cast iron 180 175 85

TABLE 7.5

Some Examples of Production Time for Hobbing or Milling Gear Teeth

Examples 
of Gear 
Sets

No. of 
Teeth Module

Face 
Width, 

mm Material and Hardness

Production Time per 
Piece

N F

1 25 2 32 Alloy steel, pregrind cut at 
Vickers hardness of about 285

5 min 1.5 min
102 2 30 11 min 3 min

2 25 2 32 Alloy steel, preshave cut at 
Vickers hardness of about 375

15 min 3 min
102 2 30 30 min 6 min

3 25 15 307 Alloy steel, finish hob at 
Vickers hardness of about 325

6 h 2.5 h
102 15 300 22 h 9 h

4 25 15 307 Alloy steel, carburized and 
hardened to Vickers 700 
Finish by skiving hobbing

4.5 h 1.7 h
102 15 300 17 h 6.5 h

Note: 1. The above table is based on spur gears, or helical gears up to 15° helix angle and 20° pressure angle.
 2.  The alloy steel would contain chromium, manganese, nickel, and molybdenum. Good examples are 

AISI 4320 and 4340.
 3.  Vickers 285 = approximately 270 Brinell hardness; Vickers 375 = approximately 353 Brinell hardness; 

Vickers 700 = approximately 58.5 Rockwell C.
 4.  Production time cut: N, nominal job-shop work. Milling or hobbing teeth, single-start conventional hobs 

or cutters. Work-holding fixtures and hobbing machines somewhat old and not too well suited to the 
exact work being done. F, a production hobbing facility doing fast repeat work. Multistart and coated 
hobs are used wherever possible (a popular hard coating for extra performance is titanium nitride). 
Work-holding fixtures of special design. Most modern, high-performance hobbing machines.
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7.1.2  Shaping—Pinion Cutter

Spur, helical, and face gears and worms can be cut with a pinion-type cutter. Either inter-
nal or external gears can be cut. Parts from less than 1 mm to over 3 m (1/16 to over 120 in.) 
may be shaped. Relatively wide face widths may be cut, but in certain cases shaping will 
not handle as much face width as the hobbing process. For example, a standard 1.25 m 
(50 in.) gear-shaping machine will have a face-width capacity of 0.2 m (8 in.) regardless of 
helix angle, but a comparably sized hobbing machine would handle face width of 0.6 m 
(24 in.), depending on the helix angle.

Figures 7.6 and 7.7 show examples of shaper cutting.
Shaper cutters need only a small amount of cutter-runout clearance at the end of the cut 

or stroke. Shaped teeth may be located close to shoulders. A cluster gear can be readily 
shaper-cut where it may be impossible to hob because of insufficient hob-runout clear-
ance. One NC shaper, pictured in Figure 7.11, could be conceivably cut a cluster gear in 
one setup, depending on gear data. Double-helical gears can be cut with very narrow gaps 
between helices. In fact, one design of shaper can actually produce a “continuous” double-
helical tooth.

In designing gears to be shaped, it is necessary to machine a groove as deep as the gear 
tooth at the end of the face width for runout of the cutter. Normal values for the width of 
this groove are listed in Table 7.6.

It is difficult to mount parts between centers while they are being shaper-cut, since the 
bottom portion must be driven. At least the one end must therefore be clamped to a fixture 
or gripped by a chuck. Gear parts witch are integral with long shaft extensions may be 
supported at the upper end by a center or steady rest, and a long shaft extension down-
ward may be accommodated by a hole in the base of the machine bed and even by a 
recessed portion of the machine foundation.

Gear shaping is quite advantageous on parts with narrow face widths. In hobbing, it 
takes time for the hob to travel into and out of the cut. For helical gears, the hob travel must 
be increased proportionally. In shaping, there is a minimum of overtravel from spur gears, 
and this overtravel does not increase for helical gears. For instance, a 2.5-module (10-pitch) 
gear with 25-mm (1-in.) face width would have an extra travel in hobbing of about 32 mm 
(1.25 in.). In shaping, the extra travel would be only 5.56 mm (0.219  in.). In this example, 
the hob would cut across more than twice the face width that a shaper cutter would to do 

FIGURE 7.6
Basics of shaper cutting.
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the same part. Furthermore, with the advent of the modern cutter spindle back-off type 
machines, it is not uncommon to see stroking rates of 1000 strokes per minute for face widths 
25 mm (1 in.) or smaller. In fact, for narrow face widths of 6 mm (0.25 in.), high-speed shapers 
capable of stroking rates of over 2000 strokes per minute are in use. Hydrostatically mounted 
guide and cutter spindle are necessary because of these high stroking rates.

The time in minutes required to shaper-cut a gear with a disc-type cutter may be esti-
mated by the following formula:

 Shaping time
no. of gear teeth strokes per rev.

=
× of cutter no. of cuts

no. of cutter teeth no.
×

× oof strokes per min
 (7.2)

It should be noted here that a “stroke” is a cutting stroke and a return stroke. Thus, a 
stroke is really a double stroke.

FIGURE 7.7
Shaping machine that has just cut a medium-sized double-helical gear. (From Fellows Corp., Emhart Machinery 
Group, Springfield, VT, USA.)

TABLE 7.6

Normal Values of Width of Runout Groove

Tooth Size

Width of Runout Groove

Spur 15° Helix 23° Helix

Module Diametral Pitch mm in. mm in. mm in.

1.0 24 5.0 3/16 6.0 15/64 6.5 1/4
1.8 14 5.0 3/16 6.5 1/4 7.0 17/64
2.5 10 5.5 7/32 7.2 9/32 8.0 5/16
4.0 6 6.5 1/4 7.2 9/32 8.0 5/16
6.0 4 7.2 9/32 9.0 11/32 9.5 3/8
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In shaping the coarser pitches, it is necessary to take several roughing and finishing cuts. 
Table 7.7 shows some nominal sizes of cutters and the number of cuts taken when shaping 
steel teeth of about 200 Brinell hardness.

Table  7.8 gives some representative values for the rotary feed rate per double stroke. 
These represent average values that might be used in cutting medium-precision gears.

The number of double strokes per revolution of the cutter can be calculated by

 Strokes per revolution
cutter diameter
rotary

=
× π

ffeed rate
 (7.3)

The number of double strokes per minute is calculated from the formula

 Strokes per minute
max. cutting speed, m/m

=
×1000 iin
stroke length, mm × π

 metric (7.4)

 Strokes per minute
max. cutting speed, ft/mi

=
×12 nn

stroke length, in.× π
 English (7.5)

The cutting speed depends on the face width of the gear, hardness and machinability of 
the material, degree of quality, cutter material, and desired cutter life (see Table 7.9).

Just as considerable advancements have been made in hobbing, there have been notable 
advancements in shaper-cutting gears in the 1960s and later. Perhaps the most notable are

• Numerically controlled machines
• Cutter spindle back-off (instead of work table back-off)
• Cutter spindle moved hydraulically instead of by mechanical means
• New infeed methods
• Machine with column that moves and stationary work table (conventional shapers 

work the opposite way)
• Better shaper cutter materials and special hard coatings

TABLE 7.7

Nominal Sizes of Shaper Cutters and Number of Shaping Cuts

Tooth Size Cutter Diameter No. of Cuts

Module Diametral Pitch mm in. Roughing Finishing

1.25 20 50 2 1 1
75 3 1

2.5 10 75 3 1 1
100 4 1 1

4 6 100 4 1 or 2 1
115 4.5 1 or 2 1

6 4 100 4 2 or 3 1
125 5 2 or 3 1

12 2 150 6 2 or 3 1
175 7 2 or 3 1
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These things have led to significant improvements in the precision of shaped gears and 
considerable improvement in gear shop production of shaped gears.

Figure  7.8 shows the Hydrostroke machine, developed by Fellows Corporation. The 
details of how the cutter spindle is stroked back and forth by pressurized oil are shown 
in Figure 7.9.

The Hydrostroke machine is capable off doubling production rates under favorable con-
ditions. It also has the potential to cut some gears so accurately that they do not need to 
be shaved (or ground) to get a relatively high precision. (The formulas just given for time 
required to shape gears do not apply to gears shaped in this machine.)

Figure 7.10 shows an example of a high-production machine with a moveable column 
and a stationary work table. Note the special automation tooling. Figure 7.11 shows in a 
schematic fashion how a high-production, moving column type of machine works. Basic 
motions are shown in the upper left-hand corner. The drive system is shown in the upper 

TABLE 7.8

Rotary Feed for Each Double Stroke of Shaping Cutter

Material

Brinell 
Hardness, 

HB
Machinability, 

%

Rotary Feed per Double Stroke

1.5–2.5 
Module

(10–17 DP)

2.5–4 Module

(6–10 DP)

4–6 Module

(4–6 DP)

6–9 Module

(3–4 DP)

mm in. mm in. mm in. mm in.

Steel to be 
case-
hardened

135 100 0.5 0.020 0.5 0.020 0.6 0.024 0.6 0.024
185 80 0.5 0.020 0.5 0.020 0.6 0.024 0.6 0.024
220 65 0.3 0.012 0.35 0.014 0.45 0.018 0.5 0.020

Through-
hardened 
alloy 
steel

172 72 0.4 0.016 0.4 0.016 0.5 0.020 0.6 0.024
217 55 0.3 0.012 0.35 0.014 0.4 0.016 0.6 0.024
254 45 0.25 0.010 0.3 0.012 0.3 0.012 0.4 0.016

Plastics – 130 0.20 0.008 0.3 0.012 0.3 0.012 0.35 0.014

Note: 1. The above feed values are based on a roughing and a finishing cut for 6 module (4 diametral pitch) and 
smaller teeth. For large teeth, up to 10 module, two roughing cuts and one finishing cut are intended.

 2. For finishing cuts of high-precision quality, the rotary feed will need to be reduced to get the required 
finish and the required spacing accuracy.

TABLE 7.9

Typical Cutting Speeds for Shaper Cutter

Gear Face 
Width

Machinability

20% 40% 80% 100% 120% 130%

mm in. m/min fpm m/min fpm m/min fpm m/min fpm m/min fpm m/min fpm

200 8 1.5 5 6.4 21 18.6 61 26.4 87 35.4 116 39.4 130
100 4 3.7 12 9.1 30 22.6 74 30.8 101 39.3 129 43.0 141
50 2 6.7 22 12.5 41 26.8 88 35.4 116 43.9 144 47.9 157
30 1.2 9.1 30 15.8 52 31.1 102 39.6 130 47.9 157 51.8 170
20 0.8 11.6 38 19.2 63 35.1 115 43.6 143 51.8 170 55.2 181
13 0.5 15.8 52 24.1 79 40.8 134 49.1 161 57.3 188 60.4 198
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right-hand corner. Note that the drives use dc motors and are infinitely variable. The lower 
left-hand corner shows a spiral infeed method.

The machine just described has a cutter spindle back-off system and independent dc 
motor drives for stroking rates and for rotary and radial feed amounts. This machine 
provides a significant increase in productivity compared with the older-style table relief 
shapers that used feed cams and feed-change gears with a single motor.

FIGURE 7.8
Hydrostroke gear-shaping machine. (From Fellows Corp., Emhart Machinery Group, Springfield, VT, USA.)

Cutting stroke

Hydraulic
oil supply

Hydraulic
oil supply

Hydraulic
oil return

Return stroke

FIGURE 7.9
Schematic details showing principle of mechanism to reciprocate the cutter in a Hydrostroke gear shaper. 
(From Fellows Corp., Emhart Machinery Group, Springfield, VT, USA.)
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The special drives resulted in the developing of a new cutting method, sometimes 
referred to as spiral infeed. This cutting method tends to improve chip loading conditions 
and more evenly distributes tool wear around the cutter.

Table 7.10 shows estimates of production time needed to shape a variety of parts. The 
time shown tends to be much less than would be obtained by using equations in this 
chapter. The equations, of course, are for job-shop rather than high-production conditions.

The values in Table  7.10 may, of course, be better by even more advanced shaping 
methods— and with somewhat unfavorable conditions, it may not be possible to cut a part 
as quickly as the table shows.

7.1.3  Shaping—Rack Cutter

Spur and helical gears as well as racks may be shaped with a rack cutter. Although 
machines designed to use rack cutters are mostly used for external gears, attachments for 
cutting internal gears with a pinion-shaped cutter are available.

The generating action is the same as rolling a gear along a mating rack. The rack tool, 
mounted in a clapper box, reciprocates while the gear rolls past its cutting tool. Cutting 
generally takes place during the down-stroke, and the clapper box clears the tool from the 
work on the upstroke (see Figure 7.12).

Rack shapers cut only a few teeth in one generating cycle, then index to pick up the next 
teeth. The number of teeth per generation, the number of strokes per tooth (feed), and the 

Units of the basic machine

Units mounted on machine

1. Machine bed
2. Radial feed gear train
3. Rotary feed gear train
4. Stationary work table unit
5. Moving machine head
6. Cutter head

7. Work steady-rest
8. Auto-loading system

7
7

4

6 5
3
2

1

8

FIGURE 7.10
High-production, numerically controlled gear-shaping machine. (From Lorenz, a subsidiary of Maag Gear 
Wheel Co., Ettlingen, German Federal Republic.)
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stroking speed are all individually variable. The cutting ram is mounted in long guide-
ways and is driven by a crank motion or, on heavy-duty versions, a multipitch screw.

The rack tool can be likened to one flute of a hob. It is not as expensive as a hob, and it 
does not require as much runout clearance as a hob. Also, there is no diameter/tooth size 
restriction, so a single-tooth rack tool can be made as large as the clapper box.

The most popular use for the rack shaper is for coarse pitches, high-hardness material, 
and narrow-gap double-helical gears. It is also ideal for cutting segments since only the 
toothed portion must be rolled past the tool. The rack shaper can also machine two- and 
three-lobe rotors, as a result of the large tool size and large number of strokes per tooth.

Rack shapers are commercially available in size that will handle gears all the way from 
a centimeter (0.4 in.) in diameter up to about 14 m (45 ft) in diameter. Face widths up to 
1.55 m (61 in.) maximum may be cut (see Figure 7.13).

Rack shapers are generally built to mount the work in a fixture instead of between cen-
ters. Gears with long shaft extensions are usually supported by a steady rest.

The time in minutes required to cut a gear on a rack shaper may be calculated by the 
following formula:

NC—controlled gear shaper with automatic
adjustable cutter slide.

A B

Infeed methods
A Conventional method—intermittent
     radial feed with continuous rotary feed.
B Conventional method—radial feed
     without rotary feed.
C New spiral infeed method—continuous
     radial and rotary feeds.

1. Main drive motor stroke drive
2. Drive motor rotary feed
    Rotary power traverse
    Range of adjustment 1:2000
3. Drive motor radial feed
    Radial power traverse
    Range of adjustment 1:3000

�is kinematic design is a prerequisite for
   modern machining technology.
Independent drives by DC motors—infinitely
   variable.

C

HM

M
1

2

M
3

FIGURE 7.11
Schematic design of numerically controlled gear-shaping machine. (From Lorenz, a subsidiary of Maag Gear 
Wheel Co., Ettlingen, German Federal Republic.)

  



433Gear-Manufacturing Methods

TABLE 7.10

Some Production Estimates of Shaping Time Using High-Production Equipment and Techniques

Part
No. of 
Teeth

Pitch Diameter Face Width
Brinell 

Hardness Cycle Timemm in. mm in.

Auto starter, spur pinion, 
AISI 4004

10 25.4 1.00 15.9 0.625 165 27.5 s

Auto transmission, spur 
gear, SAE 8620

21 67.3 2.65 17.1 0.673 160 1.6 min

Tractor transmission, 
helical gear, AISI 1045

27 119.6 4.71 44.5 1.750 140 4.7 min

Truck spur gear, 
SAE 5130

55 232.9 9.17 19.1 0.750 225 9.3 min

Truck, spur gear, 
malleable iron

47 223.8 8.81 15.9 0.625 255 1.67 min

Tractor, spur gear, 
AISI 4140

55 678.2 26.70 127.0 5.00 270 110 min

Mach., spur gear, 
AISI 1552

252 1066.8 42.00 49.8 1.960 300 72 min

Mach., internal gear, 
ductile iron

94 477.5 18.80 79.5 3.130 217 37.2 min

Mach., helical spline, 416 
stainless

32 58.7 2.31 96.8 3.810 155 12 min

FIGURE 7.12
Rack shaping a helical gear. (From Maag Gear Wheel Co., Zurich, Switzerland).
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 Shaping time no. of gear teeth
index time

teeth
= ×

pper index
strokes per tooth
strokes per min

+ × no. of cuts  (7.6)

The indexing time varies from about 0.08 minute on small machines to around 1.0 min-
ute on large machines. When finishing high-precision gears, the machines are indexed 
once per tooth so that the same tool finishes all the gear teeth, thus preventing tool pitch 
errors or mounting errors from being transferred to the gear. In roughing, more teeth may 
be cut per index, depending on the gear diameter and tooth size.

The number of strokes per tooth depends on the number of teeth in the gear, the module 
(pitch), and the gear material. The fewer the strokes, the larger the generating marks on 
the given tooth. Gears of 100 to 200 teeth have almost straight-line profiles, while smaller 
numbers of teeth have more profile curvature. For this reason, it is necessary to use more 
strokes per tooth when finishing gears with small numbers of teeth. In fine pitches, the 
roughing cuts do not remove too much metal. This makes it possible to use fewer strokes 
per tooth in roughing than in finishing. In coarser pitches, however, a lot of metal has to be 
removed in roughing. This makes it necessary to use more strokes per tooth in roughing 
that in finishing. However, with heavy-duty machines, coarser pitch “gashing” is usu-
ally done with step-type plunge cutters (Figure 7.14), which can remove a large volume of 
material with fewer strokes per tooth. Table 7.11 shows the average practice in strokes per 
tooth. More strokes may be needed in finishing if highest accuracy is desired, while fewer 
strokes may suffice in commercial work.

The cutting speed, or number of strokes per minute, is determined by both the size of 
the machine and the face width. In cutting a very narrow face width, the cutting speed in 
meters per minute (feet per minute) may be limited by the strokes-per-minute capability. 
In general, small machines are built to reciprocate much faster than large machines. Rack-
type tools are limited to about the same cutting speed in meters per minute as other tools 
(see Table 7.15), but heavier cuts are possible than with hobs or disc-type shaping tools.

FIGURE 7.13
One of world’s largest gear-cutting machines. Helical gear, 11.9 m (469.9 in.) in diameter, has just been rack-
shaped. (From Fuller Company, Allentown, PA, USA.)
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Table 7.12 shows some typical values for number of cuts and strokes per minute for dif-
ferent kinds of work.

7.1.4  Cutting Bevel Gears

Straight bevel gears are produced by a generating machine that reciprocates a cutting tool 
in a motion somewhat like that of a shaper. The tools used do not resemble a pinion or a 
segment of a rack. The peculiar geometry of the gear makes the use of a special tool to 
cut each side of the bevel tooth desirable. These tools each have a single inclined cutting 
edge that generates the bevel gear tooth on one side or the other. The machines achieve a 
generating motion by rolling the work and the cutter head at a low rate, while the cutters 
reciprocate rapidly back and forth (see Figure 7.15).

The latest models of straight-bevel-gear generators have a design feature that permits 
the tooth to be cut with a slight amount of crown. A cam can be set so that the cutting tool 
will remove a little extra metal at each end of the tooth. This makes it possible to secure a 
localized tooth bearing in the center of the face width.

Bevel gears are overhung from the spindle of the generating machine during cutting. 
Those designing bevel gears should be careful to make the blank design suitable for 
mounting in the bevel gear generator. Frequently it is necessary to design the bevel gear 
as a ring that is bolted onto its shaft after cutting. This gets the shaft out of the way during 
cutting.

FIGURE 7.14
Special rack cutters for fast, rough cutting of large gears. (From Maag Gear Wheel Co., Zurich, Switzerland).

TABLE 7.11

Average Strokes per Tooth for Rack Shaping

No. of 
Teeth

Strokes per Tooth

Roughing Finishing

2.5 mt

(10 Pt)

4 mt

(6 Pt)

12 mt

(2 Pt)

2.5 mt

(10 Pt)

4 mt

(6 Pt)

12 mt

(2 Pt)

Std. HD Std. HD Std. HD Std. HD Std. HD Std. HD

15 60 – 103 – 325 175 15 – 22 – 40 39
20 55 – 90 – 295 160 14 – 16 – 30 32
30 50 – 85 50 260 140 11 – 13 12 22 23
50 42 – 75 44 230 130 7.5 – 9 9 16 17
80 38 – 65 38 200 110 7 – 7 7 13 13

Note: Std., standard machines; HD, heavy-duty machines; mt, transverse module; Pt, transverse diametral pitch.
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Bevel gears coarser than 1 module (25 pitch) are usually given a roughing and a finish-
ing cut. Where production is high and parts are not over 350 mm (14 in.) in diameter, it 
is possible to use special high-speed roughing machines that do not have a generating 
motion. These machines rough faster than the generators, and they save the generators 
from the wear and tear of roughing. Teeth of 0.8 module (32 pitch) or finer are often cut in 
one cut. Special Duplete tools are used. These tools have two cutting edges in tandem—
one edge roughs and one finishes.

The complications of bevel gear cutting make it hard to write any general formulas for 
estimating cutting time. In view of this situation, the best way to give some general infor-
mation on cutting time is to give a table with cutting time shown for a range of sizes of 
bevel gears.

TABLE 7.12

Number of Cuts and Strokes per Minute for Typical Rack Shaping

Tooth Size Pitch Diameter

Number of Cuts

Roughing

Finishing

Module Diametral Pitch mm in. Commercial Precision

1.6 16 100 4 1 1 1
2.5 10 100 4 1 1 1
2.5 10 200 8 1 1 1
4 6 200 8 2 1 2
4 6 1000 40 2 1 2
12 2 1000 40 3 1 2
12 2 2500 100 3 1 2

Strokes per Minute

200 80 55 32

Face width, mm (in.) 25 (1) 100 (4) 200 (8) 400 (16)
Cutting speed, m/min (fpm) 13 (42) 27 (90) 27 (90) 27 (90)

FIGURE 7.15
Generation of Coniflex straight bevel gear. Note two reciprocating tools that travel in curved path to produce 
slight crowning on teeth. (From Gleason Works, Rochester, NY, USA.)
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Table 7.13 shows the average cutting time for steel gears of about 250 Brinell hardness.
Spiral and Zerol bevel gears are cut with a generating machine that uses a series of cut-

ting blades mounted on a circular tool holder. The tool holder is rotated to cause a cutting 
action while the work slowly rotates with the tool holder. The rotation of the work with 
respect to the tool holder causes a generating action to occur. After one tooth space is fin-
ished, the machine goes through an indexing motion to bring the cutter into the next tooth 
slot (see Figure 7.16).

The line of machines using face-mill cutters will handle gears from 5 mm (3/16 in.) to 
2.5 m (100 in.) in diameter and teeth from 0.5 module (48 pitch) to 17 module (1.5 pitch). 
Large spiral gears up to about 2.5 m (100 in.) in diameter can also be cut on a planing type 
of generator that uses a single tool.

The average time required to cut spiral or Zerol bevel gears may be estimated from 
Table 7.14. If face widths are less than those shown in the table, there may be some reduc-
tion in cutting time, but it will not be in proportion to the reduction of face width. If very 
high accuracy is required, the time may be longer. No allowance is made for setup time 
that may be required to adjust the machine to produce the desired tooth contour. The time 
shown in Table 7.14 is the time required per piece after the machine has produced a few 
satisfactory pieces. Loading and unloading time are not included.

Figure 7.17 shows a hypoid gear being cut with a straddle type of cutting tool. Note that 
the face mill has two rows of cutting teeth. This method cuts gears faster, and it is believed 
that straddle-cut (or ground) gears have somewhat longer life.

Figure 7.18 shows a very large machine capable of cutting spiral bevel or hypoid gears up 
to 2.5 m (100 in.) in diameter. This machine makes large teeth for heavy industrial, marine, 
and of-the-road vehicle applications.

TABLE 7.13

Average Time to Cut Straight Bevel Gears

No. of 
Teeth

Pitch-Cone 
Angle, deg

Tooth Size Face Width Time

Module Pitch mm in. Roughing Finishing

12 8.5 1.1 24 9.5 0.375 1.1 1.1
20 22 1.1 24 6.4 0.250 1.7 1.4
30 45 1.1 24 3.2 0.129 2.6 2.1
50 68 1.1 24 6.4 0.250 4.3 3.5
80 81.5 1.1 24 9.5 0.375 3.4 DIa 6.8
12 8.5 2.5 10 25 1.000 3.1 3.1
20 22 2.5 10 19 0.750 4.5 4.5
30 45 2.5 10 9.5 0.375 5.9 6.8
50 68 2.5 10 19 0.750 11.3 11.3
80 81.5 2.5 10 25 1.000 10.3 DIa 20.7
12 8.5 6.4 4 64 2.500 14.4 10.0
20 22 6.4 4 51 2.000 20.0 14.0
30 45 6.4 4 38 1.500 21.0 16.1
50 68 6.4 4 51 2.000 50.0 35.0
80 81.5 6.4 4 64 2.500 96.0 66.6
a DI stands for “double index.”
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7.1.5  Gear Milling

Worms, spur gears, and helical gears may be produced by the milling process. Bevel gear 
teeth are sometimes produced by this method, but the geometric limitations of trying to 
produce accurate bevel teeth by this process greatly restrict its use except for roughing 
cuts.

FIGURE 7.16
Spiral gears up to approximately 1.25 m (50 in.) in diameter are generated on machines employing circular face-
mill cutters. (From Gleason Works, Rochester, NY, USA.)

TABLE 7.14

Average Time to Cut Spiral Bevel Gears

No. of 
Teeth

Pitch-Cone 
Angle, deg

Tooth Size Face Width Time, min

Module Pitch mm in. Low Production High Production

12 8.5 1.1 24 9.5 0.375 2.4 1.2
20 22 1.1 24 6.4 0.250 4.0 2.0
30 45 1.1 24 3.2 0.125 5.0 2.5
50 68 1.1 24 6.4 0.250 10.0 5.0
80 81.5 1.1 24 9.5 0.375 16.0 8.0
12 8.5 4.2 6 41 1.625 14.6 4.9
20 22 4.2 6 38 1.500 23.7 7.9
30 45 4.2 6 32 1.250 27.6 9.2
50 68 4.2 6 38 1.500 34.2 11.4
80 81.5 4.2 6 41 1.625 44.8 14.9
12 8.5 8.5 3 83 3.250 34.2 11.4
20 22 8.5 3 83 3.250 57.0 19.0
30 45 8.5 3 83 3.250 78.0 26.0
50 68 8.5 3 83 3.250 130.0 43.3
80 81.5 8.5 3 83 3.250 150.7 50.2

Note: 1. The 24-pitch gears are assumed to be cut on a Gleason No. 423 Hypoid Generator, the 6-pitch are cut on 
a No. 641 G-PLETE Generator, and the 3-pitch are cut on a No. 645 G-PLETE Generator.

 2. For high production, the completing process is used to finish gear teeth in a single chucking from the solid 
blank. For lower production requirements, the 5-cut process can be used: rough and finish the gear member, 
rough the pinion member, then finish each side of the pinion teeth in a separate cutting operation.
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Conventional milling machines equipped with a dividing head may be used to mill gear 
teeth. A slot at a time is milled, and the machine is hand-indexed to the next slot. Several 
makes of special gear-milling machines, known in the trade as “gear cutting machines,” 
are on the market. These are designed for the sole purpose of cutting gear teeth or clutches 
and the like with milling cutters. They are usually equipped with automatic indexing 
equipment.

The machines used to mill gears are a different type from those used to cut gear teeth. 
The worm-milling machine is essentially a thread-milling machine.

Gear-cutting machines cover the whole range of gear sizes up to more than 5 m (200 in.) 
in diameter. Pitches that are coarser than 34 module (3/4 pitch) are often cut with an end 
mill. Helical rolling-mill pinions in the circular-pitch range of 100 to 200 mm (4–8 in.) are 

FIGURE 7.17
Straddle-cutting a hypoid gear. (From Gleason Works, Rochester, NY, USA.)

FIGURE 7.18
Large, heavy-duty machine for cutting spiral bevel and hypoid gears. (From Gleason Works, Rochester, NY, 
USA.)
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often produced by end milling. Figure 7.19 shows a gear being milled. Figure 7.20 shows an 
end mill used to mill some large gear teeth.

Gear-cutting machines and milling cutters are not so expensive as hobbing machines 
and hobs or gear shaper and shaper cutters. On the other hand, gear-cutting machines do 
not produce accuracy comparable with that produced by hobbing and shaping. Some high-
precision gears are produced by rough milling followed by hardening and finish grinding.

Parts to be milled must allow room for runout of the cutter at each end of the tooth. 
Some gear-cutting machines mount the work on centers, while others clamp the work on a 
fixture. Wide face widths can be milled, and it is usually possible to have fairly long shaft 
extensions on the gear.

Gear teeth may be milled in one cut, or they may be given a rough cut almost to size 
and then finish-milled. The time required to make a milling cut can be calculated from the 
following formula:

 Milling time, min no. of gear teeth index time= × +
fface overtravel
feed per min
+

 (7.7)

The index time on automatic machines runs from 0.04 to 0.08 minute per tooth. Hand 
indexing takes much longer.

The minimum overtravel for milling a spur gear is

 Overlap depth of cut cutter diameter depth of= × −2 ( cut)  (7.8)

The feed per minute ranges from about 12 to 500 mm/min (1/2–20 in./min). The feed rate 
may be calculated from

 Feed per min
rpm of cutter no. of cutter teeth

f
=

×
eeed per tooth

 (7.9)

FIGURE 7.19
Milling a large gear.
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The rpm of milling cutters is based on cutting speeds that high-speed steel tools have 
been able to stand when cutting different materials. Table 7.15 gives some representative 
values of cutting speeds for different materials and different degrees of care in cutting. 
The conservative values represent the condition where long cutter life is desired, and best 
accuracy and finish are also sought. The high-speed values represent the condition where 
a rugged machine and cutter are being worked to the limit.

In a few cases, cemented-carbide cutters have been used to make gears instead of high-
speed steel cutters. Much higher cutting speeds can be used with carbides, provided that 
the machine is rugged enough and powerful enough to drive the carbide cutter.

After the cutting speed is determined, the rpm of the cutter is

 Rpm of cutter
cutting speed, m/min

ou
=

×
×

1000
0 262. ttside dia. of cutter, mm

 metric (7.10)

 Rpm of cutter
cutting speed, fpm

outsid
=

×
×

12
0 262. ee dia. of cutter, in.

 English (7.11)

The feed per tooth depends on the finish desired and on how well the material cuts. 
Some typical values are listed in Table 7.16.

Sharpen cutter here

End mill cutter
Gear

FIGURE 7.20
Coarse-pitch spur or helical gears can be cut on hobbing machine with end-mill type of cutter.

TABLE 7.15

Cutting Speeds for Different Materials

Material Hardness, HB

Cutting Speed

Conservative Normal High Speed

m/min fpm m/min fpm m/min fpm

Steel 350 7.6 25 11 35 15 50
300 11 35 14 45 21 70
200 17 55 26 85 37 120

Cast iron 250 14 45 18 60 27 90
175 23 75 30 100 46 150

Bronze 90 (500 kg) 46 150 85 280 122 400
Laminated plastic – 107 350 168 550 213 700
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There have been important developments in milling just as in hobbing and shaping. 
Special cutters can be used for very rapid stock removal. With a very rugged machine, 
precision indexing, and precision cutters, very good accuracy can be achieved.

The milling process is particularly suitable for making racks, especially large racks. 
Figure 7.21 shows the milling of a large rack. Note the special roughing cutter that leads 
the precision finishing cutter.

7.1.6  Broaching Gears

Small internal gears can be cut in one pass of a broach provided that the gear designer 
does not put the teeth in a “blind” hole. Large internal gears can be made by using a 
surface type of broach to make several teeth at a pass. Indexing of the gear and repeated 
passes of the broach can make a complete gear. Gears as large as 1.5 m (60 in.) in diameter 
are made by this process.

Racks and gear segments are often made by broaching. The teeth formed by broaching 
may be either spur or helical.

Present broaching machines and broach-making facilities impose quite definite limits to 
the size gear that can be made by a one-pass broach. The parts most commonly made range 
from about 6 to 75 mm (1/4–3 in.) in diameter. Parts up to 200 mm (8 in.) in diameter have 

TABLE 7.16

Some Typical Values of Feed per Tooth

Feed per Tooth

Description

Steel Material
Cast Iron, Bronze, or 

Plastic

mm in. mm in.

0.05 0.002 0.10 0.004 Conservative
0.08 0.003 0.15 0.006 Normal
0.13 0.005 0.25 0.010 Fast cutting

FIGURE 7.21
Milling large rack segments for a radar antenna application. (From Sewall Gear Manufacturing Co., St. Paul, 
MN, USA.)

  



443Gear-Manufacturing Methods

been made in production by broaching with a one-pass broach. However, when broaches 
get to this size, they become very costly. It is very difficult to forge, heat treat, and grind a 
piece of high-speed steel that is 200 mm (8 in.) in diameter and several feet long and get a 
hardness of over 62 Rockwell C and an accuracy within 0.005 mm (0.0002 in.). Figure 7.22 
shows an example of a small broaching machine.

Broaching is a rapid operation. If the teeth are not too deep or the face width too wide, 
the gear can be cut completely in one pass. The time in minutes for a one-pass broaching 
cut is

 Broaching time
length of stroke

cutting spee
=

×12 dd
length of stroke

return speed
handling tim+

×
+

12
ee  (7.12)

The rate at which a broach can cut will depend on the material being cut and the quality 
desired. Table 7.17 shows some typical broaching speeds.

On the return stroke, the broach is often moved as fast as the machine will operate. This 
may be on the order of 9 to 11 m/min (30–35  fpm). The handling time for loading and 
unloading the machine will run about 0.07 to 0.12 minute on a production setup.

The length of the broach stroke will be longer than the cutting portion of the broach, 
but usually not as long as the overall length. The cutting length of the broach will depend 
on tooth depth, face width, and how easily the gear cuts. Table 7.18 shows some typical 
broaching lengths.

A very important development in broaching was the pot-broaching technique. Con-
ventional broaching pushes a long broach through the part. Pot broaching moves the part 
through the broach.

FIGURE 7.22
Broaching machine. (From National Broach and Machine Co., a division of Lear Siegler Inc., Detroit, MI, USA.)
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Figure 7.23 shows a tool for push-up pot broaching. The parts are pushed through this 
tool. The tool is composed of a number of small parts with cutting teeth, instead of a very 
large part with cutting teeth.

Figure 7.24 shows a diagram of a machine for pull-up pot broaching. When parts require 
a long cut, it is mechanically better to pull the parts through the pot broach. This avoids 
possible buckling of a long pushrod.

The pot-broaching method tends to make the production time much shorter, and the 
tool itself is much easier to make. Pot broaching is a high-production method that has 
come into very substantial use on high-volume jobs. Figure 7.25 shows a good example of 
pot-broach work.

7.1.7  Punching Gears

Punching is undoubtedly the fastest and cheapest method of making gear teeth. Unfor -
tunately, punched gears do not have the same degree of accuracy as many of the cut gears, 
and punching is limited to narrow face widths.

The design of blanks for gears to be punched must suit the process. The punching 
machines can handle only thin sheet stock. The as-punched gear is a disk-like wafer. The 
shaft can be attached to the punching by pressing a piece of rod through the hole in the 
punching. Punched gears are often mated with pinions that have much wider face widths 
than the gear. This makes positioning the punched gear precisely at the right distance 
from the end of the shaft unnecessary. In some cases, though, punched gears must be 
accurately positioned.

TABLE 7.17

Typical Speed of Broach on the Cutting Stroke

Material
Hardness, 

HB

Broaching Speed

Conservative Normal High Speed

m/min fpm m/min fpm m/min fpm

Steel 350 1.2 4 3.0 10 4.9 16
300 2.4 8 4.9 16 6.1 20
200 4.9 16 6.7 22 9.1 30

Cast iron 250 4.3 14 6.1 20 7.3 24
175 5.5 18 7.3 24 9.1 30

Bronze 90 5.5 18 7.3 24 9.1 30

TABLE 7.18

Typical Broach Lengths

Gear 
Whole 
Depth, in.

Face 
Width, 

in.

Broach Length

Free-Cutting Material Tough Material

Cutting Portion Overall Cutting Portion Overall

m in. m in. m in. m in.

0.250 2 2.2 85 2.5 100 – – – –
0.200 1 0.9 35 1.3 50 1.9 75 2.3 90
0.100 1 0.5 20 0.9 35 0.8 30 1.1 45
0.050 0.5 0.15 6 0.25 10 0.25 10 0.5 20
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FIGURE 7.23
Push-up pot-type broach tool. Note parts finished up at top and blanks starting at bottom. (From National 
Broach and Machine Co., a division of Lear Siegler Inc., Detroit, MI, USA.)

Pull head

Pot
broaching

tool

Machine
column

Blank

Travel

Pull bar

Retriever

FIGURE 7.24
Sketch of broaching machine for pull-up pot broaching.
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Both external and internal spur gears may be made by punching. Equipment currently 
in use will handle gears from 6 to 25 mm (0.25–1  in.). The face width of the punching 
should not be greater than two-thirds of the whole depth of the tooth. Only fairly soft 
materials can be punched. Brass is popular material for punching. Sheet bronze, alumi-
num, and steel are also used.

One stroke of a punch can make a punched gear. The punching rate depends on the 
thickness and hardness of the material as well as on the die life and gear quality desired. 
Table 7.19 gives some typical rates.

7.1.8  G-TRAC Generating

One of the surprising developments in gear cutting is the G-TRAC generator, made by 
Gleason Works. The machine uses rack-type cutting tools mounted on an endless chain. 
The gear being cut is rolling in mesh with the passing rack teeth in the chain. Figure 7.26 
shows the whole machine. Figure 7.27 shows a stack of parts being cut so as to have helical 
gear teeth.

FIGURE 7.25
Some small automotive pinions pot-broached at rate of 195 parts per hour. Right-hand pinion is 2.5 module (10 
pitch), and left-hand pinion is 3.17 module (8 pitch).

TABLE 7.19

Typical Punching Rates

Material Hardness, HB

Thickness
Strokes per 

Minutemm in.

Brass 60 0.5 0.020 300
2.0 0.080 250

Aluminum – 0.5 0.020 300
2.0 0.080 250

Steel 150 0.5 0.020 150
2.0 0.080 100
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The G-TRAC machine is intended for high production, low cost, and high accuracy. It is 
possible, though, to use the machine effectively for small production. In this case, a single 
row of cutting tools is used, and one tooth slot is formed at a time.

The simple rack tools can be made by gear shops that are using the G-TRAC. This feature 
should make it easy to change tooth module (pitch), tooth pressure angle, or tooth depth 

FIGURE 7.27
Generating helical-gear teeth on stack of gear blanks by G-TRAC machine. (From Gleason Works, Rochester, 
NY, USA.)

FIGURE 7.26
G-TRAC generator. (From Gleason Works, Rochester, NY, USA.)
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when a gear unit is under development. (Normally, gear-cutting tools have to be ordered 
from a tool-making company, and some months’ time is lost when new, nonstandard gear 
tools are needed.)

The concept of G-TRAC machine opens several new possibilities in gear machine tools.

7.2  Gear Grinding

In general, gear grinding is an operation that is performed after a gear has been cut and 
heat treated to a high hardness and has had journals or other mounting surfaces finish-
ground. Grinding is needed because it is very difficult to cut parts over 350 HB (38 HRC). 
Since fully hardened steels are needed in many applications and it is often difficult to keep 
the heat-treat distortion of a cut gear within acceptable limits, there is a large field of gear 
work in which the grinding process is needed.

In a few cases, medium-hard gears that could be finished by cutting are ground. This 
may be done to save the cost of expensive cutting tools like hobs, shapers, or shaving cut-
ters; or it may be done to get a desired surface finish on accuracy on a gear that is difficult 
to manufacture.

In some of the fine pitches, gear teeth may be finish-ground from the solid. For instance, 
the whole volume of stock removed in making a 0.8-module (32-pitch) tooth less than the 
amount of stock removed in finish-grinding a good 4-module (6-pitch) tooth, even when 
the 0.8-module and 4-module teeth have equal face widths.

Figure 7.1 shows that most of the methods of cutting a gear tooth have a counterpart in a 
grinding method. Disc cutters are used to mill gear teeth, and disc grinding wheels grind 
gear teeth. Threaded hobs cut gear teeth, and threaded grinding wheels grind gear teeth. 
Rack shaping is matched by generating grinders that make a disc wheel go through the 
motion of a tooth on a rack. There is, however, no cutting counterpart to the dished wheel, 
base circle generating grinding method.

In the following sections, information is given on how to estimate grinding time. This 
is a controversial subject that is difficult to handle. Things like the hardness of the grind-
ing wheel, the accuracy required of the gear, and the toughness and hardness of the stock 
being ground all enter into the time required to grind a gear. In general, medium-hard 
gears that are made by through-hardening steel can be ground faster than carburized gears 
at full hardness. Also, the less stock left for grinding, the faster the gear can be ground. 
The grinding times and number of passes required show in the various tables should 
be considered as only nominal values, subject to considerable revision either upward or 
downward in individual cases.

7.2.1  Form Grinding

Form grinders use a disc wheel to grind both sides of the space between two gear teeth. 
Their grinding action is very similar to the action of a machine for milling gear teeth. 
Form-grinding wheels have an involute form dressed into the side of the wheel, while a 
generating grinding wheel is straight sided. Figure 7.28 shows a comparison of the two 
kinds of wheels for the same pinion.

The machines available to form-grind gears can handle external spur gears from about 
10 mm (0.4 in.) to about 2 m (80 in.) in diameter. Internal gears from about 1 m (40 in.) major 
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diameter to about 50 mm (2 in.) minor diameter can be ground. Some form grinders will 
grind both spur as well as helical gears, external or internal gear teeth. Figure 7.29 shows 
a general-purpose form grinder.

Form-grinding machines usually mount the work on centers. The gear design must pro-
vide room for the wheel to run out at each end of the work. Pinions which require an 
undercut to allow them to mesh with a mating gear without interference cannot be ground 
with a single grinding wheel. However, pinions with undercut may be ground with two 
grinding wheels straddling one or more teeth.

7.2.1.1  Ceramic Form Grinding

It is a common practice to grind gears with ceramic wheels such as aluminum oxide or 
silicon carbide.

The time required to grind a gear has three parts: (1) time to rough-grind, (2) time to 
finish- grind, and (3) time to dress the grinding wheel. In addition, there are some handling 

Section of
form grinding

wheel
Section

of generating
grinding wheel

Stock to be
removed in
grinding

In many cases, pregrind
cutting tool finishes root
fillet region

Work rolls

Wheel moves
sidewise as work rolls

RR

FIGURE 7.28
Comparison of form grinding and generating grinding.

FIGURE 7.29
Automated general-purpose form-grinding machine capable of doing external or internal gears up to 600 mm 
(24 in.) pitch diameter and up to 45° helix angle. (From National Broach and Machine Co., a division of Lear 
Siegler Inc., Detroit, MI, USA.)
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times, such as time to load the work, time to centralize the grinding stock, time to unload 
the work, and time to check the work for size.

When ceramic grinding wheels are used, all but the smallest gears will require more 
than one wheel dressing per gear. The number of dressings required depends on several 
factors, of which the principal ones are the number of gear teeth, the grinding-wheel diam-
eter, and the face width. The hardness of the gear and the accuracy required also enter into 
the picture.

Table 7.20 shows some typical data on number of wheel dressings required and time per 
dressing. It is assumed that the material is about 60 HRC and that moderate accuracy is 
required. Face width is assumed to be in these proportions (see Table 7.21).

The time required for either rough grinding or finish grinding by the form-grinding 
method may be estimated by Equation 7.13. In this equation, a cycle is the cutting action 
that occurs on a single tooth between successive feeds of the grinding wheel. The latest-
model form grinder feed down at each end of the stroke while roughing. Thus a “cycle” is 
only a stroke across the tooth. The older-style machines feed down only once per revolu-
tion of the work. On each tooth, the grinding wheel makes a stroke across and back; in this 
case, a cycle includes both strokes.

 Grinding time, min
no. of gear teeth no. of cu

=
× tts

cycles per minute
 (7.13)

The number of cuts will depend on the amount of stock left for grinding and the amount 
removed per cut.

Enough stock must be removed to eliminate both the inaccuracy of the rough-cut gear 
teeth and the inaccuracy caused by neat-treat distortion. Large gears with thin webs tend 
to distort more than small gears of solid construction. Quenching dies can be used to limit 
heat-treat distortion considerably. With care and skill in heat treating, it is possible to hold 
heat-treat distortion to reasonably low limits.

Table 7.22 shows the general range between low amounts of heat-treat distortion and 
high amounts. The stock shown on tooth thickness is the sum of the amounts left on the 
two sides of the tooth. The relation between diameter over pins and tooth thickness is only 
approximate.

The worst condition that can occur before grinding is that the distortion is so bad that 
some teeth on the gear require all the stock to be ground off one side. If the gear is worse 
than this, it will not clean up, and the gear might as well be scrapped instead of ground. 

TABLE 7.20

Typical Data for Dressing Form-Grinding Wheels

Size of Work Wheel Diameter
No. of Dressings 

per Gear
Minutes per 

DressingNo. of Teeth Module Pitch mm in.

75 2.5 10 150 6 5 3/4
20 2.5 10 150 6 2 3/4
75 4 6 300 12 6 1
20 4 6 300 12 2 1
75 8 3 300 12 8 1 3/4
20 8 3 300 12 3 1 3/4
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Assuming that the gear distortion is within the stock allowed, the maximum number of 
cuts is

 No. of cuts
2 stock left for grinding

stock norm
=

×
aally removed per cut

 (7.14)

In Equation 7.14, the stock left for grinding is in terms of tooth thickness. The normal 
amount of stock removed is the amount that would be removed from the tooth thickness if 
the grinding wheel were cutting on both sides. The minimum number of grinding cuts is 
just one-half of that given by Equation 7.14. In an average case, the number of cuts might be 
expected to be somewhere about midway between the minimum and maximum number 
of cuts.

Roughing cuts usually take as much stock per cut as can be removed without burning 
the work. Finishing cuts take only a small amount of stock, and the last cut may just “spark 
out,” taking almost no stock. Table 7.23 shows the normal amounts of stock removed in 
form grinding per cut.

The rate at which a form-grinding machine strokes depends on the face width being 
ground, the amount of overtravel, the kind of material being cut, and the range of speeds 
available on the machine. Some of the latest machines on the market can stroke up to 
0.35 m/s (70 fpm). They rough out a tooth completely before indexing. This makes it pos-
sible to use a much smaller amount of overtravel than would be required if the wheel had 
to move clear of the work on each stroke to permit indexing.

Table 7.24 shows some typical cutting rates for form grinders. The table is based on a 
300-mm (12-in.) grinding wheel for the multiple-cycle machine and 150-mm (6-in.) wheel 

TABLE 7.22

Amounts of Stock Normally Needed for Grinding

Tooth Size

Stock Left for Grinding

Low Heat-Treat Distortion High Heat-Treat Distortion

Tooth Thickness
Diameter over 

Pins
Tooth 

Thickness
Diameter over 

Pins

Module Pitch mm in. mm in. mm in. mm in.

1.6 16 0.13 0.005 0.30 0.012 0.25 0.010 0.64 0.025
2.5 10 0.20 0.008 0.50 0.020 0.38 0.015 0.96 0.038
4.0 6 0.30 0.012 0.76 0.030 0.64 0.025 1.57 0.062
8.0 3 0.66 0.026 1.65 0.065 1.14 0.045 2.69 0.106
12.0 2 1.14 0.045 2.85 0.112 1.90 0.075 4.78 0.188

TABLE 7.21

Tooth Size and Face Width Proportions

Tooth Size Face Width

Module Pitch mm in.

2.5 10 40 1.5
4 6 50 2.0
8 3 100 4.0
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for the single-cycle machine. The work is assumed to be 2.5 module (10 pitch). The coarser 
itches take slightly longer to grind because of more overtravel. The table is based on 
0.25 m/s (50 fpm) for roughing and 0.15 m/s (30 fpm) for finishing for the multiple-cycle 
machine. For the single-cycle type of machine, roughing speed is assumed to be 0.15 m/s 
(30 fpm) and finishing speed 0.10 m/s (20 fpm).

7.2.1.2  Borazon Form Grinding

Gear tooth grinding has long been done with ceramic wheels such as aluminum oxide or 
silicon carbide. These wheels have high abrasive performance.

Borazon is a kind of “super abrasive” material that is based on cubic boron nitride (CBN). 
This material began to be used to grind* gear teeth at about 1980. The popular name for 
CBN grinding is Borazon® (General Electric, Lynn, MA, USA) grinding.

The CBN grinding wheel is being made as a highly precise metal wheel with a single 
layer of CBN particles galvanically bonded onto the surface. A precisely calibrated grit is 
used. A 65-μm (0.0025-in.) grit is used for gear finishing, and a 100- to 120-μm (0.005-in.) 
grit is used for gear roughing.

The CBN grinding wheel actually works somewhat like a milling cutter. Each exposed 
crystal of CBN tends to cut very tiny metal chips. The chips produced by CBN grinding 
look quite different from the particles produced by a vitrified, ceramic grinding wheel.

It is claimed that the CBN grinding wheel is about 3000 times more wear-resistant than 
a typical aluminum oxide, ceramic wheel.

Borazon gear tooth grinding is done quite differently from conventional form grinding 
with ceramic wheels:

• No wheel dressing (After a considerable amount of gear grinding, the CBN wheel 
is stripped and replated with a new layer of CBN particles.)

• Slow feed (The wheel progresses slowly across the face width, removing all the 
stock in one pass.)

• Cool grinding (With plenty of coolant and a free cutting characteristic, the CBN 
wheel tends to remove stock in a very predictable and controllable manner. Gear 
tooth random errors or variations in hardness do not seem to be a serious obstacle 
to the very hard and strong CBN wheel. Local overheating is probably less likely 
to occur.)

*  Super abrasives had been used to sharpen hobs and cutters in the 1970s.

TABLE 7.23

Stock Removed per Form-Grinding Cut

Tooth Size

Rough Grinding

Finish Grinding

Tooth Flanks Only Tooth Flanks and Root

45 HRC 60 HRC 45 HRC 60 HRC

Module Pitch mm in. mm in. mm in. mm in. mm in.

2.4 10 0.05 0.0020 0.04 0.0015 0.04 0.0015 0.025 0.0010 0.012 0.0005
4 6 0.05 0.0020 0.04 0.0015 0.04 0.0015 0.025 0.0010 0.012 0.0005
8 3 0.06 0.0025 0.05 0.0020 0.05 0.0020 0.040 0.0015 0.012 0.0005
12 2 0.08 0.0030 0.06 0.0025 0.06 0.0025 0.040 0.0015 0.020 0.0008
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Since the CBN wheel is not dressed, a different wheel is needed for each pitch, each num-
ber of teeth, and each style of profile modification (or pressure angle variation). For this 
reason, the CBN process is less attractive for small-lot production than it is for volume 
production.

Figure 7.30 shows a form grinder used for Borazon grinding. Figure 7.31 shows a close-
up of the grinding wheel and work. Some of the many kinds of parts that can be efficiently 
ground by the Borazon grinding method are shown in Figure 7.32.

7.2.2  Generating Grinding—Disk Wheel

There are two basic types of generating grinding with disc wheels.
One type uses a single wheel that is dressed to the shape of the basic rack tooth. The 

workpiece is rolled past the grinding area while the wheel reciprocates past the face width.
The other type uses two saucer-shaped wheels that are concave toward the tooth flank, 

so that only a narrow rim contacts the tooth while the workpiece is rolled past the grinding 

TABLE 7.24

Typical Cutting Rates for Form Grinding

Face Width of Gear
Multiple Cycles per Tooth 

Machine Single Cycles per Tooth Machine

mm in.

Roughing, 
Cycles per 

Minute

Finishing, 
Cycles per 

Minute

Roughing, 
Cycles per 

Minute
Finishing, Cycles 

per Minute

20 3/4 125 18 26 19
50 2 100 16 23 16
100 4 75 14 18 13
150 6 60 12 15 10
200 8 50 10 13 9

FIGURE 7.30
Form-grinding machine developed for Borazon grinding. (From Kapp Co., Coburg, German Federal Republic.)
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area. Since this latter type of grinder is now made only by the Maag Gear Wheel Company, 
it will be referred to here as the Maag process, while the dressed-single-wheel type will be 
referred to as the conical wheel process.

Conical wheel grinding machines can handle gears in the range of about 25 mm (1 in.) 
to 3.5 m (140 in.) in diameter, while the largest Maag machines can handle gears of up to 
4.7 m (184 in.) in diameter.

Both types must have room for the grinding wheel to run out at each end of the cut. 
Smaller machines usually mount the work between centers. Large machines usually 

FIGURE 7.31
Form grinding a helical-gear part. (From Kapp Co., Coburg, German Federal Republic.)

FIGURE 7.32
Examples of gear parts ground by Borazon form grinding. (From Kapp Co., Coburg, German Federal Republic.)
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mount the work vertically with a fixture. Since the grinding pressure is small, supports 
are not usually needed.

The generating grinding machines can make both spur and helical external gears. 
Internal spur and helical gears can be made with one model, which can handle up to 
0.85 m (33.5 in.) base circle diameter.

The action of a conical wheel grinding machine is similar to that of a rack shaper using 
a single point tool. The grinding wheel is dressed to the desired basic rack form and is 
reciprocated past the face width while the gear rolls past the grinding field on its pitch 
circle. Because the wheel must maintain a definite form, it must be of a relatively hard 
bond, and so it requires a coolant to minimize burning of the work. The Maag process is 
somewhat similar for their larger machines, except that two saucer-shaped wheels form 
the rack “tooth.” The wheel contact area is limited to its outer edge, where wheel wear can 
be sensed and continuously compensated for by automatic wheel adjustment. Relatively 
soft bonded wheels are used so that no coolant is needed.

On the smaller Maag machines, the process is somewhat different. The two grinding 
wheels are still saucer shaped and contact the work only at their outer edges, so that wear 
compensation can be used for soft wheels without coolant. However, with the smaller 
machines, up to 1-m (40-in.) diameter, the grinding wheels do not form a rack tooth, but 
are parallel, and always contact the workpiece involute at a point on a line tangent to the 
base circle. This is known as zero-degree grinding because the grinding wheels are set at 
a pressure angle of 0° (see Figure 7.33). The gear is rolled on the base circle tangent plane 
Y−Y. The grinding wheel contact planes are shown as X−X, and the contact points are 
shown as P.

Longitudinal corrections are made on all disc-wheel generating grinders by moving the 
grinding wheel to cut deeper or shallower as it passes across the face. Profile modifications 
on conical wheel machines are made by dressing the wheel. On Maag machines, where 
there is no wheel “form” to dress, profile modifications are made by moving the wheels to 
cut deeper or shallower along the profile. Modification by means of wheel movement also 
allows “topological” modification, in which both profile and helix may be continuously 
varied across the face width.

X

Y YPP

X

X X

FIGURE 7.33
Zero-degree pressure angle grinding with saucer wheels. (From Maag Gear Wheel Col, Zurich, Switzerland).
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The time needed to make gears by generating grinding with disc wheels is made up of 
essentially the same elements as the time required to form grind a gear. The time required 
to dress a grinding wheel (when necessary) may be estimated from Table 7.25. The time 
in minutes required to do either rough grinding or finishing grinding may be estimated 
using the following formula:

 Grinding time no. of gear teeth no. of cuts ind= × × eex time
strokes per tooth
strokes per minute

+  (7.15)

Equation 7.14 can be used to obtain the number of cuts for generating grinding as well 
as for form grinding. In solving this equation, though, Table 7.26 should be used to get 
the amount of stock that is normally removed per cut. Because the amount of stock to be 
removed does not depend on the method of grinding, this item may be obtained from 
Table 7.22.

The time required for generating grinding machines to index varies from 0.04 to 0.30 min, 
depending on the make and size of machine. The strokes per tooth and the strokes per 
minute vary with machine designs and tooth numbers and face widths.

When the workpiece is lightweight, the machine elements used to generate can also be 
relatively light. In these cases the workpiece is rolled back and forth very rapidly in genera-
tion, while the stroking action is slow. The process lends itself to horizontal mounting of 
the work. Heavy workpieces need heavy generating elements that cannot be moved rap-
idly. These parts are mounted vertically and are slowly generated, while the wheel strok-
ing motion is rapid. The result is that vertical machines use many fast passes along the 
face for each tooth, while horizontal machines use many fast generating motions, but only 
one pass along the face for each tooth for each cut. Table 7.27 shows some typical values 
for vertical machines, and Table 7.28 shows some typical values for horizontal machines.

Figure 7.34 shows a generating grinding machine of the type that uses a conical wheel. 
A close-up of the grinding wheel and a double-helical gear being ground are shown in 
Figure 7.35.

A grinding machine using double-saucer wheels is shown in Figure 7.36. A close-up of 
the wheel and work is shown in Figure 7.37.

7.2.3  Generating Grinding—Bevel Gears

Zerol, spiral, and hypoid gears can be finished by grinding. The machinery available to 
grind these gears uses a generating motion. The grinding wheel cuts somewhat like a 

TABLE 7.25

Typical Frequency and Length of Time Required to Dress Conical 
Grinding Wheel

Size of Work Wheel Diameter No. of Dressing per Gear
Minutes per 

Dressingmm in. mm in. 45 HRC 460 HRC

750 30 500 20 4 5 2 1/2
450 18 300 12 3 4 1
300 12 300 12 3 3 1
150 6 300 12 2 3 3/4
50 2 300 12 2 2 3/4
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face cutter. The wheel is shaped like a cup rather than like the disc wheels used to grind 
spur and helical gears. As the bevel gear is ground, the work and the grinding wheel roll 
through a generating motion. In principle, the grinding wheel acts like one tooth of a cir-
cular rack that is rolling through mesh with the gear being ground.

Bevel gear grinding machines index after each tooth space has been ground with the 
generating motion. The motions of the machine are so smooth that the process appears to 
be almost as continuous as a hobbing or shaping process.

No feed motion is needed to travel the grinding wheel across the face width of the work. 
Since the wheel is like a hoop laid across the face width, the whole face width is ground in 
the same operation. This tends to speed up the bevel gear grinding. With spur or helical 
gears, a feed motion is needed (unless the face width is very narrow). This requires time 
for both the grinding of the tooth profile and the advance of the wheel across the face 
width. In bevel gears, the face width is done just as soon as the tooth profile is done.

At the present time, there are several sizes of bevel gear grinders for general-purpose 
work on the market. These are more or less universal machines intended to take a range of 
pitches, ratios, and spiral angles. Many special bevel gear grinders have been built for the 
high-production manufacture of a particular gear set.

The designer of bevel gears that require grinding should be careful to design something 
that is within the range of available machinery, unless the job is important enough to war-
rant the development of special machine tools.

The capacity ranges of bevel gear grinders are rather involved. The maximum gear 
diameter that a machine will do changes rather substantially as the gear ratio changes and 
as the spiral angle changes. In some cases, bevel gears up to 1 m (40 in.) can be ground on 

TABLE 7.26

Typical Amount of Stock Removed per Cut When Generating Grinding

Tooth Size

Roughing Grinding

Finishing 
Grinding

Tooth Flanks Only Flanks and Root

45 HRC 60 HRC 45 HRC 60 HRC

Module Pitch mm in. mm in. mm in. mm in. mm in.

2.5 10 0.13 0.005 0.08 0.003 0.08 0.003 0.04 0.0015 0.013 0.0005
4 6 0.15 0.006 0.08 0.003 0.08 0.003 0.04 0.0015 0.013 0.0005
12 2 0.23 0.009 0.10 0.004 0.10 0.004 0.06 0.0025 0.020 0.0008

TABLE 7.27

Typical Stroking Rates for Vertical Grinders

Tooth Size

Strokes per Tooth Strokes per Minute

Roughing Grinding Finish Grinding Face Width

Module Pitch 15 Teeth 75 Teeth 15 Teeth 75 Teeth
50 mm 
(2 in.)

100 mm 
(4 in.)

150 mm 
(6 in.)

2.5 10 30 14 40 20 200 135 90
4 6 35 17 55 28 200 135 90
8 3 40 20 65 35 150 100 65
12 2 45 25 70 50 60 45 30
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the larger bevel gear grinders. Most bevel gears that are ground seem to be in the range of 
about 75 mm (3 in.) to 500 mm (20 in.) in diameter.

There are so many complications to bevel gear grinding that it is desirable for most 
designers to check with the shop that is to build their gears as soon as they have laid out 
a preliminary design.

The complications of bevel gear grinding make it hard to write any formula for grinding 
time. The best way to give information on grinding time appears to be to give a table of 
approximate times for different combinations. Table 7.29 shows approximate times, assum-
ing that distortion is not serious and that moderate precision is desired.

The total time per piece shown in Table 7.29 includes the automatic wheel-dressing cycle. 
This is approximately 30 seconds per dress.

Figure 7.38 shows a typical spiral-bevel gear grinding machine.

TABLE 7.28

Typical Stroking Rates for Horizontal Grinders

Tooth Size
Generating Strokes 

per Minute

Stroking Rate (Seconds per Tooth, per Cut), Rough Grindinga

15 Teeth–Face Width 75 Teeth–Face Width

Module Pitch 15 Teeth 75 Teeth
50 mm 
(2 in.)

100 mm 
(4 in.)

150 mm 
(6 in.)

50 mm 
(2 in.)

100 mm 
(4 in.)

150 mm 
(6 in.)

2.5 10 120 240 3.5 7.0 10.5 1.8 3.6 5.4
4 6 130 148 2.8 5.6 8.4 2.3 4.6 6.9
8 3 130 75 2.8 5.6 8.4 4.6 9.2 13.8
12 2 110 40 3.5 7.0 10.5 12.0 24.0 36.0
a For finish grinding, multiply seconds per tooth by a factor of 3.

FIGURE 7.34
Generator grinding a double-helical gear with conical wheel. (From BHS-Hofler, Ettlingen, German Federal 
Republic.)
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7.2.4  Generating Grinding—Threaded Wheel

Gears can be ground by a grinding machine that uses a threaded grinding wheel. The ele-
ments of this kind of machine are very similar to those of a hobbing machine. The process 
can grind either spur or helical gears, provided they are external.

The threaded-wheel grinding machines are available up to 0.77 m (30 in.) outside diameter 
capacity. Ether spur or helical, external gear teeth can be ground. Helix angles up to 45° are 
ground, but the maximum work diameter has to be considerably reduced. The sizes of teeth 
produced by this method range from about 0.2 module (120 pitch) to 8 module (3 pitch).

FIGURE 7.35
Close-up view of conical grinding wheel and work. (From BHS-Hofler, Ettlingen, German Federal Republic.)

FIGURE 7.36
Generating grinder using two saucer-shaped wheels on single-helical gear. (From Maag Gear Wheel Co., 
Zurich, Switzerland.)
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Grinding machines of around 350 mm (13.75 in.) maximum work capacity use threaded 
grinding wheels about 350 mm in size, while the larger machines around 0.77-m capacity 
use wheel about 400 mm (15.75 in.) in size.

The smaller machines (350 mm) are using grinding-wheel speeds up to 1900 rpm.
Gears to be ground with a threaded wheel must allow room for the wheel to run out (see 

Table 7.30).
Several roughing cuts are used to bring the gear down to size. One or more finishing 

cuts—depending on the finish accuracy required—are used to finish the gear. In most 
cases, it is not necessary to stop to dress the grinding wheel while a gear is being ground. 
As Table 7.30 shows, several gears can usually be done before the wheel needs dressing. 
This table shows some typical numbers of gears ground per wheel dressing and amounts 
of overtravel.

FIGURE 7.37
Close-up view of saucer-shaped grinding wheels and work.

TABLE 7.29

Average Time to Grind Spiral Bevel Gears

No. of 
Teeth

Pitch-Cone 
Angle, deg

Tooth Size Face Width
No. of 
Passes

No. of 
Dresses

Seconds 
per Tooth

Total Time, 
minModule Pitch mm in.

12 8.5 4 6 41 1.625 4 1 2.7 2.7 per side
20 22 4 6 38 1.500 6 2 2.7 6.4 per side
30 45 4 6 32 1.250 7 2 2.7 10.5
50 68 4 6 38 1.500 8 2 2.7 19.0
80 81.5 4 6 41 1.625 9 3 2.7 33.9
12 8.5 8 3 82 3.250 4 1 4.5 4.1 per side
20 22 8 3 82 3.250 6 2 4.5 10.0 per side
30 45 8 3 82 3.250 7 2 4.5 16.7
50 68 8 3 82 3.250 8 2 4.5 31.0
80 81.5 8 3 82 3.250 9 3 4.5 55.0
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It takes about 12 minutes to dress the grinding wheel. Diamond wheels are used to dress 
threads on the grinding wheel.

The time required to grind a gear by the threaded-grinding-wheel process may be calcu-
lated in much the same way as hobbing time is calculated. The time in minutes is

 Grinding time, min
no. of gear teeth (face ove

=
× + rrtravel) no. of cuts

no. of threads feed rpm of
×

× × wheel
 (7.16)

The amount of stock removed with an average cut and the average rates of feed are 
shown in Table 7.31. The number of cuts may be figured from the stock left to grind, except 
that extra cuts may remove almost no stock.

Wheel wear is quite uniform with the threaded grinding wheel. When one spot gets 
worn, the wheel is shifted axially to let a new part of the wheel generate the work. This 
is one of the reasons for why a lot of grinding can be done between the wheel dressings.

Gear teeth finer than 0.8 module (32 pitch) may be quite satisfactorily ground from the 
solid. Larger teeth are cut before grinding.

The threaded-wheel grinder is used for high-precision gears. It is also being increas-
ingly used for medium-precision gears that are hardened—and were formerly used with-
out grinding after hardening. Closer quality control and more concern over gear noise 

TABLE 7.30

Number of Gears Ground per Wheel Dressing and Approximate Overtravel

Tooth Size Face Width
Helix 
Angle

Gears per Dressing Overtravel

Module Pitch mm in. 25 Teeth 75 Teeth mm in.

1.6 16 10 0.375 Spur 200 100 1 0.06250
25 1.000 15° 100 50 6 0.25000

2.5 10 10 0.500 Spur 100 50 2 0.09375
50 2.000 15° 40 20 6 0.25000

4.0 6 19 0.750 Spur 20 10 3 0.12500
100 4.000 15° 5 2 9 0.37500

FIGURE 7.38
Grinding a spiral bevel gear. (From Gleason Works, Rochester, NY, USA.)
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make it harder to produce acceptable gears for lower-speed applications. Table 7.32 shows 
some comparisons of grinding time that may be expected. Note the substantial reduction 
in grinding time with lower accuracy. These less accurate gears are adequate for vehicle 
gears and certain other industrial gears that do not run at high speeds.

Figure 7.39 shows a threaded-wheel grinding machine being used to make high-speed heli-
cal pinions. Figure 7.40 shows a close-up of a threaded wheel and a high-speed helical gear.

7.2.5  Thread Grinding

Single-enveloping worms may be finished by grinding in a thread grinder. Ordinary 
worms are milled, hardened, and then ground. In fine pitches—5-mm (0.200-in.) linear 
pitch and less—it is possible to make the thread complete by grinding. Pitches as coarse 
as 40-mm (1.60-in.) linear pitch may be ground on available grinding machines. Some 
grinders limit the lead angle of the worm to 30°, while others will go up to as much as 50°. 

TABLE 7.32

Comparison of Estimate Grinding Times Using Threaded Grinding Wheel Method 
for High-Precision and Medium-Precision Gears

Tooth Size
No. of 
Teeth

Face Width Stock to Remove
Grinding 
Time, minModule Pitch mm in. mm in.

High-Precision Gears (Turbine Drives)
2.5 10 25 32 1.25 0.24 0.0095 6.3
2.5 10 102 32 1.25 0.24 0.0095 20.6
2.5 10 102 76 3.0 0.24 0.0095 49.3
5.0 5 25 76 3.0 0.30 0.0120 14.3
5.0 5 102 76 3.0 0.38 0.0150 65.4
5.0 5 102 152 6.0 0.46 0.0180 150.0

Medium-Precision Gears (Vehicle Drives)
2.5 10 25 32 1.25 0.24 0.0095 3.2
2.5 10 102 32 1.25 0.24 0.0095 8.8
2.5 10 102 76 3.0 0.24 0.0095 20.7
5.0 5 25 76 3.0 0.30 0.0120 9.1
5.0 5 102 76 3.0 0.30 0.0120 24.2
5.0 5 102 152 6.0 0.30 0.0120 48.1

Notes: 1. The high-precision gears are ground with a single-thread wheel.
 2. The medium-precision gears are ground with a double-threaded (two-start) wheel.
 3. In all cases, the gears are rough-ground and then finish-ground.

TABLE 7.31

Typical Values for Feed and Stock Removal When Grinding with a Threaded Wheel

Tooth Size

Feed per Revolution of Work
Stock Removed per Cut, 
Roughing or FinishingRoughing Finishing

Module Pitch mm in. mm in. mm in.

1.6 16 1.8 0.07 0.63 0.025 0.01 0.0004
2.5 10 1.8 0.07 0.63 0.025 0.01 0.0004
4 6 1.8 0.07 0.63 0.025 0.01 0.0004
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Worms up to 300 mm (12 in.) outside diameter may be ground with presently available 
equipment. See Figure 7.41 for an example of worm thread grinding.

Worm designs to be ground must allow room for a relatively large grinding wheel to run 
out. A commonly used size of wheel is 500 mm (20 in.).

When the worm-grinding wheel has a straight-sided profile, it will produce a worm 
thread with a convex curvature. This curve is not an involute. The amount of this curva-
ture may be calculated by the method shown in Section 8.4. To produce a straight-sided 
worm thread, a slight convex curvature in the grinding-wheel profile is required.

The time required to grind worm threads may be estimated by the following formula:

 Grinding time, min
no. of threads
threads per cu

=
tt

index time
thread length

feed rate
no.× + × oof cuts  (7.17)

FIGURE 7.40
Threaded grinding wheel and helical gear. (From Reishouer Corp., Elgin, IL, USA, and Reishouer Ltd., Zurich, 
Switzerland.)

FIGURE 7.39
Grinding helical pinions on threaded-grinding-wheel machine. (From Sier-Bath Gear Co., North Bergen, NJ, 
USA.)
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The indexing time runs from about 0.1 to 0.5 min. The developed length of the thread is

 Length of thread
3.14 worm dia.
cos (lead angle)

= ××
face width

lead of worm
 (7.18)

In fine-pitch worms, it is sometimes possible to use two or three ribs on the grinding 
wheel and grind all worm threads at once. This saves time.

The number of cuts will depend on both the pitch and the amount of stock left for grind-
ing. Table 7.33 shows the number of cuts and the feed rates normally used for different 
pitches of worms. It is assumed that a nominal amount of stock is left for finishing. This 
would be about 0.25 mm (0.010 in.) on tooth thickness for 12-mm (0.500-in.) linear pitch, 
and 0.65 mm (0.025 in.) for 32-mm (1.250-in.) linear pitch.

TABLE 7.33

Number of Cuts and Feed Rates Normally Used in Worm Grinding

Linear Pitch No. of Cuts

Feed Rate, per Minute

250-mm (10-in.) Wheel 500-mm (20-in.) Wheel

mm in. Roughing Finishing mm in. mm in.

6 0.250 2 1 625 25 1000 40
12 0.500 3 1 500 20 875 35
19 0.750 4 1 375 15 750 30
25 1.000 5 2 300 12 625 25
31 1.250 7 2 250 10 500 20

FIGURE 7.41
Grinding a large precision index worm. (From Jones and Lamson, Springfield, VT, USA.)
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7.3  Gear Shaving, Rolling, and Honing

There are three different ways of finishing involute gear teeth that involve a gear-like tool 
rolling with the work on a crossed axis:

• Shaving
• Rolling
• Honing

The shaving process finishes by cutting. The rolling process cold-forms the metal by very 
small amounts of cold flow on the gear teeth, produced by pressure from the hardened 
roll. The honing process abrasively removes very small amounts of metal from the gear 
tooth surfaces.

Gear shaving is strictly a finishing operation. Compared with grinding, shaving is gen-
erally a much faster process.

Grinding is not limited to hardnesses. It is usually quite practical to shave gears up to 
350 HB (38 HRC). Gears up to 450 HB (47 HRC) have been cut and shaved with fair results. 
At the higher hardnesses, tool wear is very fast, and special techniques and lubricants are 
required. Also, the shaving cutter needs to be extra hard.

Shaving is a corrective process. Most people in the trade express the view, “Shaving 
will not make a bad gear good, but it will make a good gear better”! Shaving readily 
improves surface finish and reduces gear runout. If the gear and the shaving cutter are 
properly designed, it is possible to improve profile accuracy considerably. Tooth-to-tooth 
spacing is improved by shaving, but accumulated spacing error is not changed by a large 
amount unless the accumulated error comes mostly from eccentricity effects. On narrow-
face-width gears, helix errors can be controlled by shaving, but a narrow shaving cutter 
has little or no control on wide-faced gears.

Since shaved gears are not heat treated between cutting and shaving, there is no heat-
treat distortion on cleanup, and only a small amount of stock is needed for shaving. Shaved 
gears are often fully hardened after shaving. When this is done, heat-treat distortion is 
held to a minimum or controlled in such a manner that uniform distortion results, and this 
distortion is allowed for in the shaving process.

There are two general methods of shaving, rotary shaving and rack shaving. The rotary 
method uses a pinion-like cutter with serrated teeth, while the rack method uses an actual 
rack with serrated teeth. Figure 7.42 shows rotary shaving, while Figure 7.45 below shows 
rack shaving.

7.3.1  Rotary Shaving

The rotary shaving cutter has gear teeth ground with a profile that will conjugate with 
that of the part to be shaved. The cutter teeth are serrated, with many small rectangular 
notches. As the shaving cutter rotates with the gear, these notches scrape off little shav-
ings of material; hence the name shaving. There is no index gearing in the shaving process. 
Small parts are driven by the cutter that is shaving them, while large parts drive the cutter 
instead. The shaving cutter is essentially a precision-ground gear made of tool steel. The 
reason that shaving can produce very high accuracy is that there is an averaging action as 
the cutter rolls with the work. This tends to mask the effect of any slight indexing errors 
that may have been ground into the cutter.
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The shaving cutter does not have the same helix angle in degrees as that of the part it 
is shaving. This makes the axis of the cutter sit at an angle with the axis of the work. The 
value of this crossed-axis angle governs the shaving action. The greater the angle, the 
more the cutter cuts. The crossed-axis angle causes a cutter tooth to slide sideways as it 
rolls with the gear tooth. It is this motion that makes the shaving cutter scrape off metal. 
If shaving cutters were serrated in a radial direction and the crossed-axis angle were zero, 
a shaving cutter would not cut at all unless it was reciprocating axially. It so happens that 
one design of shaving machine does use a rapid reciprocating motion to shave internal 
gears. In general, shaving cutters do not have any rapid reciprocating motion.

Both external and internal gears may be shaved. The gears may be either spur or helical. 
Small external gears may be shaved by feeding the cutter either parallel to the gear axis or 
at some angle to the axis. If the cutter is fed at right angles to the gear axis, the cutter must 
be as wide as or slightly wider than the work. If the cutter is fed in a diagonal direction, 
there is a relation between the cutter minimum width and the gear face width. When the 
cutter is fed parallel to the gear axis, there is no geometric requirement on the cutter face 
width. With this direction of feed, satisfactory results have been achieved by shaving a 
gear as wide as 0.5 m (20 in.) face width with a 25-mm (1 in.) cutter.

Figure 7.43 shows a shaving machine for small gears that will shave with the feed at an 
angle to the axis. A vertical-axis shaving machine is shown in Figure 7.44. This type of 
machine is often used for large gears.

Gears that are to be shaved should allow room for the cutter run out. Shaving-cutter 
runout is hard to figure because the cutter sits at an angle with the work and contacts the 
work on an oblique line. Gears to be shaved are often cut (before shaving) with a cutting 
tool that has a slight protuberance in its tip. This is helpful because the shaving cutter is 
not intended to remove metal from the root fillet of the gear. The protuberance on the cut-
ting tool produces a slight relief, or undercut. This undercut allows the tip of the shaving 
cutter to roll freely instead of hitting a shoulder where the shaving action stops at the bot-
tom of the gear tooth.

FIGURE 7.42
Shaving an instrument pinion. (From Fellows Corp., Emhart Machinery Group, Springfield, VT, USA.)
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Gears to be shaved must have tooth designs that permit sufficient teeth to be in contact 
with the shaving cutter. Since the cutter either drives or is driven by work, the gear teeth 
must be capable of transmitting power smoothly. For instance, shaving standard spline 
teeth with a 30° pressure angle and a height that is stubbed to 50% of full proportions is 
usually impractical. These teeth do not have enough involute profile to transmit power 
smoothly when they roll. In general, the pressure angle should be in the range of 14.5° 
to 25°, and tooth height should be at least 75% of full depth to permit satisfactory rolling 
conditions. Clearance in the root fillet should be at least 0.3 mn (0.3/Pd) to permit a suitable 
design of a preshaving type of cutting tool.

Spur pinions with small numbers of teeth are somewhat more difficult to shave. There 
are problems with obtaining good involute when shaving pinions with 10 teeth and fewer. 
It is also difficult to design a suitable shaving cutter for internal gears with fewer than 40 
teeth. When internal gears have 25 teeth, it is just about impossible to get a cutter inside 
that will shave on the crossed-axis principle.

FIGURE 7.43
Gear-shaving machine equipped with programmable controller. (From National Broach and Machine Co., a 
division of Lear Siegler Inc., Detroit, MI, USA.)
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The time required to shave gears may be estimated by one of two formulas. If the feed is 
parallel to the gear axis, Equation 7.19 should be used. If the feed is at an angle to the axis, 
Equation 7.20 is the one to use.

Feed parallel to axis:

 Shaving time, min
pitch dia. (face width

=
× ×0 262. ++ ×

×
overtravel) no. of cuts

shaving speed feed
 (7.19)

Feed at an angle to axis:

 Shaving time, sec = time per stroke × no. of cuts (7.20)

The overtravel in shaving may be estimated at about 1.5 times per cutter width. The face 
width and pitch diameter in Equation 7.19 are those of the gear being shaved.

The number of cuts required will depend on the amount of stock left for shaving and the 
amount taken per cut. Sometimes extra cuts may be needed to secure helix-angle correc-
tion. The amount of stock that may be removed in shaving is fairly limited. It is practical 
to put in only a certain amount of undercut in the preshave cutting. If too much stock is 
removed, the undercut allowance will be exceeded, and there will be trouble from cut-
ter “bottoming.” Table 7.34 shows the approximate amount of stock that may be left for 
shaving.

The stock removed per cut and the rate of feed both depend somewhat on the size of the 
gear and considerably on the degree of quality and surface finish desired. Table 7.35 gives 
some representative values that can be used for estimating purposes.

FIGURE 7.44
Rotary gear shaver for finishing medium-sized internal and external gears. (From National Broach and Machine 
Co., a division of Lear Siegler Inc., Detroit, MI, USA.)
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The rolling velocity of a shaving cutter is generally described as the shaving speed. The 
shaving speed, of course, varies considerably depending on the hardness and size of the 
gear parts being shaved. Some typical values of shaving speed are as follows:

Small steel parts, 250 BHN,
25–100 mm (1–4 in.) in diameter

120–150 m/min
(400–500 fpm)

Large gears 250 BHN,
1–2.5 m (40–100 in.) in diameter

90–120 m/min
(300–400 fpm)

Medium gears, 350 BHN,
100 mm to 1 m (4 to 40 in.) in diameter

75–90 m/min
(250–300 fpm)

When gears are shaved with the cutter traveling at an angle to the axis, the cutter has 
to be wide enough to shave the whole gear face width in one stroke. This process will 
not handle such wide work as the parallel method. Typical machinery on the market can 
handle gears up to 0.6-m (24-in.) diameter and 100-mm (4-in.) face width by this process. 

TABLE 7.34

Amounts of Stock Left for Shaving

Tooth Size

Stock Left on Tooth Thickness

Minimum

(High Accuracy)

Maximum

(Medium Accuracy)

Module Pitch mm in. mm in.

1.6 16 0.025 0.0010 0.050 0.002
2.5 10 0.038 0.0015 0.075 0.003
4 6 0.050 0.0020 0.100 0.004
12 2 0.075 0.0030 0.150 0.006

TABLE 7.35

Shaving Stock Removal and Feed Rates

Kind of Work

Stock Removal per Cut (on TT)
Cross Feed Rate per 

RevolutionDiameter

Accuracymm in.
Roughing, 
mm (in.)

Finishing, 
mm (in.)

Roughing, 
mm (in.)

Finishing, 
mm (in.)

150 6 High precision 0.018 0.008 0.38 0.15
(0.0007) (0.0003) (0.015) (0.006)

150 6 Medium precision 0.038 0.018 0.50 0.50
(0.0015) (0.0007) (0.020) (0.020)

600 24 High precision 0.018 0.008 0.38 0.20
(0.0007) (0.0003) (0.015) (0.008)

600 24 Medium precision 0.038 0.018 0.63 0.63
(0.0015) (0.0007) (0.025) (0.025)

2400 96 High precision 0.018 0.008 0.38 0.25
(0.0007) (0.0003) (0.015) (0.010)

2400 96 Medium precision 0.038 0.013 0.63 0.38
(0.0015) (0.0005) (0.025) (0.015)
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By comparison, when the feed is parallel to the axis, available machinery will handle gears 
up to 5 m (200 in.) in diameter and 1.5 m (60 in.) face width.

The amount of time required to make a stroke (or cut) when the feed is at an angle to the 
axis depends mostly on the gear diameter. Table 7.36 gives some representative values for 
different angles of feed.

7.3.2  Rack Shaving

In rack shaving, the gear to be shaved is rolled back and forth with a rack having serrated 
teeth. The rack is moved in a direction that is not perpendicular to the gear axis. This gives 
a crossed-axis effect that makes rack shaving follow the same kind of cutting action as 
rotary shaving. It is the crosswise sliding that makes the rack cut.

As the work rolls with the reciprocating rack (Figure 7.45), it is also moved across a por-
tion of the rack so as to equalize the wear of the rack. After each stroke of the rack, the gear 
is fed in a slight amount toward the rack.

External spur and helical gears can be shaved by the rack method. Presently available 
machines will handle gears up to 200-mm (8-in.) diameter and 50-mm (2-in.) face width. 
This method of shaving does not lend itself to shaving large parts. The racks used are quite 
expensive. The rack must be wider than the gear face width, and it must have a length (and 
stroke) longer than the gear circumference. The rack-shaving process is very rapid, and a 
very large number of parts are obtained per sharpening of the rack. Rack shaving is quite 
economical on high-production jobs.

The time required to finish steel gears by rack shaving may be estimated from Table 7.37. 
The table shows an average time based on a moderate amount of stock left for shaving and 
material with reasonably good machinability. Special conditions or quality requirements 
would require proportionally more or less time.

7.3.3  Gear Rolling

The gear-rolling processes finish the teeth by rolling the gear with a hardened tool that has 
very precisely ground teeth. This tool is called a die. The gear and die are pushed together 
with a high force.

Figure 7.46 shows the schematic arrangement of single-die rolling. Note the roller steady 
rests used to transmit the force of the table feed to work.

Figure 7.47 shows a two-die rolling machine. In this case two dies, 180° apart, apply force 
to the part being rolled. (The part does not need roller steady rests when two dies with 
equal and opposite forces do the rolling.)

TABLE 7.36

Seconds per Cycle When Shaving Cutter Is Fed at an Angle to the Gear Axis

Gear Diameter Feed 90° to Gear Axis Feed 60° to Gear Axis Feed 30° to Gear Axis

mm in. Commercial Precision Commercial Precision Commercial Precision

75 3 28 40 32 45 36 50
150 6 45 65 50 70 54 75
300 12 57 85 63 90 68 95
450 18 70 100 76 105 82 120
600 24 85 125 91 130 97 149
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Small parts are generally done with the two-die rolling machine, while large parts are 
done with the single-die machine. Typical machines roll gears from about 25 mm (1 in.) to 
150 mm (6 in.) using two dies. Single-die machines are being used to do gears up to 0.5 m 
(1 in.) in diameter. The face widths are generally quite narrow [from about 20 mm (0.8 in.) 
to about 70 mm (2.75 in.)].

Gear rolling on high-production jobs is generally done with the axes parallel. It can, of 
course, be done with the axes crossed by a rather small angle. It takes less force to do the 
job with axes crossed, but there is less control of helix accuracy. Also, the rolling time is 
longer.

In rolling teeth, there is some difficulty with involute accuracy and the quality of the 
rolled surface. If the gear is too hard or has too much stock left, there is a tendency for 
slivers of metal to roll over the edges and for there to be folds or flaws around the pitch 
line. The sliding velocities are different on the two sides of the gear being rolled. This fact 
tends to make the two sides different and to cause trouble at the pitch line, where the slid-
ing velocity reverses. Figure 7.48 shows the characteristic conditions during gear rolling.

Rolling is successful, though, in spite of the problems just mentioned. These factors will 
help ensure that the process will work:

• The amount of stock left for rolling is small (about one-half of that left for shaving).
• The teeth are cut before rolling with a protuberance cutter so that the die can roll 

clear of the root fillet.
• The teeth are usually chamfered at the outside diameter corner.

Reciprocation

FIGURE 7.45
Rack-shaving method.

TABLE 7.37

Average Amount of Time to Rack Shave Gears

Gear Diameter Time, s

mm in.
1.6 Module 
(16 Pitch)

2 Module 
(12 Pitch)

2.5 Module 
(10 Pitch)

3 Module 
(8 Pitch)

4 Module 
(6 Pitch)

25 1 75 70 69 65 60
50 2 73 72 67 63 58
75 3 70 67 64 60 55
100 4 65 62 59 55 50
150 6 58 55 52 48 43
200 8 45 42 39 35 30
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• The gear to be rolled should not be too hard. [A good hardness for rolling is 200 HB 
(210 HV)].

• Rolling jobs are “developed” by experimental rolling, involute checking, and then 
involute modification of the die to make the involute of the part come out as desired.

• The rolling is often reversed in direction to make the two sides of the gear tooth 
come out alike.

Motor-
driven die

Die spindle

Meshing
work piece

Work arbor
Roller

steady rest Work
table

Direction of table feed

FIGURE 7.46
Operating principle of single-die gear-rolling machine. (From Lear Siegler, Inc., Modern Methods of Gear Manufacture, 
National Broach and Machine Co., Detroit, MI, 1972. With permission.)

FIGURE 7.47
Two-die gear-rolling machine. (From National Broach and Machine Co., a division of Lear Siegler Inc., Detroit, 
MI, USA.)
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Gear rolling is fast, and it produces a very smooth, burnished surface finish. In the pro-
duction of small, high-volume vehicle gears, rolling gears that are going to be carburized 
and hardened before the carburizing process works out well. A low hardness is normal in 
parts to be carburized since the final hardness of both case and core material will be estab-
lished in the carburizing process. Small gears are being made to medium-high-precision 
accuracy by rolling before carburizing and no grinding after carburizing. (In some cases, 
such parts may be honed after carburizing.)

To show the relative time involved in shaving, rolling, and honing, the following data 
from National Broach and Machine Co. Inc. are illustrative. These data are for a 25-tooth 
helical gear with 73.66 mm (2.90 in.) pitch diameter and 16 mm (5/8 in.) face width. The 
normal pressure angle is 20°, and the helix angle is 32°:

Gear shaving:

Conventional 43 seconds/piece
Diagonal 22 seconds/piece

Gear rolling 10 seconds/piece
Gear honing 21 seconds/piece

7.3.4  Gear Honing

In the gear honing process, an abrasive tool with gear teeth is rolled with the gear part 
on a crossed axis. The force holding the honing tool and work together is very light. The 
honing tool cuts because of abrasive particles in the composition of the hone or attached 
to the surface of the hone. The honing is done wet, with an appropriate fluid to serve as a 
lubricant, a coolant, and a medium to flush away the wear debris from honing.

The gear hone may be a plastic resin material with abrasive grains of silicon carbide. This 
kind of hone is made by casting in a mold. The hone may be made to medium- precision 
accuracy and used on gears intended to have medium-high-precision accuracy. The basic 

Die rotation
(driver)

Gear rotation
(driven)

Sliding
action on

gear tooth
Sliding

action on
gear tooth

Sliding
action on
gear toothSliding action

on gear tooth

Operating
P.D. of die

Pitch point

Trail
sideApproach

side

FIGURE 7.48
Different sliding directions as a die rolls with a gear.
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accuracy is in the gear before honing. Honing averages the surface and takes off local 
bumps, scale, etc. Thus the accuracy of the gear is not primarily derived from the hone.

For high-precision gear work, the hone is made to a relatively high precision. It is often 
possible to get some improvement in involute, helix (lead), and concentricity by careful 
honing with a precision hone.

Metal hones with bonded-on abrasives are used for fine-pitch gears and for certain 
medium-pitch gears where a plastic hone might tend to break.

Vehicle gears are often carburized and then run without grinding. These gears are gen-
erally shaved or rolled to finish accuracy before carburizing. The final honing operation 
does these things:

• Removes heat-treat scale and oxidation
• Removes nicks and bumps from handling (the unhardened gear gets bruised very 

easily in handling)
• Removes some heat-treat distortion

The honed vehicle gear generally runs more quietly. Its load-carrying capacity is higher 
because of more uniformity in accuracy and smoother tooth surface.

High-speed gears used in helicopters and in certain other high-speed turbine applica-
tions are generally finish-ground after carburizing. Such gears may still need honing to 
get a very smooth surface finish, so that they will not fail due to scoring. Frequently such 
gears need a surface finish better than the grinding machine will produce.

The better the ground finish, the better the honed finish. Some guideline relations are

• Shave or grind to 0.7–0.9  μm (0.028–0.036  μin.) finish; hone to 0.4–0.5  μm 
(0.016–0.020 μin.)

• Shave or grind to 0.4–0.6  μm (0.016–0.024  μin.) finish; hone to 0.25–0.35  μm 
(0.010–0.014 μin.)

• Shave or grind to 0.25–0.35  μm (0.010–0.014  μin.) finish; hone to 0.15–0.2  μm 
(0.006–0.008 μin.)

When the honed finish must be extra good, the final honing is often done with a rubber-
like hone. The hone material is polyurethane. The abrasive is applied as a liquid com-
pound during the honing. The abrasive particles lodge in pores on the hone tooth surface 
and thereby charge the hone.

The type of honing just described removes almost no stock, and so it has little or no abil-
ity to correct involute or helix (lead). The primary purpose of this type of honing is to pol-
ish the tooth surface. (In some difficult gear jobs, two-stage honing is used. Normal hones 
clean up the surface and refine the accuracy. The final finish is obtained by the rubber-like 
polishing hone.)

Gear-honing machines look like gear-shaving machines. They are special, though, in 
that they must handle fluids with abrasives, and they must be able to accurately apply very 
light forces to the hone. Figure 7.49 shows a close-up of a gear-honing operation. The top 
half of Figure 7.49 shows some typical hones made of steel and carbide coated.

Gear-honing machines for external gears are readily available for gear sizes up to 0.6 m 
(24 in.) in diameter. Machines for honing internal gears tend to be smaller in capacity, with 
0.3 m (12 in.) being typical. The size of teeth commonly honed ranges from 1.2 to 12 module 
(2–20 pitch).
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7.4  Gear Measurement

Those running gears shops find that they need a considerable capability to measure the 
geometric accuracy of gear teeth. It is not enough to have machinery to cut, grind, and 
finish gear teeth. Additional machinery is needed to measure gear tooth spacing, profile, 
helix, concentricity, and finish.

The gears used in the aerospace field must be rigidly controlled for both geometrical and 
metallurgical quality. The high-speed gears used with turbine engines are almost as critical. 
A turbine, for instance, that runs at 20,000 rpm will usually be connected to a pinion. In the 
oil and gas industry, it is normal for the turbine gear drive to be designed for a life of 40,000 
hours—at full-rated power. A pinion meshing with one gear makes 4.8 × 1010 cycles in 40,000 
hours at 20,000 rpm. With a high pitch-line speed and full-rated load, it is obvious that a pinion 
like this will not last this long if its accuracy is deficient. Precise measurements are needed to 
verify that each and every item of geometric accuracy is within specification limits.

Vehicle gears do not run as long—total life is often no more than 2 × 108 cycles. The 
vehicle gear, though, is much more heavily loaded than the turbine gear. In addition, noise 

FIGURE 7.49
Gear hones with abrasives bonded to metal and a gear honing arrangement. (From National Broach and 
Machine Co., a division of Lear Siegler Inc., Detroit, MI, USA.)
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and vibration requirements have become quite critical. The vehicle gear does not have to 
be as accurate as the turbine gears because it does not run so fast or so long. However, the 
vehicle gear has to meet its own level of accuracy. If it does not, vehicle drives that should 
last a few years will fail in a few months.

In all fields of gearing, the control of gear accuracy is essential. Since this is the case, it is 
necessary to present some material on accuracy limits and on machines used to measure 
gear accuracy.

7.4.1  Gear Accuracy Limits

The gear designer faces a dilemma when endeavoring to put accuracy limits on a gear 
drawing. To get high load-carrying capacity and reliability to meet the gear life require-
ments, each item must be specified very closely. (The load rating part of Chapter 5 showed 
the rather direct relation between accuracy and load-carrying capacity.)

Besides load-carrying capacity, the designer needs to worry about two other things.
First, the accuracy called for must be practical to meet in the gear shop (or shops) avail-

able to do the gear work. Specifying impossible accuracy limits is to no avail.
Second, the gear parts need to be made at reasonable cost. In a competitive world, it 

is not the best gear that is needed. What is really needed is the cheapest gear that will 
adequately meet the load, life, reliability, and quietness requirements.

To solve the dilemma just given, it is advisable for the gear designer to first consider 
these things:

• Pitch-line velocity
• Intensity of loading, length of life, and degree of reliability needed
• Requirements as to noise, vibration, or need to run with hot, thin oils

The things just mentioned will guide the designer to the proper level of accuracy. Next, the 
designer needs to consider the machine tools and level of operator skill and discipline that 
are available to make the gears (good trade practice in the product area).

After choosing an appropriate level of accuracy and reviewing manufacturing resources, 
the designer needs guidelines on the gear trade. Table 7.38 is a brief guide based on practi-
cal experience.

In the gear trade, published standards are used extensively. The most important are 
American Gear Manufacturers Association (AGMA) 2000-A88 and Deutsches Institut für 
Normung (DIN) 3963.

The published standards are revised periodically to cover more quality items and to define 
items more clearly. Also, the mix may change. For instance, the helix accuracy specified for a 
high-precision gear may be too low to match the profile and spacing accuracy achievable with 
first-rate grinder. For long-range thinking, it is probably best to think in terms of the six levels 
described in Table 7.38, then try to find (or establish) a set of accuracy limits that is adequate for 
the job requirements and practical to meet in the gear shop making the parts.

Many major companies* in the United States have found it necessary to set up their own 
accuracy limits. In this way they can cover important items not covered in AGMA or DIN 
standards, and they can adjust the mix of limits to be right for their kind of gear work.

* These are primarily companies making helicopter gears or high-speed turbine gears for the oil and gas 
industry.
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Figure 7.50 illustrates the principal geometric quality items that need control in gearing. 
For each item, a method of specifying the item is shown. (Other methods are in use, but the 
ones shown are believed to be the most popular—and practical—for the gear manufacturer.)

Table 7.39 shows examples of tolerances for three levels of accuracy and three sizes of 
gears. This table is based on a survey of key people in the gear trade. It does not agree 
exactly with any published (or unpublished) accuracy standard. It is hoped that these data 
will be useful to those studying and setting values for gear accuracy limits.

As a last item, cost needs to be considered. The Fellows Corporation has studied this 
subject rather thoroughly. They emphasize that the achievement of high accuracy involves 
several important variables, including

• Machine operator’s skill
• Blank accuracy, material, and heat treatment
• Cutting or grinding tool accuracy
• Mounting of cutting tool or grinding wheel
• Work-holding fixture accuracy
• Accuracy in mounting of work-holding fixture
• Production method

TABLE 7.38

Accuracy Levels for Gears

Designation Description of Level

Approximate Relation to 
Trade Standards

AGMA 390.03 DIN 3963

AA
Ultra-high 
accuracy

Highest possible accuracy. Achieved by special tool-room 
type methods. Used for master gears, unusually critical 
high-speed gears, or when both highest load and highest 
reliability are needed.

14 or 15 2 or 3

A
High accuracy

High accuracy, achieved by grinding, shaving with first-rate 
machine tools, and skilled operators. Used extensively for 
turbine gearing and aerospace gearing. Sometimes used for 
critical industrial gears.

12 or 13 4 or 5

B
Medium-high 
accuracy

A relatively high accuracy, achieved by grinding or shaving 
with emphasis on production rate rather than highest 
quality. May be achieved by hobbing or shaping with best 
equipment and favorable conditions. Used in medium-
speed industrial gears and more critical vehicle gears.

10 to 11 6 to 7

C
Medium 
accuracy

A good accuracy, achieved by hobbing or shaping with 
first-rate machine tools and skilled operators. May be done 
by high-production grinding or shaving. Typical use is for 
vehicle gears and electric motor industrial gearing running 
at slower speeds.

8 to 9 8 to 9

D
Low accuracy

A nominal accuracy for hobbing or shaping. Can be achieved 
with older machine tools and less skilled operators. Typical 
use is for low-speed gears that wear into a reasonable fit. 
(Lower hardness helps to permit wear-in.)

6 or 7 10 or 11

E
Very low 
accuracy

An accuracy for gears used at slow speed and light load. 
Teeth may be cast or molded in small sizes. Typical use is in 
toys and gadgets. May be used for low-hardness power 
gears with limited life and reliability needs.

4 or 5 12
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1. Spacing—�e variation in circular pitch from one pair of teeth to a pair immediately adjacent.

2. Pitch cumulative—�e greatest out of position of any tooth side, with respect to any other tooth side,
                                  in the gear circumference.

3. Slope tolerance

6. Slope tolerance

7. Crown tolerance

8. End easement tolerance

9. Irregularity

10.
11.
12.
13.
14.

Composite T to T—Tooth to tooth variation in center distance, rolling with a master.
Composite total—Total variation in center distance, rolling with a master.
Profile finish—Arithmetic average finish between form diameter and outside diameter.
Root fillet finish—Arithmetic average finish in root (below form diameter).
Waviness, working surface—Contour variations in less than 10% of active profile or in less then 5% of face width.

4. Modification tolerance

5. Irregularity

�e shaded area of the sample “K chart” below shows the range of profile variations
allowed by slope and modification tolerances.

Drive side
(normally)

Tooth sections on
pitch cylinder

Start of profile
modification

Form diameter

(4)

(5)

(3)
0 Deviation
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ev
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ll Example of

involute trace
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(1) Variation = a – b
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Face width
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Smooth curves show
crown limits

Outside lines show limits
on allowed helix variation

Face width

Example of
helix check

(9)
(6)

(8)

(7)

FIGURE 7.50
Definitions of gear tooth geometry tolerances.
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TABLE 7.39

Examples of Tolerances for a Range of Gear Sizes and a Range of Quality Levels

Quality Item

A. High Precision B. Medium-High Precision C. Medium Precision

Small 
Gear

Medium 
Gear

Large 
Gear

Small 
Gear

Medium 
Gear

Large 
Gear

Small 
Gear

Medium 
Gear

Large 
Gear

Spacing
1. Pitch 

variation 
(t-to-t)

5 μm 8 μm 10 μm 10 μm 12 μm 20 μm 20 μm 25 μm 35 μm
(0.0002 in.) (0.0003 in.) (0.0004 in.) (0.0004 in.) (0.0005 in.) (0.0008 in.) (0.0008 in.) (0.0010 in.) (0.0014 in.)

2. Pitch 
cumulative

17 μm 23 μm 50 μm 30 μm 48 μm 100 μm 50 μm 90 μm 200 μm
(0.0007 in.) (0.0009 in.) (0.0020 in.) (0.0012 in.) (0.0019 in.) (0.0040 in.) (0.0020 in.) (0.0036 in.) (0.0080 in.)

Profile
3. Slope (total) 7 μm 9 μm 16 μm 13 μm 20 μm 25 μm 25 μm 40 μm 60 μm

(0.0003 in.) (0.00035 in.) (0.0006 in.) (0.0005 in.) (0.0008 in.) (0.0010 in.) (0.0010 in.) (0.0016 in.) (–.0024 in.)
4. Modification 10 μm 13 μm 20 μm 20 μm 25 μm 36 μm 36 μm 50 μm 75 μm

(0.0004 in.) (0.0005 in.) (0.0008 in.) (0.0008 in.) (0.0010 in.) (0.0014 in.) (0.0014 in.) (0.0020 in.) (0.0030 in.)
5. Irregularities 4 μm 5 μm 7 μm 6 μm 8 μm 10 μm 13 μm 20 μm 30 μm

(0.00016 in.) (0.0002 in.) (0.0003 in.) (0.00024 in.) (0.0003 in.) (0.0004 in.) (0.0005 in.) (0.0008 in.) (0.0012 in.)

Helix
6. Slope 8 μm 12 μm 20 μm 13 μm 20 μm 25 μm 25 μm 40 μm 50 μm

(0.0003 in.) (0.0005 in.) (0.0005 in.) (0.0005 in.) (0.0008 in.) (0.0010 in.) (0.0010 in.) (0.0016 in.) (0.0020 in.)
7. Crown 10 μm – – 18 μm – – 33 μm – –

(0.0004 in.) – – (0.0007 in.) – – (0.0013 in.) – –
8. End casement – 12 μm 12 μm – 25 μm 35 μm – 50 μm 70 μm

– (0.0005 in.) (0.0005 in.) – (0.0010 in.) (0.0014 in.) – (0.0020 in.) (0.0028 in.)
9. Irregularities 4 μm 5 μm 5 μm 6 μm 8 μm 10 μm 10 μm 14 μm 20 μm

(0.00016 in.) (0.0002 in.) (0.0002 in.) (0.00024 in.) (0.0003 in.) (0.0004 in.) (0.0004 in.) (0.0006 in.) (0.0008 in.)
(continued)
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TABLE 7.39 (Continued)

Examples of Tolerances for a Range of Gear Sizes and a Range of Quality Levels

Quality Item

A. High Precision B. Medium-High Precision C. Medium Precision

Small 
Gear

Medium 
Gear

Large 
Gear

Small 
Gear

Medium 
Gear

Large 
Gear

Small 
Gear

Medium 
Gear

Large 
Gear

Concentricity
10. Composite 

(t-to-t)
7 μm 9 μm 15 μm 15 μm 20 μm 28 μm 30 μm 45 μm 60 μm

(0.0003 in.) (0.00035 in.) (0.0006 in.) (0.0006 in.) (0.0008 in.) (0.0011 in.) (0.0012 in.) (0.0018 in.) (0.0024 in.)
11. Composite, 

total
15 μm 20 μm 40 μm 30 μm 50 μm 80 μm 60 μm 90 μm 130 μm

(0.0006 in.) (0.0008 in.) (0.0016 in.) (0.0012 in.) (0.0020 in.) (0.0032 in.) (0.0024 in.) (0.0036 in.) (0.0050 in.)

Finish
12. Profile, AA 0.5 μm 0.6 μm 0.8 μm 0.8 μm 0.9 μm 1.0 μm 1.6 μm 2.0 μm 2.5 μm

(0.020 μin.) (0.024 μin.) (0.032 μin.) (0.032 μin.) (0.036 μin.) (0.040 μin.) (0.064 μin.) (0.080 μin.) (0.100 μin.)
13. Root 

fillet, AA
1.0 μm 1.2 μm 1.6 μm 1.6 μm 1.8 μm 2.0 μm 3.2 μm 4.0 μm 5.0 μm

(0.040 μin.) (0.028 μin.) (0.064 μin.) (0.064 μin.) (0.070 μin.) (0.080 μin.) (0.126 μin.) (0.160 μin.) (0.200 μin.)
14. Waviness 1.5 μm 1.8 μm 2.0 μm 2.5 μm 3.0 μm 3.5 μm 5.0 μm 7.0 μm 10 μm

(0.060 μin.) (0.070 μin.) (0.080 μin.) (0.100 μin.) (0.120 μin.) (0.140 μin.) (0.200 μin.) (0.280 μin.) (0.400 μin.)

Note: 1. Small gear is 2.5 module (10 pitch), 50 mm (2 in.) face width, 64 mm (2.5 in.) pitch diameter.
 2. Medium gear is 5 module (5 pitch), 125 mm (5 in.) face width, 250 mm (10 in.) pitch diameter.
 3. Large gear is 12 module (2 pitch), 500 mm (20 in.) face width, 1250 mm (50 in.) pitch diameter.
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• Distortion
• Inherent capability and condition of machine tool

Fellows has released several charts and tables that show cost versus accuracy trends for 
fine-pitch and medium-pitch gears and the relative cost of different methods of cutting 
or finishing gear teeth. Figure 7.51 shows the cost trend as involute accuracy is increased 
and the range of capability of several gear-tooth-making methods. Note that a change 
from an AGMA 8 quality number (DIN 9) to an AGMA 15 quality number (DIN 3) involves 
approximately a 10-fold increase in cost.

Figure 7.52 shows general cost trends for each method of gear tooth making. Note that 
cutting (hobbing or shaping) is the lowest cost for AGMA  8 quality number (DIN  9). 
However, for AGMA 12 quality number (DIN 5), grinding or shaving is less expensive. 
(AGMA 12 is very difficult to achieve by cutting.)

An article in the magazine Design Engineering, “The cost of gear accuracy,” by Doug 
McCormick, gives a good analysis of gear accuracy needs and manufacturing consider-
ations and the costs involved in obtaining the desired accuracy.

7.4.2  Machines to Measure Gears

It is possible to make relatively high-accuracy gears without much special measuring 
equipment. The procedure is along these lines:

• Make the gear teeth on good-quality machine tools.
• Set up the work accurately and cut or grind with precision cutters or grinding 

wheels.
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FIGURE 7.51
Approximate change in cost of making teeth on a 3-module (8-pitch), 150 mm (6 in.) diameter gear for different 
degrees of involute accuracy. (From Fellows Corp., Emhart Machinery Group, Springfield, VT, USA.)
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• Check the runout of the finished gear by measuring runout over pins. (A precision 
cylindrical pin is put into each tooth space, and radial runout is measured with a 
high-accuracy indicator that reads to 0.0025 mm or 0.0001 in.)

• Contact the mating gears and note how the involute profiles fit and how the helices 
fit across the face width.

• Observe the tooth finish and feel it with your fingernail.

The system just described was widely used in the past and it is still in use by those who 
make a limited quantity of gears for their own needs. It is possible for skilled mechanics 
with a general understanding of gear quality to handle things so that generally satisfac-
tory results are obtained.

In general, those who build gears for sale on the open market need a machine or machines 
to measure the prime variables of involute profile, helix across the face width, tooth spacing, 
tooth finish, and tooth action by meshing with a master gear. Gears cannot be put in qual-
ity grades without accurate measurements. End easement, crown, and profile modification 
cannot be controlled by contact checks alone. (All these items can result in no contact in 
certain areas. The gap in a no-contact situation can be determined only by measurement. 
Use of coordinate-measuring machine of modern designs is the best choice to do that.)

In medium-production gear shops making gears up to 0.6 m (24  in.) in diameter, it is 
usually handiest to have separate machines to check each major variable—for instance, 
spacing checkers, involute checkers, helix (lead) checkers, master gear rolling checkers, 
and surface finish checkers. For large gears up to 2 m, it is common practice to have one 
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FIGURE 7.52
General trend of cost of making gear teeth for different manufacturing methods. (From Fellows Corp., Emhart 
Machinery Group, Springfield, VT, USA.)
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or more general-purpose checking machines that will check involute, helix, spacing, and 
finish all on the same machine.

It is desirable to use a checking machine of relatively complete capability or a large gear 
for these reasons:

• The large gear is too heavy for one person to lift. It takes a relatively long time to 
hoist the gear onto the checking machine and get it in position so that it is turning 
on an exactly true axis.

• Gears over 0.6 m are generally not mass produced. With lower quantities, the eco-
nomics of buying separate machines for each kind of check are generally not attrac-
tive; it is usually more cost-effective to buy one machine with complete capability.

Figure 7.53 shows a large gear being checked on a machine with complete capability. The 
equipment in the foreground does the integration to get cumulative tooth spacing from 
tooth-to-tooth spacing data. Tooth finish data are derived from local parts of involute and 
helix checks taken at high magnification.

When gears are over 2 m (80 in.) in diameter, putting the gear on a checking machine 
becomes rather impractical. The solution to the problem is to take the checking machine 
to the gear. This may be done with portable checking machines that either mount on a 
machine tool or mount on the gear itself. Figure 7.54 shows an example of portable check-
ing equipment temporarily mounted to the bed of a grinding machine. Figure 7.55 shows 
a portable involute checker mounted on a large marine gear.

FIGURE 7.53
Gear-checking machine for large gears. Spacing, involute, helix, and surface finish are all measured on machines 
of this type. (From Maag Gear Wheel Co., Zurich, Switzerland.)
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FIGURE 7.55
Portable profile-checking head mounted on the rim of a large gear. (From General Electric Co., Lynn, MA, USA.)

FIGURE 7.54
Portable profile-checking head mounted on grinding machine. (From Maag Gear Wheel Co., Zurich, 
Switzerland.)

  



485Gear-Manufacturing Methods

The checking of spacing, involute, helix, and finish does not necessarily determine 
whether a gear is a “good” gear. Normally, four teeth, 90° apart, are checked. The involute 
and spacing checks are taken in the center of the face width. The helix is checked at mid 
height. If just a few teeth are bad, the trouble may be in between the places checked. This 
possibility is covered by rolling the production gear with a master gear.

If the master is as wide as the gear being checked, every bit of tooth surface will be 
checked. (If the master gear is narrower, the master gear check can be taken at more than 
one location across the face width.)

Master gear checks are composite checks. They reveal individual tooth action, and they 
show the total runout of the gear as a total composite reading (runout plus tooth action 
effects).

The machines used for rolling checks are of two types, double-flanks and single-flank.
The double-flank machines force the master gear into tight mesh with the gear being 

checked. The machine reads center distance variation as the gear revolves. Since both 
flanks touch at all times, the readings show error effects of both sides of the teeth. This 
mixes up errors, and it becomes troublesome when gears are built to high accuracy on the 
drive side but are allowed to have considerably less accuracy on the essentially nonwork-
ing coast side.

Z1 = driving gear

Z1

Optical gratings

f1 pulses/s

Multiplier
Z1

Divider
Z2

Z1/Z2 . f1 (= f2) pulses/s

f2 pulses/s

Reading heads

Z2

Z2 = driven gear

Phase comparator

�e two motions, either on a single flank tester or in a portable application,
are monitored by circular optical gratings. �e gratings each give a train of
pulses whose frequency is a measure of the angular movements of the two
shafts and hence of the gears.

FIGURE 7.56
Principle of the Gleason/Goulder single-flank testing machine. (From Thompson, A.M., Testing of fine pitch 
gears—Single flank testing—Double flank testing. SAE technical paper 1Q80-920, 1980. With permission.)
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The single-flank rolling machines maintain a constant center distance. A small torque 
keeps the gear and master in contact on the side being measured. The machine measures 
the change in rotation of one part from a theoretical uniform rotation of both parts.

The schematic design of one model of single-flank tester is shown in Figures 7.56 and 
7.57. A single-flank checking machine is shown in Figure 7.58.

The machines and methods just described apply to parallel-axis gears (involute-helical). 
Gears on nonparallel axes (bevel gears, worm gears, and Spiroid gears) do not have as 
extensive an array of checking machines, but the logic of using machines to check gears 
sold on the market is the same. It is not possible to cover checking machine types for these 
gears in this book. A general review of gear inspection machines and gear inspection prac-
tice for all types of gears (any gear on any axis) can be found from other sources.
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FIGURE 7.57
Single-flank error graph. (From Thompson, A.M., Testing of fine pitch gears—Single flank testing—Double 
flank testing. SAE technical paper 1Q80-920, 1980. With permission.)
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7.5  Gear Casting and Forming

In this part of the chapter we consider some of the ways of making gear teeth other than 
by metal cutting or grinding.

7.5.1  Cast and Molded Gears

Although the casting process is most often used to make blanks for gears that will have 
cut teeth, there are several variations of the casting process that are used to make toothed 
gears in one operation.

Many years ago, when gear-cutting machines were very limited, it was quite common 
practice to make a wooden pattern of the complete gear—teeth and all—and then cast the 
gear in a sand mold. A few old-timers in the gear trade can still recall the days when a 
“precision” gear was one with cut teeth and an ordinary gear was one with teeth “as-cast.” 
In recent times there has been only very limited use of gears with teeth made by sand cast-
ing. In some instances gears for farm machinery, stokers, and some hand-operated devices 
have used cast teeth. The draft on the pattern and the distortion on cooling make it hard 
to obtain much accuracy in cast-iron or cast-steel gear teeth.

Large quantities of small gear parts are made by die casting. In the die-casting pro-
cess, a tool-steel mold is used. The cavity is filled with some low-melting material, such as 
alloys of zinc, aluminum, or copper. With a precision-machined mold and a blank design 
that is not vulnerable to irregular shrinkage (such as spoked wheel), accuracy comparable 
with that of commercial cutting can be obtained. Complicated gear shapes that would be 
quite costly to machine can be made quickly and at low cost by the die-casting process. 
The main disadvantage of the process is that the low-melting metals do not have enough 

FIGURE 7.58
A single-flank testing machine that rolls a master with a gear. (From Gleason/Goulder, Huddersfield, England, 
a subsidiary of Gleason Works, USA.)
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hard ness for high load-carrying capacity. In many applications, though, die-cast gears 
have sufficient capacity to do the job.

Die-cast gears are usually less than 150 mm (6 in.) in diameter and from 2.5 module (10 
pitch) to 0.5 module (48 pitch). There is no particular reason why larger or smaller gears 
cannot be made, if dies and casting equipment of suitable size are provided.

A process somewhat similar to die casting is used in making molded-plastic gears. 
These gears are made in one operation. The raw plastic material is heated in a cylinder to 
a temperature in the range of 400°F to 600°F (depending on composition). It is forced into 
a steel mold under pressure as high as 140 N/mm2 (20,000 psi).

Injection-molding machines now on the market range in size from 30 g to 10 kg per shot 
capacity. The cycle time in injection molding is very fast. Machines of 225-g capacity may 
make around 100 cycles per hour. One cycle fills the mold. The mold may contain a cavity 
for one gear, or a half dozen or more parts may be made by filling the cavities in one mold.

The accuracy of injection-molded gears ranges from good to fair. Some plastics are less 
subject to shrinkage than others. Some—like nylon—absorb water or oil and are subject to 
distortion through expansion.

Another method of casting gears is the investment-casting process. This process has 
often been called the ”lost-wax” or the “precision” casting process. This process uses a 
master pattern or die. The master is filled with some low-melting-point metal like a lead–
tin–bismuth alloy or some wax or plastic. After this cools, a pattern is formed which is a 
replica—except for shrinkage allowances—of the pattern to be made. The pattern is used 
to form a mold called an investment. The investment is made by covering the pattern with 
a couple layers of refractory material. The kind of refractory used depends mainly on the 
temperature at which the investment will be heated when it is filled with the molten metal. 
The investment has to be heated to remove the pattern and leave a cavity for pouring. This 
heating, however, is not nearly so much as the heating that the investment gets when it is 
filled with the casting material.

The investment process has had only limited use in gear making. Its most apparent 
value lies in the making of accurate gear teeth out of materials that are so hard that teeth 
cannot readily be produced by machining. The process can be used with a wide variety of 
steels, bronzes, and aluminum alloys. With machinable materials, the process would still 
be useful if the gear was integral with some complicated shape that was very difficult to 
produce by machining.

7.5.2  Sintered Gears

Small spur gears may be made by sintering. Small helical gears of simple design may also 
be made by sintering, provided that the helix angle is not over about 15°.

Machinery presently available will handle parts from about 5-mm (3/16-in.) to about 
100-mm (4-in.) diameter. The sintering process consists of pouring a metal powder into a 
mold, compressing the powder into a gear-shaped briquette with a broach-like tool which 
fits the internal teeth of the mold, stripping the mold with another broach-like tool, and 
then baking the briquette in an oven. It takes about 415 N/mm2 (60,000 psi) pressure to 
briquette the larger gears. Presses of 300,000 kg (300 tons) capacity are used for these larger 
gears.

Pitches in the range of 0.8 module (32 pitch) to 4 module (6 pitch) can be readily sintered. 
Face widths may range from about 2.5 mm (3/32 in.) to 38 mm (1.5 in.). Smaller face widths 
are difficult to strip from the mold. Face widths of over 25 mm (1 in.) may give trouble 
because of loss briquetting pressure from excessive wall friction.
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The sintering process can be used to make a complete toothed gear in one operation. 
Splines, keyways, double-D bores, crank arms, and other projections may be made by 
the same sintering operation that forms the gear teeth. By using different powders in 
the mold, it is even possible to add a thin bronze clutch face integral with one side of the 
gear!

Sintered gears compare favorably in accuracy with commercial cut gears. The surface 
finish of sintered gears is usually much better than that of cut gears. The tools that are 
used to make the briquettes must be lapped to a mirror finish to minimize wall friction.

In most cases, a sintered gear goes through the press only once. The pressing time per 
gear ranges from 2 to about 15 seconds (depending on the gear size and complexity). The 
sintering is done in conveyorized furnaces. Since the machinery is almost completely auto-
matic, the operators have to do only such things as fill the powder hopper, transfer trays of 
green briquettes, gauge pieces for size, and remove finished gears. Although iron powder 
costs from about $30 cents to as much as $4.00 per pound, gears made by sintering are fre-
quently cheaper than gears of comparable strength and quality made by other processes. 
The tools required sinter gears are very costly but are capable of making a large number of 
parts. Favorable costs for sintered gears are obtained only when there is enough produc-
tion to liquidate tool costs adequately. The breakeven quantity may vary from about 20,000 
to 50,000 pieces (depending on the complexity off the tools).

7.5.3  Cold-Drawn Gears and Rolled Worm Threads

Spur pinion teeth may be formed by cold drawing, and worm threads may be rolled. Both 
these processes are limited in their application. When they can be used, it is possible to get 
very low costs and a high-strength part.

Cold-drawn pinion stock comes in long rods. These rods have teeth formed in them for 
their entire length. A rod may be as long as 2.5 m (8 ft) with a diameter as small as 6 mm 
(0.25 in.). The pinion rod is chucked in automatic or semiautomatic lathes. Short pinions 
are rapidly cut off the rod. The pinion may be formed with shaft extensions by turning off 
the teeth for a distance on each end, or the pinion may be drilled and cut off as a disc with 
a hole in it to permit mounting on a shaft.

Cold-drawn pinions may be made of any material that has good cold-drawing proper-
ties. Carbon steel, stainless steel, phosphorous bronze, and many other metals can be used 
to cold-drawn pinions. The extruding operation of making pinion rod is done hot. Only 
soft, nonferrous metals like brass, aluminum, and bronze can be used for extruding.

Both the cold drawing and the extruding processes use dies to form the pinion teeth.
Pinions from about 3 mm (1/8 in.) to about 25 mm (1 in.) pitch diameter can be made by 

cold drawing or extruding. The number of teeth should be neither less than about 15 nor 
more than about 24. Tooth size may range from 0.25 module (100 pitch) to 1 module (24 
pitch). The teeth should be designed with at least 20° pressure angle and enough adden-
dum to avoid undercut. Sharp corners have to be avoided. The tooth contour should have 
a full-radius root fillet and a full radius at the outside diameter.

The time required for making pinions by the cold-drawing or extrusion process is 
essentially the time required to cut off each pinion. This ranges from about 2 to 12 sec-
onds, depending on the shaft extensions required and the diameter of the part. The time 
required to make the teeth is the time required to pull the rod stock through the dies.

Worm threads may be made by cold rolling. The process is very rapid, and it produces a 
very smooth, work-hardened surface that is quite similar to that produced in cold-drawn 
pinions. Raw stock of 180  HB, for instance, will have a surface hardness equivalent to 
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about 260 HB after rolling. The surface finish may be in the range of 0.25 μm (0.010 μin.) to 
0.75 μm (0.030 μin.).

The rolling process exerts great pressure on the worm blank. To get a straight worm, 
it is necessary to use a tooth depth that is not greater than about one-sixth of the outside 
diameter. To get a satisfactory profile, the worm should have a normal pressure angle of 
20° or more. There should be a generous radius in the root fillet and on the thread crest. 
Lead angles should not exceed 25°.

There is some spring-back of metal after rolling, and the die used will have a slight gen-
erating action because of its finite diameter. To get a symmetrical worm-thread profile of 
the desired shape, it is often necessary to make the shape of the die slightly different from 
the shape of the spaces between worm threads.

The time required to roll threads may be estimated from Table 7.40.

TABLE 7.40

Typical Production Time to Roll Worm Threads

Pitch Diameter Linear Pitch Threaded Length Pieces per Minute

mm in. mm in. mm in. Hand-Fed Automatic

6.5 0.250 1.2 0.050 9.5 0.375 48 100
9.5 0.375 2.0 0.075 12.5 0.500 48 130
12.5 0.500 2.5 0.100 19.0 0.750 48 150
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8
Design of Tools to Make Gear Teeth

The design of gear-cutting tools is not necessarily a problem for the gear designer. Usually, 
gear-manufacturing organizations and gear-tool companies will handle the design of 
tools to make gears.

It often happens, though, that the gear designer has to help out in the tool design. 
Perhaps a special gear is needed that cannot be readily obtained with conventional tools. 
Perhaps some work on tool design will show that changes should be made in the gear 
design to facilitate the tooling. In many cases, there is the problem of choosing the proper 
size or type of tool that would best fulfill the requirements of the gear design. Still another 
problem is the case wherein tools are on hand from a previous job and someone has to 
determine whether a new design can use these tools.

In this chapter, we consider some of the more common tool-design problems. Data and 
calculation methods will be shown so that—if need be—the gear engineer can calculate 
the dimensions of the cutting tool.

The tool-design data shown in this chapter are, of necessity, limited. Many special prob-
lems involved in designing and manufacturing tools are not discussed here. The gear 
designer should, wherever possible, secure the services of competent tool designers who 
specialize in gear-cutting tools. The material in this chapter is intended only as an aid to 
the gear designer, not as a substitute for the services of a tool designer.

8.1  Shaper Cutters

A variety of kinds and sizes of shaper cutters are available on the market. The rack-type 
shaper machines use rack cutters on external work and pinion cutters on internal work. 
The pinion-type shaper machines use pinion-shaped cutters on both external and internal 
gears.

External spur gears usually use a disk-type pinion shaper cutter. Figure 8.1 shows a typi-
cal disk-type cutter.

For internal gears, it is frequently necessary to use such small cutters that the disk con-
struction cannot be used. The smallest cutters are usually of the shank type. Figure 8.1 
shows some typical shaper cutters and their nomenclature. Table 8.1 shows the largest 
number of cutter teeth that can normally be used with different numbers of internal gear 
teeth.

There are no official trade standards on shaper-cutter dimensions. Unofficially, though, 
all the manufacturers are able and willing to work to essentially the same dimensions 
and tolerances. Table 8.2 shows the most commonly used dimensions for disk and shank 
cutters.

Shaper cutters frequently have small enough numbers of teeth to cause the base circle 
to come high on the tooth flank. The region below the base circle may be left as a simple 
radial flank, or it may be filled in. The filled-in design can be used to break the top corner 
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of the gear tooth being cut. Shaper cutters can be made with a protuberance at the tip. The 
protuberance cuts an undercut at the root of the gear tooth. This provides a desirable relief 
for a shaving tool. The protuberance design is also used in some cases to permit the sides 
of the gear teeth to be ground without having to grind the root fillet.

There are a variety of special features that can be provided—and are frequently needed—
in shaper-cutter teeth. Figure 8.2 illustrates six different special features.

Figure 8.3 shows some of the design details of a disk shaper cutter. Note that the face of 
the cutter is shown with a rake angle of 5°. Roughing cutters sometimes have a top rake 
angle* as high as 10°. The sides of the cutter have a side clearance of about 2°. The top of the 
tooth also has a clearance angle. When the pressure angle is 20°, this angle is made about 

* Rake angle is sometimes loosely referred to as face angle.

Shank type

Small disc type with deep counterbore
mounted on a special adapter

Disk type

Web thickness

Hub dia.

Hole dia.

L

Face width

Blank
thickness

Face angle

Outside
angle

Outside dia.

Pitch dia.
Counterbore dia.

Outside
angle

Outside
dia.

Face angle

Face width

Taper dia.

LBT
Overall length

FIGURE 8.1
Typical types of shaper cutters and their nomenclature. (From Fellows Corp., Emhart Machinery Group, 
Springfield, VT.)
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TABLE 8.1

Maximum Number of Shaper-Cutter Teeth for Different Internal Gears

Number of 
Internal Teeth

Maximum Number of Teeth in Cutter

14.5° PA, Full 
Depth

20° PA, Full 
Depth

20° PA, Stub
25° PA, Full Depth

30° PA, Fillet 
Root Splines

16 – – – 9
20 – – – 13
24 – – 10 17
28 – – 11 21
32 – 10 12 25
36 – 13 14 29
40 14 17 18 33
44 16 21 23 37
48 18 25 27 41
52 21 29 32 45
56 24 34 36 49
60 27 38 40 53
64 30 42 45 57
68 33 46 49 61
72 36 50 53 65
80 44 58 62 73

Note: PA is pressure angle.

TABLE 8.2

Typical Dimensions for Shaper Cutters

Tooth Size
Approximate Pitch 

Diameter Width Bore Counterbore

Module
Diametral 

Pitch (mm) (in.) (mm) (in.) (mm) (in.) (mm) (in.)

Disk Type
9 to 10 2.5 to 2.75 150 to 175 6 to 7 32 1.25 70 2.75 105 4.125
2.5 to 6.5 4 to 10 100 4 22 0.875 45 1.75 65 2.5625
2.5 to 6.5 4 to 10 100 4 22 0.875 32 1.25 65 2.5625
2.5 to 5.0 5 to 10 75 3 22 0.875 32 1.25 52 2.0625
1.7 to 5.0 5 to 14 75 3 17 0.6875 32 1.25 52 2.0625
1.0 to 1.6 16 to 24 75 3 22 0.875 32 1.25 52 2.0625
0.5 to 1.4 18 to 48 75 3 14 0.5625 32 1.25 52 2.0625

Shank Type

Shank Diameter, Large End

(mm) (in.)

2.5 to 3.5 7 to 10 38 1.5 17 0.6875
1.6 to 2.3 11 to 16 30 1.1875 14 0.5625
0.5 to 1.4 18 to 48 25 1.0 11 0.4375
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1.5 times as much as the side clearance angle. The clearance angles and the top face angle 
are all necessary to make the shaper cutter an efficient metal-cutting tool.

Shaper cutters for finishing work are usually made to a very high degree of precision. 
Although there are no American Gear Manufacturers Association (AGMA) standard toler-
ances for shaper cutters, the standard tolerances of individual tool companies are gener-
ally close to being the same. Table 8.3 shows the tolerances that have been published by 
Barber Colman for five levels of shaper-cutter quality for radial runout and profile toler-
ances, spur and helical, whereas Table 8.4 shows the tolerances that have been published 
by Barber Colman for five levels of shaper-cutter quality for adjacent and nonadjacent 
indexing tolerances, spur and helical. All values shown are in ten-thousandths of an inch.

Figure 8.4 shows how a shaper cutter cuts an internal gear. The cutter has external teeth 
and must be small enough not to destroy the corners of the internal teeth. See Table 8.1 for 
the maximum number of cutter teeth that can be used.

Radius corners
Corners of cutter teeth are radiused to
produce a controlled fillet in the root
corners of the gear being generated —
adds strength to gear and improves tool
life.

Pressure angle increment
Cutter tooth profile is ground to a slightly
lower pressure angle to provide for a
constantly increasing amount of stock
from root to tip of gear generated —
another method of providing relief for
subsequent finishing operations.

Protuberance tip
Cutter tooth profile is built up on the
tip to provide an undercut near the root
of the gear being generated — provides
relief for subsequent finishing operations.

Chamfering or semitopping
Root of cutter is filled in to generate a
sharp corner break or chamfer on the
tips of the gear — minimizes tip buildup 
during heat treatment due to shaving
burrs and nicks incurred in handling.

Modifying flank for tip relief
Root or cutter is filled in more gradually
than chamfering cutter — removes a
small amount of profile from tops of
gear teeth — often desirable in high
speed gears to minimize noise and
heavy tip bearing resulting from tooth
deflection ubder heavy loads.

Topping
Cutter tooth depth is ground equal to
the whole depth (WD) of the gear tooth.
�e outside diameter of the gear is
“topped” to size when the teeth are cut;
More frequently used for fine pitch
gearing.

Flank

WD

WD

�eoretical
profile

FIGURE 8.2
Special features that can be provided in shaper-cutter teeth. (From Fellows Corp., Emhart Machinery Group, 
Springfield, VT.)  
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Shaper cutters are normally made external; they can, however, be made internal. Figure 
8.5 shows a comparison of an external and an internal shaper cutter. (The internal cutter is 
often called an enveloping cutter.)

When the cutters are small in diameter for the tooth size, they are made integral with a 
shank. If the face width to be cut is wide, the shank has to be rather long and sturdy. Figure 
8.6 shows some shank cutters of rugged design for wider face gears.

Helical gears may be cut with shaper cutters provided that the cutter has an appropriate 
helix angle and the shaping machine has a helical guide of appropriate lead to twist the 
cutter as it strokes back and forth. Ordinarily, helical gears are cut with shaper cutters, 
which are sharpened normal to the helix of the cutter tooth (see Figure 8.7). If the helix is 
low, the teeth may be sharpened in the transverse section.

Herringbone gears of the continuous-tooth type must be cut with a pair of shaper cutters 
working together. To make the cutting match for both sides, it is necessary to use a cutter 
with the top face ground normal to the cutter axis. This makes the top face angle 0°, and it 
makes one side of the cutter tooth have an acute angle and the other side an obtuse angle. 
These features do not aid the cutting action of the tool, but they are necessary to produce 
the continuous tooth. Figure 8.8 shows an example of these cutters. Note that a special 
sharpening technique has produced a good cutting edge even on the obtuse-angle side.

Helical shaper cutters must have the same normal pitch and the same normal pressure 
angle as those of the gear they are cutting. Since the axis of the gear and that of the cutter 
are parallel, the cutter transverse pitch and transverse pressure angle are also equal to 
those of the gear. The relation of the hand of helices is as follows:

External Gear

RH cutter For LH gear
LH cutter For RH gear

Internal Gear
RH cutter For RH gear
RH cutter For LH gear

Circular tooth thickness

Involute profile

Filled-in flank
type

Root diameter

5° top face angle

Hub

Width

Hole
diameter

Side
clearance

Front
clearance

angle

Pitch diameter
Outside diameter

Counterbore

Radial flank
type

Protuberance
type

Base circle

Tooth spacing

FIGURE 8.3
Design details of a disk shaper cutter. (From Illinois Tool Works, Chicago, IL.)
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TABLE 8.3

Shaper-Cutter Table for Sizes and Tolerances (Radial Runout and Profile Tolerances, Spur and Helical)

Quality 
Number

Normal 
Diametral 

Pitch

Pitch Diameter (in.) Sharpening 
Tolerance Side 

Clearance0.5–1.999 2–2.999 3–3.999 4–4.999 5–5.999 6–7.999 8–9.999 10–11.9

R P R P R P R P R P R P R P R P 1° 2° 3°

1 1–1.999 38 31 40 31 41 32 280 140 91
2–2.999 27 21 29 22 30 23 32 23 170 87 58
3–4.999 18 15 19 15 20 15 22 15 24 15 25 16 130 65 43
5–7.999 13 11 15 11 16 12 18 12 19 12 20 13 22 13 120 60 40
8–13.999 12 9 14 9 15 10 16 10 17 10 18 10 116 58 38
14–19.999 10 7 11 7.5 13 7.5 14 7.5 14 8 65 33 22

2 1–1.999 27 22 29 23 30 23 150 75 50
2–2.999 19 15 19 15 20 16 22 16 87 43 29
3–4.999 12 10 13 10 13 10 14 11 15 11 16 11 70 35 23
5–7.999 10 8 11 8.5 11 8.5 11 8.5 12 8.5 13 9 13 9 54 27 18
8–13.999 8 6.5 8.5 7 9 7 9 7 10 7 11 7.5 35 17 12
14–19.999 6.5 5 7 5 7.5 5.5 8 5.5 8.5 5.5 23 12 8

  



497
D

esign of Tools to M
ake G

ear Teeth
3 1–1.999 19 16 20 16 21 16 87 44 29

2–2.999 13 10 13 10 14 11 15 11 64 32 21
3–4.999 8.5 7 9 7 9.5 7.5 10 7.5 11 7.5 11 8 44 22 15
5–7.999 7 6 7 6 7.5 6 8 6 8.5 6.5 8.5 6.5 9 6.5 32 16 11
8–13.999 6 4.5 6 5 6.5 5 7 5 7 5 7.5 5.5 26 13 9
14–19.999 5 3.5 5 4 5.5 4 5.5 4 6 4 22 11 7

4 1–1.999 14 11 15 12 16 12 52 26 17
2–2.999 9.5 7.5 10 8 10 8 11 8 35 17 12
3–4.999 6 5 6 5 6.5 5.5 7 5.5 7 5.5 7.5 5.5 26 13 9
5–7.999 5 4 5 4 5.5 4 5.5 4.5 6 4.5 6.5 4.5 6.5 5 23 11 8
8–13.999 4 3.5 4.5 3.5 4.5 3.5 5 4 5 4 5.5 4 17 8 6
14–19.999 3.5 2.5 4 2.5 4 3 4 3 4.5 3 13 6 4

5 1–1.999 11 8 12 8 13 8.5 46 23 16
2–2.999 7 5.5 7 5.5 7 5.5 7.5 6 29 15 10
3–4.999 4.5 3.5 4.5 4 4.5 4 5 4 5 4 5.5 4 15 7 5
5–7.999 4 3 4 3 4 3 4 3 4 3 4.5 3 4.5 3 11 6 4
8–13.999 3 2.5 3 2.5 3.5 2.5 3.5 2.5 3.5 2.5 3.5 2.5 10 5 3
14–19.999 2.5 2 2.5 2 3 2 3 2 3 2 8 4 3

Note: This table was furnished by Barber Colman Co., Rockford, IL, as their recommendation for standard shaper-cutter tolerances. R is the radial runout, and P is the 
profile tolerance (denominator pitch). All readings are in ten-thousandths of an inch.
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TABLE 8.4

Shaper-Cutter Table for Sizes and Tolerances (Adjacent and Nonadjacent Indexing Tolerances, Spur and Helical)

Quality 
Number

Normal 
Diametral 

Pitch

Pitch Diameter (in.)

0.5–1.999  2–2.999 3–3.999 4–4.999 5–5.999 6–7.999 8–9.999 10–11.9

A N A N A N A N A N A N A N A N

1 1–1.999 7 21 7.5 22 7.5 22
2–2.999 6.5 16 6.5 17 6.5 17 7 19
3–4.999 5 12 5 12 5.5 13 5.5 14 5.5 14 5.5 15
5–7.999 5 9.5 5 11 5 11 5 12 5.5 12 5.5 13 5.5 13
8–13.999 4.5 9 4.5 9.5 4.5 10 4.5 10 5 11 5 12
14–19.999 4 7.5 4 8 4 9 4 9 4 9 4 9

2 1–1.999 5 15 5 16 5 16
2–2.999 4.5 11 4.5 11 4.5 12 4.5 13
3–4.999 3.5 8 3.5 8 4 8.5 4 9 4 9.5 4 9.5
5–7.999 3.5 7 3.5 7.5 3.5 7.5 3.5 7.5 4 8 4 8.5 4 9
8–13.999 3 6 3 6 3 6.5 3 6.5 3.5 7 3.5 7.5
14–19.999 2.5 5 2.5 5 3 5 3 6 3 6
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3 1–1.999 3.5 11 3.5 11 4 11

2–2.999 3 7.5 3 7.5 3.5 8.5 3.5 9
3–4.999 3 6 3 6.5 3 6.5 3 6.5 3 7 3 7
5–7.999 3 5.5 3 5.5 3 5.5 3 6 3 6 3 6 3 6.5
8–13.999 2.5 5 2.5 5 2.5 5 2.5 5 2.5 5 2.5 5
14–19.999 2 4 2 4 2 4 2 4 2 4

4 1–1.999 2.5 7.5 3 8.5 3 9
2–2.999 2.5 6 2.5 6 2.5 6 2.5 6.5
3–4.999 2 4 2 4 2 4.5 2 4.5 2 4.5 2 4.5
5–7.999 2 4 2 4 2 4 2 4 2 4 2 4.5 2 4.5
8–13.999 1.5 3 1.5 3 1.5 3 1.5 3.5 1.5 3.5 2 4
14–19.999 1.5 3 1.5 3 1.5 3 1.5 3 1.5 3

5 1–1.999 2 6 2 6.5 2 6.5
2–2.999 2 4.5 2 4.5 2 4.5 2 4.5
3–4.999 1.5 3 1.5 3 1.5 3 1.5 3.5 1.5 3.5 1.5 3.5
5–7.999 1.5 3 1.5 3 1.5 3 1.5 3 1.5 3 1.5 3 1.5 3 1.5 3
8–13.999 1 2 1 2 1 2.5 1 2.5 1 2.5 1 2.5
14–19.999 1 2 1 2 1 2 1 2 1 2

Note: This table was furnished by Barber Colman Co., Rockford, IL, as their recommendation for standard shaper-cutter tolerances. A is the adjacent index-
ing tolerance, and N is the nonadjacent indexing tolerance (exclusive of runout). All readings are in ten-thousandths of an inch.
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FIGURE 8.4
How a shaper cutter cuts an internal gear. (From Fellows Corp., Emhart Machinery Group, Springfield, VT.)

FIGURE 8.5
Comparison of a shaper cutter with external teeth and one with internal teeth. (From Fellows Corp., Emhart 
Machinery Group, Springfield, VT.)

FIGURE 8.6
Shank-type cutters for relatively wide face gears. (From Fellows Corp., Emhart Machinery Group, Springfield, 
VT.)
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The helix angle that a shaper cutter produces depends on both the lead of the guide and 
the number of cutter teeth. The helix of the cutter must also agree with the helix angle 
being cut, or serious cutter rub will occur. The formula for the relation of the cutter teeth 
number to the lead of guide is

 no. of teeth in cutter
lead of guide

no. of teeth in gear
le

=
aad of gear

 (8.1)

Shaper cutters do not usually cut the same whole depth throughout their life. A shaper 
cutter can be designed with a front clearance angle that a certain number of teeth may be 
cut to an exact depth and thickness for the life of the cutter. However, if this cutter is used 
to cut gears of substantially larger or smaller numbers of teeth, the whole depth cut will 
vary slightly from the design value. If a shaper cutter designed to cut an external gear is 
used to cut an internal gear of the same tooth thickness, the discrepancy in whole depth 
may be quite appreciable. In many cases, the designer of a shaper cutter does not know all 
the numbers of teeth that the cutter may have to cut during its life. This leads the designer 
to make the front clearance angle large enough so that the cutter usually cuts a little extra 
on the whole depth. It is usually asserted that the problem of a little extra depth is less seri-
ous than the problem of having the depth too shallow.

In many high-production jobs, it is desirable to design the shaper cutter for a particular 
gear so that the cutter will do exactly what is wanted throughout its life. This is particularly 

FIGURE 8.7
Helical-gear cutters for all but low helix angles are sharpened in the normal section. (From Fellows Corp., 
Emhart Machinery Group, Springfield, VT.)

Special sharpening cut

FIGURE 8.8
Diagram of top half of a shaper cutter for continuous herringbone teeth. Note the special sharpening method 
that changes the original obtuse angle at the corner of the cutter to an angle that will cut.
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true when cutters are used to pre–shave-cut a gear and leave an undercut. The position 
of the undercut must remain constant within close limits to tie in with the shaving-cutter 
design.

8.2  Gear Hobs

The gear hob is really a cylindrical worm converted into a cutting tool. Cutting edges are 
formed by “gashing” the worm with a number of slots. These slots are usually either paral-
lel with the hob axis or perpendicular to the worm thread. The teeth of the hob are relieved 
back of the cutting edge to make an efficient cutting tool. The cutting face may be radial, or 
it may be given a slight “hook” (rake angle) to improve the cutting action. Usually, finish-
ing hobs are radial.

Figure 8.9 shows the design details of a typical spur-gear hob. The involute generating 
portion of the hob-tooth profile is usually made straight in the normal section. Since the 
thread angle is usually low, this makes the profile come out essentially straight even if 
the hob is gashed axially instead of normally. Theoretically, the hob should have a slight 
curvature in its profile to cut a true involute gear. The curvature should correspond to that 
of an involute helicoid. Practically, though, the curvature required is so minimal that it 
is disregarded. Only on multiple-thread hobs of coarse pitch does it become necessary to 
grind an involute curve. An involute helicoid may be calculated in the normal section by 
the method shown by Dudley and Poritsky (1943).

Hobs may be made with straight bores, tapered bores, or integral with hob arbors. The 
shell-type hob with a straight bore is the most commonly used type. Taper-bore hobs 
require more wall thickness than shell hobs. Some companies prefer the taper-bore hob 
because of the more rigid mounting that the taper provides. Integral-shank hobs are expen-
sive. They are used when the hob diameter has to be made so small that a big enough hole 
cannot be put through the hob. Very small hob diameters may be required when the hob 
runout space or the gap between helices is limited. Worm-gear hobs sometimes have to be 
very small to match the diameter of small worms (see Figure 8.10).

The nominal sizes of shell-type hobs are shown in Tables 8.5 and 8.6. Taper hobs gener-
ally require a smaller bore or a larger diameter than the values given in Tables 8.5 and 8.6. 
Where extra rigidity is required, it is often desirable to put in a larger-diameter hob and 
support the hob on a larger arbor. For instance, a 10-pitch hob ordinarily has a 1 1/4-inch 

FIGURE 8.9
Typical shell-type hob. (From Barber Colman Co., Rockford, IL.)
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bore and a 3-in. outside diameter. In cutting high-speed gears to extreme precision, it is 
desirable to use a 4-inch hob with a 1 3/4-in. bore for 10 pitch.

Tables 8.5 and 8.6 show that multiple-thread hobs require larger bores and diameters 
than those in single-thread hobs.

Table 8.7 shows some of the commonly accepted tolerances for different classes of hobs. 
Although about 20 items may be specified in a hob tolerance sheet, the three shown in 
Table 8.7 are the most important. Lead variation in one turn and hob-profile error both 
directly affect the profile accuracy of the gear being cut. Other commonly used hob toler-
ances only indirectly affect the accuracy of the gear.

Helical-gear hobs require a taper when the gear exceeds about 30° helix angle. Even 
below this angle, a taper is helpful if the gear has over 150 teeth. Figure 8.11 shows a typical 
hob for a helical gear of 250 teeth and a 35° helix angle.

The design of the gap between helices on a double helical gear and the hob design are 
tied to each other. The gap must be wide enough to accommodate both the tapered and full 
parts of the hob. An exact calculation of the gap width is quite difficult, but fortunately, an 
approximate solution is usually close enough. The following formula is usually accurate 
within ±5%:

 Min. gap o o o o
o n o o= − + +h d h
z p x

( ) cos
sin

cos
sin

ta
β

β
γ

β
nnαn

 metric (8.2)

 Min. gap H
n= − + +h D h

n p x
( ) cos

sin
cos

sin
tan

ψ
ψ

λ
ψ
φ1

1 1 1

nn

 English (8.3)

where
ho, h—depth of cut (finishing cut may be less depth than whole depth)
ht—total depth of cut
do, DH—hob outside diameter (at point doing the cutting)
β—helix angle of gear, degree, (βo = β − γ)
ψ—helix angle of gear, degree, (ψ1 = ψ − λ)
γ, λ—lead angle of hob, degrees

 
sin , sinγ λ

no. hob threads normal circular pitc
=

× hh
hob pitch diameterπ ×  

FIGURE 8.10
Worm-gear hob with multiple threads and integral with shank. (From Barber Colman Co., Rockford, IL.)
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TABLE 8.5

Typical Dimensions of Shell Hobs, English Dimensions

Diametral Pitch
Number of 

Threads Hole (in.)
Outside 

Diameter (in.) Length (in.) Keyway (in.)

1 1 or 2 2.50 10.75 15.00 5
8

5
16

×

2 1 1.50 5.75 8.00 3
8

3
16

×

2 1.50 6.50 8.00 3
8

3
16

×

4 1 1.25 4.00 4.00 1
4

1
8

×

2 1.50 5.00 4.00 3
8

3
16

×

3 1.50 5.50 4.00 3
8

3
16

×

5 1 1.25 3.50 3.50 1
4

1
8

×

2 1.50 4.50 3.50 3
8

3
16

×

3 1.50 5.00 3.50 3
8

3
16

×

6 1 1.25 3.50 3.50 1
4

1
8

×

2 1.50 4.50 3.50 3
8

3
16

×

3 1.50 5.00 3.50 3
8

3
16

×

8 1 1.25 3.00 3.00 1
4

1
8

×

2 1.25 3.75 3.00 1
4

1
8

×

3 1.25 4.00 3.00 1
4

1
8

×

10 1 1.25 3.00 3.00 1
4

1
8

×

2 1.25 3.50 3.00 1
4

1
8

×

3 1.25 3.75 3.00 1
4

1
8

×

12 1 1.25 2.75 2.75 1
4

1
8

×

16 1 1.25 2.50 2.50 1
4

1
8

×

20 1 0.75 1.875 1.875 1
8

1
16

×

32 1 0.75 1.50 1.125 1
8

1
16

×

100 1 0.75 1.375 0.625 –
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pn—normal circular pitch
zo, n1—number of pitches from hobbing center
x′—whichever is larger: gear addendum or gear dedendum minus clearance
αn, ϕn—normal profile angle, degrees

All linear dimensions above are in millimeters for Equation 8.2 or in inches for Equation 8.3.
Figure 8.12 shows schematically how this formula works. The hob must be fed out into 

the gap between helices until it stops cutting on the helix it was cutting. If it is a roughing 
cut, it is not necessary to completely stop cutting—the finish cut can take off a little extra at 
the tooth ends. Frequently, large gears are rough-cut to full depth and then finish-cut with 
a smaller hob and a slightly shallower depth.

As shown in the sketch, the generating zone of the hob must clear the end of the helix. 
The minimum gap width is determined by the distance needed to keep either the first full 

TABLE 8.6

Typical Dimensions of Shell Hobs, German Dimensions

Module (mm) Hole (mm)
Outside 

Diameter (mm) Length (mm)

1.00 22 50 44
1.25 22 50 44
1.50 22 56 51
1.75 22 56 51
2.00 27 63 60
2.25 27 70 70
2.50 27 70 70
2.75 27 70 70
3.00 32 80 85
3.25 32 80 85
3.50 32 80 85
3.75 32 90 94
4.00 32 90 94
4.50 32 90 94
5.00 32 100 104
5.50 32 100 104
6.00 40 110 126
6.50 40 110 126
7.00 40 110 126
8.00 40 125 156
9.00 40 125 156
10.00 40 140 188
11.00 50 160 200
12.00 50 170 215
13.00 50 180 230
14 50 190 245
15 60 200 258
16 60 210 271
18 60 230 293
20 60 250 319
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TABLE 8.7

Summary of Hob Lead, Profile, and Tooth Thickness Tolerances

Item

Number 
of 

Threads Class

Tooth Size

1 Module

(25 Pitch)

1.5 Module

(16 Pitch)

2.5 Module

(10 Pitch)

5 Module

(5 Pitch)

8 Module

(3 Pitch)

25 Module

(1 Pitch)

(μm) (10−4 in.) (μm) (10−4 in.) (μm) (10−4 in.) (μm) (10−4 in.) (μm) (10−4 in.) (μm) (10−4 in.)

Lead variation 
in one axial 
pitch of the 
hob

1 AA 5 2 5 2 8 3 10 4 20 8 – –
A 10 4 10 4 13 5 15 6 25 0 64 25
B 15 6 15 6 18 7 23 9 43 17 90 35
C 20 8 20 8 23 9 28 11 56 22 115 45
D 40 10 46 18 50 20 64 25 100 40 150 60

Multiple A 10 4 10 4 13 5 15 6 25 10 64 25
B 18 7 18 7 20 8 25 10 43 17 90 35
C 25 10 25 10 30 12 38 15 56 22 115 45
D – – 46 18 50 20 64 25 100 40 150 60

Profile error in 
involute-
generating 
portion of 
hob tooth (tip 
relief 
modification 
excluded)

1 AA 4 1.7 4 1.7 4 1.7 4 1.7 5 2 – –
A 5 2 5 2 5 2 5 2 8 3 25 10
B 8 3 8 3 8 3 10 4 13 5 40 16
C 8 3 8 3 8 3 10 4 25 10 64 25
D 13 5 15 6 20 8 30 12 75 30 200 80

2 A 5 2 5 2 5 2 8 3 13 5 30 12
B 8 3 8 3 8 3 13 5 18 7 46 18
C 8 3 8 3 8 3 13 5 28 11 70 27
D – – 18 7 20 8 30 12 75 30 200 80

3 or 4 A 5 2 5 2 8 3 8 3 13 5 38 15
B 8 3 8 3 10 4 13 5 18 7 50 20
C 8 3 8 3 10 4 13 5 28 11 70 27
D – – 18 7 20 8 30 12 75 30 200 80

Tooth 
thickness 
error (minus 
only)

1 or 
multiple

AA 25 10 25 10 25 10 25 10 38 15 – –
A 25 10 25 10 25 10 25 10 38 15 75 30
B 25 10 25 10 25 10 25 10 38 15 75 30
C 38 15 38 15 38 15 38 18 50 20 90 35
D 50 20 50 20 50 20 50 20 75 30 100 40

Note: 10−4 in. = ten-thousandths of an inch. Hobs are classified by dimensional tolerances as follows: Classes AA and A are precision ground; Class B is commercial 
ground; Class C is accurate ground; Class D is commercial un-ground.
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tooth or any of the tapered teeth from hitting the opposite helix. Usually, the hob is cen-
tered 1.5 pitches back from the first full tooth. This makes n1 equal to 1.5 for the first solu-
tion. Since the tooth is a full tooth, h equals ht, and DH is the full outside diameter. (This 
paragraph and Figure 8.12 are given in English symbols only. The metric equivalents are 
evident in Equations 8.2 and 8.3.)

After the gap for the first full tooth has been determined, a check should be made to 
see if any of the tapered teeth requires additional gap. As shown in Figure 8.12, the first 
tapered tooth has a value of n1 = 2.5, and h = ht − a1. A series of calculations can be made for 
different tapered teeth to explore the cutting action of all the tapered teeth.

FIGURE 8.11
Multiple-thread hob. (From General Electric Co., Lynn, MA.)
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FIGURE 8.12
Diagram of hob in gap between helices.
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Sometimes, it is desirable to lay out the values calculated, as shown in Figure 8.12. In 
Equations 8.2 and 8.3, the curvature of the gear is not taken into account. An end view 
will show whether the point at which the hob tends to hit the opposite helix is off-center 
enough to allow the value of h to be reduced by an appreciable amount to compensate for 
the curvature of the gear.

In designing a tapered hob, it is usually desirable to use such an amount of taper that the 
tapered teeth cut a gap width that is either just equal to or slightly greater than that of the 
first full tooth. This ensures that the taper is really doing some work. If the tapered teeth 
are so short that they do not require as much gap as the first full tooth, they will still do 
some cutting on the sides of the gear teeth, but they will not be removing the amount of 
stock that they should.

The end of the hob to be tapered for helical-gear cutting is opposite to that which is 
sometimes used on large spur gears. For helical gears, the rules are

Conventional Hobbing
RH hob tapered on LH end, top coming
LH hob tapered on RH end, top coming

Climb Hobbing
RH hob tapered on RH end, top coming
LH hob tapered on LH end, top coming

Worm gears can be hobbed on the same machines used to hob spur and helical gears. Even 
the same kind of hobs can be used, provided that the work is of the same diameter and tooth 
profile as the hob. Usually, though, special hobs are required for worm gears. Worm gears that 
mesh with multiple-threaded worms need tangential feed hobbers to eliminate generating 
flats on the tooth profiles. The tangential hobber has a slow feed in a direction tangent to the 
gear being cut. The effect of this feed is to shift the center position of the hob continuously dur-
ing the cut. This shifting makes the hob teeth move into different positions with respect to the 
gear. The hob cuts as if it had an almost infinite number of cutting edges.

Figure 8.13 shows a worm-gear hob that has just finished cutting a single-enveloping 
worm gear. Note the long taper on the hob. At the start of the cut, only the taper teeth 

FIGURE 8.13
Worm-gear hob and worm gear. (From General Electric Col, Lynn, MA.)
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engage the work. At the end of the cut, the gear is engaging only the full-depth hob teeth. 
This kind of hob is often called (for obvious reason) a “pineapple” hob.

The end of the hob to be tapered depends on the direction of feed use on the hobber. For 
most hobbers, the direction is such as to require

RH hob to be tapered on RH end
LH hob to be tapered on LH end

There is no handy way of figuring what amount of taper will give the best results on 
worm-gear hobs. A common practice is to make the length of taper about three times the 
whole depth and the depth of taper about three-quarters of the whole depth.

Pineapple hobs are efficient cutting tools but rather expensive. Where production 
requirements are not great, a much simpler hob can be used if the tangential feed is slowed 
down. In fact, the tangential type of hobber can generate a complete worm gear with only a 
single cutting tooth. This scheme has been used quite successfully with cemented-carbide 
“fly” cutters. With high-speed tool-steel fly cutters, the single cutting edge often gets dull 
before it finishes a gear. Figure 8.14 shows such a hob. It has five teeth, corresponding to 
five worm threads (worm starts). This kind of hob has been called a “pancake” hob.

Worm-gear hobs—no matter what kind—must have about the same diameter as the 
worm they imitate. Since the hob gets smaller in diameter as is sharpened, it is necessary 
to make the new worm-gear hob slightly larger than the worm. The amount of oversize 
to use has not yet been standardized. Since any oversize produces error in the gear, the 
amount of oversize is a function of the amount of error that may be tolerated. If no oversize 
is used, the hob might cut perfectly when new, but it would have to be scrapped after one 
sharpening unless the hobbing center distance was held constant and the hob was allowed 
to cut shallower and thicker teeth after each sharpening. The latter expedient is helpful in 
some jobs where worms and gears may be sized to fit each other, but it is an awkward way 
of making gears when the job requires all parts to be essentially the same size and quality.

The amount of hob oversize boils down to a compromise between accuracy and hob life. 
The more oversize there is, the more hob sharpenings are possible before the hob reaches 
its “spent” diameter. Usually a hob is considered spent when its diameter is less than that 
of the worm. Undersize damages the accuracy of a hob much more than oversize.

The exact calculation of the effects of hob oversize is too complicated a problem to 
be treated in this book. For general applications where a quick yardstick is needed, the 

FIGURE 8.14
Pancake worm-gear hob.
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following formula represents a good limit for hob oversize. High precision can usually 
be obtained when the hob oversize does not exceed the value given by the formula. If the 
formula is exceeded, the accuracy will probably be in the commercial class (good enough 
for many jobs, but not good enough for critical jobs). The formula is

 Hob oversize p p= − = −d d d
px

0 1 1 0 030 0 028
15 24

( . . tan )
.

γ
++ 7 62.

 metric (8.4)

 Hob oversize H= − = −
+

d d d
px

( . . tan )
.
.

0 030 0 028
0 600
0 3

λ
000

 English (8.5)

where
d0, dH—hob pitch diameter in millimeters (inches)
dp1, d—worm pitch diameter in millimeters (inches)
γ, λ—worm lead angle in degrees
px—axial pitch (of worm and hob are equal) in millimeters (inches)

The cutting edges of the worm-gear hob must have a curvature that will permit them to 
lie on an imaginary worm surface, which has the same profile curvature as the worm. A 
curvature that corresponds to that which is cut or ground into the worm must be ground 
into the hob. Since worms used in the United States usually do not have an involute heli-
coidal shape, calculations of hob profile must be based on the method used to make the 
worm (see Section 8.4).

The details of designing a hob can best be understood by studying some design prob-
lems. Figure 8.15 shows the English design data for a pre-shave spur-gear hob designed 
for cutting 10-diametral-pitch gears and pinions, which will operate at pitch-line speeds 
up to 10,000 fpm and loads over 1000 lb/in. of face width. The hob has a full-radius tip. It 
cuts an extra deep tooth of 0.240 in. When cutting standard addendum gears, it produces 
a tear-tooth thickness of 0.156 in. This thickness and the depth of 0.240 in. remain constant 
throughout the life of the hob. It will be recalled that shaper cutters do not produce con-
stant thickness and depth when they are used over a range of tooth numbers. The generat-
ing action of the hob is such that tooth numbers do not affect the thickness of the tooth it 
cuts.

The hob has a protuberance of 0.0014 in. After the gear is shaved down to a design thick-
ness, which is 0.154 to 0.153 in., the undercut caused by the protuberance blends smoothly 
into the contour of the gear tooth. The location of the protuberance is made high enough 
on the hob tooth so that only a small amount of shaving will be required to clean up the 
gear tooth down to the end of the active part of the involute. Note that the hob is straight 
for a distance of 0.095 in. above pitch line. Only the first 0.005 in. of the protuberance gener-
ates a possible part of the working involute on the gear. The rest of the protuberance cuts 
in the root fillet of the gear.

The amount of protuberance is controlled mainly by changing the angle on the protu-
berance. Where 16° is used on this hob, about 18° would be used on a 4-pitch hob with a 
Hi-point* of 0.002 in.

* Hi-point is the point on the protuberance or a hob that cuts the deepest undercut on the gear (to be shaved or 
ground).
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Several important developments in hobs have been made during recent decades. Three 
developments that are quite important to the gear industry are as follows:

• A built-up hob. Special hob blades are attached to a body made of less costly mate-
rial than the blade material.

• Special roughing hobs. The special roughing hob is a very efficient tool to remove 
stock, but it does not produce gear teeth intended to run together.

• Skiving hobs. This hob can finish-cut fully hardened gear teeth.

The built-up hobs may have blades brazed to an alloy steel body, or the blades may be 
mechanically attached. The blade material may be expensive high-speed steel, or it may 
even be a carbide material. Figure 8.16 shows an example of a built-up hob.
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Gear hob, pre-shave.
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The larger sizes of built-up hobs may be re-bladed. The built-up hob tends to be less 
expensive (in large sizes) because the body material is not nearly as costly as the blade 
material. Delivery time may be reduced because a large tool-steel forging is not needed.

The special roughing hobs cut very efficiently. They remove larger chips, and the ships 
tend to cut and break away in an efficient manner. Figure 8.17 shows a patented K-Kut 
roughing hob developed by Barber Colman Co. Figure 8.18 shows the patented roughing 
hob developed by Azumi, called the Dragon hob. Figure 8.19 shows Dragon hob cutting a 
large gear.

FIGURE 8.16
Built-up hob with carbide blades. (From Barber Colman Co., Rockford, IL.)

FIGURE 8.17
K-Kut roughing hob, U.S. Patent No. 3,892,022. (From Barber Colman Co., Rockford, IL.)

FIGURE 8.18
Dragon roughing hob. (From Azumi Mfg. Co., Osaka, Japan.)
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FIGURE 8.19
Dragon hob roughing a large gear. (From Azumi Mfg. Co., Osaka, Japan.)

E-Z Cut hob has different
depths of gashes. Matched sets
of theses gashes are placed
symmetrically around the hob’s
periphery.

FIGURE 8.20
Detail of E-Z Cut hob design and the E-Z Cut hob. U.S. Patent No. 3.715,789. (From Barber Colman Co., Rockford, 
IL.)

  



514 Dudley’s Handbook of Practical Gear Design and Manufacture

The K-Kut hob and the Dragon hob were developed and patented at about the same time. 
One has a U.S. patent and the other a Japanese patent. It is known that Barber Colman Co. 
and Azumi Mfg. Co. were working independently and did not know details of each other’s 
design until their special roughing hobs were on the market.

Another special patented hob that is very efficient at metal removal is the E-Z Cut hob. 
This hob will do both roughing and finishing. Figure 8.20 shows this hob and a detail of 
the design. This hob is intended to be used on very large gears where the cutting time is 
normally of several days’ duration.

The skiving hob uses a special carbide blade and a negative rake angle of 30°. Figure 
8.21 shows a skiving hob and details of the special rake angle. Figure 8.22 shows a skiving 
hob being set in position to finish-cut a fully hardened gear that was finish-hobbed before 
hardening with a protuberance type of hob. (The pre-grinding type of hob can be used as 
a pre-skive hob.)

It is a remarkable achievement, of course, to be able to finish a case hardened gear by 
hobbing instead of grinding. In the case where very high accuracy and smooth finish are 
needed, the hard gear—finished by skiving—may be given a further honing operation or 
a very light final grinding. When a final grind is used, the skiving serves to remove the 
bulk of the heat-treat distortion and to remove it in a quicker and more efficient manner 
than grinding.

Azumi hob has
30° negative rake
angle sharpening

30° Conventional hob has
radial sharpening

FIGURE 8.21
Skiving hob and detail of the negative rake angle. U.S. Patent No. 3,786,719. (From Azumi Mfg. Co., Osaka, 
Japan.)
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8.3  Spur-Gear–Milling Cutters

Spur gears can be formed by milling a slot at a time and indexing to the next slot. The mill-
ing cutter is made so that its contour has an involute curve matching that of the gear tooth. 
A crossing section through the cutter tooth is the same as that through the space between 
two gear teeth (see Figure 8.23).

Standard involute gear cutters are designed to cut a range of gear-tooth numbers. Table 
8.8 shows the tooth numbers that standard cutters will cut.

Spur gears cut by involute cutters of the same pitch are interchangeable. The form of 
the cutter is designed to be correct for the lowest number of teeth in the range of the cut-
ter. For instance, a No. 5 cutter has the involute curvature of 21 teeth. If it is used to cut 25 
teeth instead of 21 teeth, the curvature will be somewhat too great. However, this is not 

FIGURE 8.22
Skiving hob being set to finish a large case-hardened gear. Note undercut in gear teeth. Only the sides of gear 
teeth are skived, not the root fillet. (From Azumi Mfg. Co., Osaka, Japan.)

Tool

Gear
tooth

CL

 Pitch diameter

FIGURE 8.23
Milling tool fits space between gear teeth exactly after gear is finished.

  



516 Dudley’s Handbook of Practical Gear Design and Manufacture

too serious. Teeth with too much curvature will run together better than teeth with too 
little curvature.

If close accuracy is desired in form-milled teeth, it is necessary to get a cutter with a cur-
vature that is right for the exact number of teeth. This can be done by purchasing a special 
single-purpose cutter.

Standard gear cutters are usually not ground. The highest accuracy can be obtained by 
using both a single-purpose cutter and a ground cutter.

Some companies build standard gear cutters in half numbers. For example, a No. 3 1/2 
cutter has a range of 30 to 34 teeth, whereas a No. 4 cutter has a range of 26 to 34.

Gear designers can help themselves by choosing numbers of teeth that tie in with the 
design values for standard cutters. If a 4:1 ratio is desired, tooth numbers of 14 and 56 
would be a good choice. A No. 7 cutter would be just right for the pinion, and a No. 2 cutter 
would be within one tooth of being just right for the gear. This would give close accuracy 
without paying extra for single-purpose cutters.

Where close accuracy is desired in form-milled gear teeth, it is often necessary to make 
precise layouts of gear and cutter teeth so that both the tool and the work may be checked. 
Points on the involute profile may be laid out by rectangular coordinates.

The calculation of the cutter profile involves two steps:

• The cutter is assumed to be like an internal gear tooth that completely fills the 
space between two external teeth. A series of arc tooth thicknesses are calculated 
for a series of assumed diameters.

• The arc tooth thicknesses are converted to rectangular coordinates based on the 
point at which the gear pitch diameter intersects the centerline of the cutter. These 
coordinates are plotted to give the cutter profile.

Section B.6 of Appendix B shows how to calculate the profile of an internal gear tooth, 
and Figure B.16 is an example of a calculated internal tooth profile. This method can be 
adapted for the design of milling cutter profiles.

Gear-milling cutters range in size from 8.5  in. in diameter and 2  in. in bore size for 
1 diametral pitch to 1.75 in. in diameter and 0.875 in. in bore size for 32 pitch. Several kinds 
of “stocking” cutters are commonly used to rough-cut teeth before finish-cutting. Those 
planning to use gear-milling cutters should consult tool vendors’ catalogues for further 
details on the kinds and types of cutters available.

TABLE 8.8

Standard Involute Gear Cutters

Number Used to Cut

1 From 135 teeth to a rack
2 From 55 teeth to 134 teeth
3 From 35 teeth to 54 teeth
4 From 26 teeth to 34 teeth
5 From 21 teeth to 25 teeth
6 From 17 teeth to 20 teeth
7 From 14 teeth to 16 teeth
8 From 12 teeth to 13 teeth
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8.4  Worm-Milling Cutters and Grinding Wheels

On casual observation, one might assume that a milling cutter would produce on a worm 
a normal section profile that is of the exact same curvature as the normal section of the 
cutter. However, there is a slight generating action between the cutter and the work. This 
is caused by the fact that the thread angle of the worm varies from the top to the bottom 
of the thread. The inclination of the cutter is set to correspond to the thread angle at the 
pitch line of the worm. This means that at the top or bottom of the thread, the cutter will 
not be tangent to the worm surface in the plane containing the cutter axis (normal section). 
Since the tangency points do not come in the plane of the normal section, more metal will 
be removed from the top and bottom of the worm thread than that corresponding to the 
cutter normal section profile. A straight-sided conical cutter (see Figure 8.24) will produce 
a worm thread with a convex curvature in either the normal or the axial sections of the 
worm. If a straight-sided worm profile is required, the cutter must be formed to a convex 
curvature that is conjugate with the straight worm.

The amount of curvature produced by the generating action of a milling cutter is rather 
slight compared with that produced by a hob or shaper cutter. With low thread angles and 
fine pitches, the curvature is often almost negligible. With coarse pitches and high thread 
angles, the amount becomes quite significant. For example, a five-thread worm of 1.250-in. 
axial pitch and 30° thread angle has about 0.006-in. curvature when cut with a straight-
sided cutter. A five-thread worm of 0.625-in. axial pitch has only about 0.001-in. curvature 
when the thread angle is 15°.

Several kinds of worms have been in common use. When worm threads were made on 
a lathe, it was quite handy to make the worm profile either straight in the axial section or 
straight in the normal section. This practice carried over into milled worms, with the result 
that many designs in current production call for a straight-sided worm. This practice puts 
a burden on the makers of a milling cutter (or the one who dresses a thread-grinding 
wheel). They must develop the required curvature in the cutting tool.

Most gear engineers in the United States prefer to use a straight-sided milling cutter or 
grinding wheel. This puts all the curvature into the worm. This practice makes the job of 
producing a worm-gear hob somewhat more difficult, since it must have a curvature on 
the cutting edge corresponding to that of the worm thread. It is reasoned, though, that 
hob makers are better able to take care of this problem than are makers of milling cutters. 
Worm-gear hobs have helical gashes on most cases. The combination of gash angle and 

FIGURE 8.24
Worm-milling cutter. (From General Electric Co., Lynn, MA.)
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relief on the sides of the hob tooth would make it necessary to curve the cutting edge of 
the hob tooth even if the hob had to match a straight-sided worm. Since hob makers can-
not escape curvature problems, it is perhaps reasonable to give them the whole problem.

In England and some other countries, worms of involute helicoidal shape are popular. 
These worms have an involute curve in a transverse section. This design is not handy to 
work with unless involute generating equipment is available to make worm threads. Such 
equipment is not generally available in the United States.

Worm-gear designs frequently need to calculate the curvature produced by milling a 
worm. If a straight-sided cutter is used, the worm thread profile must be calculated before 
precise data can be put on the worm drawing to check the thread profile. Also, these data 
are needed to check the worm-gear hob.

Several people have worked on this problem and written technical papers. The refer-
ences at the end of the book include some of the best work on the worm-cutter problem. 
The problem is so complicated and takes so many equations to get a precise answer that 
it is not possible to present it in full in this book. As a substitute, a calculation sheet and a 
sample problem are given. This will give a designer the means of solving for the axial and 
normal section curvatures of any worm cut by a straight-sided cutter or grinding wheel. 
The method used is based on the Dudley and Poritsky (1943) AGMA paper. More detailed 
information is available in this reference.

For a sample problem, we shall take a five-threaded worm with 25.00-mm axial pitch. 
We shall adjust the pitch diameter to give a 25° lead angle. This makes 5° per thread 
and is about as high a lead angle as should be used with five threads. Using Equations 
5.69 through 5.73, the pitch diameter works out to 85.327 mm. Using the proportions of 
Table 5.29, we get an addendum of 7.21 mm. Cutter pressure angle is 25°. Normal circular 
pitch is 22.6577 mm. The worm thread thickness will be 10.88 mm.

The worm thread cutter will have an outside diameter of 150 mm. Subtracting twice the 
worm dedendum (8.65 mm), we get a cutter pitch diameter of 132.70 mm. The cutter thick-
ness at the pitch line will be equal to the normal circular pitch minus the worm thread 
thickness. This comes out to 11.7777 mm.

The first step in the calculation will be to determine the angle of rotation of the cutter 
(θ2) at which various points on the cutter cut the deepest into the worm profile (these are 
points of tangency with the worm profile). Table 8.9 shows this calculation. Values of Δh 
may be assumed to give as many points as desired. The five points shown are picked to 
be one addendum above and below pitch line, at pitch line, and two intermediate points.

After θ2 has been determined, a second calculation sheet is worked through to get the 
axial section of the worm. This calculation literally determines the position of a point on 
the cutter with respect to the axial section of the worm. If angles of θ2 other than the criti-
cal value were used, it would be possible to plot the entire cutting curve of a point on the 
cutter. In fact, a solution can be obtained by assuming a series of θ2 values for each line (30) 
value from Table 8.9 and then plotting individual curves to see which value of θ2 does the 
deepest cutting on the worm. In some cases, it may not be possible to get a solution for θ2 
directly from the first calculation sheet. If this happens, a solution can still be obtained by 
plotting curves for each line (30) value from Table 8.9 and reading values at the point of 
deepest cutting. The Dudley and Poritsky (1943) paper gives further information on this 
alternative method.

Table 8.10 shows the calculation of the worm axial section. Items 6, 7, and 8 for this calcu-
lation are taken from Table 8.9. Items 26 and 32 are the answers. They are rectangular coor-
dinates of points on the axial section profile. Item 26 is a radial dimension, while 32 is an 
axial dimension—with 0 at the approximate pitch diameter of the worm. The approximate 
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TABLE 8.9

Calculation of Angle of Rotation for a Straight-Sided Cutter Cutting a Worm

Given Data

1. Number of worm threads 5
2. Pitch diameter of worm 85.327 mm
3. Pitch diameter of cutter 132.7 mm
4. Axial pitch 25.00 mm
5. Shaft anglea 25°
6. Cutter pressure angle 25°
7. Cutter tooth thickness 11.78 mm

Calculation Steps

8. Distance a (assume) 7 3.5 0 –3.5 –7
9. [(2) + (3)] × 0.50 109.0135
10. Lead = (1) × (4) 125.00
11. (10) ÷ 2π 19.89437
12. sin (5) 0.422618
13. cos (5) 0.906308
14. tan (6) 0.466308
15. –1 ÷ (14) –2.14451
16. (15) × (12) –0.906308
17. (15) × (13) –1.94358
18. (9) × (13) 98.79978
19. (9) × (16) –98.7998
20. (11) × (12) 8.407723
21. (11) × (17) –38.6664
22. (18) + (20) 107.2075
23. (22) × (22) 11493.45
24. (19) – (21) –60.1334
25. (24) × (24) 3616.029
26. (22) × (24) –6446.75
27. (7) ÷ 2 5.89
28. (3) ÷ 2 66.35
29. (8) × (14) 3.264154 1.632077 0 –1.63208 –3.26415
30. (27) – (29) 2.625846 4.257923 5.89 7.522077 9.154154
31. r2 = (28) + (8) 73.35 69.85 66.35 62.85 59.35
32. (30) × (12) 1.109731 1.799476 2.489222 3.178967 3.868712
33. (31) × (16) –66.4777 –63.3056 –60.1335 –56.9614 –53.7894
34. (32) + (33) –65.3679 –61.5061 –57.6443 –53.7825 –49.9207
35. (34) × (34) 4272.968 3783.003 3322.865 2892.555 2492.072
36. (35) – (25) 656.9398 166.9747 –293.163 –723.474 –1123.96
37. (23) + (35) 15766.42 15276.45 14816.31 14386.00 13985.52
38. (36) ÷ (37) 0.041667 0.010930 –0.019787 –0.050290 –0.080366
39. (26) ÷ (37) –0.408892 –0.422006 –0.453112 –0.448127 –0.460959
40. (39) × (39) 0.167192 0.178089 0.189322 0.200818 0.212483
41. (38) + (40) 0.208859 0.189019 0.169536 0.150528 0.132118
42. ( )41 0.457011 0.434763 0.411747 0.387979 0.363480
43. (39) + (42) 0.048120 0.012758 –0.023365 –0.060148 –0.097479
44. Rotation angle = arcsin (43) 2.758124 0.730968 –1.33881 –3.44831 –5.59404
a The shaft angle is usually set to be the same as the worm lead angle.
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pitch diameter is used because the point used in the beginning for the pitch point of the 
cutter does not reach in quite deep enough to give a point on the pitch line of the worm in 
this calculation.

In general, it is best to check hobs and worms in the normal section. This permits the indi-
cator to read normal to the surface being checked instead of at an angle. Table 8.11 shows 
the calculation of the normal section from the coordinates just obtained for the worm axial 
section. Items 19 and 23 are rectangular coordinates of the worm normal section.

Machines customarily used to check the profiles of worms are set at an inclination cor-
responding to the normal pressure angle. Since the curvature of the profile is not great, it 

TABLE 8.10

Calculation of Axial Section of Worm Cut with a Straight-Sided Cutter

Given Data

1. Number of worm threads 5
2. Pitch diameter of worm 85.327 mm
3. Pitch diameter of cutter 132.7 mm
4. Axial pitch 25.00 mm
5. Shaft angle 25°

Calculation Steps

6. r2 (line 31, Table 8.9) 73.35 69.85 66.35 62.85 59.35
7. (line 30, Table 8.9) 2.625846 4.257923 5.89 7.522077 9.154154
8. Rotation (line 44, Table 8.9) 2.758124 0.730968 –1.33881 –3.44831 –5.59404
9. [(2) + (3)] × 0.50 109.0135
10. Lead = (1) × (4) 125.00
11. (10) ÷ 2π 19.89437
12. sin (5) 0.422618
13. cos (5) 0.906308
14. sin (8) 0.048120 0.012758 –0.023365 –0.060148 –0.097479
15. cos (8) 0.998842 0.999919 0.999727 0.998190 0.995238
16. (6) × (14) 3.529584 0.891108 –1.55024 –3.78030 –5.78540
17. (6) × (15) 73.26503 69.84432 66.33189 62.73621 59.06735
18. (12) × (16) 1.491667 0.376599 –0.655160 –1.59763 –2.44501
19. (12) × (7) 1.109731 1.799476 2.489222 3.178967 3.868712
20. (13) × (16) 3.198890 0.807618 –1.40499 –3.42612 –5.24335
21. (13) × (7) 2.379825 3.858989 5.338153 6.817317 8.296481
22. (9) – (17) 35.74847 39.16918 42.68161 46.27729 49.94615
23. (20) + (19) 4.308620 2.607095 1.084227 –0.247151 –1.37464
24. (21) – (18) 0.888158 3.482390 5.993313 8.414942 10.74149
25. [(22) × (22)] + [(23) × (23)] 1296.517 1541.022 1822.896 2141.649 2496.508
26. ( )25 36.00719 39.25585 42.69538 46.27795 49.96506

27. (23) ÷ (26) 0.119660 0.066413 0.025395 –0.005341 –0.027512
28. arcsin (27) 6.872482 3.807981 1.455153 –0.305994 –1.57652
29. (28) × π ÷ 180 0.119947 0.066462 0.025397 –0.005341 –0.027515
30. (29) × (11) 2.386278 1.322216 0.505261 –0.106248 –0.547402
31. (30) + (24) 3.274437 4.804606 6.498574 8.308694 10.19409
32. (31) – Zp

a –3.22414 –1.69397 0 1.810120 3.695519

a Zp is the value from line 31 in the column in which r2 equals half of the cutter pitch diameter. In this case, it is 
the idle column, and Zp is 6.498574.
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is handy to measure the profile deviations from a straight line. This makes it desirable to 
continue the calculation from a straight line. Items 30 and 31 show the deviations from a 
straight line set at a normal pressure angle of 24.4072°. This angle was calculated from the 
cutter pressure angle using Equations 5.63 and 5.64.

Figure 8.25 shows a plot of the normal section deviations. The solid curve is a plot of 
items 31 and 32. It will be noted that this curve does not read 0 at the point where A is 0. 
This is caused by the fact that the axial section was based on an approximate pitch diam-
eter (see above). The dashed-line curve has been moved over by 0.013 mm to correct for 
this approximation. The dashed-line curve is the one that should be used for checking. The 
other curve could be used, but it would confuse the inspectors to have the checking line 
intersect the surface instead of passing tangent to the surface.

TABLE 8.11

Calculation of Normal-Section Deviation from Known Axial Section

Calculation Steps
1. (line 32, Table 8.10) –3.22414 –1.69397 0 1.810120 3.695519
2. Worm pitch diameter × π 268.0627

3. Lead (line 10, Table 8.10) 125.00

4. (3) ÷ (2) 0.466309

5. Lead angle = arctan (4) 25.00006

6. (line 26, Table 8.10) 36.00719 39.25585 42.69538 46.27795 49.96506
7. (6) ÷ (4) 77.21746 84.18423 91.56031 99.24313 107.1502
8. (3) ÷ 2π 19.89437

9. (7) + (8) 97.11183 104.0.786 111.4547 119.1375 127.0445
10. (1) ÷ (9) –0.033200 –0.016276 0 0.015194 0.029088
11. arcsin (10), degrees –1.90258 –0.932579 0 0.870559 1.666876
12. (11) × π ÷ 180 –0.033206 –0.016277 0 0.015194 0.029092
13. (8) × (12) –0.660620 –0.323812 0 0.302277 0.578776
14. (7) × (10) –2.56364 –1.37017 0 1.507854 3.116824
15. (13) + (14) –3.22426 –1.69398 0 1.810132 3.695600

Note: If (15) does not equal (1), this approximation method is not good enough, and a trial–error procedure must 
be used. Assume a new value for (10) and repeat steps (11) to (15), until (15) equals (1).

16. cos (11) 0.999449 0.999868 1.00 0.999885 0.999577
17. (6) × (16) 35.98734 39.25065 42.69538 46.27261 49.94392
18. (6) × (10) –1.19545 –0.638923 0 0.703126 1.453403
19. sin (5) 0.422619
20. –(18) ÷ (19) 2.828664 1.511816 0 –1.66373 –3.43904
21. Normal pressure angle [From 

Equations 5.63 and 5.64)]
24.40341

22. tan (21) 0.453692
23. (2) ÷ 2π 42.66350

24. (17) – (23) –6.67617 –3.41285 0.031882 3.609110 7.280421
25. (24) × (22) –3.02892 –1.54838 0.014464 1.637424 3.303069
26. (25) + (20) –0.200258 –0.036565 0.014464 –0.026310 –0.135967
27. cos (21) 0.910659
28. Deviation = (26) × (27) –0.182367 –0.033298 0.013172 –0.023959 –0.123820
29. Distance A = (24) ÷ (27) –7.33114 –3.74767 0.035010 3.963185 7.994673

Note: For the derivation curve, plot (28) against (29).
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Figure  8.25 shows that the normal section profile has a curvature of about 0.1  mm. 
Although this is not much distance, it is a significant amount when it comes to meshing of 
precision gear teeth. To get a worm that will operate smoothly under high speed and load, 
it will be necessary to hob its mating gear with a hob that has the same normal section 
curvature as the worm. The calculation just given is a method of getting both data to check 
the finished worm and data to check the hob used to finish the worm gear.

8.5  Gear-Shaving Cutters

When gears are made by the shaving process, the gear engineer may have frequent need 
to study the shaving tool. Essentially this tool represents a gear that has a conjugate tooth 
action with the part being shaved. The surfaces of the shaving tool are serrated with small 
rectangular grooves. The cutter is designed purposely to run on a shaft that lacks a few 
degrees of being parallel with that of the work. The out-of-parallel condition causes the 
cutter teeth to have a sliding motion across the gear teeth even at the pitch line. It is this 
sliding motion, together with the serrations and the fact that the tool and work are meshed 
together at a tight center distance, that causes the tool to “shave” off tiny slivers of mate-
rial (see Figure 8.26 for shaving-cutter examples and Figure 8.27 for how a shaving cutter 
works).
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Since the shaving cutter is mounted on a shaft that is not parallel to the gear axis, the 
teeth of the shaving cutter and of the work run together like a pair of crossed-helical gears. 
The choice of the shaft angle governs the cutting action of the cutter. In general, the higher 
the shaft angle is, the faster the cutter cuts. The best control over helix angle, though, is 
gained with a low shaft angle.

FIGURE 8.26
Shaving cutters of different pitches. (From National Broach and Machine Co., a division of Lear Siegler, Inc., 
Detroit, MI.)

1. Shaving cutter rolls
    in mesh with gear
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band
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2. Path of tooth contact
    moves across face width
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3. �e two motions result
    from the crossed axis
    relation of cutter and
    work

FIGURE 8.27
Shaving-cutter action. (From Ex-Cell-O Corp., Tool Products Div., Detroit, MI.)
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Since the choice of the shaft angle is largely a matter of judgment in weighing different 
variables, there are no fixed rules. The general practice is outlined in Table 8.12.

At the present time, there are no general trade standards for shaving-cutter diameters, 
bore sizes, or face widths. Each manufacturer develops a practice that may agree in some 
respects and disagree in others with those of other cutter manufacturers. Light-duty shav-
ing machines for fine-pitch gears of up to 100 mm (4 in.) in diameter use cutters of about 50 
to 75 mm (2 to 3 in.) in diameter. Medium-duty shaving machines for gears up to 450 mm 
(18 in.) use 150- to 280-mm (6- to 11-in.) cutters. Heavy-duty machines for gears up to 1.2 
m (48 in.) or more use 175- to 300-mm (7- to 12-in.) cutters. Many shaving-cutter users and 
manufacturers prefer a 200- to 225-mm (8- to 9-in.) cutter whenever the design permits.

In general, it is desirable to have a “hunting” ratio between the number of cutter teeth 
and the number of gear teeth. This tends to make it desirable to design shaving cutters 
with prime numbers of teeth. A prime number will hunt with all numbers of teeth except 
itself. Thus, teeth numbers such as 37, 41, 43, 47, 53, 59, 61, 67, and 73 are popular for shaving 
cutters.

The normal circular pitch of a shaving cutter must equal that of the work. Likewise, the 
normal pressure angle of the cutter must equal that of the work. Ordinarily the helix angle 
of the cutter is opposite in hand to that of the work. When the hands of helix are opposite 
and the gear is external, the shaft angle is the difference between the helix angles. With 
spur gears or low-helix-angle gears, the cutter helix might be designed with either hand 
for a given hand on the workpiece. If the hands of the helices are the same and the gear is 
external, the shaft angle is the sum of the two helix angles.

The conditions just mentioned usually make it impossible to have the pitch diameter of 
the cutter come out to some even figure like 200.0 mm or 8.000 in. The designer usually just 
chooses teeth and shaft angles so that the cutter diameter is very close to the desired diameter.

Shaving cutters are sharpened on their involute surfaces. This makes the cutter change 
quite appreciably in outside diameter during its life. Like shaper cutters, shaving cutters 
do not produce the same thickness on the work throughout their life. If the thickness of 
the work is held constant, the depth that the shaving cutter is fed into the work will vary.

The tendency of the shaving cutter to cut a deeper depth as the teeth are made thinner 
in sharpening may be controlled by reducing the cutter outside diameter a proper amount 
each time the cutter is sharpened.

To function properly, the shaving cutter should finish the involute at least as deep as the 
form diameter. Preferably, the cutter should finish the involute close to the diameter that 
corresponds to the deepest point of undercut left by the pre-shave tool. Perfect blending of 
root fillet with shaved profile can be obtained only when the shaving action stops in the 

TABLE 8.12

General Practice for Setting Value of the Shaft Angle

Application Shaft Angle (degrees)

Spur pinions, under 20 teeth 8–12
Spur pinions, 20 to 35 teeth 10–15
Spur gears 10–15
Helical pinions, narrow face 8–12
Helical gears, narrow face 10–15
Helical pinions, wide face 5–10
Helical gears, wide face 10–15
Internal gears 4–8
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middle of the undercut. As the shaving-cutter tip rolls out of the mesh, it follows a path 
that takes it closer to the root diameter of the gear. This movement may cause trouble. 
The cutter tip may foul either the root diameter or the root fillet of the gear. It is necessary 
to size the cutter outside diameter so that it will clear the root fillet even when it is at its 
deepest point of penetration with the gear. This means that the working depth of the cutter 
must be always a certain amount less than the whole depth of the gear.

The calculations necessary to design a shaving cutter are fairly complicated. They will 
not be given here.

8.6  Punching Tools

The tool used to punch gears usually has three working parts: the punch, the die, and the 
knockout piece. Sheet metal is placed between the die and the punch. The punch has the 
shape of the gear to be made. For punching an external gear, an external-toothed punch is 
used. The die has the shape of the stock that is left after the punching is removed from the 
sheet. An internally toothed die is used for making an external gear.

In punching a gear, the first operation is to feed the sheet metal into the tool. The punch 
is driven into the die by the ram of the punching machine. This cuts out the gear and 
leaves it stuck in the die. The punching is removed from the die by a movement of the 
knockout tool. This tool has a shape very similar to that of the punch. The punching-tool 
assembly may be so built that spring action both retracts the punching tool and actuates 
the knockout piece. In this case, the punching machine has to furnish power only for the 
punching stroke (during which the springs are compressed).

Only thin gears can be punched. The thickness of the sheet stock should not exceed the 
gear-tooth thickness at the pitch line. As a rule of thumb, the stock should not be thicker 
than 1.5 mt, (1.5/Pd). This means that a 1-module (25-pitch) gear could be made up to about 
1.5-mm (0.06-in.) face width.

The punching operation upsets the metal so that the tooth corners are rounded some on 
the die end. The face of the tooth is formed by a shearing operation. This shearing is not 
exactly at 90° to the axis of the gear. This means that a pair of new punched gears cannot 
be expected to have uniform contact across even their narrow face width. The accuracy of 
punched gears may be improved by secondary operations. A shaving type of punching 
operation may be used to take a small amount of metal off the gear-tooth faces. A coining 
operation may also be used to improve accuracy. In coining, the punching is rammed into 
the bottom of a die with so much pressure that the metal flows to conform completely to 
the shape of the cavity. It is also conceivable that conventional crossed-axis shaving might 
be used on punched parts. The fact that punched gears are essentially thin wafers pressed 
on a small shaft is the greatest drawback to shaving. The reactions of the shaving tool 
would tend to “cock” the gear on its shaft.

The power required to punch gears depends primarily on the cross-sectional area to be 
sheared. As a rule of thumb, the tonnage capacity of the punching machine should equal 
at least twice the force calculated as the product of the shear area times the ultimate shear 
strength. For instance, a 1-in. gear of 1/32-in. thickness would have a shear area at the teeth 
of about 2.5 × n × 1 in. × 1/32 in., or 0.245 in.2. If the material was steel with 60,000-psi shear 
strength, a press of about 15 tons capacity would be needed to cut the teeth. Additional 
power would be required if the gear had a large bore to be cut. All sizes of punching 
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machines up to as large as 2000 tons are on the market. Figure 8.28 shows an example of a 
gear-punching tool.

8.7  Sintering Tools

Before gears are sintered, the metal powder is compressed into a gear-shaped briquette. A 
complicated and expensive set of tools is required for the briquetting operation. After the 
briquette is made, it is sintered in an oven. The sintering consists of heating the briquette 
to a temperature almost up to the melting point. Carefully controlled atmosphere furnaces 
are used for this operation.

Sintered gears are rather porous. This is an advantage from the lubrication standpoint, 
but a detriment to the strength of the part. Higher-strength gears can be obtained by fill-
ing most of the voids in the part by metal infiltration. This is done by placing a slug of 
lower-melting metal (such as copper) on top of the briquette when it is placed in the oven. 
Upon heating, the metal slug melts and soaks through the briquette. After heating and 
cooling, the briquette becomes an impregnated gear.

In making sintered gears, the special tools are used in the briquetting part of the process 
rather than in the actual sintering.

Figure 8.29 shows in schematic fashion the three tools used to make a briquette. The 
metal powder is poured into the cavity of a die barrel. The floor of the die barrel is the 
stripper. The power is pressed against the stripper by a ram. The die barrel has internal 
teeth, while the ram and the stripper have external teeth.

After the powder is compressed, the briquette is ejected by withdrawing the ram and 
then pushing the briquette out with an upward stroke of the stripper.

The die barrel is made by broaching internal teeth into a special die steel. After broach-
ing, the die is hardened by furnace heat treatment. The die steel used must be one that 
will have very little dimensional change upon hardening. Air-hardening types of steel are 
often used for the die barrel. The ram and the stripper have ground external teeth. Both 
these pieces are ground slightly larger than the expected size of the die barrel after heat 
treatment. The die barrel is lapped with a series of about three external toothed laps. This 
removes slight errors, polishes the die teeth to a mirror-like finish, and enlarges the die so 
that the ram and stripper will fit with an almost perfect size-to-size fit.

FIGURE 8.28
Gear-punching tool.
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The teeth of the ram and stripper are designed so that all surfaces can be ground and 
measured with great precision. The root fillets are often made as true arcs of circles. This 
facilitates measurement of root size. Also, it is easy to dress a true circular arc on the tip 
of a form-grinding wheel. The sides of the teeth are involute curves. No corner radii or 
chamfers are used at the tips of the teeth. Figure 8.30 shows the way the teeth of the ram 
and the die fit with each other. To keep the powder from leaking, it is necessary that the 
tooth surfaces fit so well that no clearance of even as little as 0.01 mm (0.0005 in.) exists 
anywhere between the contacting tooth surfaces. Great skill and care are required to build 
a set of sintering tools that will fit on all surfaces with this kind of precision.

(1)

Fill Stationary rod

Air escape

Fill material
Gear teeth

Upper die or
ram

Lower die
and ejector

Compression

(2)

FIGURE 8.29
Sintering tools.
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FIGURE 8.30
Surfaces of ram and die are ground true and fit with almost no clearance.
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9
Kinds and Causes of Gear Failures

The previous chapters have covered the selection and design of a gear set. If gear engineer-
ing were an exact science, information of this type would be all that the designer needed 
to know. But it is not an exact science; it is both an art and a science. Those who design 
gears are constantly surprised that some gears run better and last longer than would be 
expected from the design formulas, while others fail prematurely even when they are 
operated well within the design limits of the transmitted load. The gear designer needs 
to be able to evaluate the various causes of gear wear and failure. New gear designs must 
be based on both textbook logic and practical field experience if the best possible job is to 
be done.

In studying cases of gear wear and failure, it is very important that the correct analy-
sis be made. Frequently the cause of failure will be something quite different from the 
amount of transmitted load. An incorrect analysis can lead a designer to make a new gear 
set larger than it ought to be, yet the new set may still fail because the real cause of the 
trouble is still uncorrected.

In this chapter, we will study the kinds and causes of gear failure. In a power package, 
the gear unit is a basic element, taking power from a prime mover and delivering the 
power to a power-absorbing unit. Troubles in the gear unit may stem from power-system 
troubles, or they may be localized entirely in the gear unit. The investigator needs to be 
alert to a wide variety of reasons for failure and then carefully analyze the evidence to sort 
out what improper thing—or combination of things—led to a failure sequence.

9.1  Analysis of Gear-System Problems

No matter what the failure is, it is desirable to look at the whole power package and the his-
tory of the particular power package in question before proceeding with a detailed study 
of gear teeth or gear bearings. In this part of the chapter, we will analyze the troubles that 
are essentially gear-system or geared-power-package troubles. The next part will analyze 
gear-tooth and gear-bearing failures inside the gear unit. The last part will cover some 
examples of failures.

9.1.1  Determining the Problem

A malfunction in a geared power system can take many forms. In general terms, one or 
more of the following may apply (see Table 9.1).

Any of the problems listed above may cause a geared system to be investigated for “fail-
ure.” In a general sense, failure should not be thought of only as the inability to operate. 
Rather, failure should be thought of as some unsatisfactory condition that either carries 
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the threat of a geared system becoming inoperable or poses an environmental disturbance 
that is considered improper. Of course, there can easily be situations in which one party 
may consider that the geared machinery is failing to operate properly, yet that claim is not 
justified by the generally accepted norms for that particular kind of equipment.

When a gear system breaks down, the real failure may be quite different from the 
reported failure. For instance, when gear teeth break, investigation may reveal that they 
were seriously worn long before they broke. The problem then is to discover why the 
abnormal wear occurred. Figure 9.1 shows a good example of this.

Vibration is another example. A high-speed gear unit may run for months with all modes 
of vibration within reasonable limits. Then there is an onset of high vibration. Close inves-
tigation may reveal small amounts of gear-tooth wear and the development of excessive 
tooth spacing error. The problem may then be a tooth-wear problem rather than a vibration 
problem. (The vibration problem is secondary to the tooth-wear problem.) Figure 9.2 shows 
a tooth spacing situation caused by wear that resulted in severe high-frequency vibration.

TABLE 9.1

Kinds of Malfunction in a Geared Power System

Problem Consequences

Broken part Drive system probably inoperable
Abnormally worn part Drive system probably operable; may be unfit to continue 

operation for any appreciable time
Abnormal vibration Drive system probably operable; may be unfit to continue 

operation for any appreciable time
Abnormal noise Drive system operable; may be environmental hazard or prone to 

early failure
Abnormal part temperature; abnormal 
oil temperature

Drive system may be operable, but in danger of early failure

Serious oil leakage Drive system operable, but an environmental hazard; may be in 
danger of early failure

Part seized in its bearings; part moved 
out of position and jammed with 
another part

Drive system will not transmit torque; “inoperable” condition may 
be more apparent than defect which caused it

FIGURE 9.1
A broken out helical-gear tooth. Note serious pitting and wear of tooth flank. (The actual size of the tooth can 
be judged from the standard pliers laid next to the tooth.)
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In solving gear failures, the available evidence must be sifted to find out what went 
wrong first. Generally, one thing started a chain of events. The problem has been defined 
when the primary cause of failure has been found and other failure evidence can be con-
sidered secondary.

9.1.2  Possible Causes of Gear-System Failures

When a gear system is not working properly, the cause of the trouble may come from any 
one of several areas. A good investigator has no preconceived idea of the cause, knowing 
that error or wrong action in any one of five major areas can lead to a gear-system failure. 
Table 9.2 shows many items in these areas (design, manufacture, installation, environment, 
and operation) that can cause failure when done improperly.

Some of the things in Table 9.2 are quite obvious, but others tend to be somewhat subtle. 
Let us take a few examples to illustrate the subtle ones.
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FIGURE 9.2
A very high speed gear pits and wears. This results in circular pitch variation. Then the result of the several 
“bumps” per turn of the gear causes severe vibration and shock. The gear unit then fails due to either tooth 
breakage or bearing failure.
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1. Design example A two-half gear casing has inadequate dowels. At overhaul, worn dowel holes permit 
two halves to shift. When the casing is bolted, tight bearings are cramped and gear 
teeth are misaligned; bearing and/or gear-tooth failure results.

2. Manufacturing 
example

In a lightweight casing, bolts are tightened all on one side and then all on the other 
side. The casing takes a bow, and high-performance (aerospace) gears are 
misaligned. Scoring occurs immediately in the first full load test.

3. Installation 
example

Oil pipes from the filter to the gear unit pick up blowing sand at a desert installation. 
Failure to carefully clean the pipes just before assembly results in high-speed pinion 
bearing failures, even though a hot-oil flush was used just before the new equipment 
was started up. (The sand was downstream from the oil filter.)

4. Environment 
example

Gear unit becomes too hot. Gear teeth and bearings wear. Unit runs roughly, and then 
pinion bearing fails. Fly ash had settled on the gearbox. The unit had a splash 
system and an “OK” thermal rating—provided that the gear casing is clean enough 
to radiate heat properly.

5. Operation example Gear unit drives a “compactor” that is rolling chunks of processed mineral ore. 
Operators feed ore to the conveyor belt in an erratic manner, with batches of excess 
material alternating with lean feed areas. The gear unit pits as a result of frequent 
momentary overloads. Training the operators to run the loading machine properly 
solves the problem, but new gears are needed to replace those damaged by green 
operators.

TABLE 9.2

Major Areas of Concern When a Gear System Fails

Design Manufacture Installation Environment Operation

 1. Kind of gear 
(spur, helical, 
bevel, worm, 
Spiroid)

 2. Design 
arrangement

 3. Tooth design
 4. Gear body 

design
 5. Shaft design
 6. Bearing 

design
 7. Casing 

design
 8. Seal design
 9. Bolting 

design
 10. Lubrication-

system 
design

 11. Vibration 
criticals 
known and 
tolerable

 1. Tooth accuracy 
(profile, 
spacing, lead, 
concentricity)

 2. Tooth material 
(hardness, 
composition, 
cleanliness)

 3. Gears (weld 
quality or 
casting quality, 
fit to shaft, 
balance, etc.)

 4. Casings (bore 
sizes, bore 
position 
accuracy; joint 
flatness and 
squareness, oil 
tightness)

 5. Assembly 
(right parts, 
correct bolt 
tightening, fits 
checked)

 1. Foundation 
(adequate 
rigidity)

 2. Alignment (with 
driving and 
driven units)

 3. Oil system 
(clean, all 
connections 
made, oil filled 
properly)

 4. Instrumentation 
(temperature, 
pressure, flow, 
vibration 
acceptable)

 5. Bolting (to 
foundation, 
flanges, shaft 
couplings)

 1. Air (adequate for 
cooling, not 
polluted with fly 
ash or chemicals)

 2. Temperature (not 
adjacent to hot 
equipment, 
extremes of heat 
and cold within 
specification 
limits)

 3. Water (adequate 
protection 
against rain 
water, swamp 
water)

 4. Housekeeping 
(spare parts or 
disassembled 
parts can be 
cleaned and 
protected from 
rust and 
corrosion)

 1. Break-in (may 
require oil 
change after 
short initial run; 
may require 
some running at 
reduced load 
before 
maximum load 
is applied)

 2. Operation (meet 
specification 
limits on 
temperature, oil 
flow, power 
rating, etc.)

 3. Overload 
(operate without 
undue extra 
loading)

 4. Misapplication 
(high-speed 
idling, run 
backward, stall 
at excess torque, 
etc.)

 5. Starting (no 
undue starting 
torque or 
vibration in 
starting interval)
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9.1.3  Incompatibility in Gear Systems

Perhaps the hardest thing to diagnose in a gear-system failure is an incompatibility situa-
tion. In this situation, there is nothing particularly wrong with any of the units or subas-
semblies that are bolted together. Something tends to fail not because it was made wrong 
but because of the behavior of another part of the power package, and the part that causes 
the trouble is standing up all right (or at least is runable).

A good example of this is a coupling between a turbine and a gearbox. The coupling is 
designed and built to take relatively high misalignment. When it is misaligned though, the 
coupling puts varying moments and axial force reactions into the end of the pinion shaft. 
The pinion radial bearing, adjacent to the coupling, tends to fail because of the coupling 
disturbance, but the coupling itself survives. The most practical solution may be a better-
quality coupling rather than a revised design pinion bearing or an attempt to run the 
power package with misalignment held to uncomfortably close limits.

Table 9.3 shows some of the more common ways in which incompatibility can lead to 
trouble or failure in a geared power package. It also shows situations in which the gear 
unit is in trouble because something is wrong with another part of the drive system. The 
reverse situation, in which the gear unit gets something else into trouble, is also shown 
because this is still a gear problem.

TABLE 9.3

Examples of Incompatibility Situations in a Geared Power System

Vibration Misalignment Reactions Temperatures

 1. Gear-tooth meshing 
frequency breaks 
turbine blades

 2. Reciprocating engine 
or compressor in 
trouble with valves or 
timing. Serious torque 
pulsations and 
low-frequency 
vibration

 3. Propeller changed. 
New vibration mode 
not tolerable to gear 
unit

 4. Imbalance in heavy 
gearing shakes light 
section of turbine

 1. Turbine or diesel 
engine shifts position 
as it heats up. Drive 
to gear unit seriously 
misaligned or out of 
position axially

 2. Foundation shift 
under heavy driven 
equipment. Gear 
casing becomes 
twisted

 3. Thrust bearing wears 
in prime mover. Axial 
shift overloads gear 
thrust bearing

 4. Hull of ship or frame 
of airplane shifts as 
cargo load changes. 
Movement too much 
for gearbox (beyond 
design allowance)

 1. Coupling reactions 
aggravate gearbox 
bearings

 2. Overhung load on 
gear output shaft 
beyond design 
allowance

 3. Imbalance of 
high-speed impeller 
overhung from pinion 
prematurely fails 
pinion bearings

 4. Heavy vibration-
absorbing coupling 
with multiple pads 
has a pad in trouble. 
Severe moment 
applied to gear shaft, 
leading to gear-
bearing and/or 
gear-tooth failure

 1. Heat of engine 
exhaust puts 
thermal distortion 
into gearbox

 2. Hot exhaust of 
engine too close to 
air-cooled heat 
exchanger for 
package oil system

 3. Package start-up 
too quick for 
thermal 
equilibrium to be 
established in 
gearbox. Bearing 
seizure due to lack 
of clearance and/
or gear-tooth 
seizure due to lack 
of backlash

 4. Common oil drain 
from gearbox 
overloaded with 
hot, frothy oil from 
other system 
equipment. 
High-speed gears 
overheat due to 
gearbox flooding
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In gear systems, it is necessary that each unit is able to run alone under its rated condi-
tions, but each unit must also be a good neighbor that does not cause neighboring equip-
ment to get into trouble. Thus, the things connected to the gear unit need to be tolerable 
to the gear unit, and the gear unit needs to be tolerable to the other things in the system.

The statement just made is an engineering viewpoint relative to troubleshooting prob-
lems in the field. From a business standpoint, the technical responsibility for making a 
compatible package may lie with the package builder, or it may lie with the builder of a 
power plant who buys individual pieces of equipment and assembles them into an operat-
ing system.

The things in Table 9.3 may be somewhat subtle, just like the things in Table 9.2. As an 
example, impellers are often overhung on pinion or gear shafts. At speeds of 60,000 rpm, 
centrifugal force becomes terrific. The pinion–impeller assembly may be balanced just 
fine at 10,000 rpm. Unfortunately, at 60,000 rpm, centrifugal force is 36 times greater. The 
impeller will lend to stretch and shift where it is fitted to the pinion. This movement may 
change the balance enough to create an unsatisfactory running condition for the pinion 
bearings and the pinion teeth. In cases like this, special design features and special balanc-
ing techniques are necessary to achieve satisfactory operation of the high-speed system.

One more example will show how subtle things can happen even in relatively slow-
speed equipment. Most large power packages will have a common oil sump and lubri-
cating oil system supplying oil under pressure to all pieces of equipment. The gearbox 
oil drain may connect into a long drain line that is draining oil from all the other equip-
ment. Trouble can develop quickly if a malfunction such as worn seals puts too much oil 
and foam into the main drain. Oil backs up into the gearbox. Rapid gear overheating and 
failure can result if large gears start churning oil in a closely fitted gear casing designed 
for dry-sump operation. A gear unit with a rating over 1000 hp and output speed of only 
1200 rpm can be quite vulnerable to this sort of trouble. (Small gear units, around 100 hp 
and with output speed around 500 rpm, may run just fine under wet-sump conditions; in 
fact, wet-sump design is often used in low-horsepower units.)

9.1.4  Investigation of Gear Systems

Since there are a rather wide variety of things that may lead to failure in a gear system (or 
any other system, for that matter), it is desirable to be alert to all the factual circumstances 
that surround the power system being investigated. Table 9.4 outlines the kinds of infor-
mation that should be considered.

The table covers the many things that would be of concern in investigating the failure of 
a helicopter gear drive or the gear drive for a piece of major equipment at a petrochemical 
plant. Of course, not as much information would be available for a small drive used in a 
minor installation, and hopefully, a problem could be solved more easily.

For comparison, the manufacturer of critical gears on a major installation might have 
involute, spacing, and lead charts for each gear element stored in permanent files under 
the serial number of the gear unit. If the problem involved small amounts of wear, origi-
nal inspection charts showing the exact condition of the teeth when new would be very 
helpful. Hence, the existence of these charts should be ascertained from a review of 
the quality plan for geometric accuracy. Then, of course, copies of the charts should be 
obtained.

In low-cost gearing on a minor installation, the manufacturer would probably work to a 
general quality level rather than routinely making inspection charts. Each production unit 
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might be passed primarily on a visual inspection that the teeth had a reasonably good fit 
when rolled together with marking colors on the teeth.

The significance of the history has to do with design capability and manufactured qual-
ity versus application hazards. If a unit is in a very early stage of development, there may 
be particular reason to make an in-depth review of the suitability of the design. Perhaps 
the design is inadequate.

On the other hand, if the design has been proven by many units in service with an 
established time between overhaul (TBO), one must look for something unusual in the 
particular application or in the environment. Perhaps the load histogram is more severe, 
or perhaps some environment factor is out of control. Of course, there is always the risk of 
random manufacturing errors or the risk of an incompatibility problem resulting from a 
change in the power package configuration outside the gear unit.

Table 9.4 is valuable primarily as a guide to the many kinds of information that may be 
helpful in conducting investigations of failures in geared power packages.

9.2  Analysis of Tooth Failures and Gear-Bearing Failures

Section 9.1 was concerned with the whole drive system of the prime mover, gear unit, and 
driven unit. This section will take up the gear unit alone and get into the details of gear-
tooth and gear-bearing failures.

TABLE 9.4

Checklist of Factual Information That May Be Useful in Investigating Gear Failure

Identification History Design and Manufacture Environment

 1. Kind of drive system 
(identify driving and 
driven equipment)

 2. Serial numbers (of 
package, of gear unit, 
of gear or pinion 
involved)

 3. Drawing numbers or 
catalogue numbers 
(of gear or pinion 
involved, of bearings, 
of couplings to gear 
unit)

 4. Geographic (address 
of site, identification 
of building or vehicle 
for each gear unit)

 5. Company names 
(owner, package 
builder, gear-unit 
builder, gear parts 
makers)

 1. Who designed gear 
unit, and when

 2. Extent and nature of 
development test 
work

 3. Number of similar 
units built

 4. Number of units in 
service

 5. Expected or 
operating TBO

 6. Expected or proven 
design life

 7. When unit was 
built, and when put 
into service

 8. Load histogram 
data

 9. Frequency of starts
 10. Condition of gears 

at last overhaul or 
inspection before 
failure

 1. Compliance with 
AGMA specifications

 2. Compliance with 
other specifications 
(bearings, couplings, 
API, ISO, etc.)

 3. Kind of heat treatment 
for gears

 4. Method of finishing 
gear teeth

 5. Kind of oil and 
operating temperature 
limits

 6. Quality plan for 
geometric accuracy

 7. Quality plan for 
metallurgical control

 8. Design drawings of 
each gear and pinion 
involved

 9. Bearing and coupling 
design data

 1. Weather (typical and 
extremes)

 2. Possible pollutants 
in air

 3. Possible exposure to 
water, mud, wear 
debris, etc.

 4. Proximity of other 
machinery (consider 
vibration, heat, and 
fumes from nearby 
machines or process 
equipment)

 5. Nature of 
foundation or 
vehicle supporting 
gear unit

 6. Possible damage in 
storage, in handling, 
or in cleaning parts
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9.2.1  Nomenclature of Gear Failure

Various kinds of gear failures and the nomenclature to describe these failures have been 
standardized by the American Gear Manufacturers Association (AGMA).

Although the early work of AGMA described gear-tooth failures rather well, further 
study and use of AGMA Standard 1010-E95 led to several refinements and additions. The 
latest document is an American national standard (ANS B6. 12-1964) sponsored jointly by 
AGMA and the American Society of Mechanical Engineers (ASME).

There are 18 recognized ways in which the surface of a gear tooth may be damaged. 
There are three kinds of tooth breakage. Since several kinds of tooth damage may occur 
at the same time, it is obvious that the gear engineer who analyzes a set of failed gears 
will have to carefully note all the items of evidence and then use just the right words to 
describe the findings. It takes a good detective to unravel gear failures properly.

Figures 9.3 through 9.7 show examples of gear-tooth failures. These photos of actual gear 
teeth match some of the many kinds of failure shown in the standard on failure nomencla-
ture. Since there are many possible variations in the kinds of tooth failure, it is advisable to 
keep a copy of the standard handy as a complete reference on this subject.

9.2.2  Tooth Breakage

When a gear tooth breaks from fatigue, the surface of the fracture is quite smooth. The 
slow progress of the fracture apparently causes the metal to break like a brittle material. 
Many years ago, it was customary to say that a piece that had failed in fatigue had “crystal-
lized.” No doubt, the appearance of the break led to this incorrect explanation of fatigue 
failure. When a broken tooth appears to have had a fatigue failure, there are several things 
to look for.

(a) (c)

(b)

FIGURE 9.3
Examples of tooth breakage. (a) Helical, 38 HRC. (b) Spur, 55 HRC. (c) Bevel, 58 HRC. Note the clear-cut “eye” of 
the break on the spur tooth.
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Focal point. There may be evidence of a focal point or eye. This is the point where the 
break started. If the focal point can be found, some local defect may be located to explain 
the break. Sometimes, a tear or notch in the root fillet may coincide with the focal point. 
An inclusion or a heat-treat crack may be found at the focal point. If any defect is found 
at the focal point, it is quite likely that this defect is at least partly to blame for the failure.

Fretting corrosion. During the time that a fatigue break is growing, oil seeps into the crack 
and is compressed each time the gear tooth goes through mesh. The slight motion of the 
tooth, coupled with oil and high pressure, will often set up fretting corrosion in the crack. 
Since it takes many hours to set up fretting corrosion, the red stain in a fatigue break indi-
cates roughly the length of time involved in the fracture. When one tooth of a gear breaks 

(a) (b) (c)

FIGURE 9.4
Examples of macropitting. (a) Spur, 60 HRC. (b) Helical, 35 HRC. (c) Helical, 35 HRC. In general, gears that have 
initial pitting have macrosized pits. (c) shows ledge wear as a result of macropitting for thousands of hours.

(a)

(b) (c)

FIGURE 9.5
Examples of gross pitting. (a) Helical, 35 HRC. (b) Helical, 35 HRC. (c) Spur, 60 HRC. This kind of pitting is 
clearly destructive pitting. Lower view shows both gross pitting and spalling.
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by fatigue, it is desirable to examine closely the teeth that are not broken. Frequently red 
stains can be found seeping out of almost invisible cracks in other teeth. Such evidence 
indicates that other teeth are about to break.

Evidence of overload. When a gear tooth breaks from sudden shock or overload, the frac-
ture usually has a stringy appearance. Even though the tooth may be fully hardened, the 

(a)

(b) (c)

FIGURE 9.6
Examples of micropitting. (a) Spur, 60 HRC. (b) Helical, 60 HRC. (c) 1000 × enlargement through pits. Until the 
late 1970s, micropitting was thought of as “erosion” or “etching.” Micropitting often precedes macropitting.

(a)

(b) (c)

FIGURE 9.7
Examples of scoring. (a) Spur, 60 HRC. (b) Spur, 60 HRC. (c) Helical, 35 HRC. In the lower view, scoring, macro-
pitting, gross pitting, and misalignment are all evident.
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break will look like fibers of a plastic material that has been wrenched apart. When several 
consecutive teeth are broken from a gear, usually one or two teeth broke through fatigue. 
Then, as the gear continued to rotate under torque, the shock of the mating gear jumping 
across the gap left by the fatigued teeth broke additional teeth. The investigator can often 
look at a series of broken teeth and find the tooth that failed first.

Teeth that fail by overload will frequently have evidence of surface failure, such as plas-
tic yielding. Since it takes two to four times as much force to fail a tooth by overload as it 
does to fatigue out a tooth, it is very likely that evidence of the force will show up on the 
tooth surface. All the teeth in the gear should be studied to see if all or only one or two 
have evidence of severe surface loading. This will often show the manner in which the 
severe overload was applied.

Break location. Gear-tooth fractures ordinarily start in the root fillet. A cantilever beam 
is weakest at its base. When gear-tooth breaks start at other locations, there is something 
unusual. Pitch-line pitting will sometimes be severe enough to cause a tooth fracture to 
start at the pitch line. Sometimes, shrink fits or residual heat-treat stresses will cause a 
break to start in the root midway between two teeth. Case-hardened teeth with too deep 
a case or too weak a core will sometimes shatter from the pitch line up. The whole upper 
part of the tooth breaks loose like a cap. Subsurface stresses may cause teeth to break any-
where on the tooth flank.

Break pattern. Sometimes, a tooth will break in an irregular and seemingly unexplain-
able manner. Often, such breaks can be solved by studying the macrostructure of the part. 
Defects in forging procedure may create lines of weakness, which a fatigue crack will 
follow.

When an end breaks off a gear tooth, this may have some special significance. The most 
obvious thing to look for is misalignment. Contact markings may show that the entire load 
was being carried on one end of the tooth.

Another likely cause of end breakage is accidental damage to the gear tooth during 
assembly. A gear dropped on the floor or banged by a crane hook will have some metal 
that is upset above the tooth surface as well as an indentation. If all the upset metal is 
not carefully scraped or honed away, severe overload will result. Many people think 
that low-hardness gears will rapidly wear away any bumps caused by careless handling. 
Unfortunately, this is often not the case. Teeth of steel gears of 200 Brinell hardness have 
been known to break when the damaged area was only 1.5 mm (1/16 in.) in diameter on 
a tooth 20 mm (3/4 in.) deep. A raised spot only 0.025 mm (0.001 in.) high will often cause 
unbearable root stresses.

Notches caused by the unskilled filing of burrs from the ends of teeth may cause end 
breaks. If the end of the tooth is properly finished, the end is actually slightly stronger than 
the middle of the tooth. Gears that are well made and well mounted usually—when tested 
to destruction—break from the middle of the tooth.

Broken gear teeth should always be examined and, if possible, measured for wear. 
When appreciable wear is present, it is always possible that the wear caused the break-
age. In hardened spur gears of high precision, an amount of wear as small as 0.025 mm 
(0.001 in.) may be enough to double the root-fillet stresses. Helical gears can stand more 
wear than spur gears because of their overlapping action and the tendency for uniform 
wear. Sometimes, as much as 0.8 mm (1/32 in.) can be worn from the surface of medium-
hard helical gears without increasing the root stresses too much. Wear on case-hardened 
gears is doubly damaging to tooth strength. The load on the root fillet is increased, and 
the thickness of the thin hard case (which supports most of the root stress) is appreciably 
reduced.
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9.2.3  Pitting of Gear Teeth

Pitting, like tooth breakage, is a fatigue failure. It is almost impossible to make a gear pit 
without about 10,000 cycles of contact or more. If even more load is applied than the load 
that will cause pitting in the range of 10,000 to 20,000 cycles, the usual result is that the 
surface is rolled or peened.

There are several locations where pitting is apt to occur. Helical pinions of medium 
hardness with 20 or more teeth frequently pit along the pitch line. The mating gear may 
also pit, but if it is about the same hardness as the pinion and has been heat-treated in the 
same way as the pinion, it is likely that most of the pitting will be on the pinion.

Pinions are more apt to pit than gears for two reasons: First, the pinion is ordinarily the 
driver. The directions of sliding are such that sliding is away from the pitch line on the 
driver and toward the pitch line on the driven member. Figure 9.8 shows how the sliding 
motion on the driver tends to pull metal away from the pitch line. This leaves the pitch line 
high and also tends to stretch the metal at the pitch line. On the gear, the sliding tends to 
compress the metal at the pitch line. The cracks that form when a surface is severely loaded 
have a tendency to intersect at the pitch line of the driver, while on the driven member, 
they do not. Second, the pinion, being smaller, has more cycles of operation than the gear. 
The slope of the fatigue curve makes the part with the most cycles the most apt to fail.

When the gear drives the pinion, the cycles favor the pinion failing first, but the sliding 
action is worst on the gear. Tests made by the author on 4:1 ratio helical gears of medium 
hardness showed that the gear would usually pit first when it was driving the pinion and 
made of the same hardness material as the pinion.

P.L.

Rotation

P.L.Line of action

Directions of sliding on new gears

Typical damage to tooth profiles
Note how damage and directions of sliding agree

Overhanging
metal

Original profiles

Surface
cracks

Surface
cracks

Concave
curvatureTip blunted

Raised
metal
P.L. P.L.

Greatest amount
of metal

gone here

FIGURE 9.8
Effects of direction of sliding on gear tooth surfaces when they begin to fail by pitting, wear, or plastic flow of 
metal.
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Spur gears of conventional design have a region of contact where only a single pair of teeth 
carries the entire load. This region usually includes the pitch line, which is about one-third of 
the upper part of the dedendum and about one-third of the lower part of the addendum. At 
the tips and roots of the teeth, there are two pairs of teeth in position to share the load. In most 
cases, the highest calculated hertz stress (contact stress) will occur at the lowest position on 
the pinion at which one pair of teeth carries full load. If this stress is appreciably higher than 
that at the pitch line, pitting is apt to occur in this region. Because the effects of sliding do not 
particularly aggravate conditions at this point, pitting will not ordinarily start here unless the 
stress differential between this point and the pitch line is fairly significant.

The highest hertz stress on the gear will occur in the gear addendum, since it is the gear 
addendum that contacts the pinion dedendum. For some reason, there usually is greater 
tendency for the pinion to pit in the dedendum than for the gear to pit in the addendum. 
Way (1935, 1939) and others have explained this on the basis that oil is trapped in surface 
cracks on the pinion dedendum but is not trapped in the gear addendum. This is based on 
the pinion being the driver.

The tests made earlier have shown that the surface of rolls was more apt to fail when the 
sliding was in a negative direction than when it was in a positive direction. When nega-
tive sliding occurs, the sliding velocity is opposite to the rolling velocity. Negative sliding 
occurs in the dedendum regions of both the gear and the pinion, while in the addendum 
regions, the sliding is always positive.

When pinions have small numbers of teeth, there is still another danger point on the 
pinion. At the base circle of the pinion, the radius of curvature of the involute profile 
is reduced to zero. This means that the stress on the surface tends to approach infinity, 
even though two pair of teeth may be sharing the load. The net result of carrying heavy 
load near the base circle is a rapid peening and pitting away of the metal until this criti-
cal region stops carrying any appreciable load. On medium- and low-hardness pinions, 
base-circle pitting may remove enough metal to correct the abnormal stresses, and then 
the damage may stop. On fully hardened parts, more serious effects may result. The base-
circle pitting may leave a bunch of tiny cracks at a critically stressed region on a brittle 
material. It must be remembered that the tensile stress due to the beam loading of the tooth 
is high at the bottom of the tooth.

When gears are loaded heavily enough or when local errors are present, pitting may 
break out almost anywhere on the tooth. Even the addendum region of a driven gear can 
be made to pit if the applied load is severe enough.

In all the locations discussed above, the pitting may be of the initial pitting type, or it 
may be destructive pitting. Pits of the initial pitting type are usually quite small in diameter. 
On medium-hard parts with 2.5-module (10-pitch) teeth, they are apt to be about 0.4 mm 
(1/64 in.) in diameter. On 5-module (5-pitch) parts, they may be around 0.8 mm (1/32 in.) 
in diameter. Destructive pits are usually much larger in size.

Gears that are in trouble with pitting are frequently also in trouble with lubrication. The 
oil may be too thin or the surface too rough to support a good oil film. There may also be 
abrasives in the oil. Wear may occur up to the point at which the profile accuracy is appre-
ciably damaged. Then, the hertz stresses will be increased, and the tensile stresses due to 
friction will be high. The combination of effects will make a gear pit under much lighter 
load than would ordinarily be expected. When investigating pitting, it is always desirable 
to make accurate measurements of tooth thickness and involute profile. These may be 
compared with the checks made when the set was new. If serious surface wear is occur-
ring, it is obvious that the control of pitting will require control of the lubrication problem 
that is causing the wear (see Sections 9.2.5 and 9.3.4).
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Helical gears that are through-hardened (low to medium hardness) will often pit exten-
sively but still be quite runable. The whole dedendum may become covered with relatively 
small and uniform pits. The removal of metal by pitting tends to create a “ledge” condition. 
The dedendum will tend to keep its involute shape, but a layer of metal will disappear. If 
this layer is not too thick, the gears may still have relatively good load-carrying capacity.

A helical gear set may start with some misalignment. The pitting just described will 
start at one end. Curiously, the pitting of the misaligned gear does not stop in the middle 
of the face width but will tend to continue right across the face width. Figure 9.9 shows a 
good example of this situation.

The general rating practice for through-hardened gears will allow a high enough surface 
loading to cause pitting when tooth errors, metal quality, or lubricant are somewhat less 
than what might be desired. Fortunately, it is often possible to get several years of service 
out of gears that have pitted rather extensively. The gear user who is confronted with such 
a situation should be alert to the severity of the pitting and the rate at which it is progress-
ing. Both items may be either tolerable or intolerable.

Quite often, a gear set that has pitting early in its life can be helped. Changes in align-
ment may be accomplished by bearing adjustment or by realigning the gear unit to the 
driving and driven equipment. A change to a heavier or better type of oil may also be 
beneficial. Under improved running conditions, the pitted surface may wear and polish 
a slight amount and thereby “heal”; a year or so later, the pitting may actually not look as 
bad as it did when the corrective action was first taken.

9.2.4  Scoring Failures

Scoring is essentially a lubrication failure. Tears and scratches appear on the rubbing sur-
faces of the teeth. Unlike fatigue failures, which occur after many cycles of operation, scor-
ing is apt to occur as soon as new gears are first brought up to full load and speed.

Although scoring is a lubrication failure, it cannot be blamed on the lubricant in many 
cases. Frequently, the design of the gears or the workmanship in finishing the teeth is 
such that no lubricant could be expected to make up for the defects in the gears. The gear 
designer should avoid both high hertz stresses and high sliding velocities at the tips of 
the teeth. This can be done by proper choice of pitch, addendums, and modification of the 
involute profile (see Section 10.2). Errors in the manufacture, such as poor surface finish, 
waves on the tooth surface caused by erratic action of gear-finishing machines, poor invo-
lute profiles, or irregular tooth spacing, all tend to promote scoring.

FIGURE 9.9
A misaligned helical gear has pitting which is progressive across the face width. Ledge wear is present at the 
right-hand end. The leading edge of the pitted area shows typical macropits.
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There are four places at which scoring is apt to start:

 1. Where tip of gear contacts root of pinion
 2. At lowest point of single-tooth contact on pinion
 3. At highest point of single-tooth contact on pinion
 4. Where tip of pinion contacts root of gear

In helical gears, where the axial overlap amounts to two or more axial pitches, there is no 
clearly defined position corresponding to the point where single-tooth contact starts and 
ends on spur gears. However, there may still be two intermediate points that are critical. If 
tip relief or modification is used, the most critical points may be where the relief ends on 
the pinion tooth and where it ends on the gear tooth.

After a gear has scored for a short time, the damaged area will frequently extend all the 
way from the pitch line to the tip and from the pitch line to the root. Along the pitch line 
itself, there will be a narrow island of metal that will not score. However, this island will 
soon pit away if the gear is left in service.

Scoring failures are rather hard to analyze. The damage usually spreads so fast that it is 
impossible to tell just where it started or why it started. When running laboratory tests on 
scoring, it is quite handy to test a ratio at which the number of pinion teeth divides evenly 
into the number of gear teeth. This makes one particular gear tooth contact with only one 
pinion tooth. Ordinarily, with a hunting ratio, each gear tooth will contact each pinion 
tooth. With an even ratio, pitting will break out between some pairs of teeth and not break 
out on other pairs. This makes it possible to study closely the effect of tooth errors on the 
tendency to score.

Scoring seems to be considerably influenced by the affinity of one metal for another. It 
appears that some metals will bond together much more easily than others. Fully hard-
ened steels will generally resist scoring better than medium-hard steels. Low-hardness 
steels score much more easily than medium-hard steels. In many cases, some benefit has 
been noted from having the pinion harder than the gear and made of a different kind of 
steel than the gear. For instance, case-hardened pinions run with a medium-hard gear will 
frequently make a more score-resistant set than a set in which the pinion and gear are both 
of the same type of steel and medium-hard.

There are two degrees of scoring, by definition: initial scoring and severe scoring. The 
main difference is that initial scoring occurs for a while and then stops. Severe scoring 
keeps going until so much metal is removed that the gear teeth finally break off. When 
scoring first starts, it is difficult to tell whether the scoring is of the initial or the severe 
variety. If the score marks are quite fine and the scored surface has a kind of smooth 
“etched” appearance, there is a good chance that the scoring is of the initial variety. If the 
surface is rough, with ragged tear marks, there is no doubt that the scoring is of the severe 
variety.

Scored gears that are stopped before the scoring has progressed too far can often be 
successfully put back into service. The scored areas should be dressed down with a stone 
or fine abrasive paper to restore some degree of surface finish. When the gears are put 
back into service, it is desirable to use higher-film-strength oil—such as one with a good 
extreme pressure (EP) additive or just one of heavier viscosity. Care should be taken to 
see that the oil-distribution system is wetting down all the teeth before they go into mesh. 
In rare cases, it has been found that the oil is too thick to spread out over the whole tooth 
surface. The solution to this kind of problem may be to use thinner oil that will spread 
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more rapidly. Changes in oil-nozzle designs or in oil-pumping systems are often required 
to overcome gear-scoring problems.

Scoring can often be prevented by the careful breaking in of gear sets. It is desirable to 
run the teeth at light loads and low speeds until the tooth surfaces have polished up. This 
is particularly beneficial on the lower-hardness steels and on bronzes meshing with steel. 
Fully hardened steel gears benefit some from running in, but not nearly so much as the 
softer materials do. Tests made on gears of 200 Brinell hardness have shown that careful 
running in can sometimes reduce a 0.8-μm (32-μin.) machined surface to a 0.25-μm (10-μin.) 
finish and work-hardened surface equivalent to 250 Brinell hardness. Obviously, changes 
like this greatly improve a gear’s ability to resist scoring.

Scoring is particularly troublesome with high-speed gears running with thin hot oil. 
A change to thicker oil or cooler running can be very helpful. If this cannot be done, 
an improvement in the character and smoothness of the finish may solve the problem. 
Helicopter gears are quite often honed after precision grinding to get a kind of finish that 
will adequately resist scoring under rather difficult service conditions.

Scoring may be a problem with slow-running final drive gears in trucks, tractors, and 
earth-moving equipment. In these vehicle gears, the problem is a very heavy tooth load 
and pitch-line speeds so slow that a proper elastohydrodynamic oil film is not obtained. 
This kind of problem is generally solved by using heavy oils and strong EP additives. The 
additives tend to create a chemical film on the tooth surface and/or a chemical reaction 
with the surface that protects the surface from scoring (see Sections 5.2.8 and 9.3.3 for more 
details on lubrication).

9.2.5  Wear Failures

According to the dictionary, “wear” means damage caused by use. Under this kind of defi-
nition, all kinds of tooth damage, such as pitting, scoring, tooth breakage, and abrasion, 
might be considered as just different kinds of tooth wear. Most gear engineers consider a 
worn gear tooth to be one that has had a layer of metal more or less uniformly removed 
from the surface. Damage that does not remove the entire surface but instead makes cra-
ters or scratches in the surface is generally not called wear. Such damage, of course, is best 
described as pitting and scoring.

In this section, we shall consider the kinds of wear that, by abrasion or other means, 
remove layer after layer of material from the surface of the tooth. This is the kind of wear 
that reduces tooth thickness and frequently severely changes the contour of the tooth.

Tests and experiences indicate that all kinds of gear wear fit a logical pattern. Figure 9.10 
shows a schematic plot of torque versus speed for a gear set. The total area is divided into 
five different regions. Each of these regions is bounded by a failure line of one kind or 
another.

In Region 1, the gear is not running fast enough to develop a hydrodynamic oil film. The 
wear is rapid when measured in terms of metal removed per million contacts of the tooth. 
Since the gear is running slowly, the wear may not be particularly fast in terms of wear 
per hour or per day. The size of Region 1 can be reduced in most cases by using thicker oil 
or by using oil with a special additive that will make the fluid cling to the gear teeth more 
tenaciously. Too thin oil or too rough a surface finish will make Region 1 larger.

The lower part of Region 2 is the ideal place to run a gear set. The speed is high enough 
to develop a good film. If the oil is free of abrasive foreign material, is noncorrosive, and 
adheres to the surface properly, a gear can run almost indefinitely in Region 2 without 
measurable wear.
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In Region 3, there is rapid failure. The speed is high enough to produce an oil film, but 
it shears the oil film so fast that too much heat is developed. The film breaks down, and 
scoring or welding occurs.

Region 4 is the region in which pitting is apt to occur. Since pitting is a fatigue failure, 
the size of Region 4 tends to increase with time—more time means more cycles, and more 
cycles mean a lower load that can be carried at a given speed. Region 4 is also enlarged by 
poor lubrication conditions. This seems to stem from two causes. Wear damages the tooth 
profile and causes the load to be concentrated near the pitch line. This is one of the regions 
that are vulnerable to pitting damage. Wear also tends to result in higher local coefficients 
of friction. A higher friction force means that there is more tendency for the surface to be 
ruptured with the cracks that cause pits.

Region  4 changes rather surprisingly with a substantial change in the “regime” of 
lubrication. The stress–cycles curve for pitting failure changes both slope and location. 
Figure 9.11 illustrates this tendency in aerospace gearing lubricated with light synthetic 
oil. The same general tendency can be noted in slow-speed vehicle gearing when chang-
ing from lighter weight mineral oil to heavier weight oil and when changing from mild EP 
additives to strong EP additives. (Table 4.7 in Section 4.1.4 presents more information on 
regimes of lubrication.)

A survey of the gear-wear characteristics of most types of industrial and vehicle gears 
shows that the most common cause of a breakdown of the gear-tooth surface is pitting 
related. To say it another way, a worn gear tooth—when closely studied—is very apt to 
have worn primarily because of some mode of pitting. The successful designer of power 
gearing will develop a very keen appreciation for all the subtle things involved with the 
Region 4 boundary.

Region 5 is the region in which tooth breakage is apt to occur. The size of this area is also 
increased as a function of the length of time the set operates. Breakage is a fatigue failure. 
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The size of Region 5 is increased when wear occurs. Wear makes gears run with more 
shock and vibration. This is just like increasing the torque. Wear also weakens the tooth by 
removing metal from the base of the tooth and by acting as a factor to increase the stress 
concentration in the root fillet.

From the foregoing, it can be seen that as soon as one kind of gear damage occurs, con-
tinued running will make the gear less and less able to resist all the other kinds of gear 
damage. Frequently a wrecked set of gears will show all kinds of damage, such as abrasive 
wear, pitting, scoring, peening, wire edging, and tooth breakage. The investigator may be 
hard pressed to deduce which kind of damage started the fatal chain of events.

The existence of Region 1 can be demonstrated in two different ways: One is to measure 
the mesh loss of gear teeth. When appreciable torque is applied and held constant over 
a wide speed range, a curve similar to that shown in Figure 9.12 will result. The tail at 
the left-hand side indicates that the oil film has failed and that the coefficient of friction 
is increasing while speed decreases. Another way is to measure wear. In one test, a set 
of precision spur gears was operated for 20 million cycles at a pitch-line speed of 30 m/s 
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(6000 fpm). Involute measurements showed wear to be less than 2.5 μm (0.0001 in.). Then, 
the set was run at 5 m/s (1000 fpm) with the same torque for 5 million cycles. After this 
shorter, slower run, wear had increased to 13 μm (0.0005 in.).

In high-speed marine and power-plant equipment, it is quite likely that after a year or 
more of operation, the wear will be so slight that machining marks a few microinches deep 
will still be visible on the tooth surface. In slow-speed gears such as drive gears on freight 
locomotives or on winches or hoists, it is not uncommon to see about 1 mm (1/32 in.) of 
metal worn away in 6 months. It is true that high-speed gears generally have cleaner oil 
and lighter loads than slow-speed gears. In spite of this, though, the weight of evidence 
seems to show that well-designed fast-running gears wear less than equally well-designed 
slow-running gears when wear is judged on the amount per million cycles of operation.

Foreign material will, of course, cause wear at any speed. Dirt, sand, and oxides may get 
into the oil stream. These can cause rapid wear or “lapping” of the gear teeth. Great care 
must be taken to keep the oil system of a gear set from becoming contaminated. In some 
kinds of transportation equipment, gear wear is frequently caused by dirt getting into the 
oil. On the other hand, power-plant gears seldom have this kind of trouble. They are pro-
tected from wind, weather, and contacts with soil.

9.2.6  Gearbox Bearings

If the bearings in a gear unit fail, the gear unit is, of course, failed. From a responsibility 
standpoint, those technically responsible for gear units are responsible for the gear teeth, 
the gear bearings, the seals, the oil breather device, the shaft extension splines or keyways, 
the oil circulation system, and so on.

Records that have been kept of the frequency and kind of gear-unit troubles invari-
ably show that about two-thirds of the incidents involve problems with bearing failures or 
bearing damage. (From a practical standpoint, the gear designer and builder may have to 
worry more about bearings than about gear teeth.)

The high incidence of bearing problems should not be blamed on the inadequacy of 
bearings as a mechanical element or on the lack of technical knowledge available in the 
bearing field. Bearings are involved frequently for two reasons. First, the geometry of the 
bearing and its fit-up in the gearbox are more complex than gear-tooth geometry and gear-
tooth fit-up. Second, the bearings are generally more sensitive to some wrong condition in 
the application, and they will start to fail sooner than the gear teeth.

Some of the kinds of wrong things that may lead to early bearing troubles are as follows:

• The unit is running with foreign material in the oil (e.g., iron filings, sand, dirt, 
water, acid).

• The unit is running too hot.
• The unit traveled a rough road to the site and incurred damage through vibration 

and fretting corrosion.
• The unit has high vibration (in running).
• The unit is misaligned or out of position in an axial direction.
• Driving or driven equipment is running poorly (turbine out of balance, reciprocat-

ing compressor has some valves stuck, and so on).
• Coupling devices between gearbox and connected apparatus are not functioning 

properly (severe moments or thrusts are being developed).
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9.2.7  Rolling-Element Bearings

Rolling-element bearings such as ball bearings, cylindrical roller bearings, tapered roller 
bearings, and spherical roller bearings are frequently used in gearboxes. These bearings 
work well at slow speeds. They have low friction losses, particularly at slow speeds, and 
they position a gear part rather precisely.

At high speeds, the friction losses are not so low, and the bearing may have difficulty 
handling the speed. Figure 9.13 shows a general guide for speed limits on rolling-element 
bearings. With good lubrication, rolling-element bearings can generally live up to the limits 
in Figure 9.13. If the rolling-element bearing is used beyond these limits, the gear designer 
would be well advised to consider it a special application that a bearing specialist needs to 
study in depth to make sure that the bearing design features, the accuracy and quality of 
the bearing, and the lubrication scheme are adequate for the high-speed situation.

Rolling-element bearings are designed against fatigue limits. If a 2000-h life is needed, a 
size of bearing may be picked for which calculations—on a surface fatigue basis—predict 
a 90% probability of running this long without serious pitting. This is called a B-10 life. A 
bearing with a B-5 life has a 95% probability of running without pitting for the time used 
in the calculations.

Generally speaking, gear designers know how to make the calculations to pick the right 
size of bearing. (Frequently, it is desirable to have the specialists at a major bearing com-
pany make the calculations and recommend the correct size and style of bearing for a 
critical gear application.)

When there are troubles in a gearbox with rolling-element bearings, the cause of the 
trouble is usually something other than that too small a bearing was used for the job. It 
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is usually good practice, though, to review the bearing rating calculations to see if some 
error might have been made, or if perhaps the real load on a job in production might be 
higher than that anticipated back in the beginning of a project.

General areas of concern in investigating rolling-element bearings are as follows:

• Fit of bearings on shaft or in housing inappropriate.
• Bearings not adequately cooled and lubricated.
• Bearing internal clearance wrong for the application (see Figure 9.14).
• Bearings damaged in shipment, or in assembly, or in overhaul work.
• Bearings not made right at the bearing factory.
• Foreign material gets into the bearing.
• Application of the bearing in the gearbox improper for that style of rolling- element 

bearing.
• Accuracy of the bearing or materials in the bearing not suitable for the high speed 

of the application (see Figure 9.13).

Many kinds of gears will have both a thrust load and a radial load to be carried at a given 
shaft end. Ball bearings, spherical roller bearings, and tapered roller bearings can all carry 
both thrust load and radial load. Unfortunately, there are often situations in which the 
combination of those loads will get bearings into trouble as wear occurs or as thermal 
changes shift the bearing fit or clearance. Frequently, the best solution may be to use two 
bearings at a shaft end, with one bearing taking only thrust and one bearing taking only 
radial load. The common design that pairs a ball bearing for thrust with a cylindrical roller 
bearing for radial load is a good example of this technique.

Table 9.5 shows some of the possible faults that may exist in new bearings bought from 
a bearing company. The purchaser of rolling-element bearings, in general, receives a 
mechanical hardware item with amazing accuracy in roundness and perfection in finish 
for a surprisingly low price. Usually the bearings are made correctly. Once in a while, they 
are not. If there is a manufacturing fault, it may be present in all bearings in a shipment 

FIGURE 9.14
A rolling-element bearing failure in a gearbox due to improper internal clearance. (Failure occurred in less than 
100 h running time.)
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of a hundred or more because bearings are usually made on automated or semiautomated 
machines.

When there is trouble with rolling-element bearings, the investigator should be alert to 
all the areas of concern mentioned earlier. One of these is in defect in manufacture of the 
bearings.

Table 9.5 shows some of the manufacturing defects that tend to show up once in a while 
in new bearings. Roundness, concentricity, and race finish might have been added to the 
table. Generally, these basics are all right. Table 9.5 shows some of the other things that 
may be wrong, and that often require a special investigation to find.

9.2.8  Sliding-Element Bearings

Sliding-element bearings are used for both radial and thrust loads. In some cases, the 
thrust bearing is integral with the radial bearing; the typical construction is a cylinder 
with a flange on one end. In many cases, though, the two kinds of bearings are separate. 
High-speed turbine gear sets used in the oil and gas industry will often have a tilting-pad 
thrust bearing and split-cylindrical radial bearings.

Sliding-element bearings need a certain amount of speed to run acceptably. In gear 
applications, the load on the bearing is steady, so there is not a fatigue-life problem as with 
rolling-element bearings. This means that a good sleeve bearing in a gear unit will gener-
ally be able to run for many years at high speed without failure. Sliding-element bearings 
are quite commonly used in turbine applications because of their ability to handle heavy 
loads and run with high reliability for many years.

If there is going to be trouble with sliding-element bearings in a gear application, the 
trouble will generally show up early. In fact, a damaged or failed sleeve bearing has often 
been found on the very first full-speed, full-load test of a new gear design.

TABLE 9.5

Defects in Manufacture of Rolling-Element Bearings

Kind of Bearing

Kind of Defect

Races Rolling Elements Cages

Ball bearing • Curvature not held 
closely to design

• Hardness too low or too 
high

• Grain size too large
• Cleanness of steel not up 

to specifications

• Balls not all round and 
of good finish

• Missing ball
• Nicked ball
• Hardness too low
• Grain size too large
• Cleanness of steel not up 

to specifications

• Broached with a dull 
or worn broach

• Plating defective
• Composition of 

material out of 
limits

Roller bearinga • Guide rail at wrong 
angle

• Finish of guide rail 
inadequate

• Clearance of roller in 
guide rails too small or 
too large

• Roller end out of square 
with roller axis

• Roller crown wrong or 
out of position on roller

• Roller corners not 
rounded properly

• Roller ends not finished 
smoothly

• Shape of pocket 
wrong to fit roller

• Pocket clearance too 
small or too large

• Cage blocks oil 
entry

• Cage not guided 
adequately

a All the items for ball bearings apply to roller bearings.

  



551Kinds and Causes of Gear Failures

Some of the things that can go wrong and cause early sliding-element-bearing failures 
are as follows:

• Foreign material in oil lines or in gearbox passageways gets flushed into the 
bearings. (The most dangerous locations are downstream from the oil filter, but 
upstream from the bearing. The debris gets a chance to lodge in the bearing before 
it has a chance to lodge in the filter.)

• Oil nozzle plugged, or oil passageway not drilled.
• Clearance in bearing too small.
• Bearing fit to casing or to shafts improper.
• Bearings not made correctly at the bearing factory.
• Finish, roundness, or cylindricalness of a shaft inadequate for a radial bearing; 

finish, flatness, or squareness of a thrust runner inadequate for a thrust bearing.
• Application of bearing to gearbox improper for that style of sliding-element 

bearing.
• Accuracy of the bearing or materials in the bearing not suitable for the high speed 

of the bearing.

Like rolling-element bearings, sliding-element bearings are generally made correctly at 
the factory. Except for those used in automotive gearing, sliding-element bearings are gen-
erally not made on highly automated machinery. If something is wrong, it may be lim-
ited to a few bearings and represent some random human error or machine malfunction. 
Table 9.6 shows some of the defects that may occur in new bearings.

One of the problems in Table 9.6 is very simple—a bearing with the wrong direction 
of rotation. It would seem that this problem would be easy to avoid, but it is really quite 

TABLE 9.6

Defects in Manufacture of Sliding-Element Bearings

Kind of Bearing Kind of Defect

Full-circle cylindrical • Bore not concentric to outside diameter within tolerance
• Bore or outside diameter sizes out of tolerance
• Bonding of babbitt to backing not sound
• Composition of babbitt, bronze, or other bearing overlay material not 

within specification limits
• Feed grooves or bleeder grooves not accurately made
• Edges of feed grooves not rounded properly

Split cylindrical • (All the above items apply, plus these below)
• Bearing made for clockwise rotation, should have been made for 

counterclockwise rotation or vice versa
• Curvature of bearing half wrong, so half does not fit casing properly

Tapered-land thrust bearing • Lands not alike or level
• Ramp curvature out of specification
• Size and shape of plateau at ramp end too big or too small or 

misshapen
• Ramps put in for the wrong direction of rotation
• Feed grooves or bleeder grooves not accurately made
• Edges of grooves not rounded properly

Tilting pad bearing • Pads not equal height
• Pad-support pins (or other support mechanism) not fitted properly
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troublesome. Bearings at opposite ends of the pinion may need to be made differently, 
since the thrust faces generally point toward the gear teeth. By simply exchanging the 
bearings from one end of the pinion to the other end, it is possible—in some gear sets—to 
end up with the unfortunate situation of two bearings running in the wrong direction.

Presumably, the bearings are marked with part numbers, and the assembly drawing 
shows which part number goes on which end. The bearing maker may put the wrong part 
number on a bearing, or the mechanic may pick up a bearing of the wrong part number at 
assembly. Either mistake can lead to a bearing being run in the wrong direction.

Sometimes sliding-element bearings fail after thousands of hours of operation. If the 
bearing was made correctly and everything fit, what could lead to a delayed failure in a 
part not subject to fatigue failures?

Some common things that tend to cause service failures of sliding-element gear bearings 
include the following:

• Wear in gear teeth or couplings causes vibration. A high vibration level fatigues 
out a bearing that normally would have no fatigue problem (see Figure 9.15).

• Shafts and gear teeth rust when a unit is shut down for a long time in a wet climate 
(or outdoors in a dry climate). Bearings fail due to rusted shafts. Rusted gear teeth 
may also cause failure due to rough running and wear debris in the oil system.

• Oil filters are inadequate or become filled with dirt and then bypass unfiltered and 
dirty oil. Bearings become contaminated with dirt due to in-service conditions.

• The wrong oil is used, or the right oil is used too long. Tarry deposits may plug oil 
orifices. The lack of antifoam protection may flood a high-speed unit that would nor-
mally drain properly and may lead to rapid overheating of bearings and gear teeth.

• Careless overhaul of a unit may lead to nicks in journal surfaces, bearings installed 
with the wrong thrust shims, metering orifices left out of oil feed lines, etc.

9.3  Some Causes of Gear Failure Other than Excess Transmission Load

If a gear unit fails, there is a somewhat natural inclination to believe that it must have been 
too small to handle the name-plate rating. This may be true, and, of course, a first step in 
an investigation can be a careful recheck of the power capacity for the size of gear unit 
involved.

FIGURE 9.15
A sliding-element bearing failure in a high-speed gearbox. Excessive system vibration failed the bearing. Gear 
teeth did not fail, but they were close to failure.
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Quite often, though, there is some problem not related to transmitted power. In this part 
of the chapter, some of the more common things that can go wrong in a gear application 
will be reviewed.

9.3.1  Overload Gear Failures

The designer of a gear set usually bases the gear size on a maximum torque and a continu-
ous torque. These are ordinarily based on the amount of power that is being transmit-
ted by the gear set under different conditions of operation. It may happen that there are 
momentary torque fluctuations that are far in excess of the transmitted power.

On ships, there is a torque fluctuation each time a propeller blade passes the rudder post. 
The gear set may have a high-speed turbine driving it, with a large amount of kinetic energy 
in the turbine rotor. If the ship’s power system is not carefully designed, a very nasty torsional 
vibration may be excited by the slow propeller reacting against the high-speed turbine. Since 
the gear set is in between, it may be the victim of the conflict between the turbine trying to run 
at constant speed and the propeller trying to run at a variable speed.

Reciprocating engines driving generators, steam turbines driving air compressors, elec-
tric motors driving fans, and a host of other applications are subject to possible trouble 
from torsional vibration. In all these cases, a good overall engineering design can usually 
hold the torsional vibration down to reasonable values. The application factors used in 
gear-rating formulas (see Section 5.2.4) assume that torsional vibration has been reason-
ably well controlled. If this has not been done, then there is the chance that the gears will 
be rapidly pounded to pieces by torsional vibrations far in excess of the torsional vibra-
tions contemplated by the application factor.

Several things may be done to eliminate torsional vibrations. Changes in shaft stiffness 
and moments of inertia of rotating elements can change the amplitude and frequency of 
vibration. The stimulus may be reduced by adding blades or pistons or by making other 
changes to the device connected to the gear set. Going into the subject of torsional vibra-
tions is beyond the scope of this book.

Another kind of overload is the overload due to tooth errors. Tooth errors prevent the 
masses of the driven and driving apparatus from rotating at uniform velocities. The 
changes in velocity due to tooth errors cause momentary overloads. These loads have 
been commonly called the dynamic load. The dynamic load is made up of the transmitted 
load plus a load increment caused by a tooth error going through mesh. As an error goes 
through mesh, there is ordinarily an acceleration period and a deceleration period. If the 
impulse produced is great enough, the teeth may separate on their driving faces, and then 
close back together with an impact. When separation occurs, the greatest overload hap-
pens when the teeth come together again.

When gears are run at high enough speeds, the kinetic energy becomes so great that 
tooth errors cannot change the velocity appreciably. Under this condition, the overload is 
simply whatever load is required to bend the tooth out of the way (that is, the static load 
that would cause a deflection corresponding to the tooth error).

Earle Buckingham (1931, 1949) has published books that give methods for estimating 
dynamic loads on all kinds of gears. His work shows that it is quite easy to get a combi-
nation of tooth errors, moments of inertia of gears and connected apparatus, and shaft 
stiffness, which results in dynamic loads five or six times as great as the transmitted load.

Dynamic load factors used in standard design equations assume relatively low dynamic 
loads. If designers have enough field experience with a given application, they can determine 
dynamic load factors that will be quite accurate for the application. It may be hard to calculate 
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dynamic load and get a close check on field experience. The calculator has to assume an 
amount of error and then can calculate shaft stiffness and moments of inertia quite accurately. 
It becomes difficult, though, to follow the error through mesh and calculate the precise value of 
the instantaneous load at the worst point. Effects of friction, elastic dampening of the system, 
and wear are hard to predict (see Appendix B.2 for more details on dynamic load).

When a dynamic overload more than twice the transmitted load is calculated, the 
designer should try to make changes to reduce the dynamic load. This may be done by 
using more accurate teeth, reducing masses, using more elastic materials, or changing 
shaft stiffness. One of the greatest values of dynamic-load calculations is that the designer 
can see which items in the design ought to be changed to reduce the dynamic load.

Another source of gear overloads is imbalance. Heavy parts running at high speed must 
be dynamically balanced very closely to run properly. In addition, they must be mounted 
on good foundations. It sometimes happens that a gear set will be tested in the shop on 
a heavy concrete base. Its balance will be adjusted and it will operate very smoothly. Out 
in the field, the set may be mounted on a rather weak support. On ships, airplanes, and 
locomotives, it is always hard to design a good foundation for high-speed apparatus. 
Vibrations may occur which in time will destroy the tooth accuracy. Then the lack of accu-
racy can lead to severe dynamic overloads.

9.3.2  Gear-Casing Problems

Many gear failures are caused by the improper functioning of the gear casing. A gear 
set depends upon the gear casing, the gear bearings, and flexible couplings to support it 
properly, to protect it from dirt and moisture, to protect it from reactions of misaligned 
driving or driven shafts, and to provide nozzles and reservoir capacity to handle a proper 
circulation of the lubricant.

Providing support for parallel-axis gearing is usually not difficult. Gears on right-angle 
axes are often hard to support. If one or more members are overhung, deflection of the gear 
support and shafting may be quite critical. Frequently an overhung gear part will have good 
contact under average load conditions, but a sudden peak load will cause so much deflection as 
to throw the entire load on one end of the tooth. This can cause a quick failure whenever over-
hung gears show damage at the ends of the teeth; it is desirable to investigate how tooth contact 
changes as load is increased. It may be necessary to change the tooth design so that the entire 
load is at one end of the tooth under light-load conditions to favor the contact when maximum 
load occurs. Sometimes even this will not work. When new, the set may have modifications 
that compensate for deflection. Long running at light load may wear away these modifications. 
Then, when the severe peak load occurs, there is no modification to protect the teeth from end 
loading. In this kind of situation, there is no alternative but to design the casing and shafting 
to provide a stiffer support for the gear teeth.

The gear casing is usually made in at least two halves and bolted together. Dowels are used 
to position the casings properly before the bolts are tightened. There may be trouble because 
the dowels are too small or too few or they become worn. If the dowels do not function prop-
erly, serious misalignments of gear teeth or bearings can be the result.

Jackscrews should be provided to disassemble a gear casing. Without jackscrews, a gear cas-
ing may become bent or damaged at the joint by pounding and prying on the casing to get it 
apart. Casings damaged in disassembly are apt to be misaligned when reassembled. They are 
also apt to have oil leaks.

Bearing wear is another cause of gear failure. Sleeve bearings may gradually increase 
their clearance. Ball or roller bearings may have inner races that turn on their shafts or 
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outer races that turn in their seats. A gear supported by a pair of either type of bear-
ings may gradually become misaligned by unequal wear of the bearings supporting it. In 
some configurations, even an equal amount of wear on two bearings will permit misalign-
ment! Slight amounts of bearing wear can be quite serious. A 2.5-module (10-pitch) tooth 
that is of medium hardness may be seriously distressed by a misalignment of as little as 
0.025 mm (0.001 in.) in the face width.

Gear-rating formulas (such as those in Section 5.2.4) allow for misalignment in calculat-
ing load-carrying capacity. The gear designer tends to assume that all misalignment is due 
to errors in machining either the gears or the cases and seldom allows anything for fur-
ther misalignment due to wear of bearings. In many cases, bearings do not wear enough 
to cause appreciable misalignment. In these cases, wear of the gear teeth will improve 
contact, and there will probably be no trouble due to misalignment. However, if the mis-
alignment increases because of bearing wear, there is often a good chance for gear failure.

When gears fail, the gear bearings are likely to fail also. In such cases the designer 
should try to deduce whether the bearings failed or wore first, precipitating a gear failure, 
or whether the gear failure caused the bearings to fail because of overload or because bits 
of metal from the gear teeth got into the bearing. When both the gear teeth and bearings 
have failed, it is unlikely that they both failed by coincidence at the same time. One or the 
other is apt to be to blame for the failure of both.

Gear failures may be caused by malfunctioning of flexible couplings. When a gear with 
two bearings is connected to a shaft from another device that has two bearings, a flexible 
coupling is needed to connect the two. In most cases, the designer cannot expect that four 
bearings will be so precisely in line that no flexible joint is required.

Flexible couplings are also needed to allow differential expansions between different 
pieces of apparatus. Steam turbines, electric motors, generators, pumps, and many other 
devices are commonly connected to gear sets by flexible couplings.

Flexible couplings may fail just like any other machine element. A failed coupling is not 
necessarily one that is broken in two. It may have become jammed so that it is no longer 
flexible. This can lead to the shaft supporting the gear being made to run in a misaligned 
position because of a reaction being transmitted through the coupling. The gear may also 
be jammed out of position in an endwise direction. This can upset the tooth contact on 
worm gears, bevel gears, or double helical gears. Spur gears, however, usually do not suf-
fer from endwise movement unless a difference in face width between the gear and pinion 
has caused an indentation to be worn into the part with the wider face width.

In the larger sizes and at higher speeds, worn-out couplings will run with quite severe 
torsional shock and vibration. These things can also cause gear failures.

High-speed gears sometimes get into trouble because the gear tends to churn or “pump” 
the oil in the casing. Many oils will foam badly when churned too severely by a toothed 
gear wheel. Oil churning can also rapidly overheat a unit that does not have an oil cooler. 
The gear casing must provide a means to lubricate the gears adequately, but in addition, it 
must allow the oil to get out of the way of fast-moving gear teeth. Frequently, it is necessary 
to put a sheet-metal shroud around a gear that dips below the oil level. This shroud will 
keep most of the oil away from the gear when it is running.

9.3.3  Lubrication Failures

Many gear failures are blamed on the lubricant, when in fact the failure is caused by a 
faulty mechanical design. Inaccurate teeth, poor surface finishes, lack of profile modifica-
tion, and overly heavy loads for the strength of the materials may cause failures of the 
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tooth surfaces. (Obviously, such failures are not really lubrication failures but rather are 
design failures [or manufacturing failures].) It is true that many design failures may be 
remedied to a certain extent by special lubrication. However, the gear designer can get the 
best results only with both a good mechanical design and a good lubricant and lubricating 
system.

True lubrication failures usually result from one of the following troubles:

 1. The lubricating oil does not have the right additives or a strong enough additive 
package to handle the loads, speed conditions, or temperature of the particular 
application. A high coefficient of friction and rapid wear is generally the result of 
inadequate additives.

 2. The lubricating oil does not have enough viscosity to develop a suitable oil film 
between the contacting surfaces. In general, slow-speed gears require rather vis-
cous oil with good chemical additives. Gears above 10 m/s (2000 fpm) can use the 
thinner oils quite well, and a strong additive package is usually not needed.

 3. Heat developed by the gears is not removed quickly enough by the lubricating 
medium.

 4. Wear products and corrosion on the tooth surfaces are not flushed away by the 
lubricant.

 5. The lubricant becomes contaminated with dirt, sand, metal particles, sludge, or 
acids.

 6. The lubricating system does not wet all the tooth surfaces before each surface goes 
through mesh.

 7. Lubricant is not contained; it leaks out, or vaporizes, and escapes. (Loss of oil may 
result from inadequate vents or seals, leaks in casing joints, inattention to refilling 
the gearbox with oil, etc.)

In early days, when wooden-toothed gears were common, animal fats were used as lubri-
cants. In modern times, petroleum or “mineral” oils are the most widely used gear lubri-
cants. Modern research has shown that many substances have the ability to lubricate gears. 
Likewise, many fluids that have the appearance and viscosity of a lubricant may actually 
have little or no lubricating ability.

Table 9.7 shows some of the fluids that have demonstrated their ability to lubricate gear 
teeth. This table shows that several kinds of liquids may be used to lubricate gears. To date, 
petroleum oils have been by far the most widely used gear lubricants.

TABLE 9.7

Fluids Used to Lubricate Gears

Fluids Oiliness Where Used

Petroleum oils Good All types of gears except under unusual temperature 
conditions

Diester Good Aircraft and military gears with wide temperature ranges
Polyglycol Good Some bronze gears, steel gears at very high temperatures
Silicone Poor Some extreme-temperature cases, light load
Water Very poor Some nonmetallic gears
Phosphates Good Aircraft hydraulic equipment
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When there is a suspicion of a lubrication failure, basic lubrication practice for gear units 
should be reviewed. The next few paragraphs and tables give a brief review of normal 
practice for industrial, aircraft, and vehicle gears.

AGMA Standard 9005-E02 does a good job of specifying petroleum oils for use on vari-
ous kinds of gears. This standard classifies the oils according to viscosity as measured by 
a Saybolt universal viscosimeter. The classifications are shown in Table 9.8.

Table 9.9 shows the recommended lubricants for industrial gears, while Table 9.10 shows 
the data for worm gears. Those concerned with gear lubrication problems should study the 
considerable amount of detailed information given in AGMA 9005-E02.

In many cases, it is not possible to follow AGMA lubrication recommendations. Frequently 
the oil has to lubricate several other things besides the gears in a piece of machinery. The 
lubrication requirements of these other things may force the choice of lubricant to be some-
thing other than that which is best for the gear. For instance, aircraft gas-turbine engines 
have to be able to start under arctic conditions. This makes it necessary to use much thin-
ner oil than would ordinarily be used. Whenever thin oils are used, it is necessary to have 
better tooth accuracy and finish than would otherwise be required. Tooth-profile modifi-
cations to compensate for bending also become more important.

Aircraft and helicopter gears usually use a synthetic (diester) type of oil. Although the 
oil is thin, the load-carrying capacity is quite good. Generally, the same oil is used for the 
engine as the gears. This dictates special properties for the oil. These are the more common 
oils used:

Mil-L-6086 oil, mineral oil, about 8 cSt (centistokes) at 210°F
Mil-L-7808 oil, synthetic, about 3.6 cSt at 210°F
Mil-L-23699 oil, synthetic, about 5 cSt at 210°F

TABLE 9.8

Viscosity Ranges for AGMA Lubricants

Rust and Oxidation 
Inhibited Gear Oils, 
AGMA Lubricant No.

Viscosity Range,a 
mm2/s (cSt) at 40°C

Equivalent ISO 
Gradeb

Extreme-Pressure 
Gear Lubricants,c 

AGMA Lubricant No.

Viscosities of 
Former AGMA 
System,d SSU at 

100°F

1 41.4 to 50.6 46 – 193 to 235
2 61.2 to 74.8 68 2 EP 284 to 347
3 90 to 110 100 3 EP 417 to 510
4 135 to 165 150 4 EP 626 to 765
5 198 to 242 220 5 EP 918 to 1122
6 288 to 352 320 6 EP 1335 to 1632
7 Compe 414 to 506 460 7 EP 1919 to 2346
8 Compe 612 to 748 680 8 EP 2837 to 3467
8A Compe 900 to 1100 1000 8A EP 4171 to 5098

Source: AGMA, Lubrication of industrial enclosed gear drives, AGMA 250.04, AGMA, Arlington, VA, 1981. With 
permission.

Note: Viscosity ranges for AGMA lubricant numbers will henceforth be identical to those of ASTM 2422.
a Viscosity system for industrial fluid lubricants, ASTM 2422. Also British Standards Institute, B.S. 4231.
b Industrial liquid lubricants ISO viscosity classification. International Standard, ISO 3448.
c Extreme-pressure lubricants should be used only when recommended by the gear drive manufacturer.
d AGMA 250.03, May 1972, and AGMA 251.02.
e Oils marked Comp are compounded with 3% to 10% fatty or synthetic fatty oils.
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In vehicle gears, the transmission gears (used to change speed) are normally lubricated 
with “motor” oils. The wheels are driven by axle gears (also called differential gears or 
final drive gears when these names are appropriate). These latter units are lubricated with 
quite heavy oils, generally called gear oils.

Table 9.11 shows the general relation between the viscosity of SAE types of motor oils 
and gear oils. The motor oils have moderately strong additives. The gear oils—used in 
high-load, slow-speed gears—tend to have very strong additives of the EP type. Different 

TABLE 9.9

AGMA Lubricant Numbera,b Recommendations for Enclosed Helical, Herringbone, Straight Bevel, 
Spiral Bevel, and Spur Gear Drives

Type of Unitc and Low-Speed Center Distance

Ambient Temperatured,e

–10°C to + 10°C (15°F to 50°F) 10°C to 50°C (50°F to 125°F)

Parallel Shaft (Single Reduction)
Up to 200 mm (to 8 in.) 2–3 3–4
Over 200 mm to 500 mm (8 to 20 in.) 2–3 4–5
Over 500 mm (over 20 in.) 3–4 4–5

Parallel Shaft (Double Reduction)
Up to 200 mm (to 8 in.) 2–3 3–4
Over 200 mm (over 8 in.) 3–4 4–5

Parallel Shaft (Triple Reduction)
Up to 200 mm (to 8 in.) 2–3 3–4
Over 200 mm to 500 mm (8 to 20 in.) 3–4 4–5
Over 500 mm (over 20 in.) 45– 5–6

Planetary-Gear Units (Housing Diameter)
Up to 400 mm (to 16 in.) O.D. 2–3 3–4
Over 400 mm (over 16 in.) O.D. 3–4 4–5

Straight or Spiral-Bevel-Gear Units
Cone distance to 300 mm (to 12 in.) 2–3 4–5
Cone distance over 300 mm (over 12 in.) 3–4 5–6
Gear motors and shaft-mounted units 2–3 4–5
High-speed unitsf 1 2

Source: AGMA, Lubrication of industrial enclosed gear drives, AGMA 250.04, AGMA, Arlington, VA, 1981. With 
permission.

a Ranges are provided to allow for variations in operating conditions such as surface finish, temperature rise, 
loading, speed, etc.

b AGMA viscosity number recommendations listed above infer to R&O gear oils shown in Table 9.8. EP gear 
lubricants in the corresponding viscosity grades may be substituted where deemed necessary by the gear drive 
manufacturer.

c Drives incorporating overrunning clutches as backstopping devices should be referred to the gear-drive manu-
facturer, as certain types of lubricants may adversely affect clutch performance.

d For ambient temperatures outside the ranges shown, consult the gear manufacturer. Some synthetic oils have 
been used successfully for high- or low-temperature applications.

e Pour point of lubricant selected should be at least 5°C (9°F) lower than the expected minimum ambient starting 
temperature. If the ambient starting temperature approaches lubricant pour point, oil-sump heaters may be 
required to facilitate starting and ensure proper lubrication.

f High-speed units are (host; operating at speeds above 3600 rpm or pitch-line velocities above 25 m/s (5000 fpm) 
or both. Refer to Standard AGMA 421, “Practice for High-Speed Helical and Herringbone Gear Units,” for 
detailed lubrication recommendations.
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vehicle builders have studied their special lubricant needs and in many cases have estab-
lished proprietary specifications for their products.

When thicker than normal oils are used, there is danger of oil-churning trouble or trou-
ble in getting the oil spread across all the contacting surfaces. Also, friction losses and 
cooling problems become greater.

The problem of removing heat from the gears is well recognized, but there is little exact 
knowledge to guide either the designer or the troubleshooter. As a general rule of thumb, 
it takes about 4 L (1 gal) of oil per minute to remove the heat developed when 400 hp is 

TABLE 9.10

AGMA Lubricant Numbera Recommendations for Enclosed Cylindrical and Double-Enveloping 
Worm-Gear Drives

Type, Worm-Gear 
Drive

Worm Speedc 
(rpm) Ceiling

Ambient Temperatureb

Worm 
Speedc 

(rpm) Floor

Ambient Temperatureb

–10°C to + 
10°C (15° 
to 50°F)

10°C to 
50°C (50° 
to 125°F)

–10°C to + 
10°C (15° 
to 50°F)

10°C to 
50°C (50° 
to 125°F)

Cylindrical Wormd

Up to 150 mm (to 6 
in.)

700 7 Comp, 
7 EP

8 Comp, 
8 EP

700 7 Comp, 
7 EP

8 Comp, 
8 EP

Over 150 mm to 300 
mm (6 to 12 in.)

450 7 Comp, 
7 EP

8 Comp, 
8 EP

450 7 Comp, 
7 EP

7 Comp, 
7 EP

Over 300 mm to 450 
mm (12 to 18 in.)

300 7 Comp, 
7 EP

8 Comp, 
8 EP

300 7 Comp, 
7 EP

7 Comp, 
7 EP

Over 450 mm to 600 
mm (18 to 24 in.)

250 7 Comp, 
7 EP

8 Comp, 
8 EP

250 7 Comp, 
7 EP

7 Comp, 
7 EP

Over 600 mm (over 
24 in.)

200 7 Comp, 
7 EP

8 Comp, 
8 EP

200 7 Comp, 
7 EP

7 Comp, 
7 EP

Double-Enveloping Wormd

Up to 150 mm (to 
6 in.)

700 8 Comp 8A Comp 700 8 Comp 8 Comp

Over 150 mm to 300 
mm (6 to 12 in.)

450 8 Comp 8A Comp 450 8 Comp 8 Comp

Over 300 mm to 450 
mm (12 to 18 in.)

300 8 Comp 8A Comp 300 8 Comp 8 Comp

Over 450 mm to 600 
mm (18 to 24 in.)

250 8 Comp 8A Comp 250 8 Comp 8 Comp

Over 600 mm (over 
24 in.)

200 8 Comp 8A Comp 200 8 Comp 8 Comp

Source: AGMA, Lubrication of industrial enclosed gear drives, AGMA 250.04, AGMA, Arlington, VA, 1983. With 
permission.

a Both EP and compounded oils are considered suitable for cylindrical-worm-gear service. Equivalent grades of 
both are listed in the table. For double-enveloping worm gearing, EP oils in the corresponding viscosity grades 
may be substituted only where deemed necessary by the worm-gear manufacturer.

b Pour point of the oil used should be less than the minimum ambient temperature expected. Consult gear 
manufacturer on lube recommendations for ambient temperatures below –10°C (14°F).

c Worm gears of cither type operating at speeds above 2400 rpm or 10 m/s (200 fpm) rubbing speed may require 
force-feed lubrication. In general, a lubricant of lower viscosity than recommended in the above table shall be 
used with a force-feed system.

d Worm-gear drives may also operate satisfactorily using other types of oils. Such oils should be used, however, 
only upon approval by the manufacturer.
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transmitted through a gear mesh. This rule assumes that the oil circulates through oil 
cooler and that the removal of heat by radiation and conduction is not appreciable. In sets 
of large size transmitting several thousand horsepower, low friction losses resulting from 
favorable oil-film conditions may make it acceptable to use 4 L (1 gal) per minute for each 
800 hp going through a gear mesh.

Many small-sized gear sets have no oil coolers. All the heat must be removed from the 
casing by radiation and conduction. Thermal ratings have been developed by the AGMA 
for many of these applications. A thermal rating restricts the power of a gear set so that the 
temperature rise of the set will not exceed a safe operating temperature. Some gear casings 
are made with fins to help the heat transfer and thereby permit a higher thermal rating.

Many cases of gear failure result from overheating. Gear sets may become covered with 
dust or ashes, which insulate the set so that it cannot dissipate the heat that it should to 
meet its thermal rating. Even when oil coolers are used, the tubes may foul with time, 
and eventually the gear set may be getting oil that is not properly cooled. Poor oil-nozzle 
design can also cause trouble. The oil nozzle must spread the oil across the face width, 
and it must allow the oil to contact the gear surface for a slight interval of time before it 
is thrown off. Some designers claim that the best cooling is achieved when oil is fed into 
the outgoing side of the mesh. With careful nozzle design and testing under full-speed 
conditions, it is usually possible to put the nozzles on the incoming side and achieve satis-
factory cooling. In high-speed sets, the incoming side is often preferred because it is more 
certain that the teeth will be wet when they go into mesh. In the most critical high-speed 
gear units, nozzles put oil on both sides of the mesh, with the largest amount going to the 
outgoing side.

One of the problems of lubricating gears with grease is that wear products or oxides 
formed by corrosion are not flushed away from the working surfaces. Gears with rough 

TABLE 9.11

Typical Vehicle Gear Lubricants

Designation of Oil

Viscosity Range, SSU

At 0°F (–18°C) At 210°F (99°C)

Min. Max. Min. Max.

Motor Oil SAE No.
5W – 4,000 – –
10W 6,000 12,000 – –
20W 12,000 48,000 – –
20 – – 45 58
30 – – 58 70
40 – – 70 85
50 – – 85 110

Gear Oil SAE No.
75 – 15,000 – –
80 15,000 100,000 – –
90 – – 75 120
140 – – 120 200
250 – – 200 –
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surfaces will tend to wear off the high spots and polish up. This is very desirable, except 
that if the lubricant becomes full of metal particles, it will start acting as a lapping com-
pound. This sort of trouble may be avoided by running the gears in and then changing to 
a clean lubricant before shipping the unit.

Sometimes there will be appreciable wear and oxidation even after a unit is run in. 
Where high pressure and vibration are present, the phenomenon of fretting corrosion may 
occur. Fretting corrosion is ordinarily found more often in ball-bearing fits, spline joints, 
and hub-on-shaft connections than it is on gear teeth. However, if vibration and pressure 
are high enough and rubbing velocity is low, this nasty trouble can attack gear teeth. When 
the lubricant does not flush away the oxides formed by fretting corrosion, there can be 
very rapid wear. Fretting corrosion is particularly apt to attack a gear set that holds a load 
for a long period of time in one spot without turning. If oil, moisture, oxygen, and vibra-
tion are present, a gear set which is locked under load is very apt to fret a deep groove 
across the gear teeth at the spot where the teeth are in contact.

It is quite obvious that lubricants must be kept clean to prevent wear. In tractors, trucks, 
and locomotives, it is very hard to keep windblown sand or dirt out of the gear casings. 
In internal-combustion engines, there may be trouble with the gears because the high 
temperatures in the cylinders keep breaking down the oil. If the oil is not changed often 
enough, there may be considerable acid and sludge in the gear lubricant. Gear teeth with 
high contact pressures cannot tolerate much deterioration of the oil, even though other 
parts of the engine may still be able to get by when oil is pretty well worn out.

Wetting down all the contact surfaces is often a problem. High-speed worm gears, in 
particular, require that all the tooth surfaces be well lubricated before they go into mesh. 
An oil nozzle may seem to be splashing oil all over the gear teeth. However, when the teeth 
are moving at high speed, the relative motion of the oil may not hit all teeth. Rapid wear 
and blackening of the teeth may occur.

When it appears that gear failure is the result of lack of oil wetting, several things may be 
done. Relocation of oil nozzles or more jets may be the answer. Sometimes it is necessary 
to use more pressure, so that the oil jet has more kinetic energy to overcome gear windage. 
A thinner type of oil that spreads more rapidly may be the answer.

The gear designer can best avoid lubrication failures by studying lubrication schemes 
that have been used successfully on a similar kind of apparatus in the past. Then if it is 
necessary to use something different, it is appropriate to test it before it is released for 
production. Experience is the best teacher when it comes to something as tricky as gear 
lubrication.

9.3.4  Thermal Problems in Fast-Running Gears

With high-speed gears, friction with the surrounding air can cause serious overheating. 
Gear teeth are projections on the surface of a cylinder or cone. When the gear body is turn-
ing fast enough, these projections tend to pump air much like the blades on a centrifugal 
compressor. In meshing gears, further complication arises that the air between the teeth 
must be expelled as the teeth go through mesh. A tooth entering a tooth space comes in 
and out of the space somewhat like a piston going in and out of a cylinder. The air between 
gear teeth must be expelled each time a pair of teeth meshes.

Spur teeth in parallel-axis gearing and straight bevel teeth in gearing with intersecting 
axes do the poorest job of expelling air. Helical teeth and spiral bevel teeth expel the air 
in an axial direction as the contact lines move axially across the face width. This is more 
effective.
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As a general guide, spur and straight bevel teeth should not be used when the pitch-
line velocity exceeds 50 m/s (10,000  fpm). The air trapping problem would become too 
troublesome, unless the face width is quite narrow for the module of the teeth. From the 
standpoints of accuracy and smoothness of meshing, spur teeth and straight bevel teeth 
are generally used at speeds that do not exceed about 10 m/s (2000 fpm), so air trapping is 
not usually a problem.

For helical teeth, the severity of the air trapping and related disturbances can be judged 
quite well by the axial meshing velocity. This velocity is calculated by

Axial meshing velocity = tangential meshing velocity ÷ tan (helix angle)

 =
×π

β

d np m/s1 1

60 000, tan
 metric (9.1)

 =
× ×π

ψ
d nP

tan
fpm

12
 English (9.2)

where
Vt—tangential meshing velocity (Vt = pitch circle circumference × rpm)
dp1, d—pitch diameter of pinion in millimeters (or inches)
n1, nP—pinion revolutions per minute
β, ψ—helix angle in degrees

When the axial velocity is high, there is a thermal heating problem. The gear teeth get 
hot and the temperature across the face width is nonuniform. Figure 9.16 illustrates an 
example of this situation.

At one end of the face width, the fast-moving air will strike the wall of the gear casing 
and overheat the casing wall. In a bad thermal situation, the gear teeth may turn blue and 
the paint on the gear casing may be burned by the casing hot spot.
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FIGURE 9.16
Temperature of pinion teeth across the face width. This is a random example of unpublished test data. Axial 
meshing velocity exceeded 800 m/s (160,000 fpm).
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Gearbox failure can result from thermal trouble by any one of these things:

• Carburized gear teeth are overheated enough to soften.
• Gear teeth score or pit due to oil-film breakdown on overheated teeth.
• The thermal pattern causes enough thermal distortion to seriously alter the tooth-

contact pattern. Gear teeth fail as a result of nonuniform load distribution (local 
overloading).

• Thermal distortion of the casing misaligns gears and/or bearings.
• The gear bearing which is in the overheated area of the casing fails from 

overheating.

The severity of the possible thermal troubles can be judged from Table 9.12.
The thermal disturbance is a function of the square of the pitch-line velocity. This 

explains why a 2 to 1 change in speed means going all the way from almost no trouble to 
almost unmanageable trouble. (The thermal trouble has increased fourfold.)

A speed of 700 m/s (140,000 fpm) is equivalent to around Mach 2! This is a very high 
speed. Airplane designers are very aware of the thermal heating at Mach 2. Gear designers 
have their own thermal problems to contend with when meshing gear teeth tend to create 
high Mach number air velocities.

The axial meshing velocity is, of course, a direct function of the helix angle. Table 9.13 
shows the relation of the helix angle to the tangential and axial meshing velocities.

Work in the United States and Europe in the 1960s developed some initial understand-
ing of the thermal problems in fast-running gears. In the 1970s, much more data was 
obtained. Figure 9.16 shows a random example of test data on a single-helix gear drive 
where the axial meshing velocity was high enough to make the situation difficult. Note 
that gear-tooth surface temperatures are about 77°C (140°F) higher than the inlet oil tem-
perature. The hot spot on the pinion causes the tooth-scoring situation to become critical. 
The uneven temperature across the face width leads to thermal distortion of the pinion 
and very poor load distribution, unless the pinion is so made that special helix modifica-
tions compensate for the potential thermal mismatch between pinion and gear.

TABLE 9.12

Severity of Thermal Problems with Helical Gears

Axial Meshing 
Velocity Vx

Severitym/s fpm

400 80,000 No trouble except in very large units where thermal distortion may be enough to 
require correction. (Need good oil-jet system and generous size casing)

500 100,000 Probably no serious trouble. (Need very good oil-jet system and generous size 
casing for gear sizes)

700 140,000 Probably have some trouble. May be manageable if gears are not too large and 
thermal distortions are handled by compensations in tooth fit

850 170,000 Usually difficult to handle. Much skill in tooth compensations needed plus 
special quality of lubricant

1000 200,000 Probably impractical to handle even with utmost design skill
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Much of the data on thermal behavior remain unpublished. The subject is very complex, 
and many gear manufacturers want to get more test data and field experience before pub-
lishing papers. Some references are shown, though, at the end of the book. The IFToMM-
ASME-AGMA paper by Martinaglia (1972) and the ASME paper by Akazawa et al. (1980) are 
probably the best papers available now to show test results and to explain some design con-
siderations. Figure 9.17 shows a photograph of the test arrangement at Ishikawajima-Harima 
Heavy Industries Co., Ltd., where data for the Akazawa et al. (1980) paper were obtained.

FIGURE 9.17
Test gears and test bed arrangement for ultra high speed gear testing. (From Ishikawajuma Harima Heavy 
Industries Co., Ltd., Tokyo, Japan.)

TABLE 9.13

Relation of Helix Angle to Meshing Velocities

Tangential 
Meshing Velocity

Axial Meshing Velocity

10° Helix 15° Helix 30° Helix 35° Helix

m/s fpm m/s fpm m/s fpm m/s fpm m/s fpm

100 20,000 567 113,000 373 75,000 173 35,000 143 29,000
125 25,000 709 142,000 467 93,000 217 43,000 179 36,000
150 30,000 851 170,000 560 112,000 260 52,000 214 43,000
175 35,000 992 198,000 653 131,000 303 61,000 250 50,000
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10
Special Design Problems

The work of gear design involves the solving of special design problems. The designer 
may learn much about standard gear design practices and then find that most applications 
tend to need something “special.” In this chapter, we shall consider some sample problems 
where special gear-design work is needed. The solutions to these problems will illustrate 
some of the many calculations that a gear specialist may need to make from time to time.

10.1  Center Distance Problems

It often happens that spur or helical involute gears operate (or should operate) on a center 
distance that is different from the theoretical center distance.

The first problem is a problem that is old in the gear trade. It is called the drop-tooth 
problem.

We can imagine a simple spur-gear design of a 16-tooth pinion, 20° pressure angle (PA) 
meshing with a 62-tooth gear. The 5-module pinion and gear were made with a standard 
addendum of 5 mm. The pinion was slightly undercut. Many units are in service. The pin-
ion pits seriously in the first few hundred hours. If it is not replaced, the teeth break. The 
gears show very little surface distress and appear capable of running three to five times 
as long as the pinion. What can be done to fix this design without having to make all new 
gears?

The solution is to cut 15 pinion teeth on the same blank used to cut 16 teeth. One tooth is 
dropped. Problem 10.1 shows the calculations.

PROBLEM 10.1
Drop-Tooth Design, Fixed Center Distance

GIVEN

16 pinion teeth, 62 gear teeth.
5-module, 20° PA spur gears.
The center distance is 195 mm.
The addendum of the pinion and gear are both 5 mm.

REQUIRED

A redesign of the pinion to increase its load-carrying capacity. The new pinions should 
run with gears on hand, with no change in center distance.



566 Dudley’s Handbook of Practical Gear Design and Manufacture

SOLUTION

The number of pinion teeth will be changed to 15 by dropping one tooth.
The new pinion will have the same outside diameter (O.D.) as the original pinion.
The original pinion pitch diameter (P.D.), based on Equation 3.3, is

 Pinion P.D. = 16 × 5 = 80 mm. (10.1)

The new tooth ratio, based on Equation 3.7, is

 Ratio = 62 ÷ 15 = 4.133333. (10.2)

The operating pinion P.D. of the new pinion, based on Equation 3.5, is

 Operating pinion P.D. = (2 × 195) ÷ (4.133333 + 1.0) = 75.974031 mm. (10.3)

The theoretical P.D. of the 15-tooth pinion, based on Equation 3.3, is

 Pinion pitch diameter = 15 × 5 = 75 mm. (10.4)

The 20° PA of the original pinion came at 80 mm. Now, the 20° PA comes at 75 mm. The 
spread ratio for comparing the cutting (theoretical) and operating P.D. for the 15-tooth 
pinion is

 Spread ratio mʹ = 75.974031 ÷ 75 = 1.012987. (10.5)

The operating PA can be obtained from these relations:

 cos (operating PA) = cos α ÷ mʹ	 metric (10.6)

 cos (operating PA) = cos ϕ ÷ mʹ English, (10.7)

where

 
spread ratio

operating pitch dia.
theoretical

=m
pitch dia.

.  (10.8)

The calculation is

 cos (operating PA) = cos 20° ÷ 1.012987 = 0.927645 (10.9)

 Operating PA = 21.929316°. (10.10)

The O.D. of the 16-tooth pinion is

 Pinion O.D. = 80 mm + 2(5 mm) = 90.00 mm. (10.11)
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We need to use this same O.D. for the 15-tooth pinion, since we will mesh it with the 
same gear on the same center distance. The operating addendum of the 15-tooth pinion is

 Pinion addendum = (90 − 75.9740) ÷ 2 = 7.01 mm. (10.12)

CONCLUSION AND COMMENT

The new 15/62 drive will be compared with the original drive in this manner (see Table 
10.1).

The new 15-tooth pinion will have a substantial increase over the old pinion in load- 
carrying capacity (around 20% improvement). A 3-to-1 increase in pinion life is quite cer-
tain, and the increase could be more than 5 to 1. The change in ratio is not great.

Figure 10.1 shows a layout comparison of the 15- and 16-tooth pinions.

PROBLEM 10.2
Fixed Center Distance, Standard Tools

This problem is the common case of a fixed center distance and standard cutting tools that 
cut numbers of teeth that do not match the center distance. It is solved by cutting the parts 
on P.D. that are different from the operating P.D.

TABLE 10.1

Comparison of the New Drive with the Original Drive

Item Original Drop-Tooth Replacement

Teeth 16/62 15/62
Ratio 3.875 4.133
Operating pressure angle 20° 21.9293°
Addendum of the pinion 5 mm 7.01 mm
Addendum of the gear 5 mm 2.99 mm

Line of
action

Line of
action

Pitch circle,
operating

Pitch circle,
cutting

Pitch circle

Base circle

No undercut

Undercut
Base circleOutside circle,

mating gearOutside circle,
mating gear

16-tooth pinion 15-tooth pinion

FIGURE 10.1
Comparison of the original, undercut, 16-tooth pinion with the replacement 15-tooth pinion. Note the absence 
of undercut and the sturdy shape of the 15-tooth pinion.
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GIVEN

Center distance = 154 mm
Ratio = 2 to 1

REQUIRED

A spur-tooth design that can be cut with standard 20° hobs or shaper cutters.

SOLUTION

We will find the module that will allow cutting good gears to run at a 154-mm center 
distance.

The first step is to get the operating P.D.

 
Operating pinion P.D. =

2 154
2 1

=
×
+

102 666666.  (10.13)

 
Operating gear P.D. =

2 154
2 1
×
+

× =2 205 333333. . (10.14)

Based on other considerations (see Section 5.1), the number of pinion teeth should be in 
the range of 24 to 28. The shop has old 6-diametral-pitch hobs on hand and new 4-module 
metric hobs. (They are in the process of changing over from English to metric standard 
cutting tools). The 6-diametral-pitch hobs would cut 24 teeth at a P.D. of 4.000 in. or 101.600 
mm. The 4-module hobs would cut 25 teeth at a P.D. of 100.000 mm. We will use the new 
metric hobs and 25 teeth.

The theoretical P.D.’s become

 Pinion P.D. = 25 × 4 = 100 mm (10.15)

 Gear P.D. = 50 × 4 = 200 mm. (10.16)

The spread ratio becomes

 mʹ = 02.666666 ÷ 100 = 1.026666. (10.17)

The operating PA becomes

 αʹ = arccos (cos 20° ÷ 1.026666) = 23.753679°. (10.18)

We will choose an addendum ratio of 1.1 for the pinion and 0.9 for the gear (see Table 5.8). 
The operating addendum for the pinion and gear are

 Operating pinion addendum = 1.1 × 4 = 4.40 mm (10.19)

 Operating gear addendum = 0.9 × 4 = 3.60 mm. (10.20)
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The O.D.’s now become

 Pinion O.D. = (2 × 4.40) + 102.666 = 111.47 mm (10.21)

 Gear O.D = (2 × 3.60) + 205.333 = 212.53 mm. (10.22)

The addendum values for the pinion and gear when hobbing are

 Theoretical pinion addendum = (111.47 − 100) ÷ 2 = 5.735 (10.23)

 Theoretical gear addendum = (212.53 − 200) ÷ 2 = 6.265. (10.24)

The finishing 4-module hob is designed slightly oversize so that, when it is hobbing at 
full depth, the finished gear will have a reasonable amount of backlash on the standard 
center distance. The hob produces gear teeth with an arc tooth thickness at a 20° pitch line 
of 6.20 mm (for 0.166 backlash).

The standard 4-module addendum is 4 mm. To cut our spread center gears, the hob is 
held at these amounts:

 Pinion Δh = 5.735 − 4.00 = 1.735 mm (10.25)

 Gear Δh = 6.265 − 4.00 = 2.265 mm. (10.26)

The gear teeth will have larger than standard tooth thicknesses (TTs) at the 20° pitch line:

 Pinion hobbing TT = 6.20 + (2 tan 20° × 1.735) = 7.463 (10.27)

 Gear hobbing TT = 6.20 + (2 tan 20° × 2.265) = 7.849. (10.28)

At the operating P.D.’s, the involute teeth will be thinner. We now need to calculate tooth 
thicknesses for the operating pitch line (at 23.753679°).

The tooth thicknesses at the operating P.D.’s were calculated using Table B.4. In step 1, the 
P.D.’s for cutting were entered. The assumed PA for step 10 was the operating PA 23.7537°. 
In step 15, the tooth thicknesses at the operating P.D.’s were obtained. They are

 Arc TT pinion, operating = 6.573 mm (10.29)

 Arc TT gear, operating = 5.881 mm. (10.30)

The circular pitch at 102.6666 mm is

 CP = (102.6666 × 3.1415926) ÷ 25 = 12.90147 mm. (10.31)

The backlash is

 BL = 12.90147 − (6.573 + 5.881) = 0.447 mm. (10.32)
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For 4 modules, the backlash on standard P.D.’s that went with the 6.20 standard TT is

 (4 × 3.14159) − (2 × 6.20) = 0.166 mm. (10.33)

The increase in backlash is

 ΔBL = 0.447 = 0.166 = 0.281. (10.34)

If this backlash change is not wanted, it can be controlled by hobbing shallow:

 Δ depth = ΔBL ÷ 2 tan 20° = 0.281 ÷ 0.728 = 0.385 mm. (10.35)

The gear can be hobbed shallow by 2/3 the Δ depth, 0.256 mm, and the pinion can be 
hobbed shallow by 1/3 the Δ depth, 0.128 mm. This will slightly increase the tooth thick-
nesses and keep the backlash approximately constant. (A small reduction in hobbing 
depth is tolerable.)

The following tabulation summarizes the results of these calculations (see Table 10.2).

PROBLEM 10.3
Fixed Center Distance, Adjusted Helix Angle, Standard Tools

Our next center-distance problem has to do with designing some double-helix gears with 
a 30° to 35° helix angle to go on a center distance of 308 mm. The desired ratio is between 
2.8 and 2.9. Again, we want to use standard hobs on hand in the shop.

GIVEN

Center distance = 308 mm
Ratio = 2.8 to 2.9
Helix angle = 30° to 35°

TABLE 10.2

Summarized Results of the Computations

Item

Cutting Operating

Pinion Gear Pinion Gear

Number of teeth 25 50 25 50
Pitch diameter 100 200 102.6667 205.3333
Module 4 4 4.1066 4.1066
Pressure angle 20° 20° 23.7537° 23.7537°
Outside diameter 111.47 212.53 111.47 212.53
Whole deptha 9.27 9.15 9.27 9.15
Arc tooth thickness at the pitch line 7.463 7.849 6.573 5.881
Arc tooth thickness after whole-depth 
adjustment

7.554 8.031 6.667 6.068

a The standard whole depth for 4 modules is 9.4 mm.
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REQUIRED

A tooth design that can be cut with standard 20° PA hobs.

SOLUTION

We will find a tooth design that can be cut with standard tools. By adjusting the helix 
angle, we will not need to use spread centers.

The first step is to pick tooth numbers. These are going to be high-speed gears, hobbed 
and shaved at medium hardness—about HV 320 or HB 300 minimum gear hardness. This 
leads us to aim for 33 to 37 pinion teeth (see Section 5.1).

If we had a 32° helix and 35 teeth with a ratio of 2.85, we would have these approximate 
values:

 
Pinion pitch diameter mm=

×
+

=
2 308
2 85 1

160
.

 (10.36)

 
Pinionmodule, transverse

160 mm
35

= = 4 57.  (10.37)

 Pinion module, normal = 4.57 × cos 32° = 3.875. (10.38)

The results just obtained indicate that a hob of 4 normal modules and 20° normal PA will 
probably be acceptable. We will proceed on this basis.

With 35 pinion teeth, a ratio of 2.85 would require 99.75 gear teeth. We could use either 
99 or 100 gear teeth. Our choice will be 99.

The ratio now becomes

 
u = =

99
35

2 828571. .  (10.39)

The pinion and gear P.D.’s are

 
Pinion pitch diameter =

×
+

=
2 308

2 828571 1
160 8

.
. 99554 mm  (10.40)

 
Gear pitch diameter =

×
+

×
2 308

2 828571 1
2 828571

.
. == mm.455 10446.  (10.41)

The normal circular pitch is

 pn = 4 × 3.14159265 = 12.566371. (10.42)

The transverse circular pitch is

 
160 89554 3 14159265

35
14 44195

. .
. .

×
=  (10.43)
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This will give a helix angle of

 
cos (helix) = =

12 566371
14 441950

0 8701298
.
.

.

 helix angle = 29.5262°.

Our results gave too low a helix angle. Double-helix gears should have at least a 30° 
helix angle. We will repeat the steps using 33 pinion teeth and 94 gear teeth. (34/97 is out, 
because 97 is a prime number—we cannot factor in 97 to set up the hobbing machine.)

The ratio now becomes

 
u = =

94
33

2 848485. .

The P.D.’s are

 
Pinion pitch diameter = =

616
3 848485

160 06299
.

. mm  (10.44)

 
Gear pitch diameter = × =

616
3 848485

2 848485 45
.

. 55 93701. mm.  (10.45)

The transverse circular pitch now becomes

 
pt =

×
=

160 06299 3 14159265
33

15 23796
. .

. mm.  (10.46)

The helix angle is

 
cos (helix) = =

12 566371
15 23796

0 824675
.
.

.  (10.47)

 helix angle = 34.444403°. (10.48)

All design objectives have now been met. The tooth numbers of 33/94 have a common 
factor of 3. This will be acceptable, since high-speed gears do not wear with Regime III 
conditions and reasonable tooth loading (see Section 5.2 for a discussion of the hunting 
tooth issue).

The transverse PA is

 Transverse PA = arctan [tan (normal PA) ÷ cos (helix angle)]   
 = arctan (tan 20° ÷ cos 34.444403°) = 23.81425°. (10.49)
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The results of this problem are summarized in Table 10.3.
The ratio is 2.8485.
The center distance is 308 mm.

PROBLEM 10.4
Fixed Design, Standard Tools, Adjust Center Distance for Tooth Proportions

In this problem, we consider the situation in which the center distance is not fixed. The 
desired tooth design is what is fixed. In addition, there is a desire to use standard hobs 
that are on hand.

GIVEN

Tooth ratio = 2 to 1.
Tooth numbers = 24 and 48.

The parts should be preground hobbed with 5-normal-module, 20° normal PA hobs. The 
desired helix angle is 12°, and the desired transverse PA is 22.5°. After carburizing, the 
parts will be finish-ground.

REQUIRED

A design with a spread center distance to give the desired operating transverse PA.

SOLUTION

The gears will be cut at a 12° helix angle. The first steps are to find the transverse PA for 
the hobbing and the transverse module (or pitch) at hobbing.

 
Transverse pressure angle arctan

tan 20
cos 1

=
°
22°

= °20 410311.  (10.50)

Transverse module = normal module ÷ cos (helix angle) = 5 ÷ cos 12° = 5.111702. (10.51)

TABLE 10.3

Results of the Computations

Item

Cutting and Operating Data

Pinion Gear

Number of teeth 33 94
Pitch diameter 160.06299 455.93701
Module, normal 4 4
Module, transverse 4.850394 4.850394
Helix angle 34.44440 34.44440
Pressure angle, normal 20° 20°
Pressure angle, transverse 23.81425° 23.81425°
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Next, the spread ratio to get a 22.5° operating transverse PA is determined:

 
= =m
cos .

. .
cos 22.500
20 410311

1 014439
 (10.52)

The P.D.’s for manufacture (cutting and grinding) are

 Pinion pitch diameter = 24 × 5.111702 = 122.68086 mm

 Gear pitch diameter = 48 × 5.111702 = 245.36172 mm.

The manufacturing center distance (or theoretical center distance) is

 Theoretical center distance = (122.680860 + 245.361720) ÷ 2.0 = 184.02129 mm. (10.53)

The spread center is the theoretical center distance multiplied by the spread ratio:

 184.02129 × 1.014439 = 186.67837 mm.

The pinion base-circle diameter is

 Pinion base-circle diameter = 122.68086 × cos 20.410311 = 114.97886 mm (10.54)

The operating pinion P.D. is

 
Operating pinion P.D.

center distance
ratio

=
×2
( nn +1

metric or English
)

 (10.55)

 
Operating pinion P.D. =

×
÷ +

=
2 186 67837
48 24 1

.
( )

1124 45224. mm.  (10.56)

We can now check whether everything was done right by computing the operating 
transverse PA. It should come out with 22.5°. The calculation is

Operating transverse P.A.
pinion B.D.

pi
= arccos

nnion operating P.D.
metric or English  (10.57)

 
Operating transverse P.A. = arccos

.

.
114 97886
124 445224

22 500021= °. .  (10.58)
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The result checks OK (within the limits of four-place accuracy). As a final step in defin-
ing the gearing, we should get the lead and axial pitch of the pinion.

The pinion lead and axial pitch are

 
Pinion lead

normal module no. pinion teeth
=

× ×π
siin helix angle

metric or English  (10.59)

 
Pinion lead

12
=

× ×
°

=
3 14159265 5 24

1813 227
.

sin
. mm.  (10.60)

For the pinion axial pitch, we have

 Pinion axial pitch = lead ÷ no. of teeth metric or English (10.61)

 Pinion axial pitch = 1813.227 ÷ 24 = 75.55112 mm (10.62)

The pinion lead, pinion axial pitch, and pinion base diameter do not change when going 
from theoretical for manufacture to operating data. (The same, of course, holds true for the 
mating gear data.)

We will now summarize the results of this problem (see Table 10.4).

TABLE 10.4

Results of the Computations

Item

Cutting and Grinding Operating

Pinion Gear Pinion Gear

Number of teeth 24 48 24 48
Helix angle 12° RH 12° LH 12.16814° 12.16814°
Module, normal 5 5 5.06900 5.06900
Module, transverse 5.111702 5.111702 5.18551 5.18551
Pressure angle, normal 20° 20° 22.04339° 22.04339°
Pressure angle, transverse 20.41031° 20.41031° 22.5000° 22.5000°
Pitch diameter 122.68086 245.36172 124.45224 248.90449
Base diameter 114.97886 229.95773 114.97886 229.95773
Lead 1813.227 3626.454 1813.227 3626.454
Axial pitch 75.5511 75.5511 75.5511 75.5511
Center distance 184.02129 184.02129 186.67837 186.67837
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10.2  Profile Modification Problems

Profile modifications can make spur or helical gears run more quietly and carry more load. 
Bevel gears are generally cut or ground to achieve a localized contact pattern. The local-
ized contact of the bevel teeth provides some easing of load at the tips of the pinion and 
gear teeth, which tends to accomplish the same task as an involute profile modification in 
spur or helical teeth.

If spacing errors of some magnitude are present, proper profile modification will give 
the teeth a little clearance at the first point of contact. Figure 10.2 shows how a plus involute 
on the pinion will accomplish this.

As shown in Figure 10.2, a true involute design provides no clearance at the first point 
of contact. If two teeth are spaced too close together, there is a bump as the tooth comes 
into mesh. With the modification, there is a little relief at the first point of contact. This 
makes the teeth come into mesh smoothly even if an occasional pair of teeth are too close 
together. The tooth action (with modification) is analogous to sliding a brick down a shin-
gled roof. Without modification, the action is similar to sliding a brick over an uneven 
cobblestone street.

When gears are loaded heavily enough, there is appreciable bending. Even if the accu-
racy is perfect, bending creates interference at the first point of contact. Figure 10.3 shows 
how this happens.

With heavily loaded teeth, there is also trouble at the last point of contact. This comes 
from the fact that the hertz stress jumps to an extreme value when the full band of contact 
is broken by the discontinuity of the tooth tip (see Figure 10.4).

To illustrate the kinds of modification, we shall work out two sample problems. Problem 
10.5 will be for teeth of medium-precision accuracy. Problem 10.6 will be for teeth of preci-
sion accuracy used at high speed.

Problem 10.5 will consider a single helical set of gears having large teeth and running 
at a typical industrial gear speed. The teeth need long life and high reliability, so they are 
case carburized and ground.

All true
involutes

True
involute

Pinion
with plus
involute

Spacing errors Spacing errors

Pinion
driving

Pinion
driving

No clearance
at first point

of contact
Clearance

at first point
of contact(a) (b)

FIGURE 10.2
Plus involute provides tip clearance.
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PROBLEM 10.5
Standard Profile Modification

GIVEN

Single helical gear set, 26 and 51 teeth.
The teeth are 20-module normal and of a 20° normal PA.
The cutting and operating tooth data are the same.
The gear set has a center distance of 787.2 mm (30.9922 in.).
The design is for a 700-mm (27.56-in.) face width.

The gear unit is designed to handle 4897 kW (6566 hp) at a pinion speed of 150 rpm. This 
makes the input torque 203,273.6 N·m (1,799,120 in.-lb). This load is relatively constant. A 
life of 30,000 h is needed.

Pinion
driving

First point
of contactPath of motion of gear

tooth with respect to
pinion tooth

FIGURE 10.3
Interference at the first point of contact due to tooth bending.

Contact band if
pinion tooth were

longer

Actual
band of
contact

Full band
of contact

Extreme
pressure

here

Wide contact band at pitch
point

Narrow band at last point of
contact

Moderate
pressure

Pitch line

FIGURE 10.4
Severe stress caused by the discontinuity of tooth tip.
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REQUIRED

Profile modifications that are reasonably practical to obtain in grinding and that will com-
pensate for tooth errors and tooth deflection. The overall aim is for a smooth-running unit 
with no tendency for premature distress at the tip of the gear or the tip of the pinion.

SOLUTION

The modifications required are of medium criticalness. With good lubrication and good 
metallurgy in the gears, the design is reasonably conservative, provided that the gears, the 
casing, and the foundation for this unit are accurate enough to provide medium precision. 
A relatively standard system of profile modification will be used.

The first step is to calculate additional data items. This can be done using the methods 
illustrated in the preceding sample problems and the data in Sections 5.1.5, 5.1.8, 5.1.12, 
5.1.13, and 5.2.2. The results are described in Table 10.5.

The next step is to estimate tooth deflection. At a design load of 1092.5 N/mm (6238 lb/
in.), the approximate deflection will be given as follows (see Subsection 5.2.4.3):

 
Mesh deflection

tangential load
face width

= ×
1

ttooth modulus of elasticity
 (10.63)

TABLE 10.5

Results of the Computations

Item

Metric English

Pinion Gear Pinion Gear

Number of teeth 26 51 26 51
Pitch diameter 531.62 mm 1042.79 mm 20.9296 in. 41.0546 in.
Module, normal 20 20 – –
Module, transverse 20.4468 20.4468 – –
Normal diametral pitch – – 1.270 1.270
Pressure angle, normal 20° 20°
Pressure angle, transverse 20.41031° 20.41031°
Addendum 22 mm 18 mm 0.866 in. 0.709 in.
Whole depth 47 mm 47 mm 1.850 in. 1.850 in.
Helix angle 12° right hand 12° left hand 12° right hand 12° left hand
Face width 710 mm 700 mm 27.95 in. 27.56 in.
Torque on the pinion 203,274.6 N·m 1,799,120 in.-lb
Tangential force 764,733 N 171,921 lb
Load per unit of width 1092.5 N/mm 6238 lb/in.
K-factor 3.10 N/mm2 450 psi
Unit load 54.62 N/mm2 7922.3 psi
Revolutions per minute 150 76.5 150 76.5
Pitch-line velocity 4.17 m/s 822 fpm
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∆ t

EG

x
W
b x

= ×
1

mm metric  (10.64)

 
∆ t

G

x
W
F E

= ×
1

in. English,  (10.65)

where
Δx — total mesh deflection in the transverse plane, tangent to the pitch circle
xEG — modulus of elasticity for the teeth in mesh
xEG = 20,000 N/mm2 (approx. value 20° teeth, low helix angle)
EG — modulus of elasticity for the teeth in mesh
EG = 2,900,000 psi (20,000 N/mm2 = 2,900,000 psi)

The mesh deflection calculates

 
∆x = =

1092 5
20 000

0 056
.

,
. mm (0.00215 in.).

A word of explanation on mesh deflection is in order. If we imagine the gear locked 
against rotation, the mesh deflection comes from the angle at which the pinion will rotate 
when the tooth load is applied. Thus

 Tan of rotation angle = Δx ÷ pitch radius of the pinion. (10.66)

The stiffness constants for the mesh deflection of the teeth have never been known with 
certainty. Some tests are reported in the technical literature, but the data are still rather 
limited. The author has had some experience in making these tests. It is difficult to get 
good data, because the gear teeth are very stiff. The value of 20,000 N/mm2 is a reasonable 
estimate for design purposes when the teeth are cut to full depth with a generous allow-
ance on the whole depth to accommodate shaving or grinding and there is a generous 
backlash allowance.

If 20,000 N/mm2 is in error, it is probably a little too small. Some data (unpublished) 
would indicate that this value could be as high as 25,000 N/mm2 for the design problem 
under consideration.

In our design problem, the gears are designed with an overall load distribution factor 
of 1.85. These are medium-accuracy gears. The total helix mismatch can be expected to be 
around 100 μm (0.004 in.). This much helix misfit makes it necessary to use a fairly high 
load distribution factor (see Figure 5.30).

With a 1.85 load distribution factor, the highest loaded teeth in the mesh will deflect 
about 1.85 times as much as the average deflection. This means that a gear tooth entering 
the mesh (first point of contact) may be out of position by about

 1.85 × 0.0546 = 0.101 mm (0.004 in.).
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We now have a basis for setting the profile modification. At the first point of contact, we 
want to come fairly close to taking all the load off the tip of the gear. The tip of the gear 
enters the mesh at the pinion form diameter (F.D.). This is a highly critical area for pitting, 
scoring, and noise generation. Without relief, the gear tip would actually tend to cut into 
the lower pinion flank (note Figure 10.3).

At the last point of contact, the conditions are not so critical. At this point, we only need 
to partially relieve the load.

The depth to the start of profile modification may be set by the general design rules in 
Table 5.54. (If the job is highly critical, the technique in Problem 10.6 should be followed.)

The diameter for the start of modification (S.D.) on the gear or pinion is

 S.D. = O.D. − 2 (depth to start). (10.67)

For our case

 Gear O.D. = 1042.79 + 2(18) = 1078.79 mm

 Depth to start = 0.450 × 20 = 9 mm

 S.D., gear = 1078.79 − 2(9) = 1060.79 mm

 Pinion O.D. = 531.62 + 2(22) = 575.62 mm

 Depth to start = 0.400 × 20 = 8 mm

 S.D., pinion = 575.62 − 2(8) = 559.62 mm.

The amount of profile modification can now be set as shown in Table 10.6.
The first point modifications apply to the gear.
The last point modifications apply to the pinion.
The next problem is for a set of high-speed gears that might be used in an aerospace-gear 

application. The example is similar to Problem 10.5, but with a 26/51 tooth combination 
and a 12° normal PA. However, the size of the tooth is 4 modules instead of 20 (one-fifth 
the size). The aspect ratio is much smaller, i.e., 0.6 instead of 1.31. The gears and casing will 
be built to high precision.

TABLE 10.6

Amounts of Profile Modification

Item

First Point of Contact Last Point of Contact

Metric English Metric English

Design modification 0.101 mm 0.004 in. 0.063 mm 0.0025 in.
Drawing tolerance limits –0.084 mm –0.0033 in. –0.046 mm –0.0018 in.

–0.119 mm –0.0047 in. –0.081 mm –0.0032 in.
Diameter at the start of modification 1060.8 mm 41.76 in. 559.6 mm 22.03 in.
Diameter at the end of modification 1078.79 mm 42.47 in. 575.62 mm 22.66 in.
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PROBLEM 10.6
Special Profile Modification to Reduce Scoring Risk

GIVEN

Single helical gear set, 26 and 51 teeth.
The teeth are 4 module normal and of a 20° normal PA.
The gear set has a center distance of 157.440 mm (6.1984 in.).
The face width is 63.6 mm (2.50 in).

The unit is designed to handle 1802.5 kW (2417 hp) at a pinion speed of 10,000 rpm. This 
makes the input torque 1147.5 N·m (10,156 in.-lb). At this maximum rating, 2000 h is re -
quired. Other ratings are much lower in power.

REQUIRED

Profile modification data. This unit has a high risk of scoring, so the modifications are 
primarily designed to reduce the scoring hazard.

SOLUTION

Since scoring is critical, the modifications will be worked out on a somewhat different 
basis from that used in Problem 10.5.

The first step is to make out a tabulation of tooth data. (This tabulation is similar to Problem 
10.5 in many respects, since the teeth are scale models of each other; see Table 10.7.)

TABLE 10.7

Tooth Modification

Item

Metric English

Pinion Gear Pinion Gear

Number of teeth 26 51 26 51
Pitch diameter 106.32342 mm 208.5575 mm 4.1859 in. 8.2109 in.
Module, normal 4 4 – –
Module, transverse 4.089362 4.089362 – –
Normal diametral pitch – – 6.35 6.35
Pressure angle, normal 20° 20°
Pressure angle, transverse 20.4031° 20.4031°
Addendum 4.4 mm 3.6 mm 0.173 in. 0.142 in.
Whole depth 9.6 mm 9.6 mm 0.378 in. 0.378 in.
Helix angle 12° right hand 12° left hand 12° right hand 12° left hand
Face width 65.6 mm 63.6 mm 2.58 in. 2.50 in.
Torque on the pinion 1147.5 N·m 10,156 in.-lb
Tangential force 21,585 N 4852.5 lb
Load per unit of width 339.4 N/mm 1941 lb/in.
K-factor 4.82 N/mm2 700 psi
Unit load 84.85 N/mm2 12,325 psi
Revolutions per minute 15,000 7647.09 15,000 7647.09
Pitch-line velocity 81.58 m/s 16.059 fpm
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The approximate deflection at a design load of 339.4 N/mm (1941 lb/in.) is

 
∆x = =

339 4
20 000

0 017
.

,
. mm (0.00067 in.).  (10.68)

These gears will be built to precision accuracy. The low aspect ratio means no serious 
trouble from bending or twisting. The teeth are small, though, and the load per unit of 
face width is not high. A load distribution of 1.35 is reasonable to expect (see Figure 5.30).

The tooth modification should be based on a deflection that allows for the local overload 
resulting from nonuniform load distribution (see Table 10.7).

At the first point of contact, the modification makes the load quite light. Tooth-to-tooth 
spacing errors of up to 0.0075 mm (0.0003 in.) will be allowed. The minimum modification 
needed can be rationalized as

 0.80 × (0.023 + 0.0075) = 0.024 = 0.024 mm (0.0010 in.). (10.69)

The maximum modification at the first point will have to allow for the tolerance in grind-
ing. This would be about 0.010 mm (0.0004 in.) for precision accuracy.

The range of profile modification is then 0.024 to 0.034 mm for the tip of the gear. This 
means that only a very light load is carried at the first point of contact, even when the worst 
spacing errors go through the mesh and the worst helix mismatch permitted by the toler-
ances is present.

At the last point of contact, conditions are slightly less critical. A constant of 0.60 is prob-
ably acceptable:

 0.60 (0.023 + 0.0075) = 0.018 mm (0.0007 in.). (10.70)

The range of profile modification for the last point is 0.018 to 0.028 mm. This modification 
is at the tip of the pinion.

For smooth tooth action at high speed, the contact zone should have an arc correspond-
ing to one tooth interval that is unmodified. This means that a distance corresponding to 
one base pitch (B.P.) should be unmodified. The B.P. is

 B.P. = 3.14159 × 4 × cos 20.41031 = 11.777 mm (0.4637 in.). (10.71)

To find out where to start the modification, a layout or calculations can be made using 
the method shown in Table 5.11. For this problem, we will make a five times’ size layout. 
(Since the teeth in Problem 10.6 are 5 to 1 smaller than the teeth in Problem 10.5, a five 
times’ size layout is the same size as the teeth in Problem 10.5).

Figure 10.5 shows the layout just described. All dimensions are laid out five times 
the original size. The zone of action (ZA) scales 97.2 mm. The B.P. at five times’ size is 
58.88 mm.

For this problem, we will put the unmodified region at the center of the ZA. This makes 
the modified zone (MZ) at each end become

 MZ = (97.2 − 58.9) ÷ 2 = 19.15 mm. (10.72)
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We can now scale the radial distance from the diameter at the start of modification (SD) 
to the O.D. The results are

 Depth to the start of modification, gear = 8 mm (8 ÷ 5 = 1.6)

 Depth to the start of modification, pinion = 9 mm (9 ÷ 5 = 1.8).

The O.D.’s for our problem are

 O.D. gear = 208.557 + 2(3.6) = 215.757 mm

 O.D. pinion = 106.323 + 2(4.4) = 115.123 mm.

The diameters at the start of modification are

 S.D. gear = 215.757 − 2(1.6) = 212.557 mm

 S.D. pinion = 115.123 − 2(1.8) = 111.523 mm.

In this problem, we will do the extra work to convert the profile modification data to an 
involute profile diagram, commonly called a K-chart.

Gear RD

Gear PD

Gear SD 8 mm

9 mm

MZ19.15

MZ
19.15

Gear OD

Pinion OD

Pinion PD

Pinion SD

Pinion BD

Pinion RD

ModifiedUnmodifiedModified

10 mm

ZA = 97.2

FIGURE 10.5
Layout of Problem 10.6 at five times’ size. One base pitch is unmodified and located at the center of the ZA.
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We now need roll angles to go with the O.D.’s, the diameters at the start of modification, 
and the F.D. for the pair. Table 10.8 has been worked through to give these values (see 
Sections 5.8 and 5.9 for the equations used in Table 10.8).

Now that all the data are available, the K-charts can be made for the pinion and the gear. 
Figure 10.6 shows these charts. The modifications are between the S.D. and the O.D. The 
region from the F.D. to the S.D. has a slope tolerance. (For more details on tolerances, see 
Section 7.4.1.)

TABLE 10.8

Calculation of Form Diameter, Roll Angles, and Contact Ratio

Data Item or Operation

1 2

Pinion Gear

1. Number of teeth 26 51
2. Pitch diameter 106.3234 208.5575
3. Addendum 4.40 3.60
4. Outside diameter, (2) + 2.0 × (3) 115.123 215.757
5. Pressure angle, transverse 20.41031 20.41031
6. Base diameter, cos (5) × (2) 99.6483 195.4641
7. Gear ratio, (1)2 ÷ (1)1 1.96154 1.96154
8. Inverse ratio, 10 ÷ (7) 0.509804 0.509804
9. arcos [(6)÷ (4)] 30.050867 25.049061
10. O.D. roll, tan (9) × 57.29578 33.147592 26.777214
11. P.D. roll, tan (5) × 57.29578 21.319846 21.319846
12. Addendum roll, (10) – (11) 11.827746 5.457368
13. Pinion roll, (12)1 + [(12)2 × (7)] 22.532592 –
14. Gear roll, (12)2 + [(12)1 × (8)] – 11.487200
15. L.D. roll, pinion, (10) – (13) 10.61500 –
16. L.D. roll, gear, (10) – (14) – 15.290014
17. arctan [(15) ÷ 57.29578] 10.49599 –
18. L.D. pinion (6) ÷ cos (17) 101.34402 –
19. arctan [(16) ÷ 57.29578] – 14.941817
20. L.D. gear (6) ÷ cos (19) – 202.30438
21. Circular pitch, π × (2) ÷ (1) 12.8471 12.8471
22. Extra involute, 0.016 × (21) 0.2055 0.2055
23. Form diameter, pinion (18) – (22) 101.1385 –
24. arcos [(6) ÷ (23)] 9.847735 –
25. F.D. roll, pinion = tan (24) × 57.29578 9.945866 –
26. Form diameter, gear (20) – (22) – 202.0989
27. arcos [(6) ÷ (26)] – 14.721915
28. F.D. roll, gear = tan (27) × 57.29578 – 15.054692
29. Roll per tooth, 360 ÷ (1) 13.84615 –
30. Contact ratio, (13) ÷ (29)1 1.6273 –
31. Start modification diameter 111.523 212.557
32. arcos [(6) ÷ (31)] 26.68073 23.13461
33. S.D. roll, tan (32) × 57.29578 28.7926 24.4796

Note: For metric calculations, use millimeter dimensions, and for English calculations, use inches. 
See Section 5.9 for cases when (22) may be too much extra involute.
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10.3  Load Rating Problem

Our next problem will involve load rating a set of vehicle gears. The gears in a drive sys-
tem with a standard engine have been satisfactory. Now, a newly developed engine with 
40% more power capacity is available. It is hoped that the present gear drive can be made 
somewhat better and that it can be used with little or no change with the new engine.

PROBLEM 10.7
Load Rating Vehicle Gears

GIVEN

A spur gear set, 18 and 85 teeth.
The teeth are 4 modules and of a 25° PA.
The cutting and operating data are the same.
The center distance is 206 mm.
The pinion addendum is 4.6 mm. The gear addendum is 3.4 mm.
The face width is 40 mm.
The teeth are case carburized.

REQUIRED

This gear set needs to handle the following load schedule with the new engine. The prob-
lem is to evaluate the suitability of the given gear set.
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FIGURE 10.6
Involute charts for Problem 10.6.
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SOLUTION

This kind of problem is best solved by a load histogram approach that compares calculated 
tooth stresses with a family of curves showing the estimated capability of the gear mate-
rial to carry stress (see Table 10.9).

Table 10.10 shows a load rating analysis made for a second-gear torque of 800 N·m (7080.6 
inch-lb). The geometry factors are obtained from Sections 5.2.3 and 5.2.5. The de-rating 
factors are based on vehicle practice (see Section 5.2.10).

After the contact and bending stresses are obtained, it is easy to obtain the stresses for 
other torque values. The contact stress is proportional to the square root of the torque. 
The bending stress is proportional to the torque. Of course, the de-rating factors must stay 
constant if these proportions are to work.

The values of stress for the range of loads are given as shown in Table 10.11.
The next step is to plot the load histograms. Stress is plotted against cycles, starling with 

the highest stress condition. For our problem, the stall is the highest, the low gear is the 
second highest, and the second gear is the third highest. The cycles to plot then become

Stall 1000 cycles
Low gear 1000 + 400,000 = 401,000 cycles
Second gear 401,000 + 2,000,000 = 2,401,000 cycles
Third gear 2,401,000 + 2,900,000 = 5,301,000 cycles

Figure 10.7 shows the resulting load histogram for bending, and Figure 10.8 shows the 
load histogram for contact stress.

The histograms now reveal which load conditions are most critical. For bending, the low 
and second gears are the ones to worry about. For contact stress, it is the second and third 
gears.

For our problem, we can assume that it was necessary to have L3 reliability against 
breakage. This means that any gear in the train of gears would have at least a 97% prob-
ability of surviving the full load schedule without tooth breakage.

Figure 10.7 shows that Grade 2 material is needed to get the desired reliability in the 
pinion. If a load histogram had been made for the gear, it would have shown that the lower 
cycles and lower bending stresses for the gear made it able to get by with Grade 1 material.

With regard to the hazard of serious pitting, we will assume that L10 reliability is satis-
factory. (If 10% of the gears are badly pitted, they can be replaced during the life of the unit 
or continued in service with a considerably increased risk of tooth breakage.)

TABLE 10.9

Load Schedule

Load Condition
Pinion 

Speed (rpm)

Pinion Torque

Hours CyclesMetric (N·m) English (in.-lb)

Stall engine (Slow) 1200 10,620.9 – 1000
Lowa gear 254 920 8,142.7 26 4 × 105

Second gear 300 800 7,080.6 111 2 × 106

Third gear 382 630 5,576.0 127 2.9 × 106

Fourth gear, maximum 573 430 3,805.8 600 2 × 107

Fourth gear, cruise 620 260 2,301.2 2000 7.4 × 107

aA shifting transmission is ahead of this final drive set of gears.
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TABLE 10.10

Gear Rating Analysis

Given Data

1. Identification of the mesh Second Gear Second Gear
2. Calculation dimensions Metric English
3. Column 1 2 1 2
4. Number of teeth 18 85 18 85
5. Module, normal (cutting) 4.000 –
6. Diametral pitch, normal (cutting) – 635
7. Pressure angle, normal (cutting) 25° 25°
8. Helix angle (cutting) 0° 0°

Operating Data

9. Center distance 206 mm 8.11024 in.
10. Face width 42 mm 40 mm 1.6535 in. 1.5748 in.
11. Pinion and gear revolutions per 

minute
200 42.35 200 42.35

12. Input power 16.755 kW 22.469 hp

Calculation of Dimensions

13. Gear ratio, (4)2 ÷ (4)1 4.722222 4.722222
14. Pitch diameter (cutting) 72 mm 340 mm 2.8346 in. 13.3858 in.
15. Pitch diameter, (operating) 72 mm 340 mm 2.8346 in. 13.3858 in.
16. Spread ratio, m´ = (15) ÷ (14) 1.000 1.000 1.000 1.000
17. tan. P.A. (cutting), tan (7) ÷ cos (8) 0.4663077 0.4663077
18. P.A. (cutting), arctan (17) 25° 25°
19. Cos P.A. (operating), cos (18) ÷ (16) 0.9063078 0.9063078
20. P.A. (operating), arcos (19) 25° 25°
21. Addendum 4.60 3.40 0.181 0.134
22. Whole depth 9.12 9.12 0.359 0.359
23. Outside diameter, 2.00 × (21) 4 + (15) 81.20 346.80 3.1966 13.6535

Calculation of Rating Data

24. Pinion torque 800 N·m 7080.6 in.-lb
25. Tangential driving force 22,222 N 4995.8 lb
26. Load per unit face width 555.5 N/mm2 3172.4 psi
27. [(13) + 1.000] ÷ (13) 1.2118 1.2118
28. K-factor 9.35 1356.2
29. Cd (overall de-rating) 1.4 1.4
30. Ck (geometry factor) 473.3 5700
31. sc (contact stress) 1712.3 N/mm2 248,370 psi
32. Unit load 138.87 20144
33. Kd (overall de-rating) 1.3 1.3
34. Kt (geometry factor) 2.29 2.05 2.29 2.05
35. st (bending stress) 413.43 370.09 59,970 53,680
36. Pitch-line velocity 0.754 m/s 148.4 fpm
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FIGURE 10.7
Histogram plot of pinion bending stress for Problem 10.7. The low and second gears are the most critical.
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FIGURE 10.8
Histogram plot of pinion contact stress for Problem 10.7. The second and third gears are the most critical.

TABLE 10.11

Stresses for the Range of Loads

Loading Condition

Contact Stress Root Stress

N/mm2 psi N/mm2 psi

Start-up 2097.2 304,200 620.1 90,000
Low gear 1836.3 266,350 475.4 68,960
Second gear 1712.3 248,370 413.4 59,970
Third gear 1519.6 220,400 325.6 47,230
Fourth gear, maximum 1255.4 182,090 222.2 32,230
Fourth gear, cruise 976.2 141,590 134.4 19,490
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Figure 10.8 shows that Grade 1 material might be acceptable. Again, a load histogram 
for the gear would show that the lower cycles helped the gear, even though the contact 
stresses are the same for the pinion and the gear.

Before deciding what to do, we need to review the probable accuracy of our calculations. 
There may be trouble from several sources:

• The assumed de-rating factors may be too low (poor mechanical design).
• The lubricant may be inadequate.
• It may not be possible to get the specified material quality. (Grade 1 was specified, 

but the lack of metallurgical skill and controls yields only Grade 0.)

At the outset, it is quite certain that a low de-rating factor like 1.4 or 1.3 can be obtained 
only in heavily loaded vehicle gears where tooth deflections and wear-in of the surface 
will give a good load distribution across the face width. Our histograms are in some error 
for the fourth gear, light loads. We can see, though, that the fourth gear is not close to gov-
erning our design decision, so we will not take the time to redo the histograms for a more 
accurate de-rating of the fourth-gear load condition.

With regard to lubrication, low- and second-gear conditions have such a low pitch-
line velocity that they are close to being out of Regimen II operation and into Regimen 
I. Our contact-stress curves in Figure 10.8 are drawn for Regimen II. If we really got into 
Regimen I, the contact-stress curves would have a steeper slope, and this size of gear 
would not be adequate.

With regard to material, the gear trade is still learning how to control and rate the gear 
quality (see Section 6.2.2 for a discussion of gear quality grades). Some manufacturers are 
making a bona fide Grade 2 quality, but they are apt to be short of knowledge concerning 
the detrimental effects of either accidental or intentional changes in the details of process 
procedures. (At any time, Grade 2 in production might lapse into Grade 1.)

With all these in mind, the solution to Problem 10.7 adds up to the following:

 1. The load schedule of the new engine requires a design for Grade 2 quality. (Even if 
the product is not as good as the design, it will still probably be somewhat better 
than Grade l.)

 2. The mechanical design for casings, shafts, bearings, and gear mounting must fol-
low the best proven practice for vehicle design. A de-rating factor of 1.3 for strength 
will not be obtained at heavy load with a poor design. (Was the old design a good 
one or marginal with the old engine?)

 3. A strong extreme-pressure (EP) lubricant* with high viscosity must be used. 
Lubrication studies may show that an SAE Grade 140 gear oil is needed at the top 
operating temperature. (If a really good type of oil cannot be used, it is probably 
best to make new gears that are large enough to survive under Regimen I condi-
tions and the increased torque of the new engine.)

* A strong EP lubricant is generally thought of as being in the American Petroleum Institute Gear Lubricant 5 
(API GL-5) classification. For general background information on gear lubricants, Boner’s (1964) book Gear and 
Transmission Lubrication is an excellent source.
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11
Gear Reactions and Mountings

It is often assumed that gear engineers are primarily concerned with toothed wheels that 
mesh with each other. The gear engineer, of course, has to understand and deal with the 
design application of gear teeth. In a broad sense, though, the gear engineer has to be con-
cerned with the whole gearbox. For instance, the bearings that support the toothed gear 
wheels and the mountings of gears on shafts are a very important part of the technology of 
gear units. This chapter covers how to determine the reaction forces that come from typi-
cal loaded gears, and it also covers typical gear mounting arrangements.

11.1  Mechanics of Gear Reactions

The main function of a gear is to transmit motion and/or power. The main function of the 
supporting body is to neutralize or create a state of equilibrium. Since a gear is a rotating 
or moving body, a state of dynamic equilibrium must be obtained.

To be in dynamic equilibrium, all the reactions from the rotating gear must be neutral-
ized by equal and opposite forces supporting the gear shaft. All couples and moments 
from the gear or power source must also be contained. In essence, the total work forces and 
moments must equal the total forces and work out. Only the most basic form of dynamics 
is considered. It is realized that shaft unbalance, accelerating and decelerating changes, 
and various other dynamic forces exist. Normally, these are not an important factor. Gears 
generally rotate about a near-uniform center axis, which always tends to pass through its 
center of gravity and percussion; gears and the connecting bodies reach a state of relative 
constant velocity. Only short time periods of extreme acceleration or deceleration exist. 
However, these conditions must be considered and taken into account when they form the 
major loading conditions. They will not be considered further here.

In this section, a brief review is made of the basic mechanics used in gear reaction cal-
culations. The units to be used may be either English or metric units. Table 11.1 shows the 
units normally used.

To have dynamic equilibrium, all the laws of dynamics must be obeyed, and all forces 
must have direction, magnitude, and a point of application. This is shown by a graphical 
or pictorial representation by means of a line with an arrowhead. The arrow denotes the 
direction; the length of the line, the magnitude; and the tail, the point of origin.

11.1.1  Summation of Forces and Moments

Any number of lines of force in three planes can be resolved into one result.
Figure 11.1 shows two forces in an XY plane and their resultant.

 L X Y= +2 2  (11.1)
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tan .θx =

Y
X  

(11.2)

Conversely,

 X = L cos θx (11.3)

 Y = L sin θx. (11.4)

A moment of a force is equivalent to the sum of the individual moments of its compo-
nents. This is true in either coplanar or three planes.

In Figure 11.2, a moment is shown in the XY plane.

 M = L∙d (11.5)

 M = X∙dy + Y∙dx (11.6)

These same laws hold for three planes, and for dynamic equilibrium, their total sum 
must equal zero, except for the power transmitted or lost.

In Figure 11.3, for forces, we have

 L X Y Z= + +2 2 2 ,  (11.7)

where
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TABLE 11.1

Units Used for Gear Reactions

Item Metric English

Force Newtons Pounds
Distance Meters or millimeters Inches or feet
Time Minutes or seconds Minutes or seconds
Work Newton·meters Inches per·pound
Power Kilowatts Horsepower
Velocity Meters per second Feet per minute

y
L

Y

θx X x

FIGURE 11.1
Vector diagram.
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The summation of moments is shown in Figure 11.4.

 M = Mx + My + Mz (11.9)

or

 
M M M M= + +x y z

2 2 2

 (11.10)
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It is also important to know two other facts pertaining to couples and moments:

 1. Figure 11.5a shows a couple that has no resultant; the two forces are equal but act 
in opposite directions. This produces rotation, and the moment is the product of 
one force multiplied by the entire distance between the two forces. Only an equal 
and opposite couple can balance another couple. It cannot be balanced or held 
stationary by a single force or reaction (see Figure 11.5b).

 2. All gears rotate about an axis, and it is here that the application of moments in 
space can be simplified. No force has a moment about a parallel axis.
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FIGURE 11.3
Three-dimensional vector diagram.
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FIGURE 11.2
Moment diagram (M = L∙d = X∙dy + Y∙dx).
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11.1.2 Application to Gearing

Figure 11.6a and b show how the moments in space are made coplanar and the X-axis is a 
point. Therefore, the moment of force about the X-axis is due only to the sum of the Y- and 
Z-forces and arms.

To have equilibrium
 Σ X = 0, Σ Y = 0, Σ Z = 0 (11.12)

 Σ Mx = 0, Σ My = 0, Σ Mz = 0 (11.13)

Since this shows only three independent variables, there can exist a maximum of three 
unknown values. To have dynamic equilibrium, there cannot be more than six unknown 
quantities to be solved, and both sets of Equations 11.12 and 11.13 must be completely satis-
fied. These rules always hold true for gears rotating about any axis.

To reduce gear reactions and their resultant calculations to the simplest form, no matter 
how many moments or forces there are on a gear, always resolve them into two basic bear-
ing loads, one of which is axial and the other radial, as shown in Figure 11.7.

The one basic rule that must be applied to all gear mountings and mechanics analysis is 
that the summation of all forces must equal zero and the summation of all moments must 
equal zero.

This rule is valid for gears, those rotating steadily, with no acceleration/deceleration.
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L4
d1 d2

(a) (b)

FIGURE 11.5
A couple: (a) couple, (b) couple in equilibrium.
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FIGURE 11.4
Three-dimensional moment diagram.
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11.2  Basic Gear Reactions, Bearing Loads, and Mounting Types

There are various sources of gear reactions and bearing loads. These are further compli-
cated by the manner in which the gear and its shaft are mounted.

11.2.1 Main Source of Load

The main sources of load are torque, reactions, weight, centrifugal forces, and vibrations. 
In most cases, the gear torque is the main applied load and is usually caused by power 
input and work being done at the output.

To determine torque or twisting moment and loads from horsepower, the amount of 
horsepower, the revolutions per minute, the pitch diameters of the gear and the pinion, 
and the reduction ratio must be known.
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FIGURE 11.7
Load reactions at a bearing: W—combined load, Wr—radial load at 90° to axis of reaction, Wx—thrust load 
directly along axis of rotation.
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where
P (Ph)—power [metric (English)], in kilowatts (horsepower)
T1 (TP)—pinion torque, N∙m, in inches per pound
n1 (nP)—speed, in revolutions per minute
d1 (d)—pitch diameter, in millimeters (inches)

The gear torque is
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(11.16)
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The tangential load at the pinion pitch diameter is designated for both metric and 
English units.

 
Wt =

×2 pinion torque
pitch diameter of pinion

.
 

(11.18)

11.2.2 Gear Reactions to Bearing

With Wt known, it is possible to calculate the separating force W ŕ and the axial force Wx. 
Once these are determined, the values may be added vectorially so that Wt and W ŕ deter-
mine the total radial load Wr on the gear and bearing and the axial force Wx.

As stated in Section 11.1 and shown in Figure 11.8, the total radial (Wr) and axial load 
(Wx) determined in space are all that is necessary to determine total loads W on the gear 
teeth and reactions on bearings.

 Wr = W ŕ + Wt (11.19)

 W = Wr + Wx. (11.20)

Here, the following equalities take place: Wr = |Wr|, |W ŕ| = W ŕ, |Wt| = Wt, and |Wx| = Wx.
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FIGURE 11.8
Tooth reactions on a gear loaded in three planes.
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11.2.3 Directions of Loads

The method of calculating Wŕ, Wr, Wx is found later on and is shown for spur and helical 
gears. There are also general rules that hold true for directions of loads on driving and 
driven members:

• The radial load on the bearing supporting a gear tooth that is driving is always 
opposite its direction of rotation.

• The radial load on the bearing supporting a gear tooth that is being driven is 
always the same as its direction of rotation.

The rules for determining axial loads tend to be more complicated:

• When viewed from the axis of rotation and when the hand of spiral is left on a 
counterclockwise-rotating driving gear, its axial bearing thrust is away from the 
viewer.

• When viewed from the axis of rotation and when the hand of spiral is right on 
a counterclockwise-rotating driving gear, its axial bearing thrust is toward the 
viewer.

• When viewed from the axis of rotation and when the hand of spiral is left on a 
clockwise-rotating driving gear, its axial bearing thrust is toward the viewer.

• When viewed from the axis of rotation and when the hand of spiral is right on a 
clockwise-rotating driving gear, the direction of axial bearing thrust is away from 
the viewer.

• The direction of the driven gears’ axial thrust is always directly opposite the axial 
thrust of the driving gear.

This can be best shown in tabular form in Table 11.2.
It should always be kept in mind that the tangential, radial, axial, and total vectorial 

sums of any of these same components on driving gear are always directly opposite to 
those on the driven gear.

11.2.4 Additional Considerations

Consideration must be given not only for the axial and radial bearing loads generated from 
the geometry of the gears but also for the other external forces that must be supported by 
the shaft and bearings. For example, spur gears should not normally generate any axial 
thrust, but on a common shaft, a pump, fan, or propeller could be attached, generating 

TABLE 11.2

Direction of Axial Thrusts on Driving and Driven Gears

Hand of Spiral Direction of Rotation Driving Driven

Left Clockwise Toward the viewer Away from the viewer
Counterclockwise Away from the viewer Toward the viewer

Right Clockwise Away from the viewer Toward the viewer
Counterclockwise Toward the viewer Away from the viewer

Note: For thrust directions on bevel and hypoid gears, see Section 11.7.
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substantial axial or centrifugal forces, and this would have to be restrained, as well as the 
gear forces.

Transfer of power in any mechanism always results in losses due to inefficiency. In the 
calculations presented here, 100% efficiency is assumed. In types of gearing with high 
rubbing rates, such as worms, the output power should be reduced because of the higher 
losses incurred.

Weights of actual gears are usually small; therefore, they are of no consequence. The 
direction of gravity and weight must be considered when large gears or large masses are 
attached to the gear shaft. Care must also be taken in allowing for the effect of g or gravity 
loadings. In some cases, values as high as 15 g are encountered.

Forces caused by the rotation of a mass around a center different from its own center 
of gravity are called centrifugal forces. Pars that are out of balance, have large external 
masses, or rotate in a planetary field have centrifugal forces that must be considered. The 
most common formula for calculations is

 
W

rwn
cf =

2

36 128,  
(11.21)

where
Wcf —centrifugal force, in pounds
r —radius from the rotational center to center of gravity, in inches
n—rotations per minute
w—weight, in pounds

or where inches per ounce of unbalance are known:

 
W

n
cf = ×1 73

1000
. inches per ounce of unbalancce

 
(11.22)

For those needing an answer in kilograms of force, the simple English formula shown 
above can be used, and the answer in pounds can be converted to kilograms of force by 
dividing by 2.20462.

All gear reactions can be resolved into tangential force, separating force, and axial thrust. 
The relative values of these vary in intensity, depending on the type of gears, and the loads 
applied to the bearings are extremely dependent on the type of mounting used.

11.2.5 Types of Mountings

There are really two basic types of mountings: straddle and overhung.
In straddle mountings, as shown in Figure 11.9, the radial load is divided in inverse 

proportion to the distance from the point of application to the total distance between shaft 
supports. The bearing reactions act opposite the direction of the load from the gearing.

In overhung mountings, as shown in Figure 11.10, the load is applied outside the two 
supports. This produces a greater reaction or load on the bearing nearest the applied load. 
The load on the bearing farther away is smaller. The bearing loads are not in the same 
directions. The bearing reaction nearest the applied load is opposite the direction of the 
load. The reaction on the other bearing, farthest away, is in the same directions as the 
applied load.
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Since, in an overhung-mounted gear, the largest bearing load is nearest the mesh, this 
assumes greater importance in heavily loaded optimum-designed bearings mountings. To 
compensate for this, generally, the bearing nearest the mesh is of a type that has the great-
est radial load-carrying ability. The bearing farthest away is often a ball or axial resistance 
bearing and constrains both the axial and the smaller radial loads. This method is used 
when there are no great temperature or deflection problems. In some cases, two different-
sized bearings are used, with the greater capacity bearing nearest the overhung member. It 
is wise to locate the axial-thrust retaining bearing next to the gear when large temperature 
variations or deflections exist. Change of rotation and potential thrust-direction changes 
must be taken into account.

While it is necessary to balance out reactions loads, from now on, whenever a load is cal-
culated, it will be the actual load applied to the bearing or support in the correct direction. 
It will not be the bearing reaction, which opposes the load and is the opposite direction of 
the bearing load.

There are relative merits between the overhung- and straddle-mounted gears and 
shafts. The most commonly used and preferred method is straddle mounting. It balances 

Bearing A Bearing B
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c
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2.0" 3.0"
5.0"

Radial
load
Wr

Radial load on A =

= = 600 lb

Radial load on B =

(600 + 400 = 1000. Check.)

Wr a
c

Wr b
c

1000 × 3.0
5.0

= = 400 lb1000 × 2.0
5.0

FIGURE 11.9
Example of straddle mounting.
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FIGURE 11.10
Example of overhung mounting.
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loads, more efficiently utilizes the bearings, and in most cases reduces misalignment and 
deflection problems.

When there are extreme or unusual axial-thrust loads or special mounting problems, the 
overhung mounting has its merits.

11.2.6 Efficiencies

Gear efficiencies and resultant power losses can cause great variation in the actual power 
delivered and the load transmitted. These loss values vary from 0.5% per mesh to values 
as high as 80% per mesh, depending on the type of gear, lubrication, bearings, and degree 
of accuracy of manufacturing. It is a poor gear design or application that has efficiency 
less than 50%. It is generally a nonplanar application that has great losses. Some designers 
allow a set value for each mesh. While 100% efficiency is assumed in all these calcula-
tions, it is always necessary at least to consider the effect of efficiency. If the power loss is 
low, generally a few percentage points or less, it is best to ignore this effect on bearings 
and gears. Coplanar gears can be from 97% to 80% efficiency. When critical, experience or 
actual test data should be used to determine losses.

As a quick guide for efficiencies or if useful data are not available, the values in Table 11.3 
are suggested for good conditions.

11.3  Basic Mounting Arrangements and Recommendations

Once the bearing loads are calculated for any gear, experience, art, and common sense give 
some pointed recommendations and rules. These rules apply to all simply mounted gears, 
no matter what type or shape they take. Various other rules for each specific type of gear 
are shown later under their appropriate heading.

Keep bearing mountings for gears as close as possible to their faces, allowing reason-
able space for lubrication and arrangements. This eliminates large moments and reduces 
vibration problems.

TABLE 11.3

Approximate Gear Losses for Various Types

Different Types of Gears
Total Range of Losses 

per Mesh, %

Spur and helical external 1/2–3
Spur and helical internal 1/2–3
Bevel gears 1/2–3
Worms 2–50
Spiroidsa 2–50
Hypoids 2–50
Crossed helicals 2–50

Note: All nonplanar gears have great variation due to ratios, sizes, 
materials, lubricants, and relative sliding.

a Registered trademark of Spiroid Division, Illinois Tool Works, 
Chicago, IL.
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Whenever possible, use only two bearings for each gear shaft. When making a center-
distance layout for gear proportions, also consider the shaft, spline, bearing sizes, and 
load-carrying abilities. These often are limiting conditions.

Whenever possible, straddle-mount both members of a mesh. For straddle-mounted gears, 
a spread between bearings of approximately 70% of the pitch diameter is a minimum. When 
only one gear can be straddle-mounted, it should be the gear with the highest radial load.

Overhung gears should have a spread between bearings of 70% of the pitch diameter, 
and the spread between bearings should be at least twice the overhang. The shaft support-
ing the overhung gears should be greater in diameter than the overhang (see Figure 11.14).

Idlers can often be positioned to offset and minimize bearing loads. Consideration must 
be given to the potential for the two meshes on the gear train setting up undesirable tor-
sional vibration and overloads.

In general, for all types of gears, the tangential forces applied to the bearing are oppo-
site the direction of rotation of the driving member. The separating forces are away from 
the tooth surfaces. The driven gear has its tangential forces and separating forces always 
opposite the driving pinion or driving force. Reverse the direction of rotation, and there 
is a reversal of tangential driving loads, but the separating tends to remain in the same 
direction away from the teeth (toward the center).

Axial thrusts vary for all types of gears, but they also reverse the direction with the 
reversal of rotation, except for the case of Zerol* and straight bevel gears.

If the total force on any pinion or gear of a single mesh is found, the force on the mating 
gear of that mesh is directly opposite to it. When calculations are laborious, this fact can 
be used to establish the direction and magnitude of the forces on the mating gear for that 
individual mesh point in space.

All shifting should be checked for torsional and moment load-carrying ability. The 
distance between supports and shaft diameter should preferably be designed so that the 
operating speed is below the first critical speed. The shaft should not operate near any 
critical vibration frequency.

11.3.1 Bearing and Shaft Alignment

It is extremely important to minimize gear tooth mounting displacements. The bearing 
sizes and shaft dimensions are determined only in part by strength and life consider-
ations. The above-mentioned rules are good examples that should be followed in addition 
to utilizing strength and stress knowledge. The bearing spacing and shaft stiffness, as well 
as the housing and methods of attachments between the gear, shaft, bearing, and housing, 
must be considered. In most applications, the deflections should not exceed 0.001 at the 
working surfaces between the gear and pinion. The total amount of allowable misalign-
ment between gear surfaces should be further investigated and calculated. The method 
of calculating increase stresses in spur and helical gears due to misalignment should be 
investigated. The total contributing factors to misalignment should not exceed the calcu-
lated or known allowable value.

11.3.2 Bearings

Based on the tentative gear layout, calculate the bearing loads and establish the preferred 
types and sizes of bearings. Actual calculations should be based on data that follow in 

* Registered trademark of Gleason Works, Rochester, NY.
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detail each type of gearing and mounting that is involved. It is an accepted practice to 
preload the bearings carrying the thrust loads in order to obtain mountings with mini-
mum total axial displacements under operating loads. The amount of preload depends on 
the mounting, load, and operating speed and should be established in collaboration with 
the bearing manufacturer. At this time, the design of the gearbox with complete speed, 
load, and operating data should be submitted to the bearing manufacturer for approval 
of bearing sizes, types, bearing mountings, lubrication, and bearing life. The calculation 
of the bearing load capacities and life is not included here, but such data and information 
are readily available from any first-rate bearing manufacturer. Many bearing manufactur-
ers have engineering design books that are given to users of their products. Selection of 
dimensional fits can also be learned. Generally, the most important rule is for the tight or 
interference fit to be between the inner race and shaft and for a loose or controlled slippage 
to be between the outer race and the housing or bearing liner.

11.3.3 Mounting Gears to the Shaft

Whenever possible, the gear should be made integral with the shaft. However, because 
of complex shapes, bearings, and mounting arrangements, and with several gears and 
components mounted on a single shaft, this is not always possible. When gears must be 
assembled onto the shaft, involute splines are often used. In mounting gears with splined 
bores, a cylindrical centering fit is recommended to avoid excessive eccentricity in the final 
mounting. The most satisfactory method is to provide a suitable length of cylindrical fit 
at one or both ends of the gear hub for centering purposes. The splines are then used for 
driving only. This method is particularly applicable in the case of involute side-fit splines 
that cannot be adequately centered from the major or minor diameters (see Figure 11.35). 
When the space or length allowable is critical, the major-diameter-fit involute spline is 
often used. The internal spline is often broached, and the major diameter of the external 
member is ground to fit the broached part. When used this way, the spline is stressed from 
both tangential driving torques and possible tip loading from interference fits caused by 
assembly or temperature contractional effects.

The present practice is to avoid the use of minor-diameter-fit involute splines whenever 
possible. In many applications, straight-sided splines and serrations are used. Serrations 
and straight-sided splines are generally treated in the same manner, and their rules of 
usage are interchangeable. Hardened gears with straight-sided splines in the bore should 
be centered in assembly by the bore or minor diameter of the splines, which, after harden-
ing, should be ground concentric with the teeth. Unhardened gears with straight-sided 
splines should be centered in cutting and in assembly by the major diameter of the splines. 
Since heat treatment may introduce distortion in all splines, it is important that the splines 
be of no greater length than is actually required for load transmission*. In blanks with 
long hubs, the splines should be located as near as possible to the gear teeth and, if pos-
sible, directly under the gear teeth.

Keys, pins, and press-fit diameters are used in many gear applications. In data gearing, 
loads normally are light, and the mounting method is picked to give the least amount of 
running-index error. The integral gear and shaft is preferred, with the cylinder fit of the 
gear to the shaft next. When heavy loads and extreme accuracy requirements are needed, 
ingenious combinations of various basic mounting methods must be employed.

* Generally, the length of a spline is equal to or less than the spline pitch diameter.

  



603Gear Reactions and Mountings

11.3.4 Housing

The function of the housing is to form a strong base in which to mount the bearings, sup-
port the gears and shafts, and create an environment and space where a satisfactory lubri-
cant may be introduced to lubricate and cool the gears. The housing is also used to mount 
and support various other components such as accessories and parts near or common to 
the gearing. In many illustrations, the lubrication system is contained entirely with the 
housing; in some oil systems, lines into and out of the housing must be supplied.

The actual design and calculation of most gearboxes can be so complicated that a gen-
eral practice is to employ experience or test data or actually to submit the gear housing to 
loads and measure the results by dial or strain gauges. In simple-type shapes, basic stress 
analysis is used. With the bearings selected and the general arrangement established, it is 
possible to proceed with the design of the supporting structure. The design should ensure, 
whenever possible, that loads from external sources such as belts, propellers, and pups are 
carried entirely, independent of the gear mountings; otherwise, the design must be made 
sufficiently rigid to carry these external loads without affecting the operating position of 
the gears. Flexible-type couplings are preferred to connect the assembly to the input and 
output loads in order to protect the gears from outside forces resulting from shaft deflec-
tions or misalignments.

The housing and supports should be of adequate section and of suitable shape, with 
ribbing to support the bearings rigidly against the forces, as indicated by the analysis 
of their magnitude and directions. The choice of material for the housing depends, to a 
great extent, on the application. If weight is not a factor, ferrous castings or a combina-
tion of ferrous castings with weldments may be used. Where weight is very important, 
aluminum or magnesium castings may be used for the housing. When light metal hous-
ings are used, special design considerations must be given to minimize the effect of tem-
perature changes on the mountings and to provide adequate rigidity under all operating 
conditions. Best practice calls for mounting the bearings in steel liners, either fitted and 
pinned in the housing bores or cast and machined in place. Also, the thrust bearings that 
control the position of the gears on their axes should be located close to the gear teeth. 
Two opposed bearings should be arranged so that temperature changes will not seriously 
affect preloading. It should be noted that, in order to obtain equal rigidity in a light metal 
casting, it may be necessary to use sections of two to four times the thickness of those 
used in steel or iron.

11.3.5 Inspection Hole

As an aid to assembly and for periodic inspection in service, an opening should be pro-
vided in the housing to permit the inspection of the tooth surfaces of at least one member 
of the pair without disassembly. This is especially desirous in nonplanar axis gears or in 
bevel and hypoid gears.

11.3.6 Break-In

While gears and bearings are designed, mounted, and manufactured to carry their rated 
loads without trouble, the initial period of operation is most critical, and preferably a 
“break-in” run at lighter loads or slower speed should be made. The load should gradu-
ally be increased until full operating load and speed are reached to check the complete 
gearbox.
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11.4  Bearing Load Calculations for Spur Gears

The most common gear used is the spur type. This is true not only because of the simplic-
ity of stress calculations, design, and manufacturing but also largely because of the ease 
of mounting, calculations, and retention of bearing loads. Spur gears are almost always 
devoid of any large self-generated axial thrusts. Their only components are the tangential 
driving load and its separating components, which results in a radial load only, which is 
the vectorial sum of these two forces (see Equation 11.19).

11.4.1 Spur Gears

In a simple spur gear, only a radial load is present, and Wr can be used interchangeably 
with the total load W. Because this fact assumes greater importance in other types of gears 
such as helical gears, Wr is used here.

The tangential driving load can be calculated by Equation 11.18. The separating load is 
designated as W ŕ. For universal usage, the separating load is a function of the transverse 
pressure angle or the pressure angle formed by a plane slicing through the gear tooth at 
90° to the axis of rotation. In a spur gear, the normal pressure angle, ϕ, and the transverse 
pressure angle, ϕt, are one and the same. To simplify matters later on, the transverse pres-
sure angle, ϕt, will always be used in separating and radial-load calculations. (For metric 
calculations, use tan ϕt, and for Wt, use Newtons instead of pounds).

 W ŕ = Wt tan ϕt. (11.23)

Let Wr designate the total radial load.

 W W Wr t r= +2 2 .  (11.24)

If Wt is designated in the X-plane and Wr in the Y-plane, Equation 11.24 agrees exactly 
with Equation 11.1, which is for forces in one plane.

The values Wr, Wt, and W ŕ will all be considered as originating in the pitch diameter of 
the pinion or gear and at the center of its contact face, as will W and Wx later on.

Figure 11.11 shows a perspective of two spur gears and their respective driving or driven 
load.

The pressure angle of the gear controls the effect of the separating component. The 
smaller pressure angle gives lesser separating and total force, as shown in Figure 11.12. 
Equation 11.24 is plotted against the tangent of the pressure angle to calculate Wr propor-
tions, as shown in Figure 11.13. A pressure angle of 0° to 45° represents one unit of tangen-
tial driving load in pounds.

Figures 11.9 and 11.10 and sample problems show how to calculate overhung- and 
straddle- mounted gear resultant bearing reactions.

Spur gears have no calculable axial thrust; however, they tend to walk or be displaced by 
torque and other components. It is wise to allow for small amounts of axial movements or 
to restrain the gear. In heavily loaded spurs or when spurs are common to shafts carrying 
other axial loads, it is a necessity to restrain or position them.
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11.4.2 Helical Gears

All data shown so far have applied to external gears. However, internal gears are used in 
many applications. In external gears, the direction of rotation is changed in the mesh. In 
internal gears, the rotation between the two gears is in the same direction. In most cases, 
one or both of the gears are overhung. While it is possible to arrange straddle mounting, 
normally, space and length do not permit it. Internal gears offer the advantage of larger 
reduction or step-up changes in smaller center distances, but at the expense of allowable 
space for bearing mounting arrangements.

The procedure for calculating bearing loads is shown in Figure 11.14; Wŕ , Wt, and Wr have 
been calculated.

11.4.3 Gears in Trains

Many times, gears are in trains, either in one continuous plane with idlers or in offset 
planes on intermediate shafts and in planetary drives. Planetary gears are considered a 
separate type of gear train.

11.4.4 Idlers

Idlers may be used to change the direction of rotation, to gain additional distance between 
centers with smaller size and greater quantity of parts, or to provide additional mounting 
pads at various revolutions per minute for driven components, shafts, or accessories.
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If only the input and output shafts are used and a constant horsepower is driven through 
the train, the load on all the gear teeth in the train is the same. When the idlers are all 
arranged in one straight line, the two separating components W ŕ cancel the output, but 
the tangential driving loads are added directly. Under the aforementioned conditions, the 
resultant bearing load is twice Wt.

When the gear train is offset at an angle between centers, the total forces tend to combine 
or cancel out. For accuracy of results, a graphical or vector analysis should be made.

Figure 11.15 shows a vector analysis of idler loads. If, in Figure 11.15, the angle on BC in 
relation to AB had been acute instead of obtuse, the reaction WB would have been much 
smaller in magnitude. If it is possible, proper selection of the rotation and angles of inter-
section can be adjusted to reduce the total bearing loads generated in an idler gear train.

11.4.5 Intermediate Gears

Another most common gear train in spur gears is the intermediate shaft arrangement. 
Its main advantage is the combination of greater gear ratio reduction and a gain in center 
distances for mounting various combinations.
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There are basically two gear meshes, but only three shafts instead of four. Also, the 
planes of a mesh are parallel but separated (see Figure 11.16).

The total loads that are applied to and must be reacted against by bearing D are found by 
the summation of moments about bearing C. The summation of forces, however, is taken 
about the bearing D. When contact is at an angle or several meshes are concerned, both 
vertical and horizontal planes of moments must be taken. The bearings must resist mak-
ing the total moment equal to zero. The proportions of spacing between bearings are very 
critical. The distances or moment arms should be selected to favor the F bearing in Figure 
11.16 would, in most gearboxes, be the smaller because of the lack of space. Therefore, the 
distance g on the y gear was intentionally made longer to reduce the bearing load on F and 
put the greater load on E, as it should have more space available for a larger bearing with 
greater load-carrying capacity. Also, whenever possible, the distance between gears and 
bearings is as small as feasible to eliminate large moment loads in the shafts. The shaft on 
x − n gears will have a coupling tendency to cock or walk, and consideration should be 
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FIGURE 11.15
Vector analysis of idler loads.
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given to axial-thrust bearings to resist the coupling effect. To aid the positioning of planes 
of intersection on the gear teeth, avoid large axial moments and overhangs.

11.4.6 Planetary Gears

Planetary gears are used most often for the maximum horsepower transmitted in the 
smallest space or when large changes in speed ratios are needed. The increased carry-
ing capacity is generally possible, because the gear reactions tend to equalize each other, 
reducing bearing loads, the size required, and the total weight. Helical, bevel, and spur 
gears are used in planetary drives, but spurs are often preferred because of the ease of 
manufacturing and elimination or the reduction of axial-thrust loads.

For simplicity, spur gears have been assumed in these discussions, but helical and other 
types of gears can just as easily be used.

In a simple planetary arrangement, there is generally a sun gear, a planet gear, an inter-
nal ring gear, and a cage or an arm (see Figure 11.17).

11.4.6.1  One Planet

If the planetary drive has one planet gear, load reactions are different from those in the 
case where there are two or more planet gears. The one-planet-gear calculations are basi-
cally the same as the combination of an external idler and an internal gear and external 
pinion. For example, the sun-and-one-mesh planetary drive is the same as two external 
gears meshing. The reaction on the internal gear is the same as in a simple one meshing 
with an external pinion. However, on the planet gear, consideration must be given to the 
reactions on its center of rotation from the cage or arm.

11.4.6.2  Several Planets

If two or more planets are used, preferably three or more, the reactions are different, 
because three planets mate with one sun gear and one ring gear, and the bearing reactions 
tend to balance out. There are basically zero resultant separating bearing forces on the sun 
pinion and the internal ring gear. The planet gear bearing has loads from the two meshes 
and the cage driving arm plus the weight and centrifugal force from the planet and its 
bearings. When there are high-speed planets, the effect of centrifugal force must be con-
sidered. If speeds and weights are low, centrifugal force may be ignored. If they are high, 
compute them by means of Equation 1.21 or 1.22.

Centrifugal force may become the prime factor in the final decision of the bearing design 
or type of planetary gear drive used.

Internal ring
gear

Sun pinion

Cage

3 Planet
gears

Arm “r”

FIGURE 11.17
Simple planetary arrangement.
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When the total gear reaction W or Wcf (centrifugal force) are found, they are added vec-
torially or computed as follows:

 L W W= +cf
2 2 ,  (11.25)

where
L—total load of all forces
Wc—centrifugal force
W—total gear reactions

However, helix forces, unbalance, and driven propeller or fan reactions must be consid-
ered when they are tied into the planetary drive system. When two or three planets are 
used, the loads should be considered as shared equally by all planets. When there are more 
than three planets, it is not always possible to share the load equally, and some allowance 
should be made for unequal loading of all the individual planets.

The following special recommendations apply to idlers. Preferably, use two or more 
planets to carry the load. When possible, use three planets. If more than three are needed, 
many designers feel it is wise to go to five or more because of the lack of load-sharing 
tendencies.

Always mount the entire system as flexibly as possible. For example, always mount the 
planets on spherical floating bearings or mounts. Make all mountings or actual holding 
surfaces as light in weight as can be utilized to reduce centrifugal forces.

11.5  Bearing-Load Calculations for Helicals

So far, all data have been based on spur gears, and all radial values calculated are directly 
applicable to helical gears if the transverse pressure angle is considered.

11.5.1 Single Helical Gears

Helical gears have thrust and reactions in all three planes. Besides the tangential driving 
and separating forces, there is also an axial-thrust load. This thrust is due to the helix 
angle and is normally considered emanating from the tooth contact at the pitch diameter.

Since thrust is applied at the distance of the pitch radius from the axis of rotation, a 
radial moment is produced. However, in helicals, the moment is produced within the gear.

This information on helicals can be transcribed into the laws of mechanics. Three forces 
are shown in Figure 11.8, where

Wt—tangential driving load
W ŕ—separating force
Wx—axial thrust
W—total load
Ma—moment produced by axial thrust
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Wt and W ŕ are found as before. It is important, though, to consider a new effect on the 
pressure angle.

 
tan

tan
cos

α
α
βt
n= metric

 
(11.26)

 
tan

tan
cos

φ
φ
ψt
n= English,

 
(11.27)

where
αt (ϕt)—transverse pressure angle
αn (ϕn)—normal pressure angle
β (ψ)—helix angle

The separating load is a function of the transverse pressure angle, which in a helical gear 
is always greater than φn, the normal pressure angle. Therefore, W ŕ will always be a slight 
amount larger than in a spur gear but is calculated as before in Equation 11.23.

The helical angle ψ assumes great importance in calculating the axial and separating 
load, and in the equations presented, the helix angle will be used for all calculations.

 
tan .ψ

π
=

× pitch diameter
lead  

(11.28)

Lead is the distance to which a point would advance axially across the face of the gear 
for one revolution measured at the pitch diameter. A small helix angle has a high lead, and 
a large helix angle has a low lead.

Wx increases with a higher helix angle and, whenever possible, should be kept to the 
smallest angle. However, for a helix angle to be of any value, it should have a face overlap 
of a little over 1. This means that the contacting distance of face advance along the pitch-
diameter periphery of a helical tooth is equal to or greater than the transverse circular 
pitch (see Figure 11.18).

Normally, for high-speed gears, a face advance of over 2 is preferred.

 
Face contact ratio

Face advance
Circular pitch

= .
 

(11.29)

QF

Pt

F

ψ

FIGURE 11.18
Helical gear-face advance. Face advance = QF + F tan ψ. Contact ratio of faces QF/Pt ≥ 1.
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As gears become more heavily loaded with higher speeds, and quietness is a require-
ment, a greater overlap ratio is needed. Therefore, the selection of the helix angle becomes 
a direct function of face advance.

 
tan helix angle

Face advance
Face width

= .
 

(11.30)

With the selection of the helix angle, the helical gear forces can be determined as shown 
in Figure 11.8. In its simplest form

 Wx = Wt × tan helix angle. (11.31)

The total load W is the vectorial summation of Wt, Wx, and W ŕ.

 W W W W= + +t r x
2 2 2

 (11.32)

for the X-, Y-, and Z-axes.
More consideration must now be given to the summation of forces in various planes. In 

some cases, values are additive, and in other cases, they are subtractive.
The moment produced from the helix is now calculated as

 Ma = Wx × pitch radius of the gear, (11.33)

where Ma is the axial moment, and Wx is the axial thrust. Ma produces an additional 
moment and, in turn, an additional radial load, which must be contained by the bearings 
and supports. Also notice that, if the vectors representing Wt, W ŕ, and Wx are assumed to 
be, respectively, the X-, Y-, and Z axes, Equation 11.32 conforms to Equation 11.7.

From the standpoint of load produced axially, it is always desired to keep it to the abso-
lute minimum value. Since a helical gear always requires a bearing to resist an axial force, 
this can be a disadvantage in some installations. The forces can become as large as to be 
determined in large helix angles. See Figure 11.19 and Table 11.4 for details of bearing load 
calculations.

11.5.2 Double Helical Gears

To overcome axial thrust, the forces are sometimes counteracted or nullified by double-
helical gears. The total face is made into two equal halves, both with the same helix angle 
but with opposite hands. The axial thrusts oppose one another, and the forces are contained 
in the gear and not transmitted to the bearing. The double-helical gears are often made of 
two separate halves of helical gears bolted or joined together, or else, a space between the 
gears is allowed in the middle for tool clearance. There are some gear machine tools that 
permit a continuous herringbone when the face width is limited.

Only one gear in a double-helical train is positioned or restrained axially by a bearing, 
and the rest of the gears then get their location from this one part. For speed-increasing 
gears, it is often wise to use or consider either helical or double-helical gears. As axial leads 
and helix angles increase, so do the merits of double-helical gears.

  



613Gear Reactions and Mountings

11.5.3 Skewed- or Crossed-Helical Gears

Besides helical gears on parallel axes, it is possible to have the axes of rotation skewed 
or at an angle with each other. The latter gears are called crossed-helical or skewed-helical 
gears. When the individual gear reactions are found, the same methods are used. In helical 
gears, the total reaction for the pinion is equal to and opposite the mating gear. In a pair of 
crossed helicals, each gear and pinion must be considered and calculated separately.

The direction of Wx is generally obvious.
In crossed-helical gears, one of the mating parts could be a helical or spur gear, and it 

would mate with a helical gear. All spiral helicals tend to have only point contact, are used 
to transmit light loads, and have small bearing reactions. Allowance must be made for 
the helix angle in relation to the axis of rotation of each gear. In external helical gears, the 
hands of the mating parts are equal and opposite, but in crossed-helical gears, all types of 
hands and angles of helix can and must be considered. Calculations of the bearing loads 
from the gear reactions are the same as for helical gears. More care and consideration must 
be given to the angles of helix in relation to the shaft angles. The hand of the helices and 
shaft angles can be varied so that the direction of rotation is reversed. Once the true helix 
angle and the actual direction of rotation between the driver and driven gears are deter-
mined, the reactions are easily found.

Figure 11.20 shows a pair of crossed-helical gears. The light lines on the driving gear 
show the teeth as they would appear to the viewer. The mesh point considered in the 
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FIGURE 11.19
Helical gear bearing loads.
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TABLE 11.4

Equations for Helical Gear Bearing Loads with Straddle Mounting

Force

Gear Bearing Loads Pinion Bearing Loads

Bearing A Bearing B Bearing C Bearing D

Tan force Wt W
W a
a br

t
1
=

+
W

Wb
a br

t
4
=

+
W

Wc
c dr

t
7
=

+
W

Wd
c dr

t
10
=

+

Separating force Wʹr W
W a
a br

r
2
=

+
W

Wb
a br

r
5
=

+
W

W c
c dr

r
8
=

+
W

W d
c dr

r
11
=

+

Thrust Wx W
W r
a br

x
3

1=
+

W
W r
a b

Wr
x

r6 3

1=
+

= W
W r
c d

Wr
x

r9 3

2=
+

= W
W r
c d

Wr12 9

2=
+

=x
r

Total radial load
W W W Wr r r rA

= + −( )1 2 3

2 2
W W W Wr r r rB

= + +( )4 5 6

2 2
W W W Wr r r rC

= + +( )7 8 9

2 2
W W W Wr r r rD

= + −( )10 11 12

2 2

Total thrust Wx (may be applied to either bearing A or B) Wx (may be applied to either bearing C or D)

Note: See Figure 11.19 for the definition of terms and bearing locations.

  



615Gear Reactions and Mountings

diagram is underneath the driver. After allowing for the direction of rotation, shaft angle, 
and hand of spirals, the direction of the forces can be found using Table 11.1. The angles ψP 
and ψG can be found, and knowing Wt, the axial thrust for the gear and pinion are deter-
mined as in any helical gear. See Figure 11.19 for details on bearing load calculations. In 
the metric system, the symbol for the pinion helix angle is β1 instead of ψP. For the gear, the 
symbol is β2 instead of ψG.

11.6  Mounting Practice for Bevel and Hypoid Gears

All gears operate best when their axes are maintained in correct alignment, and although 
bevel and hypoid gears have the ability to absorb reasonable displacements without detri-
ment to the tooth action, excessive misalignments reduce the load capacity and compli-
cate the manufacture and assembly of gears. Accurate alignment of the gears under all 
operating conditions may be accomplished only by good design, accompanied by accurate 
manufacture and assembly of both mountings and gears. The following recommendations 
are given to aid in the design of bevel and hypoid gearbox assemblies in order to obtain the 
best performance of the gears.

11.6.1 Analysis of Forces

In the design of the mountings for bevel and hypoid gears, the first step is to establish the 
magnitude and directions of the axial and separating forces, based on Figures 11.21 and 
11.22, and to draw a diagram of the resultant force on the gears, as shown in Figures 11.23 
through 11.26. These provide the basis for the design of the gear blank and the mount-
ings and for the selection and arrangement of the bearings. In case the gear must operate 
in both directions of rotation or if there is reversal of torque, the force diagram should 
include both conditions of operation. Clockwise and counterclockwise rotations are as 
viewed from the back of the gear looking toward the cone center. Values shown are for 
shaft angles at right angles, but values and determination of directions also apply to shaft 
angles other than 90°.

Driven
axis

Driving
Wx Wt

Wr' BWr'A
WxA

WtA WrA WtB

WrB

B

Σ

ψP

B
A

A

Mesh
point

FIGURE 11.20
Bearing loads on crossed-helical gears. Regardless of shaft angle between crossed-helical pinion and crossed-
helical gear, the directions of the pinion tangential force Wt and the pinion thrust force Wx are as shown above 
for the mesh point.
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11.6.2 Rigid Mountings

Gear mountings should be designed for maximum rigidity, since the problems involved 
in producing satisfactory gears multiply rapidly when deflections in the mountings cause 
excessive gear displacements. It is necessary to modify the standard cutting in order to 
narrow and shorten the tooth contacts to suit the flexible mounting. The decrease in bear-
ing area raises the unit tooth pressure and reduces the number of teeth in contact, which 
results in problems of noise and increases the danger of surface failure and tooth breakage.

11.6.3 Maximum Displacements

For gears with a diameter of 6 to 15 in. (150 to 375 mm), the desirable limits of gear and 
pinion displacements at maximum load are listed as follows.

• The pinion offset should not exceed ±0.003 in. from the correct position (±0.076 mm).
• The pinion should not yield axially more than 0.003 in. in either direction (±0.076 mm).
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FIGURE 11.21
Design chart for the axial thrust of bevel gears.
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Axial thrust

Separating
force

FIGURE 11.23
Resultant force in axial plane due to the right-hand gear being driven counterclockwise or driving clockwise, 
as well as the left-hand gear being driven clockwise or driving counterclockwise.
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FIGURE 11.22
Design chart for separating the component of radial load for bevel gears.
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Separating
force

Axial
thrust

FIGURE 11.26
Resultant force in the axial plane due to the left-hand pinion driving counterclockwise or being driven clock-
wise, as well as the right-hand pinion driving clockwise or being driven counterclockwise.

Attracting
force

Axial
thrust

FIGURE 11.24
Resultant force in the axial plane due to the right-hand gear being driven clockwise or driving counterclock-
wise, as well as the left-hand gear being driven counterclockwise or driving clockwise.

Axial thrust

Separating force

FIGURE 11.25
Resultant force in the axial plane due to the left-hand pinion driving clockwise or being driven counterclock-
wise, as well as the right-hand pinion driving counterclockwise or being driven clockwise.
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• The gear offset should not exceed ±0.003 in. from the correct position (±0.076 mm).
• The gear should not yield axially more than 0.003 in. in either direction (±0.076 

mm) in either direction on miters or near miters or more than 0.010 in. (0.25 mm) 
away from the pinion on higher ratios.

The aforementioned limits are for average applications in which the gears operate over 
a range of loads and at maximum load approximately 10% of the time. When maximum 
load occurs for longer periods, reduce the limits accordingly. Somewhat wider tolerances 
are allowable for large gears.

11.6.4 Rolling-Element Bearings

While plain bearings may be used in bevel or hypoid gear mountings, it is usually much 
easier to maintain the gears in satisfactory alignment with rolling-element bearings. Either 
ball or roller bearings are satisfactory. However, it is important that the type and size of 
bearings are carefully selected to suit the particular application, considering especially the 
operating speeds, loads, desired life of the bearings, and rigidity required for best opera-
tion of the gears.

11.6.5 Straddle Mounting

The preferred design of a bevel or hypoid gearbox provides straddle mountings for both 
the gear and the pinion, and this arrangement is generally used for industrial and other 
heavily loaded applications. Usually, the desired bearing life and mounting rigidity may 
be obtained more economically with straddle mounting. When it is not feasible to use this 
arrangement for both members of a pair, the gear member that usually has the higher 
radial load should be straddle-mounted.

In straddle mounting, for the gear or the larger member of a pair, usually, two tapered 
roller bearings or angular-contact ball bearings are mounted opposed, with sufficient 
spacing between them to provide control of the gear (Figure 11.27).

A second straddle-mounting arrangement (Figure 11.28), used mostly for pinions, pro-
vides an inboard or pilot bearing for pure radial support of one end of the pinion shaft 
and bearings suitable for carrying both radial and thrust loads on the opposite end. In 
this location, several different types of bearings are used: single double-row, deep-groove, 
angular-contact ball bearings; two single-row, angular-contact bearings mounted DB or 
DF; or two tapered roller bearings, either directly or indirectly mounted.

A similar arrangement is used also for straddle mounting the gear or the larger member 
of a pair in large applications and in an aluminum or magnesium housing, where tempera-
ture changes would seriously affect the preloading or thrust bearings if spaced on either 
end of the gear shaft (Figure 11.29).

11.6.6 Overhung Mounting

When the pinion is mounted overhung on tapered roller bearings, the indirect mounting 
should be used (Figure 11.30). This arrangement provides greater stability to the mounting 
for a given spacing of the bearings, and the thrust load for normal operation is thus carried 
by the bearing adjacent to the pinion, adding further to its stability.

The bearing adjacent to the pinion should be located as close as possible to the pinion 
teeth to reduce the overhang. See Figure 11.31.
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All spiral bevel and hypoid gears should be located against thrust in both directions. 
Provision against inward thrusts on straight and Zerol bevel gears is often omitted, pro-
vided the conditions of operating are such that inward thrusts cannot occur. One of the 
advantages of Zerol and straight bevel gears is that the change of rotation does not change 
the direction of axial thrust.

FIGURE 11.27
Webless-type gear member, straddle-mounted using two opposed tapered roller bearings widely spaced to 
provide good control of the gear.

FIGURE 11.28
Straddle pinion mounting for short shafts, showing the use of combined thrust and radial bearings.
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FIGURE 11.29
Straddle mounting for both members of a spiral bevel pair, using a straight roller radial bearing on one end of 
the shaft and combined thrust and radial bearing on other end. Shim-type adjustments for positioning both the 
gear and the pinion.

FIGURE 11.30
Typical overhung pinion mounting with shim adjustment for positioning, and selected spacer for preloading 
bearings.
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Since the contact pattern of spiral bevel and hypoid gears is controlled by their axial 
position, special attention must be given to the selection of the type and to the preloading 
of the bearings.

The lubrication of bevel and hypoid gears is most important; for specific data, refer to 
instructions of Gleason Works.

11.6.7 Gear Blank Design

The gear blank should be designed to avoid excessive localized stresses and serious deflec-
tions within it. The direction of the resultant force should be considered in the design 
of the blank and in the method employed in mounting it on its shaft or centering hub 
(Figures 11.32 through 11.37).

Ring gears are made in three general types: the webless ring, the web-type ring, and 
the counterbored ring. Of these, the bolted-on webless ring design shown in Figure 11.27 
is best for hardened gears larger than 7 in. (180 mm) in diameter. The fit of the gear on its 
centering hub should be either size to size or slight interference. These gears should be 
clamped to the centering hub with fine-thread cap screws, as shown in Figures 11.27, 11.33, 

2 L or greater L

FIGURE 11.31
Typical overhung pinion mounting and straddle gear mounting with shim adjustment for positioning both the 
gear and the pinion.

FIGURE 11.32
Method of mounting the gear to absorb the thrust with minimum amount of deflection.
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Load on inside face
of web in this case;
otherwise not
recommended

FIGURE 11.33
Method of mounting the gear when the thrust is inward.

FIGURE 11.34
Blank sections beneath the teeth should be sufficiently rigid in the direction of thrust so that deflections will 
be minimized.

FIGURE 11.35
Gear blank designed to take care of inward thrust. Also a preferred mounting with spline drive.
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and 11.37, or with bolts. Several methods of locking screws and nuts in place are indicated 
in the illustrations. Self-locking-type nuts and cap screws are widely used for this pur-
pose. For severe operating conditions, cap screws should be locked more positively than 
is possible by wiring.

The method of centering the gear on the counterbore, shown in Figure 11.37, is recom-
mended for large gears, especially near miters. Figure 11.33 illustrates mounting for a 
gear that operates with an inward thrust. Designs in which screws or bolts are subjected 
to added tension from gear forces should be avoided. On severe reversing or vibration 
installations, separate dowel drives may be used with the designs or splines, as shown in 
Figures 11.35 and 11.38.

The use of dowels or dowel-fit bolts has been found unnecessary in most automotive and 
industrial drives, because with bolts or cap screws drawn tightly, the friction of the ring 
gear in its hub prevents shearing of the screws.

Hardened gears smaller than 7 in. (less than 180 mm) in diameter may be best designed 
with integral hubs. A front hub on a Zerol bevel, spiral bevel, or hypoid gear should in no 
case intersect the extended root line so as to interfere with the path of the cutter toward the 
root cone apex, as shown in Figure 11.39. On hub-type gears, the length of the hub should 
be at least equal to the bore diameter, and the end of the hub should be securely clamped 
against a shoulder on the shaft.

Load

C

A

B
Resultant
  load
   direction 

FIGURE 11.37
Webless-type miter gear—counterbored type.

FIGURE 11.36
Method of mounting gear to hub to absorb high outward thrust.
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Whether the gear is mounted on a flanged hub or is made integral with the hub, the 
supporting flange should be made sufficiently rigid to prevent serious deflections in the 
direction of the gear axis at the mesh point. For larger gears, the web preferably should be 
made conical and without ribbing to permit machining for balance, to eliminate oil churn-
ing when dip lubrication is used, and to lessen the danger of stress concentration being 
set up with the castings. The gear hub and bearing arrangement should be designed with 
sufficient rigidity such that the use of a thrust button behind the gear mesh is unnecessary. 
The area of a thrust button is too small to provide durable support.

For hardened gears, the blanks should be designed with sections and shapes suitable to 
hardening with minimum distortion.

11.6.8 Gear and Pinion Adjustments

Provision should be made for adjusting both the gear and the pinion axially at assembly.
Shim-type adjustments as shown in Figures 11.28 and 11.29 or threads and nuts with 

locks as shown in Figure 11.40 may be used. Shims less than 0.015 in. (0.38 mm) in thick-
ness may “pound out” in service. When used adjacent to a bearing, the shims should 

FIGURE 11.38
Positive drive for sever reversing or shock loads.

Blank turned off
for cutter clearance

Root
line

Cutter

FIGURE 11.39
When using Zerol bevel, spiral bevel, and hypoid gears, clearance must be provided for the cutter as shown.
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be placed next to the stationary member. If an assortment of shims varying in thickness 
in steps of 0.003 in. (0.076 mm) are used [such as 0.020 in. (0.50 mm), 0.023 in. (0.60 mm), 
and 0.026 in. (0.65 mm)], the member to be adjusted may be positioned within ±0.0015 in. 
(±0.04 mm).

11.6.9 Assembly Procedure

The following is a recommended procedure for the assembly of bevel and hypoid gearboxes.

• Thoroughly clean the housing and its parts, following the bearing manufacturer’s 
instructions in handling the rolling-element bearings.

• Keep lapped or matched gears in their original sets.
• Assembly even-ratio pairs, with the teeth mating as lapped. Tooth and mating 

spaces are usually designated with X markings.
• Set the pinion on its correct axial position by measurement.
• Adjust the gear along its axis until the specified backlash is obtained.
• Securely lock gears and thrust bearings in this position. Note that, for spiral 

bevel and hypoid gears, both members should be locked against thrust in both 
directions.

• As a final check, paint the teeth with marking compound and observe the tooth 
contact pattern under light load. This may indicate the need for further adjust-
ment. Check to ensure that there is an adequate supply of the specified lubricant 
to the mesh and to the bearings.

At least
6 ribs,

At least 12 bolts

either:
internal design
external design

FIGURE 11.40
Truck axle—straddle-mounted pinion and with threaded-nut adjustments for the gear bearing.
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11.7  Calculation of Bevel and Hypoid Bearing Loads

The normal load on the tooth surfaces of bevel or hypoid gears may be resolved into two 
components: one in the direction along the axis of the gear and the other perpendicular to 
the axis. The axial force produces an axial thrust on the bearings, while the force perpen-
dicular to the axis produces a radial load on the bearings. The direction and magnitude of 
the normal load depends on the ratio, pressure angle, spiral angle, hand of spiral, direction 
of rotation, and whether the gear is the driving or the driven member.

11.7.1 Hand of Spiral

The hand of spiral on the spiral bevel and hypoid gears is donated by the direction in which 
the teeth curve; that is, left-hand teeth incline away from the axis in the counterclockwise 
direction when an observer looks at the face of the gear, and right-hand teeth incline away 
from the axis in the clockwise direction. The hand of spiral of one member of a pair is 
always opposite that of its mate. It is customary to use the hand of spiral of the pinion to 
identify the combination; that is, a left-hand combination is one with the left-hand spiral 
on the pinion and a right-hand spiral on the gear. The hand of spiral has no effect on the 
smoothness and quietness of operation or on the efficiency. Attention, however, is called to 
the difference in the effect of the thrust loads, as stated in the following paragraph.

A left-hand spiral pinion driving clockwise (viewed from the back) tends to move axi-
ally away from the cone center, while a right-hand pinion tends to move toward the center 
because of the oblique direction on the curved teeth. If there is excessive end play in the 
pinion shaft because of faulty assembly or bearing failure, the movement of a right-hand 
pinion driving clockwise will take up the backlash under load, and the teeth of the gear 
and pinion may wedge together, while a left-hand spiral pinion under the same conditions 
would back away and introduce additional backlash between the teeth, a condition that 
would not prevent the gears from fluctuating. When the ratio, pressure angle, and spiral 
angle are such that doing so is possible, the hand of spiral should be selected to give an 
axial thrust that tends to move both the gear and the pinion out of the mesh. Otherwise, 
the hand of spiral should be selected to give an axial thrust that tends to move the pinion 
out of the mesh. Often, the mounting conditions dictate the hand of spiral to be selected.

In a reversible drive, there is, of course, no choice, unless the pair performs a heavier 
duty in one direction a greater part of the time.

In the calculation of reactions, Zerol and straight bevel gears may be treated as a special 
case of spiral bevel gears in which the spiral angle is zero degrees. In these, the direction of 
the axial thrust is always outward on both members, regardless of the direction of rotation 
and whether the pinion is the driving or the driven member.

On hypoids, when the pinion is below the center and to the right when facing the front of 
the gear, the pinion hand of spiral should always be left. With the pinion above the center 
and to the right, the pinion hand should always be right (see Figure 11.41).

The specification of the hand of Zerol gears is illustrated in Figure 11.42.

11.7.2 Spiral Angle

The spiral angle, if possible, should be selected to give a face contact ratio of at least 1.25. For 
maximum smoothness, the face contact ratio should be between 1.50 and 2.0. On straight 
or Zerol bevel gears, the spiral angle will, of course, be zero.
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11.7.3 Tangential Load

The tangential load on a bevel or hypoid gear is given* by

 
W

P
d nt

m

=
×

19 098 600

2 2

, ,

 
(11.34)

 
W

P
d nt

h

mG G

=
×

126 050,
,
 

(11.35)

where
Wt (Wt)—tangential load [metric (English)], in Newtons (pounds)
P (Ph)—power, in kilowatts (horsepower)
d2m (dmG)—mean pitch diameter of gear, in millimeters (inches)
n2, (nG)—speed, in revolutions per minute

The mean pitch diameter of a bevel gear may be determined by subtracting the term 
(bevel gear face width times the sine of the bevel gear pitch cone angle) from the bevel gear 
pitch diameter at the large end of the bevel gear.

The tangential load on the mating bevel pinion will be equal to the tangential load on 
the gear. The tangential load on the mating hypoid pinion, however, must be determined 
as follows:

 
W WtP tG=

cos spiral angle of the pinion
cos spiral angle of the gear

.
 

(11.36)

*  In all calculations herein, the tangential load is calculated at the mean pitch radius.

(a) (b)

(c) (d)

FIGURE 11.41
Both pinions shown in (a) and (b) are referred to as having an offset “below center,” while those in (c) and 
(d) have an offset “above center.” In determining the direction of offset, it is customary to look at the face of the 
gear with the pinion at the right.
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11.7.4 Axial Thrust

The value of the axial thrust is dependent on the tangential tooth load, spiral angle, pres-
sure angle, and pitch angle. This may be determined with aid of Figure 11.21. Figure 11.21 
is symmetrical about a horizontal centerline; therefore, there are two points of intersection 
of the pitch-angle and the spiral-angle curves. Selection of the proper point is dependent 
on the hand of spiral, the direction of rotation, and whether the member is the driving or 
the driven one. This is given in Figure 11.21. Note that the intersection points for the pinion 
and its mating gear are always on opposite sides of the horizontal centerline. The pressure 
angle φ is given on the scale at the right. A straight line connecting the pressure angle with 
the intersection point of the spiral-angle and pitch-angle curves can now be extended to 
the scale on the left. This scale gives the axial thrust Wx, in percent, of the tangential tooth 
load Wt.

The spiral angle on straight and Zerol gears is zero.
For determining the axial thrust in hypoid gears, the pressure angle of the driving side 

should be used. Instead of using the pitch angles, the face angle of the pinion and the root 
angle of the gear should be used.

Note that the spiral angle, pitch angle, and pressure angle for the corresponding member 
must be selected in each case.

The actual axial-thrust load may be determined by multiplying the tangential load, in 
pounds, for the corresponding member by the percentage given in Figure 11.21.

 Wx = (percentage based on Figure 11.21) × Wt (11.37)

Figure 11.43 illustrates the direction of rotation and the direction of thrust.

11.7.5 Radial Load

The radial load caused by the separating force between the two members may be deter-
mined in a similar manner to that used for the axial thrust based on Figure 11.22. The 

Right-hand gear

Left-hand gear

Left-hand
pinion

Right-hand
pinion

FIGURE 11.42
Diagram illustrating hand of Zerol. The upper image shows a left-hand Zerol bevel gear combination, and the 
lower image the right-hand Zerol bevel gear combination.
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same procedure is followed here, as outlined in the foregoing section, “Axial Thrust.” The 
scale on the right gives the component part of the radial load Wr, in percent, of the tangen-
tial tooth load Wt.

This component of the actual radial load may be determined by multiplying the tangen-
tial load, in pounds, for the corresponding member by the percent given in Figure 11.22.

 Wŕ = (percentage based on Figure 11.22) × Wt. (11.38)

In addition to the foregoing element, there is a radial component caused by the tangen-
tial load itself and a third component caused by the couple, which the axial thrust on the 
given member produces.

The total radial load produced on the bearings will therefore depend on the resultant of 
these three components.

For the overhung mounting, the radial components of bearing A will be (see Figure 11.44)

 
W W

L M
r r1 2
=

+

 
(11.39)

 
W W

L M
r t2 2
=

+
,

 
(11.40)

where Wŕ is the separating component based on Figure 11.22, and Wt is the tangential load.

 
W W

d
Mr x
m

3 2
= ,

 
(11.41)

Rh gear

Lh gear

Lh pinion

Rh pinion

Ro
ta

tio
n
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n
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n
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ta

tio
n

�rust �rust

�rust �rust

FIGURE 11.43
Diagram illustrating the hand of spiral and its effect on the direction of axial thrust in spiral bevel gears. The 
upper drawing shows a left-hand bevel combination, and the lower drawing shows a right-hand spiral bevel 
combination.
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where
L—distance along the axis from the center of the face width to the center of bearing A 

(for hypoid gearing, see Equation 11.58)
M—spacing between the centers of bearings A and B
Wx—axial-thrust load
dm—mean pitch diameter (dm = d − F sin γ). (For a hypoid pair, use Equation 11.55 for dm 

and N by the directions given for Equation 11.58)
d—pitch diameter
F—face width
γ—pitch angle

The total radial component on bearing A will be

 W W W Wr r r rA
= + −2

2
1 3

2( ) .  
(11.42)

In a similar manner, the radial components on bearing B will be

 
W W

L
Mr r4 =

 
(11.43)

 
W W

L
Mr t5 =

 
(11.44)

 
W W

d
Mr x
m

6 2
= .

 
(11.45)

The total radial component on bearing B will be

 W W W Wr r r rB
= + −5

2
4 6

2( ) .  (11.46)

For the straddle mounting shown in Figure 11.45, the radial components on bearing C 
will be

 
W W

K
N Kr r7 = +  

(11.47)

H
J L M

A

Wr3 Wr4

Wr1

Wr2
Wt Wr5

Wr6

B
Overhung

FIGURE 11.44
Diagram showing load components on pinion and bearings—overhung mounting.
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W W

K
N Kr t8 = +  

(11.48)
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d
N Kr x

m
9 2
=

+( )
,
 

(11.49)

where N is the distance* along the axis from the center of face width to the center of bear-
ing C, and K is the distance† along the axis from the center of face width to the center of 
bearing D.

The total radial component on bearing C will be

 W W W Wr r r rC
= + −8

2
7 8

2( ) .  (11.50)

In a similar manner, the radial components on bearing D will be

 
W W

K
N Kr r10 = +  

(11.51)

 
W W

K
N Kr t11 = +  

(11.52)

 
W W

d
N Kr x

m
12 2
=

+( )
.
 

(11.53)

The total radial component on bearing D will be

 W W W Wr r r rD
= + +11

2
10 12

2( ) .  (11.54)

* For a hypoid pair, use Equation 11.55 for dm and find N by the directions given for Equation 11.58.
† For a hypoid pair, find K by Equation 11.57; see Figure 11.45.

G
J

N K

C
D

Wr9 Wt

Wr8

Wr7

Wr11
Wr12Wr10

FIGURE 11.45
Diagram showing load components on pinion and bearings—straddle mounting.
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For the hypoid gear pair, change the preceding equations as follows:

 dmG = gear pitch diameter − face width × sin gear root angle (11.55)

 
d dmP mG= ×

number of pinion teeth
number of gear teeeth

cos gear spiral angle
cos pinion spiral ang

×
lle  

(11.56)

 K = G − J (11.57)

 L = H − J (11.58)

 
J
d

P
mG

2
cosε for the hypoid pinion

 
(11.59)

 
J

d
G

mP

2
cosε for the hypoid gear,

 
(11.60)

where
G—distance along the axis from the center line of mate to the center of bearing D
H—distance along the axis from the center line of mate to the center of bearing A
ε—arctan [tan(spiral angle pinion – spiral angle gear) × sin gear root angle]
M—spacing between the centers of bearings A and B
N—spacing between the centers of bearings C and D minus dimension K

See Figures 11.44 and 11.45.

Example of Spiral-Bevel-Gear Bearing Load Calculation. A sample problem for a 16-toth pin-
ion driving a 49-tooth gear demonstrates how the equations given in this section are used.

Given: A 16
49

 combination, 5-diametral pitch, 1.500-in. face width, 20° pressure angle, 35° 

spiral angle. (See Table 11.5 for further data relative to this problem.)

TABLE 11.5

Spiral Bevel Gear Sample Data and Bearing Arrangement (English Units)

Item

Pinion Gear

Symbol English Units Symbol English Units

Pitch diameter d 3.200ʺ D 9.800ʺ
Pitch angle γ 18°50ʹ Γ 71°55ʹ

sin γ 0.3104 sin Γ 0.9506
Mean pitch diameter dmP = d − F sin γ 2.734 dmG = D − F sin Γ 8.374ʺ
Overhung mounting:

L 1.500ʺ – –
M 5.000ʺ – –

Straddle mounting:
K – – 2.500ʺ
N – – 3.500ʺ

  



634 Dudley’s Handbook of Practical Gear Design and Manufacture

Load data: 71 hp at 1800 rpm or pinion; left-hand pinion driving clockwise; the gear is 
straddle-mounted; the pinion is overhung.

The tangential load on this spiral bevel gear will be

 
W

P
d ntG

h

mG

= =
×

×
=

126 050 126 050 71
8 374 588

1818
, ,

.
lb,

 
(11.61)

where Ph = 71 ph, dmG = 8.374 in., and n = × =
16
49

1800 588 rpm of the gear.

The tangential load on the aforementioned spiral bevel pinion will be equal to the tan-
gential load on the gear.

 WtP = WtG = 1818 lb. (11.62)

The axial-thrust loads for both the gear and the pinion are based on Figure 11.21.

 Wx = (percent from Figure 11.21) × Wt (11.63)

 WxP = +0.80 × 1818 = 1454 lb (outward) (11.64)

 WxG = +0.20 × 1818 = 364 lb (outward). (11.65)

The separating force for both the gear and the pinion is based on Figure 11.22.

 Wŕ = (percent from Figure 11.22) × Wt (11.66)

 WŕP = +0.20 × 1818 = 364 lb (separating) (11.67)

 WŕG = +0.80 × 1818 = 1454 lb (separating). (11.68)

Table 11.6 tabulates the formulas and sample calculations for the resultant bearing loads 
on the aforementioned pair of gears.

Note that, since an overhung mounting is used on the pinion, the formulas for bearings 
A and B are used. If both members had been overhung-mounted (Figure 11.46), the formu-
las for bearings A and B would have been used for both the gear and the pinion, or if both 
members had been straddle-mounted (Figure 11.47), the formulas for C and D would have 
been used for both the gear and the pinion. In any case, the dimensions and loads for the 
corresponding member must be used.

Example of Hypoid Gear Bearing Load Calculation. A sample problem of a 14-tooth hypoid 
pinion driving a 47-tooth hypoid gear is given in the following.

Given: A 14
47

 combination, 5.013 gear diametral pitch, 1.438-in. face width, 1.750-in. pinion 

offset below the center. Pressure angles 15°20ʹ on the forward drive, 27°10ʹ on the reverse 
drive. Spiral angles 21°28ʹ on the gear, 45°3ʹ on the pinion. The pinion face angle is equal to 
21°47 .́ The gear root angle is equal to 66°27 .́ (See Table 11.7 for further data relative to this 
problem.)

Load data: 60 hp at 1500 rpm of the pinion; left-hand pinion driving clockwise; the gear is 
straddle-mounted; the pinion is overhung.
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TABLE 11.6

Solution to the Sample Problem on Spiral Bevel Gear Bearing Loads (English Units)

Forces Load Calculations

Bearing Loads

Overhung Mounting Straddle Mounting

Bearing A Bearing B Bearing C Bearing D

Tangential, Wt W
P

d nt
mG

=
126 050,

W W
L M
Mr t2 =
+

W W
L
Mr t5 = W W

K
N Kr t8 = +

W W
N

N Kr t11 = +

Wr2 1 818
1 5 5 0

5 0
2 363=

+
=,

. .
.

, Wr5 1 818
1 5
5 0

545= =,
.
.

Wr8 1 818
2 5

3 5 2 5
758=

+
=,

.
. .

Wr11 1 818
3 5

3 5 2 5
1 060=

+
=,

.
. .

,

Thrust, Wx Wx = Wt × thrust factor
See Figure 11.21

– Wx = thrust factor × Wt – Wx = thrust factor × Wt

Wx = +0.80 × 1,818 = 
1,454

Wx = +0.20 × 1,818 = 364

Separating, W ŕ Wŕ = Wt × separating 
factor

See Figure 11.22

W W
L M
Mr r1 =
+

W W
L
Mr r4 = W W

K
N Kr r7 = +

W W
N

N Kr r10 = +

Wr1 364
1 5 5 0

5 0
473=

+
=

. .
.

Wr4 364
1 5
5 0

109= =
.
.

Wr7 1 454
2 5

3 5 2 5
606=

+
=,

.
. .

Wr10 1 454
3 5

3 5 2 5
848=

+
=,

.
. .

Thrust couple
W

d
x

m

2
W W

d
Mr x
m

3 2
= W W

d
Mr x
m

6 2
= W W

d
N Kr x

m
9 2
=

+( )
W W

d
N Kr x

m
12 2
=

+( )

Wr3 1 454
2 734
25 0

398= =,
.
.

Wr6 1 454
2 734
25 0

398= =,
.
.

Wr9 364
8 374

2 3 5 2 5
254=

+
=

.
( . . )

Wr12 364
8 374

2 3 5 2 5
254=

+
=

.
( . . )

Total radial load Wr = Σ(loads)2 W W W WrA r r r= + −2
2

1 3
2( ) W W W WrB r r r= + −5

2
4 6

2( ) W W W WrC r r r= + −8
2

7 9
2( ) W W W WrD r r r= + +11

2
10 12

2( )

WrA = + −

=

2 353 473 398

2 364

2 2. ( )

,

WrB = + −

=

545 109 398

617

2 2( ) WrC = + −

=

758 606 254

836

2 2( ) WrD = + +

=

1 060 848 254

1 536

2 2, ( )

,

Note: Wt—tangential tooth load, in pounds; P—power transmitted, in horsepower; dmG = D − F sin Γ, mean pitch diameter of the gear, in inches; D—gear pitch diam-
eter; F—gear face width; Γ—gear pitch angle; n—speed of gear; W′r—separating component; Wx—axial-thrust component; L—axial distance from the center of 
face width to the center line of bearing A; M—spacing between the center line of bearings A and B; N—axial distance from the center of face width to the center 
line of bearing C; K—axial distance from the center of face width to the center line of bearing D; dm = d − F sin γ; d—pitch diameter, in inches; γ—pitch angle.
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The tangential load on the aforementioned hypoid gear will be

 
W

P
d htG

H

mG

= =
×

×
=

126 050 126 050 60
8 057 447

2100
, ,

.
lb,

 
(11.69)

where PH = 60 hp, dmG = 8057, and n = × =
14
47

1500 447 r/min, gear .

The tangential load on the hypoid pinion will be

 
W WtP tG

P

G

= = × =
cos
cos

.

.
ψ
ψ

2100
0 70649
0 93060

1594 lb
 

(11.70)

 ψP = 45°3,́ cos ψP = 0.70649 
(11.71)

 ψG = 21°28,́ cos ψG = 0.93060. 

L M

A B

Wr4Wr3

Wr2
Wr1

Wr5
Wr6

FIGURE 11.46
Overhung mounting.

C D

Wr11Wr9
Wr8
Wr7

Wr12Wr10

N K

FIGURE 11.47
Straddle mounting.

  



637Gear Reactions and Mountings

The axial-thrust loads for both the gear and the pinion for forward drive are based on 
Figure 11.21.

 Wx = (percentage based on Figure 11.21) × Wt (11.72)

 WxG = +0.11 × 2100 = 231 lb (outward) (11.73)

 WxP = +1.08 × 1594 = 1722 lb (outward). (11.74)

The separating forces for both gear and pinion are obtained from Figure 11.22.

 Wŕ = (percentage based on Figure 11.22) × Wt (11.75)

 WŕG = +0.48 × 2100 = 1008 lb (separating) (11.76)

 WŕP = −0.01 × 1594 = −16 lb (attracting). (11.77)

Table 11.8 tabulates the formulas and sample calculations for the resultant bearing loads 
on the hypoid pair.

11.7.6 Required Data for Bearing Load Calculations

To calculate the bearing loads, the following data must be available:

Bevel Gears
Gear ratio (number of teeth in the gear and the pinion)
Gear pitch diameter or diametral pitch

TABLE 11.7

Hypoid Gear Sample Data and Bearing Arrangement (English Units)

Item

Pinion Gear

Symbol English Units Symbol English Units

Pitch diameter
D

N
=
diam. pitch

9.375ʺ

Pitch angle γo 21°47ʹ ΓR 66°27ʹ
sin γo 0.37110 sin ΓR 0.91671

Mean pitch diameter
d d

n
NmP mG

G

P

=
cos
cos

ψ
ψ

3.161ʺ dmG = D − F sin ΓR 8.57ʹ

Distance from the 
center line of mate to 
the center of bearing

H (from layout)

J
d

P
mG=
2

cosε

5.615ʺ
3.740ʺ

G (from layout)

J
d

G
mP=
2

1.581ʺ

Overhung mounting (see Figures 11.44 and 11.46):
L = H − JP – 1.875ʺ –

M – 4.750ʺ –
Straddle mounting (see Figures 11.45 and 11.47):

K = G − JG – – 3.000ʺ
N – – 6.250ʺ
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TABLE 11.8

Solution to the Sample Problem on Hypoid Gear Bearing Loads (English Units)

Forces
Load 

Calculations

Bearing Loads

Overhung Mounting Straddle Mounting

Bearing A Bearing B Bearing C Bearing D

Tangential, 
Wt

W
P

d nt
m

=
126 050,

W W
L M
Mr t2 =
+ W W

L
Mr t5 = W W

K
N Kr t8 = +

W W
N

N Kr t11 = +

Wr2 1 594
1 875 4 750

4 750
2 223=

+
=,

. .
.

, Wr5 1 594
1 875
4 750

629= =,
.
.

Wr8 2 100
3 00

6 25 3 00
681=

+
=,

.
. .

Wr11 2 100
6 25

6 25 3 00
1 419=

+
=,

.
. .

,

Thrust, Wx Wx = Wt × thrust 
factor

See Figure 11.21

Wx = thrust factor × Wt – – Wx = thrust factor × Wt

Wx = +1.08 × 1,594 = 1,722 Wx = +0.11 × 2,100 = 231

Separating, 
Wŕ

Wŕ = Wt × 
separating 

factor
See Figure 11.22

W W
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+

W W
L
Mr r4 = W W

K
N Kr r7 = +
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22= −
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= −
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6= − = −
.
.

Wr7 1 008
3 00
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+
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.
. .

Wr10 1 008
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+
=,

.
. .

Thrust 
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d
Mr x
m

3 2
= W W

d
Mr x
m

6 2
= W W

d
N Kr x

m
9 2
=

+( )
W W

d
N Kr x

m
12 2
=

+( )

Wr3 1 722
3 161

2 4 750
573=

×
=,

.
.

Wr6 1 722
3 161

2 4 750
573=

×
=,

.
.

Wr9 231
8 057

2 6 25 8 00
101=

+
=

.
( . . )

Wr12 231
8 057

2 6 25 3 00
101=

+
=

.
( . . )

Total radial 
load Wr = Σ(loads)2 W W W WrA r r r= + −2

2
1 3

2( ) W W W WrB r r r= + −5
2

4 6
2( ) W W W WrC r r r= + −8

2
7 9

2( ) W W W WrD r r r= + +11
2

10 12
2( )

WrA = + − −

=

2 223 22 573

2 301

2 2. ( )

,

WrB = + − −

=

629 6 573

855

2 2( ) WrC = + −

=

681 327 101

718

2 2( ) WrD = + +

=

1 419 681 101

1 620

2 2, ( )

,

Note: Wt—tangential tooth load, lb; P—power transmitted, hp; n—speed, in revolutions per minute (values for corresponding member); Wŕ—separating component; 
Wx—axial-thrust component; L—axial distance from the center of the face width to the center line of bearing A; M—spacing between the center line of bear-
ings A and B; N—axial distance from the center of face width to the center line of bearing C; K—axial distance from the center of the face width to the center 
line of bearing D; dm = D – F sin ΓR mean pitch diameter of the hypoid gear, in inches; d d

n
Nm = mG

G

P

cos
cos

ψ
ψ

 mean pitch diameter of the hypoid pinion, in inches;  

D—gear pitch diameter, in inches; F—gear face width, in inches; ΓR—gear root angle; n—number of teeth in the hypoid pinion; N—number of teeth in the 
hypoid gear; ψG—gear spiral angle; ψP—pinion spiral angle.
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Pitch angles (both the gear and the pinion)
Face width
Pressure angle
Spiral angle
Horsepower or gear torque to be transmitted
Gear revolutions per minute
Hand of spiral
Direction of rotation (viewed from the back)
Sketch showing method of mounting and bearing spacing
Shaft angle

Hypoid Gears
Gear ratio (number of teeth in the gear and the pinion)
Gear pitch diameter or diametral pitch
Gear root angle
Pinion face angle
Gear face width
Pressure angles (both sides of a tooth)
Spiral angles (both the gear and the pinion)
Horsepower or gear torque to be transmitted
Gear revolutions per minute
Hand of spiral
Direction of rotation (viewed from the back)
Sketch showing method of mounting and bearing spacing
Shaft angle

11.8  Bearing Load Calculations for Worms

Basically, the worm-and-gear bearing load calculations are similar to helical gear reac-
tions, except for three main differences. All the members of the worm gear family run on 
crossed axes. Generally, the axes are crossed at 90°.

Besides the shaft arrangement, worm gears have an “overlap.” may be no overlap, over-
lap in one plane, or overlap in two planes. Overlap is that characteristic whereby one tries 
to envelope the mating part by being so curved as to tend to wrap around the mating part. 
Overlap gives a grater area of tooth engagement. It also makes the mounting more sensi-
tive. See Figure 11.48 for worm types.

The third unusual feature of worm gears is that of ratio. The ratio is defined as the num-
ber of gear teeth divided by the number of worm threads (or worm “starts”). A single-start 
worm may have several turns of thread, but if it meshes with a gear with 100 teeth, the 
ratio is 100:1. If the worm had two starts and the gear had 100 teeth, the ratio would be 50:1.
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11.8.1 Calculation of Forces in Worm Gears

Figure 11.3 shows the basics of a force that acted in three planes. This concept is helpful in 
understanding how the force at the worm gear mesh acts.

The efficiency of worm gears is quite variable. A single-tread worm may have efficiency 
as low as 50%. A multiple-thread worm with at least a 15° lead angle and a reasonable 
rubbing speed will usually have efficiency in the range of 90% to 95%. Since worm gear 
efficiency is so variable, it cannot be neglected in calculating load reactions.

The worm gear overlap gives a relatively wide zone of contact. The pressure angle and 
the thread angle vary quite appreciably throughout this area. It is customary to calcu-
late the worm gear load reactions if all the contact were at the theoretical pitch point. This 
permits the use of the theoretical pressure angle, the theoretical lead angle, etc., as vari-
ables in the equations. Although this method is not really exact, it is good enough to get 
load reactions to size bearings and design casing structures.

Figure 11.49 shows the case of a worm and gear mounted on 90° axes, each straddle-
mounted. Load reactions at the mesh and at each of the bearings are shown.

The tangential force on the worm may be calculated by

 
W

P
n dt

p

=
19 098 600

1 1

, ,
metric

 
(11.78)

 
W

P
n dt

h

w

=
126 050,

English,
 

(11.79)

Crossed-helical Cylindrical
worm gear

Double-enveloping
worm gear

(a) (b) (c)

FIGURE 11.48
Types of worm gears: (a) nonthroated crossed-helical (point contact), (b) single-throated cylindrical worm gear 
(line contact), (c) double-throated, double-enveloping gear (line contact or area contact).
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where
Wt (Wt)—tan driving force [metric (English)], in Newtons (pounds)
P (Ph)—input power, in kilowatts (horsepower)
n1 (nw)—rotations per minute of the worm
dp1 (d)—pitch diameter of the worm

The separating force is

 
=W

W
r

t ntan
tan

α
γ

metric
 

(11.80)
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t ntan
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φ
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(11.81)

where
Wŕ (Wŕ)—separating force [metric (English)], in Newtons (pounds)
γ (λ)—worm lead angle
αn (ϕn)—normal pressure angle

The worm thrust force is

 
W

W
x

t=
tan (lead angle)

.
 

(11.82)

Bearing B

Bearing C

Bearing A

a b

Bearing D

W

Wx

Wr'

Wx

φx
λWt

r1

r2

Wr4
Wr6Wr5

Wr1 Wr2
Wr3

Wr7
Wr9

Wr8 Wr12

Wr6Wr11
Wr10

c

d

a = b and c = d

FIGURE 11.49
Worm gear bearing loads.
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The details for worm gear bearing load calculation are shown in Table 11.9. Figure 11.49 
illustrates the bearing loads in a worm gear set.

The method of worm gear bearing load calculations just described may be used for 
crossed-helical gears on right-angle axes, for cylindrical worm gears, and for double- 
enveloping worm gears.

11.8.2 Mounting Tolerances

The worm gear types vary all the way from the nonenveloping crossed-helical to the 
double- enveloping type. In crossed helicals, alignment is not critical in any direction. The 
axial movement merely shifts the contact area along the length of the part. The center-
distance error changes the backlash and the amount of tooth contact, but neither is highly 
critical in most applications.

The cylindrical worm gear set is critical on the center distance, shaft angle, and axial 
position of the gear. Slight errors in any of these three factors will tend to change a full-
face-width contact pattern to only a small amount of contact at the end of the tooth. The 
contact area in a worm gear set may drop from 100% to 15%, with an error in alignment as 
little as 0.010 in. in a foot.

The double-enveloping worm gear set is critical in the three directions of the cylindrical 
set plus a fourth direction of the axial position of the worm.

Table 11.10 shows some typical mounting tolerances for a high-capacity worm gear set. The 
most precise worm gears used in timing devices, radar work, etc., are mounted with about half 
the error shown in Table 11.10. On the other hand, worm gear sets for commercial service and 
relatively light load service are mounted with about twice the error shown in Table 11.10.

11.8.3 Worm Gear Blank Considerations

The worm member is usually made of steel. Generally, this member offers no problem 
in design. In a few cases, the worm may be long and slender, with a wide span between 
its bearings. In this case, there may be danger of serious “bowing” of the worm between 
supports. Calculations should be made in such a case to make sure that the worm shaft is 
not too highly stressed. Also, the deflection should be calculated. This deflection acts as a 
change in center distance and should be judged on this basis.

The worm gear is generally made of bronze in the toothed area. Quite often, the hub is 
made of steel or case iron. The hub should have a large enough hole in it to assure a strong 
shaft. The length of the hub should be about one-third the gear pitch diameter to assure a 
stable mount.

Figure 11.50 shows a typical worm gear with a bronze ring bolted to a steel hub.

11.8.4 Run-In of Worm Gears

All types of worm gears benefit from a “run-in.” This is particularly true when the gear 
member is made of bronze.

The as-cut worm gear generally has generating flats on its surface, and the surface itself 
is somewhat imperfect because of “oversize” effects of the hub. As the gear is broken in, its 
surface wears a slight amount to conform to that of the worm. In addition, the surface of 
the gear becomes smooth and polished. Tests on bronze gears have shown that the amount 
of load that will cause seizure of the surface may go up as much as tenfold after a careful 
break-in.
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TABLE 11.9

Equations for Worm Gear Bearing Loads with Straddle Mounting

Forces

Worm Bearing Loads Worm-Gear Bearing Loads

Bearing A Bearing B Bearing C Bearing D

Worm tangential 
force, Wt

W W
a

a br t1 = + W W
b

a br t4 = +
W W

r
c dr t7

2=
+

W W
r
c d

Wr t r10
2

7=
+

=

Separating, Wŕ W W
a

a br r2 = + W W
b

a br r5 = +
W W

d
c dr r8 = +

W W
c

c dr r11 = +

Thrust, Wx W W
r
a br x3

1=
+

W W
r
a b

Wr x r6
1

3=
+

= W W
d

c dr x9 = +
W W

c
c dr x12 = +

Total radial load
W W W WrA r r r= + −1

2
2 3

2( ) W W W WrB r r r= + +4
2

5 6
2( ) W W W WrC r r r= + −9

2
7 8

2( ) W W W WrD r r r= + +12
2

10 11
2( )

Total thrust Wx may be applied to either bearing A or B WxG = Wt (may be applied to either bearing C or D)

Note: See Figure 11.49 for the definition of terms and bearing locations.

  



644 Dudley’s Handbook of Practical Gear Design and Manufacture

In breaking in worm gears, the load is gradually increased, and the speed is kept low. 
The surfaces are watched carefully. If small amounts of bronze start adhering to the worm 
surface, it is necessary to stop the break-in and dress down the worm threads with a fine 
abrasive paper to remove the bronze. The break-in may then continue.

After the break-in has completed, the tooth surfaces have been polished, and the contact 
pattern has been obtained to a satisfactory level of quality, the gears are stamped as a 
“matched” set. Exact axial-distance settings used in the break-in are stamped on the set to 
aid in filed installation.

11.9  Bearing Load Calculations for Spiroid Gearing

The Spiroid gear is a crossed-axes-type gear somewhat intermediate between a worm gear 
and a hypoid gear. Its originators, Illinois Tool Works in Chicago, IL, consider it to be a 
screw-type gear. The pinion of the Spiroid set is like a tapered worm. The pinion meshes 

F
Bronze worm
gear

Steel hub

Keyway

D

to D

2F–3F =     D

1—3

1—3

1—4

FIGURE 11.50
Worm gear blank proportions.

TABLE 11.10

Typical Mounting Tolerances for High-Capacity Worm Gear Sets

Center Distance
Tolerance on Center 

Distance
Tolerance on Axial 

Position Tolerance on Alignment

Metric Values, mm
0–75 ±0.013 ±0.0025 ±0.650 per m
75–150 ±0.025 ±0.050 ±0.400 per m
150–375 ±0.050 ±0.075 ±0.225 per m
375 up ±0.075 ±0.100 ±0.150 per m

English Values, inches
0–3 ±0.0005 ±0.001 ±0.008 per ft
3–6 ±0.0010 ±0.002 ±0.005 per ft
6–15 ±0.0020 ±0.003 ±0.003 per ft
15 up ±0.0030 ±0.004 ±0.002 per ft
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on the side of the gear rather than the outside diameter of the gear. The gear does not wrap 
around the worm as a conventional worm gear does. The Spiroid gear is coned.

Another member of the Spiroid family is the Helicon gear. A Helicon pinion is cylindri-
cal rather than coned.

The Spiroid pinion has two effective pressure angles, which are called the “high” and the 
“low” pressure angles. Figure 11.51 shows the high and the low sides of a typical Spiroid 
pinion. The low side of the Spiroid pinion is preferred for driving, because it has the larg-
est amount of tooth contact area, and it exerts the least separating force on the gear.

Spiroid and Helicon gears may be designed for a right- or left-hand system. The choice 
of hand on the pinion determines the direction of rotation of the gear. The position of the 
pinion (normally in one of four quadrants) and the offset between the axes of the pinion 
and the gear have much to do with the direction of bearing reactions. Figure 11.52 illus-
trates the configurations just described for Helicon gear sets.

Before bearing load calculations can be made for a Spiroid set, it is necessary to establish 
design details such as ratio, cone angle, offset, and pressure angle. The pinion has a con-
stant lead, but because of the taper, the lead angle is variable. Figure 11.53 shows how the 
lead angle varies along the length of the cone.

Bearing load calculations are based on the lead angle, the pressure angles, the pitch 
diameters, and the center distance at the mean length of the pinion.

The exact calculation of Spiroid bearing loads is a complicated process. Generally, it is 
satisfactory to calculate approximate bearing loads using special constants. The error is 
usually less than 10%. If exact load data are needed, Illinois Tool Works is willing to fur-
nish assistance on a specific request.

The approximate tangential driving force may be obtained from the output horsepower 
or output torque as follows:
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FIGURE 11.51
High and low sides of the Spiroid gear.
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where
Wt (Wt)—tangential driving force [metric (English)], in Newtons (pounds)
P (Ph)—output power, in kilowatts (horsepower)
n2 (nG)—speed of gear, in revolutions per minute
dp2 (D)—gear pitch diameter, in millimeters (inches)

An approximate radial force on the gear is

 WrG = 0.91Wt. (11.85)

Larger
lead angle

Smaller
lead angle

Use lead angle
here for bearing
loads

Constant lead

1/2 1/2

FIGURE 11.53
Spiroid pinion lead angle.

Left-
hand
system

LO. P.A
side driving
HI. P.A
side driving

Right-
hand
system

HI. P.A
side driving
LO. P.A
side driving

FIGURE 11.52
Examples of mounting positions for left- and right-hand Helicon gear sets.
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The radial force on the pinion is

 WrP = ℘Wt, (11.86)

where
℘ = 0.60 for a 35° pressure angle on the high side

= 0.52 for a 30° pressure angle on the high side
= 0.35 for a 15° pressure angle on the low side
= 0.21 for a 10° pressure angle on the low side

The thrust force on the pinion is equal to the radial force of the gear. Likewise, the thrust 
force on the gear is equal to the radial force on the pinion. Thus,

 WxP = WrG (11.87)

 WxG = WrP. (11.88)

The point of application of these forces should be taken at the mid-face of the gear and 
the mid-depth of the tooth.

For a straddle-mounted Spiroid set, the bearing loads may be determined by a proce-
dure similar to that shown for worm gears in Table 11.8. Substitute WrP for the worm tan-
gential force Wt. Assume zero for the separating force. Substitute WxP for the worm thrust 
Wx in the Spiroid gear calculation, use zero for the separating force, and substitute WrG for 
the Wx term in the worm gear bearing load part of the table. The radii r1 and r2 should be 
taken to the midpoint of the Spiroid mesh.

Figure 11.54 shows the Spiroid gear mesh point and the direction of the tangential force.
The Spiroid Division of Illinois Tool Works in Chicago, IL, has established computer 

programs to determine bearing reactions for the commonly used Spiroid and Helicon 
arrangements.

Pinion
tooth

Gear
tooth

r

R

Wt normal
force

Resultant
driving force

Rotation
of gear

Motion of
pinion tooth

Friction
force

FIGURE 11.54
Spiroid gear bearing loads.
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11.10  Bearing Load Calculations for Other Gear Types

Space does not permit detail bearing load equations for several additional types of gears. 
The Planoid,* Helicon, face gear, Beveloid,† and other gear types are not covered. However, 
the principles used in this chapter make it relatively easy for designers to set up equations 
for any special types. The first step in solving the problem is to find the radial, separating, 
and thrust forces at some center point of the contact area. Then, calculations are made to 
determine the final radial and axial reaction at each bearing location. If there is more than 
one load point on the same shaft, proper vector addition must be made to get the overall 
resultant.

In solving complex bearing load problems, the following rules should be kept in mind:

• When all the gearing forces have been transferred to a given mount, the final 
result is one resultant radial load and (depending on the bearing type) one resul-
tant thrust (or axial) load.

• The summation of all forces must be equal to zero.
• The summation of all moments must be equal to zero.

In the case of new gear types, the manufacturer of the type or the inventor of the type 
is usually glad to furnish potential customers with detail calculations for the forces at the 
mesh point.

11.11  Design of the Body of the Gear

To conclude this chapter, some comments should be made relative to the structure of the 
body that supports the gear teeth. It sometimes happens that a gear designer does an 
excellent job of designing gear teeth and then making bearing selections and calculations 
to adequately support the gear but does almost no engineering work relative to the gear 
body. In a gear set, the pinion is often small and essentially amounts to teeth cut on a sec-
tion of shafting. The gear member of the pair, though, tends to be much larger in diameter 
and, therefore, is apt to involve a hub, a web, and a rim. Each of the three just mentioned 
need to be so designed as to have adequate strength, have adequate rigidity, and be man-
ageable from the standpoint of resonance and vibration.

The prime usage of gear set may be the transmission of power, or it may be the trans-
mission of motion. The following kinds of gear applications need to be recognized before 
design work is done to settle details of a rim, a web, or a hub:

• Data gears. These gears are generally sized to fit an arrangement scheme and a 
need to bridge the distance from one shaft to another shaft. Some examples are 
tachometer, governor, or instrument drives. The amount of power transmitted 
though the gearing is usually relatively insignificant for the size of gears chosen 
to meet the arrangement requirements.

*  Registered trademark of the Spiroid Division of Illinois Tool Works, Chicago, IL.
†  Registered trademark of Vinco Corp., Detroit, MI.
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• Power gears. These gears are primarily used to transit power and change speed. 
They may be either speed reducing or speed increasing. The size of the gears 
is usually determined by making the gears large enough to carry the required 
power. For weight and cost reasons, the tendency is to design them as small as 
possible but still with adequate power capacity and reliability.

• Accessory gears. In a power-producing engine or motor, there may be a train of 
power gearing that takes the main power from the prime mover to the driven 
device. This might be a turbine driving gear connected to a pump, a compressor, 
or a propeller. In addition to the main power drive, there is often a need to have 
a package of gears driving accessories. These accessories can involve oil pumps, 
fuel pumps, pumps for hydraulic power, and so forth. The arrangement of the 
accessory package frequently requires gears larger in diameter and wider in face 
width than what is needed for the transmitted power. This means that the body 
structure of accessory gears can often be less rugged than that needed for main 
drive power gears.

A further consideration in gear body structures has to do with the kind of application. 
For instance, rocket and aircraft engines have to be very lightweight. This means the use of 
very high strength materials and extra cost in manufacture to achieve the ultimate capac-
ity in power per kilogram of metal or per pound of metal. At the other end of the spectrum, 
industrial gearing used in mills and in processing plants can be much heavier in weight, 
but there is much concern to keep the cost relatively low. Relatively heavy structures are 
used. The allowable stresses are held to much lower values than in aerospace work.

Table 11.11 has been put together to give some general guidance relative to rim thickness, 
web thickness, holes in the web, and hub thickness. Those using this table should consider 
the table as primarily historical with regard to what is commonly done rather than as posi-
tive design values that must be used. For instance, a well-designed aircraft gear may be 
acceptable with a rim thickness underneath the gear teeth that is only 1.25 times the gear 
tooth height. If the face width happened to be rather wide and the rim underneath the gear 
lacked stiffness due to a thin web or the tendency to have “spokes” connecting to time to 
the hub, it may be necessary to increase the rim thickness to two or three times the tooth 
height to get adequate stiffness in the gear body.

The tendency to have a spoked condition is quite common in marine applications and 
gearing for stationary power. Gears of this type often have a rim thickness that is as much 
as four times the tooth height.

At times, rather thin webs that tend to go beyond the recommendations in Table 11.11 
are used. This helps save weight, but there may be failures of the web due to resonant 
vibrations. This risk can be handled by using damper rings under the rim of the gear to 
stop vibration. If stresses induced by vibrations are not too high, the shot-peening of a thin 
web in critical areas may give the added capacity that is needed to handle stresses from 
vibrations.

Another general area of concern is resonance in vibration. A webbed gear tends to have 
up to three or more critical speeds. If the gear is not running too fast and the web is 
fairly heavy, the resonant frequencies tend to be very high compared with the frequencies 
that the teeth are meshing. In aerospace applications, though, it often happens that a criti-
cal frequency can be rather close to the operating frequency. This is a bad situation and 
should be avoided. Sometimes, the first critical comes at about two-thirds the operating 
frequency, and the second critical is well above the operating frequency. This situation 
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may be tolerable if the gear unit tends to run at a constant speed and the gear unit comes 
up to full speed rather quickly so that there is almost no time that the gear is operating at 
the first critical.

To sum things up, the design of the body structure of the gear should be handled just as 
thoroughly as the design of the gear teeth. It is beyond the scope of this book to present 
many pages of engineering data on the design of structures such as gear bodies, turbine 
wheel bodies, and so forth. The main point is that structure design is just as important in 
gearing as it is in the design of other types of machinery.

TABLE 11.11

Approximate Ratio of Certain Gear Body Dimensions to the Whole Depth of the Gear Tooth

Gear Drive Application Rim Thickness
Web 

Thickness
Lightening Holes 
Recommended? Hub Thickness

Data Gears:
Instrument or data accessory 0.6 to 0.7 

(0.07 in. min)
0.5 to 0.7 Normally if space 

available
0.6 to 1.0 

(0.07 in. min)
Power Gears:
Rocket engine 1.0 1.0 Not recommended 1.5–2.0
main power (0.125 in. min) (0.125 in. min)
Accessory rocket 0.7 0.5 Recommended 1.5–2.5
Accessory 1.0 to 1.24 0.7 to 1.0 Odd number of holes 1.5–2.5
Aircraft (0.125 in. min) (0.125 in. min)
Aircraft and helicopter main 
drives

1.25–1.50 1.00–1.35 Normally gears only –

Planets 1.5 avg. 1.35 Gear only –
Accessory 1.25 1.00 Gear only –
Commercial hypoid 2.0 2.0 Yes 8
Commercial Spiroid 1.0–2.5 2.0 Yes 11
Marine, submarine 3 to 4 3 to 4 Holes required for 

welding, cleaning, etc.
–

Stationary power 4 to 6 Depends on 
design

– –

Note: Antibacklash: Use values appropriate for data gears or for power gears.
 A ratio of 1.0 means a value equal to the whole depth; 2.0 is twice the whole depth.
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12
Gear Vibration

In this chapter, we consider the general subject of gear vibration. This is an important 
technical subject. Gearboxes that have much vibration may be rejected by the purchaser. 
Gear units that have operated for a few years with relatively low vibration may start to 
have high vibration. This onset of vibration is often a timely warning that a breakdown of 
the gearing is only a few weeks away.

Aside from the considerations just mentioned, there are other mechanical system con-
siderations with regard to vibration. Vibration in vehicles or aircraft is unwelcome—even 
if the gears are quite able to run for a long time without failure. Vibrations induced in 
a closely connected mechanical system may cause premature failure of somewhat frag-
ile components such as instruments, control mechanisms, small motors, or even bolts. 
(Critical bolted joints may suffer from bolts coming loose.)

12.1  Fundamentals of Vibration

Suppose we take a gearbox with two stages of gearing. If we measure the vibration at 
one of the four corners of the box with sensitive instruments, we will detect a rather tiny 
motion that is moving back and forth at high frequency. The character of this motion tends 
to be like a sine wave. Figure 12.1 depicts the sine-wave character of a vibration at some 
point. The mathematics of the sine wave can be thought of in terms of an imaginary circle 
and trigonometry.

In Figure 12.1, the radial displacement is the vector distance d. The size of this vector is 
determined by a point moving around a circle at a rate ω for radians per second. The vibra-
tion is both positive and negative from a no-vibration position. If da is the total amount of 
movement from the neutral position, then the diameter of the imaginary circle is 2da. As a 
point moves around the circle, its position is specified by the angle θ. For a complete cycle 
of the vibration, θ goes through 360° (or 2π rad).

With the foregoing relations defined, some equations can be written.
For displacement,

 d = da sin θ. (12.1)

The maximum displacement, peak to peak, is D. Figure 12.1 shows that D equals 2da at 
the time θ equals 90°. The angle θ is taken in degrees (when taking the sine of an angle by 
computers or tables reading sine values versus degrees for the angle).
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The velocity of a vibration motion is an important variable. Considering that velocity 
is defined as displacement divided by time, the equation for velocity becomes the first 
derivative of displacement with respect to time

 V = ωda cos θ. (12.2)

The acceleration is the second derivative of displacement with respect to time. The accel-
eration curve is established by

 A = −ω2da sin θ. (12.3)

Figure 12.2 shows schematically how the three curves for vibration behavior relate to 
each other from a time standpoint. Note that if peak displacement occurs at θ equals 90°, 
peak velocity occurs at θ equals 180°, and peak acceleration occurs at 90°—but acceleration 
is negative. However, at 270° there is another acceleration peak that is positive, and the 
displacement has now become negative.
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ω

d
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O
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FIGURE 12.1
Vibration excursion is like a sine wave.

Amplitude

ω

Pe
ak

-t
o-

pe
ak

am
pl

itu
de Pe

ak
am

pl
itu

de

Period †

Acceleration Velocity
Displacement

FIGURE 12.2
Wave forms for displacement, velocity, and acceleration tend to be sine waves. Note that these forms are out of 
phase with each other.
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From the standpoint of vibration measurements, the common practice is to inter-
pret vibration at double amplitude for displacement but single amplitude for velocity. 
Acceleration is also normally given as a single amplitude value. The units of vibration are 
usually in “g” values—where g is the acceleration of gravity.

Table 12.1 shows simplified equations for these values in both metric and English units.
Sample problem. To illustrate the vibration relations just discussed, we take a sample 

problem.
Suppose that the peak-to-peak displacement at a location on a gear unit measures 0.001 

in. What are the peak velocity in inches per minute and the peak acceleration in g value? 
The frequency is 100 Hz (100 Hz is 6000 c/min. It is also 628.3 rad/s). The peak displace-
ment is 0.0005 in., which is one-half the peak-to-peak displacement.

Using Equation 12.7, we find that the peak velocity is

 V = 0.314 in./s. (12.10)

Using Equation 12.9, the peak acceleration is

 A = 0.511 g (12.11)

Figure 12.3 shows a sample of a special graph paper where displacement, velocity, and 
acceleration can all be read—if any one of these values has been measured. The figure is 
based on the equations just given. Note that the point in the circle gives all the answers for 
the given sample problem. (Incidentally, there is a small error in printing the paper. The 
paper reads acceleration at 0.47 g instead of 0.511 g.)

TABLE 12.1

Relation between Vibration Peak Values

Item

Equationa

Metric English Equation No.

Peak-to-peak 
displacement

D = 2 × peak amplitude, mm – 12.4
– D = 2 × peak amplitude, inches 12.5

Peak velocity V
D

= ω
2
, mm/s – 12.6

– V
D

= ω
2
, in./s 12.7

Peak acceleration 
(in g values)

A
D

= −ω2

2
, mm/s2 – 12.8

– A
D

= −
ω2

386 2
, in./s2 12.9

a  ω = radians per second = 2π Hz; Hz is cycles per second. D is in millimeters for the metric equations and in inches 
for the English equations.
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12.2  Measurement of Vibration

The measurement of vibration involves a sensing device that detects the vibratory motion, 
recording equipment that records the signals from the sensing device, and data processing 
equipment that converts the raw data to some kind of analytical data in the form of vibra-
tion amount at different frequencies.

The device that does the sensing is generally considered to be a transducer. The output 
of the transducer is an electric signal that goes by wires to the data recorder. The data 
recorder may record these signals on magnetic tape (to be analyzed later). It is possible 
to have a data recorder that will instantly process incoming signals and give readout of 
vibration intensity.

The processing equipment may filter the recorded data and give the maximum vibration 
for something like each third of an octave band. This permits plots to be made of vibration 
intensity versus frequency.

The processing equipment will usually have the capability of taking a signal in any one 
of the three vibration modes (displacement, velocity, and acceleration) and converting this 
signal to the other two modes. When this conversion is done, it is done on the assumption 
that the vibration wave is a simple harmonic motion, and therefore, the relations are the 
same as those given in Table 12.1.
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FIGURE 12.3
Special graph paper from where matching values of velocity, displacement, and acceleration can all be read. 
Circled area shows sample problem results.
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12.2.1 Examples of Sensing Devices

We discuss three commonly used sensing devices (or transducers). These are

• A proximity probe
• A velocity transducer
• An accelerometer

Figure 12.4 shows the schematic arrangement of a proximity probe. There is an air gap 
between the end of the probe and a rotating shaft. The probe end is positioned about 1 mm 
away from the shaft. A fairly high-frequency alternating current is emitted from the probe 
end. Variation of probe distance causes a change in the inductance, the capacitance, or the 
eddy current losses. All three types are nonlinear. They can be compensated so that over a 
restricted distance they will measure displacement with an accuracy that is within about 
1% of being linear.

For good results, the shaft must be homogenous, have a good surface finish, and be very 
accurate for roundness. The probe needs to be calibrated for the material in the shaft. The 
principal use of proximity probes is in measuring vibration displacement in either shaft 
or bearings.

A velocity transducer can be used to sense vibration velocity in a gear casing. Figure 12.5 
shows a schematic of such a device.

Shaft

Probe Locknut

Cable

Connector

Proximitor

Probe mounting bracketGap

FIGURE 12.4
Schematic of a proximity probe. It is used to measure displacement.
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The coil in the transducer moves along its axis in a radial magnetic field provided by a 
permanent magnet. The coil is attached to a probe that is spring loaded against the vibrat-
ing surface. The main mass of the magnet (and its case) is either clamped to a vibration-
free base or hand held.

The coil that is moving in a magnet field in time with the vibration has relatively good 
linearity of electrical output with respect to vibration velocity.

Most designs of velocity transducers will work satisfactorily up to about 2000 Hz (120,000 
c/min). Special miniature coil designs of velocity transducers will work satisfactorily to 
about 10,000 Hz.

Another commonly used sensing device for vibration measurement is an accelerometer. 
Figure 12.6 shows the type that is piezoelectric.

A crystal of quartz or barium titanate will produce an electrical charge proportional to 
the stress induced in the crystal. As vibration occurs, a mass in the accelerometer produces 
either shear stress or compressive stress in the crystal.

Very small accelerometers are able to measure vibration frequency up to about 100,000 
Hz. The accelerometer has to be quite large to measure acceleration accurately at 0.2 Hz 
(12 c/min).

Coil

FIGURE 12.5
Schematic of a velocity transducer. It is used to measure velocity on a casing.

Mass

Crystal

FIGURE 12.6
Schematic of a shear-type accelerometer. It is used to measure acceleration on a casing.
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12.2.2 Practical Problems in Vibration Measurement

The measurement of vibration is not an easy task. With an abundance of devices on the 
market to sense the signal, transmit the signal, record the signal, and then process the 
signal, the first problem in vibration measurement is the choice of equipment to procure. 
If equipment is on hand, there is the related question of whether or not the equipment on 
hand represents the latest technology—or is appropriate to measure the kind of vibrations 
likely to be present in the gears involved.

By one means or another, equipment is obtained to do vibration measurements. The next 
set of problems is apt to include one or more of the following requirements:

• Obtain a calibration of the transducers to be used.
• Determine how to mount each transducer so that a weakness in the mount or 

a vibration on the mount does not seriously affect the fidelity of the vibrations 
sensed.

• Use calibrated wires of a proper length so that the tiny signals transmitted through 
the wires do not lose their accuracy from signal transmission disturbances.

• Process the signal so that the results will give a valid indication of the character of 
the vibration present.

• Be alert to environmental things that can spoil vibration measurement accuracy. 
For instance, high temperatures or rather low temperatures may seriously impair 
the accuracy of the sensing transducer. Other things such as water vapor, oil mist, 
corrosive fumes, etc., may soon cause trouble.

• Be sure the transducers used have the right range to cover the frequency of vibra-
tion that may be present.

In looking at the foregoing list, it might seem that all could be resolved by just reading 
the manufacturer’s specifications for the vibration equipment on the market. Actual expe-
rience often reveals that manufacturer’s specification may not give all the required details. 
Also, claims of accuracy limits may be under ideal conditions and not realizable in the 
actual environment of the job at hand.

12.3  Some Examples of Vibration in Geared Units

When vibrations are measured on a gear unit, several locations are chosen to take the read-
ings. In the beginning, it is common practice to take readings in three directions. These are 
normally horizontal, vertical, and axial. Later on, when a unit has developed a vibration 
history, it may be possible to take readings at only one or two locations and only one or 
two directions and still know whether or not the vibration characteristics of the unit are 
satisfactory or unsatisfactory.

Figure 12.7 shows the full number of locations that might be used to take vibration 
readings.

A set of vibration readings taken by an accelerometer in the horizontal direction of posi-
tion A on a high-speed gear unit is shown as an example. Note that there are peaks at gear 
mesh frequency and at twice the gear mesh frequency. There is also a peak at nine times 
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the pinion frequency. The pinion teeth of this unit were somewhat worm and a pattern of 
nine bumps was developing in the tooth spacing pattern (see Figure 12.8). Note that the 
g values for acceleration are not high, but there are three pronounced peaks. The peak at 
nine times the pinion frequency is quite ominous. There is no reason to have any peak at 
this frequency unless something is going wrong.

Figure 12.9 shows an example of vibration readings in velocity taken for a large, fast-
running epicyclic gear unit. These readings were taken in three directions shown for posi-
tions A, B, and C. Note that the highest value of vibration in the survey was 0.20 in./s at 
tooth mesh frequency in the horizontal direction.

When proximity probes are used on shafts, it is possible to use two probes 90° apart. 
The data from these two can be so processed that the actual shaft motion can be seen on 
an oscilloscope.

Figure 12.10 shows the oscilloscope pattern for a “floating” sun pinion in an epicyclic 
gear unit running at about 60% of full rating. Note that a fast camera exposure can show 
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FIGURE 12.7
Typical locations for taking vibration readings on gear casings.
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Spectrum analysis of vibration for a high-speed gear unit. This unit failed due to tooth wear, but the vibration 
amounts were not high at the time this analysis was made.
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FIGURE 12.9
Example of vibration readings taken on an epicyclic gear unit.

View A – Exposure 1/100 s.

Shows about 2½ loops of orbit
due to 240 Hz vibration.

View B – Exposure 1/30 s.

Shows about 6 loops of 245 Hz
vibration, 3 loops of small
92 Hz vibration and pattern for
30 Hz.

FIGURE 12.10
Example of orbiting patterns for a “floating” sun pinion in an epicyclic gear unit. Note how vibrations at differ-
ent frequencies can be seen on the oscilloscope.
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what happens in 2 1/2 turns of the shaft. A longer exposure shows 6 turns of the shaft. 
The oscilloscope data show that the orbit pattern is constantly changing due to vibrations 
at different frequencies.

Vibration data are particularly useful in monitoring units in service that may be prone 
to failure. A serious defect in geometric quality or metallurgical quality may get through 
even extensive and well-disciplined quality control inspections. Vibration checking of 
equipment in service is the “last chance” to catch a defect before a serious failure occurs.

Figure 12.11 shows an example of vibration behavior related to an impending failure. 
Shortly after start-up, a set of vibration readings were taken. The reading in the horizontal 
direction at one location was higher than the other readings. A month later, this reading 
was rechecked and found to be still higher. In another month, the reading had become 
substantially higher. Then, two days later, the reading was even higher. At this time, the 
unit was taken out of service. When the unit was taken apart, serious bearing damage and 
gear tooth damage were found. After replacing the damaged parts, the rebuilt gear unit 
functioned normally for many years.

12.4  Approximate Vibration Limits

When we consider a wide range of gear sizes like 100 kW to over 20,000 kW and all types 
of prime movers such as electric motors, turbines, and internal combustion engines, it is 
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FIGURE 12.11
Turbine-driven gear unit is found to be in a failure mode and is shut down before breakage of parts.
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obvious that the vibration criteria for a well-built, good-running gearbox are bound to 
vary over some range of values. Some other things that make vibration vary are the kind of 
teeth (spur or helical), the style of manufacture (low-hardness cut teeth or hard-hardness 
ground teeth), and the casing type (cast iron with heavy wall sections or steel weldments 
with somewhat thin walls made of steel plate).

Figure 12.12 shows vibration limits based on the author’s experience. Instead of showing 
one curve as a proposed limit, three curves are shown.

Upper curve with long dashes. This curve represents values that are on the “high” side. The 
statement is that the unit is probably in trouble if these values are exceeded.

Middle curve with solid line. This curve represents a middle-of-the-road value. It can be 
considered a nominal design value.

Lower curve with short dashes. This curve represents close control of vibration. Even units 
that are quite sensitive to mechanical failure are probably acceptable if the curve of vibra-
tion intensity versus frequency is below these values.

12.4.1 Velocity Limits

Figure 12.12 shows the three curves for casing velocity limits in part 1. Note that these 
curves run from 20 to 1000 Hz. This is the frequency range where most velocity transduc-
ers can be expected to work well.

It is rather consoling to the gear engineer that the appropriate velocity limit tends to stay 
fixed over a rather wide frequency range. This means, in many cases, that a measurement 
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FIGURE 12.12
Range of vibration values recommended for consideration by gear designers or users.
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of vibration intensity tells the experienced engineer whether or not there is a vibration 
problem—without consideration for the frequency and how allowed vibration changes 
with frequency.

12.4.2 Acceleration Limits

Figure 12.12, in part 2, shows three curves for acceleration in g–levels. These curves are 
plotted from 60 up to 20,000 Hz. This a range where it should be possible to use the 
accelerometer as the transducer to pick up casing vibration and get relatively accurate 
readings without undue effort. At vibration readings of more than 20,000 Hz, the prob-
lem of avoiding vibration in the accelerometer mounting device becomes quite difficult 
to handle.

When the vibration readings go below 60 Hz, the allowable g values become very low. 
This means a very low electrical current in the pickup wires and difficulty in transmitting 
this signal accurately back to the recording and analyzing equipment.

Quite often, accelerometers are used to measure vibrations in the range of 60 to 10,000 Hz, 
and then the readout is given in velocity. (See Table 12.1 for equations relating displace-
ment, velocity, and acceleration.) This works fairly well. Of course, if the vibration is not 
close to being simple harmonic (sine wave) in pattern, then velocity converted from accel-
eration will not be the same as velocity read directly.

Below 60 Hz, there is apt to be trouble in getting reliable velocity readings from con-
version of accelerometer readings. The recommendation is to use velocity transducers or 
other means when measuring rather low-frequency vibrations.

12.4.3 Proximity Probes

These devices are generally used on rotating shafts rather than on casings. It is possible, 
though, to use them on casings.

The proximity probe has no particular problem working down to very low speeds. Even 
a speed as low as 0.01 Hz (0.6 c/min) is practical.

At high speeds, the proximity probe is usually not practical when the limit reading is 
very small. For instance, a displacement reading less than 0.0075 mm (0.0003 in.) tends 
to be a trouble due to possible surface irregularities of the shaft and small variations 
in composition of the shaft. If the proximity probes give a reading of 0.0003 in., it is 
hard to decide whether this reading is really vibration or whether it represents shaft 
imperfections.

12.4.4 Displacement Limits

At frequencies below 50 Hz, one might question whether the limit values shown in part 3 
of Figure 12.12 really represent a vibration hazard. (The matching values of either velocity 
or acceleration get very low.)

A displacement reading of 0.05 mm (0.002 in.) at 20 Hz does not shake a gearbox very 
much. Higher readings, though, tend to indicate misfit in bearings. This can spell trouble, 
for instance, to a low-speed output shaft in a gearbox that is turning at only 1 rpm. For 
good gear machinery, there is a concern to keep shaft run-outs relatively low even at slow 
speed and low vibration frequencies.

For epicyclic gears, there is often one member “free floating.” This may be the sun, the 
planet carrier, or the annulus gear. Displacement readings by proximity probes are quite 
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helpful to determine whether or not the orbit pattern of the free-floating member is accept-
able. The displacement limits in part 3 of Figure 12.12 do not apply to free-floating epicyclic 
gear elements.

12.4.5 General Vibration Tendencies

A gear designer may be working on a low-cost, short-life gear unit where weight is some-
what important. The design may use features that are bound to make the vibration levels 
somewhat high. If this unit is used in an environment where noise and vibration can be 
tolerated, then it is quite reasonable to use somewhat high vibration limits.

In this case, the key to what vibration limits should be used comes from building a 
number of units that meet all the design objectives—and taking enough vibration data to 
understand what vibration values are normal for this application. After the normal values 
are established, the gear builder and gear user can use these values as a quality control 
check to help determine if additional units are really as good as the first units built and 
found to be satisfactory.

In a similar vein, a gear designer working on a long-life, expensive gear unit to be used 
in critical environment will find that the vibration values for units meeting all project 
objectives are rather low. This means that rather low limits must be set on vibration to 
maintain the desired quality in a long production run.

To help designers and users understand the many factors that enter into vibration 
values, Table 12.2 is based primarily on overall design considerations rather than just 
vibration logic. For instance, a turbine-driven, epicyclic gear unit made rather light-
weight may show a g–level of more than 40 at a frequency over 10,000 Hz. Such units 
at more than 1000 kW have a very large amount of kinetic energy for the mass of the 
parts. With good materials, good accuracy, and appropriate lubrication systems, a given 
design may demonstrate a service life of more than 30,000 h, even with a 40 g vibration 
level.

12.4.6 Trade Standard

The American Gear Manufacturers Association (AGMA) has a standard for linear vibra-
tion on gear units. This standard is ANSI/AGMA 6000-B96.

Much useful data are given in this standard in regard to definitions, instrumentation, 
measurement, and proposed test conditions when acceptance tests are being run. The 

TABLE 12.2

Factors That Raise or Lower Allowable Vibration

Factor What Raises Vibration Limit What Reduces Vibration Limit

Required life at or near full rating Less than 2000 h Over 20,000 h
Material hardness 38 HRC or lower (through hardened) 50 to 65 HRC (case hardened)
Kind of gear Straight bevel gear/Spiroid gear Spiral bevel gear/Helical gear
Accuracy of teeth Medium precision (cut gears) High precision (ground gears)
Pitch line velocity Less than 25.4 m/s (5000 ft/min) Over 25.4 m/s (5000 ft/min)
Rated power Less than 400 kW (500 hp) Over 1500 kW (2000 hp)
Weight Lightweight Heavyweight
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standard aims to help the gear buyer and the gear maker negotiate a reasonable contract 
for the vibration part of gear acceptance tests.

Those designing or purchasing gear units should study ANSI/AGMA 6000-B96 carefully.
Figures 12.13, through 12.15 are extracted from AGMA standard. They show the Class A 

and Class B limits for displacement, velocity, and acceleration. These AGMA limits are not 
binding unless specifically agreed to by the manufacturer and the purchaser.
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12.5  Control of Vibration in Manufacturing Gears and in the Field

The obvious starting point for vibration control is the mechanical design of the gears, 
shaft, bearings, and castings.

The gear teeth need to have suitable geometric accuracy. This involves tooth profile, 
tooth spacing, helix angle, and concentricity. It also involves tooth surface finish, profile 
modification, and helix modification. The teeth need to roll through mesh very smoothly 
with no undue shock as tips of teeth and ends of the teeth enter and leave mesh.

Chapter 7 gives some general advice on gear accuracy limits that are used in a variety 
of gear applications. The accuracy needs for gear teeth become quite critical when one or 
more of the following apply:

• The power transmitted across a single gear mesh is over 1000 kW, or over 1340 hp.
• The pitch line speed is over 50 m/s, or over 10,000 ft/min.
• The required life of the gearing at a high level of loading is over 10,000 h.

The shafts in a gear system need to support the meshing gears to provide good align-
ment even when sizable changes occur in operating speed, percent of load being carried, 
or operating temperature. If the shafts are rather long, the shaft windup may result in 
a torsional critical speed that is within the operating range of the gear unit. Large gear 
drives in ships or mills are often subject to torsional criticals, and therefore, critical speeds 
must be calculated for the whole power system. If a critical speed comes too close to an 
operating speed, it is usually possible to shift the critical speed away from the operating 
speed by changing shaft diameters and masses of the rotating gears (or masses of other 
rotating elements).
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The bearings in a gear system may be subject to “half frequency whirl,” ball path excur-
sions, or axial runout effects. Both sliding-element bearings and rolling-element bearings 
have their problems. The design of a critical gear unit must involve a consideration of pos-
sible vibration hazards coming from the bearings. It is usually possible to pick a kind of 
bearing and a mechanical design for the bearing so that the bearing does have a bad effect 
on the vibration behavior or the gear unit.

Large gear casings may have side panels that have critical vibration frequencies that 
come at some mesh frequency present in the gearbox. The attachment of the gearbox to 
a support structure may be such as to result in serious vibrations of the whole structure 
under certain conditions of operation (speed and load).

Both the mounts for a gear unit and the casing walls may need special devices to sup-
press vibration. To sum it up, the control of vibration starts with the mechanical design of 
gears, shafts, bearings, and casing structures.

12.5.1 Testing of Gear Units at the Gear Factory

Gear units for turbine drive equipment in the oil and gas industry are often given a full-
speed, no-load type of test before shipment. Typically, a unit is operated for about 1 h at 
half speed, three-quarter speed, and full speed. Vibration readings are taken. Oil flow, oil 
temperature rise, and critical bearing temperatures are also measured.

The full-speed, no-load test is useful to make sure that the rotating components are all bal-
anced well enough to run without undue vibration. The oil system is also checked out. A bear-
ing that is too tight may run hot. If an oil passage is not drilled, the oil flow will not be right.

In very critical units, the purchase contract may call for a factory test at full speed and 
full power. The full-power tests may be made with a dynamometer or water brake to 
absorb the rated power of the gear unit. Sometimes the full-power test is made with one 
gear unit loaded against another gear unit.

The full-power test is very useful in catching defects, such as the following:

• Too much spacing error is accumulated in the gear teeth. (Vibration is high when 
full torque is applied.)

• Bearing fit is not right. Bearings show distress after running 20 or more hours at 
full torque.

• The tooth fit (under load) is not right. Early signs of tooth distress show up.
• Vibration shows up under torque loading at some speed in the operational range.
• A torsional or lateral critical may be present. Another possibility is that some bear-

ing may not be loaded enough to seat itself in its proper position. (Gear weight 
or coupling reaction causes abnormal conditions in the bearing when running at 
partial torque.)

12.5.2 Tests of Assembled Power Package

After the gear unit has been tested, it is often shipped to another factory where the whole 
power package is put together and tested. The power package involves a prime mover, a 
gear unit, and a driven unit. Some examples are

• Turbine, gear unit, electric generator
• Turbine, gear unit, compressor
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• Diesel engine, gear unit, pump
• Electric motor, gear unit, fan

The test of the whole power package involves starting, stopping, running at differ-
ent power settings, over-speed test, high- or low-temperature tests, and endurance test. 
During tests such as these, vibration is measured, along with many other things such as 
oil flow, bearing temperature, fuel rate, and output energy.

Supposed, the gear unit vibration will be satisfactory—since the gear unit has already 
had a gear factory test. Quite often, though, the vibration behavior of the gear may be a 
problem. Here are some possibilities:

• The gear unit vibrates due to misalignment or imbalance in couplings between the 
gear unit and the prime mover or between the gear unit and the driven equipment.

• The heavy gear unit is within vibration limits, but imbalance in the gear unit 
causes lightweight accessory equipment on the turbine to vibrate excessively.

• The diesel engine is not timed to fire just right on all cylinders. This causes vibra-
tion to be high on the gearbox.

• A centrifugal pump has a whirl mode. The pump is within limits on vibration, but 
it causes the gear unit to be over limits.

At the time of the power package test, it is strategic to get a vibration signature of the 
gear unit (as well as a vibration signature of the prime mover and the driven machine).

When the power unit is installed in the field, the vibration signature can be compared 
with the vibration pattern at start-up. If the installation is made properly, the vibration pat-
tern in the field should match the factory vibration signature quite closely.

12.5.3 Vibration Tests in the Field

After a power package is installed and operating in the field, vibration testing becomes 
most important. An increase in vibration very often means an impending failure. If it is an 
aircraft, it could mean that an engine would have to be removed before another flight was 
made. On a large ship, high gear vibration is likely to mean that gear repair work must be 
done before the ship can be insured to carry another load of cargo across the ocean.

In the oil and gas industry, there is always the danger of explosions or fire in an oil refinery 
or on an oil platform. The equipment that is running constantly is generally checked each 
day with some simple vibration equipment. If some gear unit or other piece of power equip-
ment reads significantly higher one day than it did the day before, it is a matter of immediate 
concern. Even when vibration values are low, a change upward is an immediate warning.

When simple vibration checks show an upward shift, it is likely that more complex 
vibration equipment will be brought to the site. A vibration expert will make a complete 
analysis of the situation and may make one of the following recommendations:

• Shut down the unit immediately.
• Observe the unit on a daily basis for some time to see if the vibration continues to 

increase.
• The simple vibration check (perhaps using a hand-held instrument) was faulty—

there is nothing to worry about.
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In a situation such as this, a vibration signature is most helpful to the person making the 
decision. With the vibration signature, the whole pattern of change from a new unit run-
ning under factory conditions to a used unit running under field conditions is revealed.

In many situations, the risk of failure has led equipment operators to want to purchase 
gear units with installed vibration monitors. One or two strategic points are picked for 
a  gear unit, and the vibration monitor reads continuously as the unit runs. The usual 
range is

• Normal
• Near maximum
• Shut down

The continuous monitoring equipment has the obvious advantage that there can be auto-
matic shutdown any time the vibration is dangerous.

However, there are a couple of problem areas. At start-up, a unit is cold and may be out 
of alignment if there is a need to allow for a change in alignment when normal steady-state 
running conditions are reached. This can mean that a unit keeps going over the shutdown 
vibration limit when someone is trying to start the unit.

Another problem is that operating people assume that all is well when the vibration is 
low. Quite often, a vibration at some location may measure no more than 0.05 in./s. If the 
shutdown was 0.30 in./s and normally went up to 0.25, then a change of 0.05 to 0.10 in one 
day and a change from 0.10 to 0.15 a day later could almost pass unnoticed. If there is a 
quick change of 0.10 in vibration, something is going wrong and needs to be considered—
even if the vibration is still in the “normal” range. From practical standpoint, change in 
field readings is more important than the measured value.

12.6  Vibration Analysis Technique

The techniques of analyzing and presenting gear unit vibration data have become some-
what numerous. Vibration specialists keep trying to develop better ways to determine 
what is wrong—or not wrong—with a gear unit from the vibration signals picked up on 
the gear unit when it is running at some output speed and at some output torque.

The concern over vibration becomes most critical when a gear unit may have a gear tooth 
with a developing fatigue crack—and the breakage of this tooth might lead to costly dam-
age to the gear unit or (even worse) be a safety hazard in an oil refinery or on a passenger 
aircraft.

Even in a new gear unit, the risk of one or more gear teeth being accidentally damaged in 
installation or being malformed due to a local final tooth grinding mistake can be a matter 
of serious concern.

Table 12.3 shows some of the analysis methods in current use. Note that the commonly 
used method of plotting vibration intensity versus discrete frequencies does not have the 
capability to locate a single bad tooth. Of course, if there is just one bad tooth, there may 
be a high vibration “spike” coming in a shaft frequency—rather than gear mesh frequency.

The method that can locate any or all bad teeth in a gear is the tooth-by-tooth measuring 
system using encoders (see the last item in Table 12.3).
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For most gear units used in factories, aboard ships, or in oil refineries and pumping sta-
tions, the spectrum analysis shown as the first entry in Table 12.3 is quite adequate.

From a practical standpoint, many very important gear units are built and shipped 
without any vibration testing being done either in the gear factory or on site in the field. 
Although improvements and new developments in vibration analysis will be helpful, the 
greatest need (from the author’s viewpoint) is for more gear production with a vibration 
control being exercised along the lines discussed earlier in this chapter.

TABLE 12.3

Analysis Methods for Gear Vibration

Method Advantages Disadvantages

Vibration amplitude plotted 
against frequency (may be 
called “spectrum analysis”)

A standard means of presenting 
vibration data. Specified in ANSI/
AGMA 6000-A8. Good to determine 
average vibration at each shaft 
frequency and each mesh frequency.

If there are one or more bad gear 
teeth in the gear circumference, 
these are not located.

Cepstra Can individually find bad teeth. 
Instrumentation is available.

Can confuse tooth defects with 
other shaft-related problems.

Time domain averaging Improved vibration spectrum. 
Improved defect detection. 
Instrumentation available.

Requires shaft encoder signal. 
Interpretation can be complex.

RMS vibration level Easy to implement. Simple 
instrumentation.

Cannot isolate gear tooth vibration 
from other vibrations. High false 
alarm rate.

Tooth by tooth The most effective method to find 
defects in all the teeth of a gear.

Instrumentation developed but not 
generally available in gear making 
shops. Requires shaft encoder. Will 
become better known to industry 
through the 1990s.
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Appendix A: Evolution of Gear Art*

Foreword

The administrative family and members of the American Gear Manufacturers Association 
(AGMA) are happy and proud to have helped in brining this authoritative work by Mr. 
Darle W. Dudley to your attention.

Even a casual reading discloses that this is a genuine labor of love, coupled with a remark-
able knowledge of our industry. A more thorough study will enrich the student, engineer, 
gear manufacturer, or gear user by giving each an insight into the manner in which gears 
have been and are being utilized to soften man’s bumpy traverse of land, sea, and space.

No one but Mr. Dudley could have authored this book, because we know of no one so 
uniquely experienced in the ramification of the gear field. Substantial evidence of this con-
clusion was shown in 1958 when the AGMA Awards Committee and Board of Directors 
named Mr. Dudley as recipient of the “Edward P. Connell Award,” AGMA’s highest annual 
honor that can be tendered to a gear-oriented individual.

John C. Sears
Executive Director

American Gear Manufacturers Association
Washington, D.C.

October, 1968

Preface

Anyone who has worked in the gear field for many years becomes impressed with the 
long, continued use of gears in all manner of machinery. Geared machines always seem 
to go right back to the beginning. The earliest automobiles, for instance, used gears. The 
early water mills, a few centuries ago, used gears. The Romans, two millenniums ago, had 
geared devices. When, then, did the art of gearing start?

In recent years, I have tried to find out just how gear art evolved. Many friends like Earle 
Buckingham, Gilbert Dannehower, Charles Staub, Russell Ball, Jr., Granger Davenport, and 
Ted Miller have told me things they know about gear history and have suggested where I 
might search to find more information. The Smithsonian Institution in Washington, D.C. 
(and Edwin Battison of the Smithsonian) was very helpful. Books by Robert Woodbury, 
Sprague De Camp, Abbott Payson Usher, and Ralph Flanders have provided excellent 
source material. Out of these sources and personal discussions with a great number of 
AGMA members, I have pieced together a story about how gears and the theory of gear 
engineering have developed.

*  A slightly modified version of the book by Darle W. Dudley entitled The Evolution of the Gear Art is represented 
in this section of the book. Originally published by AGMA as early as in 1969 (93 pages in total), this publica-
tion is not widely known to the gear society.
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The story that is told in this book is rather surprising. Gears have been around for at least 
5000 years! The gear art, born in the earliest times of antiquity, is growing (like so many 
other things) at an astonishing rate as we approach the end of the twentieth century.

I am very pleased that AGMA has been interested enough in this subject to sponsor the 
publication of “The Evolution of The Gear Art.”

My secretary, Mrs. M. Irene Galarneau, worked late at night to organize, edit, and type 
my manuscript material for this book. I greatly appreciate her very capable assistance.

Darle W. Dudley
San Diego, California

October 6, 1968

A.1 Introduction to Gearing and Its Place in the Arts and Crafts of Man

The gearing industry of today is concerned not only with tooth gear wheels but also with 
gear transmission packages involving casings, gears, shafts, bearings, clutches, couplings, 
lubrication system, and even the structure to support the gear plus its driving or driven 
device. All in all, gears and the things that go to make up gear packages are a very impor-
tant part of the mechanical products manufactured in the United States. John Sears, the 
executive director of AGMA, has told me that their studies at AGMA Headquarters show 
an annual gear business of over one billion dollars in the United States. My own studies 
indicate that that the total value of the gear transmissions in every device built—vehicle, 
machine, appliance, instrument, power system, tool, clock, implement, military weapon, 
electronic device, toy, gadget, etc.—may be closer to two billion dollars per year.

Gears are one of man’s oldest mechanical devices. The toothed wheel takes its place with 
the lever, the inclined plane, the screw, and the pulley as one of man’s earliest devices to 
increase the force that could be applied to an object. The gear has been a basic element of 
machinery throughout all time from the earliest beginnings of machinery.

As a matter of fact, the candidates to be considered as the earliest machines of man 
would have to include the primitive gear train along with the primitive form of the potter’s 
wheel, the primitive lathe, and the ancient water-lifting devices.

Sentimentally, gears have always been associated in the popular mind with mechani-
cal machinery. A “Rube Goldberg” cartoon of an invention will invariably depict gears in 
the device. Abbott Payson Usher’s (1929) excellent book, A History of Mechanical Inventions, 
chose some gear types as its cover illustration (see Figure A.1). Figure A.2 shows the famil-
iar gear wheel insignia of Rotary International that is a roadsign all over the United States. 
Figure A.3 shows an example of the gear symbol used by the National Petroleum Institute 
on a brochure published in 1966. Numerous manufacturing companies—like National 
Cash Register—have chosen a gear to be part of the symbol of their company. The phrase 
“geared for progress” has symbolic meaning to anyone concerned with the mechanical 
arts.

In the public mind, gears are one of the most well recognized kinds of machinery. They 
create the impression of positive action, coordinated, interlocked, precise application of 
effort to secure a desired result.

The gear trade can be very proud of the fact that their craft is as old as civilization itself. 
For 5000 years, gears have been used by man—and their use is ever increasing. Our newest 
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supersonic airplanes will have hinged wings with gears used in the actuation system to 
move the wings. The supermarket of the future will deliver goods to a customer like a 
gigantic coin machine. Geared mechanisms will mechanically transfer the purchased 
articles from storage to the customer’s car. Doctors will soon be implanting extremely tiny 
electromechanical devices in the human body to regulate body functions that a diseased 
organ can no longer properly control. Miniature gears of very high quality and miniature 
electronic components make this very humane work possible.

The gear industry has benefited greatly from the early establishment and forward look-
ing development of a national trade association called the “American Gear Manufacturer’s 
Association” (AGMA). This history of the gear art was first presented at the AGMA Annual 
Convention at Hot Springs, Virginia, June 1966, as part of the program to commemorate 
the 50th anniversary of the founding of AGMA. The widespread interest in gears and gear 
history has led to the publication of this revised and enlarged work on the evolution of the 
gear art.

FIGURE A.1
Gears are used to illustrate the cover of Abbott Payson Usher’s book. (From Beacon Press, Beacon Hill, Boston, 
MA.)

FIGURE A.2
Rotary International uses the gear to indicate the sterling quality of the organization.
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A.2 Gearing in Pre-Christian Times 3000 BC–100 BC

Most writers trace gears back to the writings of Aristotle (around 330 BC). Aristotle writes 
of gears as if they were commonplace, so the beginning must go back much further.

The earliest known relic of gearing from ancient times is the “South Pointing Chariot,” 
ca. 2600 BC. This chariot not only was geared but also contained a very complex differen-
tial gear train that is hard for even a modern gear engineer to analyze! A miniature replica 
of this chariot is on exhibit at the Smithsonian at Washington, D.C.

The ancient Chinese apparently used this chariot to keep from getting lost while travel-
ing through the Gobi Desert. It can be set so that the figure points south and continues to 
point south regardless of which direction the chariot is going.

The South Pointing Chariot used gearing made with wooden pins. These pins are clearly 
visible in Figure A.4. Figure A.5 shows, in cartoon fashion, how this type of gear can be 
used on either a parallel axis or a right-angle axis drive.

In view of the intricacy of the South Pointing Chariot, it seems obvious that there must 
have been earlier use of gearing going back to at least 3000 BC. The earliest written records 
about gearing are dated from ca. 330 BC. This leaves a blank space of almost 3000 years 
during which gear devices must have been in use. Since there are no written records cov-
ering this interval, we must await the spade of the archeologist to fill in our knowledge.

Writings of Philio of Byzantium and Hero of Alexandria indicate that prayer wheel 
devices in Egyptian temples were developed to the point where trains of gears were used. 
Apparently, the worshipper could get blessed more thoroughly with the help of speed-
increasing gears. De Camp (1963) remarks that gears led to “more salvation per revolution.”

From many writings, it seems probable that both the Egyptians and Babylonians were 
using gear devices as far back as 1000 BC. The most probable uses were in clocks, temple 
devices, and water-lifting equipment.

The earlier writings about gears did not write of gear devices as if they were new inven-
tions; rather, the writings described gear devices with the implication that they were items 
of machinery or devices that were in common everyday use. It can thus be inferred that 

Partners in Defense

FIGURE A.3
Symbol of interlocked gears indicates positive, coordinated action. (From National Petroleum Council, 
Washington, D.C.)
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Greeks, Egyptians, and Babylonians were using gear devices for many centuries prior to 
300 BC. The discovery of the South Pointing Chariot proves that the Chinese had knowl-
edge and use of gearing back as far as ca. 3000 BC.

After Aristotle, several ancient writers mentioned gears and left sketches (in some 
instances). Table A.1 shows some of these.

By 100 BC the gear art included both metal and wooden gears. Triangular teeth, but-
tressed teeth, and pin-teeth were all in use. Spur gears, racks and pinions, and worm gears 
had all arrived on the scene. Right-angle pin-tooth drives were in use and were perhaps 
the first primitive bevel gear.

FIGURE A.4
South Pointing Chariot, ca. 2600 BC. (Courtesy of the Smithsonian Institution, Washington, DC.)

Right angle
gearing

(primitive)

Parallel
gearing

(primitive)

FIGURE A.5
Primitive gear types. (From L.O. Witzenburg, Cleveland Worm & Gear Division, Eaton Yale & Town Inc., 
Cleveland, OH.)
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A.3 Use of Gearing in the Roman Empire 100 BC–400 AD

As the Roman legions marched to conquer and develop the world’s greatest empire, all the 
arts and crafts went through extensive development. Gears were used for the first time to 
supply continuous power. Marcus Vitruvius, a colleague of Agrippa (writing in ca. 16 BC), 
describes a flour mill driven by water poser through right-angle gears (pin-gear type). See 
Figure A.6.

The Romans and Greeks made wide use of gearing in clocks and astronomical devices. 
Gears were also used to measure distances or speed. For instance, a small paddle wheel 
on the side of a ship was geared to a speed-indicating device. The ship was powered by 
oar or sail.

Hero of Alexandria wrote books describing the various hydraulic and mechanical 
devices used in the first* century AD. In his book, Mechanics, he describes the five simple 
machines used to apply force to move a weight. These were as follows:

• Wheel and axle
• Lever
• Pulley
• Wedge
• Screw

Hero wrote of gears, but he apparently did not recognize them as a separate machine. For 
example, he shows a very practical arrangement of gear wheels for lifting a weight. Hero 
no doubt considered this as an advanced development of the wheel and axle machine.

A cyclometer device (odometer) is shown by Hero. He says that the first wheel should 
be made of brass but neglects to specify material for the other parts of the gear train. This 
device (see Figure A.7) is believed to have been used as an attachment to a wagon wheel 
to measure a day’s journey.

Hero worked to develop an advanced surveying instrument. Figure A.8 shows his “diop-
tra” (Usher 1929). Note the gear trains used for azimuth and elevation settings. Today’s 
designers of radar pedestals should understand that they have a real “hero” as the pioneer 
of their art!

* The approximate date of his writings is established by an eclipse that was seen at 62 AD in Alexandria and 
noted by Hero.

TABLE A.1

Early Gear Information

Name Approximate Date Item

Aristotle 330 BC Explains gear wheel drives in windlasses. Points out that the direction 
of rotation is reversed when one gear wheel drives another gear wheel.

Otesibius (Greek) 250 BC Made water clocks and water organs using gears.
Philio of 
Byzantium

230 BC Made rack and pinion device to raise water. Wrote of “elasticity” of 
metals. Tells how to test Spanish and Celtic swords.

Archimedes 220 BC Made devices to multiply force or torque many times—studied spirals.
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Besides using gears to drive flour mills, the Romans (in Gaul) used gears to saw marble. 
Iron came into frequent use as a gear material. It is possible that the first case carburized 
gears were made by Romans.

An interesting device using a rack and a pinion is shown in Figure A.9. Hero describes 
this lamp and specifies that the rack should be made of iron.

One of the most interesting relics of this era is the “Antikythera” machine discovered by 
sponge divers off the Greek island of Antikythera. Recent studies by Derek Price, a British 
historian, reveal that this machine is an astronomical computer. The device was built in ca. 
82 BC (when Julius Caesar was a youth). The ship carrying it sank in ca. 65 BC.

The Antikythera machine had many gear trains in it, some of which were planetary 
(Smithsonian Institution 1989). There was evidence of tooth breakage and repair of parts. 
Apparently, the Romans had some gear troubles (just as we do today).

Figure A.10 shows a schematic of the gear trains of the Antikythera machine as recon-
structed by Rear Admiral Jean Theophanidis. Figure A.11 shows some fragments of gearing 

FIGURE A.6
Schematic of Roman grist mill (as depicted by Marcus Vitruvius), ca. 16 BC.

BA

∆ Γ

FIGURE A.7
Cyclometer (odometer) described by Hero, ca. 62 AD.
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of this machine as photographed by the National Museum, Athens. Note the triangular 
tooth shape. Some teeth are obviously worn or damaged. Others reveal the original tooth 
shape when new.

A very puzzling aspect of the Antikythera machine is that al-Birûna, an Iranian savant 
traveling in India, wrote of a similar machine about 1000 years later. Did the technical 
know-how of this machine go from Rome to India and last for over a thousand years?

The Antikythera machine as well as the one in India had approximately 30° pressure 
angle teeth.

FIGURE A.9
Ingenious Roman lamp with self adjusting wick; racks are iron.

FIGURE A.8
Hero’s Dioptra, an early surveying instrument with azimuth and elevation gearing, ca. 62 AD. (Reprinted from 
Usher, A. P., A History of Mechanical Inventions, Beacon Press, Beacon Hill, Boston, MA. With permission.)
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Figure A.12 shows a segment of a Roman water clock gear. Note the interesting art work 
on the gear blank.

In the Roman era, gears were first extensively used for power.* Hand cut gear teeth 
made in metal were frequently used. Pin-wheel gears were still used extensively. A very 
wide variety of gear arrangements was used. Some of the gear arrangements invented in 
recent times were undoubtedly first used in Rome!

*  There is evidence that the Chinese made some use of power gearing in the fourth century BC.

FIGURE A.10
Schematic of Antikythera machine gearing by Theophanidis. (From DeSolla Price, D. J., On the origin of clock-
work, perpetual motion devices and the compass, United States National Museum Bulletin 218, Smithsonian 
Institution, Washington, D.C., 1959.)  

FIGURE A.11
Fragments of Antikythera machine gears. (From DeSolla Price, D. J., On the origin of clockwork, perpetual 
motion devices and the compass, United States National Museum Bulletin 218, Smithsonian Institution, 
Washington, D.C., 1959.)  
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A.4  Gear Uses and Developments Through the Dark 
Ages and Medieval Times, 400 AD–1600 AD

After the fall of Rome, there was a dark age in Western Europe. The center of learning moved 
to the Eastern Empire of Constantinople. (This empire lasted another thousand years!)

Not much is known about gearing in China, but the gear art was apparently not lost there. 
Figure A.13 shows a geared water clock from ca. 1090 AD. This complex clock measured 

FIGURE A.13
Pictorial reconstruction of the astronomical clock-tower built by Su Sung and his collaborators at K’ai-fêng in 
Honan province, then the capital of the empire, in 1090 AD. The clockwork, driven by a waterwheel and fully 
enclosed within the tower, rotated an armillary sphere on the top platform and a celestial globe in the upper story; 
puppet figures giving notice meanwhile of the passing hours and quarters by signals of sight and sound. (Original 
drawings by John Christiansen.) (From DeSolla Price, D. J., On the origin of clockwork, perpetual motion devices 
and the compass, United States National Museum Bulletin 218, Smithsonian Institution, Washington, D.C., 1959.)  

FIGURE A.12
Segment of Roman water clock gear. (Courtesy of Smithsonian Institution, Washington, D.C.)
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time by the flow of water. Every 15 min, the weight of water unlatched an “escape” wheel. 
This mechanism has been traced back to 725 AD. The Chinese developed this device with-
out any known contact with the Western world.

At the time of the Crusades, we find the Arabic world of Islam leading in mathematics and 
mechanical arts. Firgure A.14 shows a replica of a geared calendar assembly by Muhammed 
B. Avi Bakr of Isfahan, 1221–22 AD. The original gear assembly is in the Science Museum, 
London. This is believed to be the oldest workable set of gearing in existence. Furthermore, 
this drive is based on al-Birûna’s design, ca. 1000 AD. The al-Birûna design, as was noted 
earlier, undoubtedly goes back to the Antikythera machine of Roman times. Figure A.15 
shows the al-Birûna design (Figures A.10, A.11, A.13, A.15, A.16, A.17, and A.18 and Table A.2).

Most writers assume that the mechanical arts of Greece and Rome were lost to the world 
and then rediscovered. Several pieces of evidence indicate that they were never really lost. 
Many items of evidence, like the one above, indicate that technical knowledge was preserved 
in the Near East, India, and Egypt and then reintroduced into Western Europe. The Moors, 
for instance, brought many technical ideas into Spain. Table A.2 shows, in chronological 

FIGURE A.14
Geared astrolabe of 1221–1222 AD by Muhammed B. Abi Bark of Isfahan. (Courtesy of Smithsonian, Washington, 
D.C.)

FIGURE A.15
Calendrical gearing as designed by al-Birûna, ca. 1000 AD. (From Wiedemann, E., Ein Instrument, das die 
Bewegung von Sonne ond Mond darstellt nach al-Biruni, Der Islam 4, 5–13, 1913.)
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FIGURE A.16
Islamic water pump driven by a weight drive, ca. 1200 AD. (From DeSolla Price, D. J., On the origin of clock-
work, perpetual motion devices and the compass, United States National Museum Bulletin 218, Smithsonian 
Institution, Washington, D.C., 1959.) 

FIGURE A.17
French geared astrolabe, ca. 1300 AD. (From DeSolla Price, D. J., On the origin of clockwork, perpetual motion 
devices and the compass, United States National Museum Bulletin 218, Smithsonian Institution, Washington, 
D.C., 1959.)  

FIGURE A.18
Details of gear train in Figure A.17. (From DeSolla Price, D. J., On the origin of clockwork, perpetual motion 
devices and the compass, United States National Museum Bulletin 218, Smithsonian Institution, Washington, 
D.C., 1959.)  
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order, the many developments in clock gearing, astronomical devices using gears, and 
related gear devices.

Figure A.16 shows an Islamic gear device used for pumping water. (The teeth shown look like 
they had better involute profiles than would normally be expected of a medieval Arab; proba-
bly, the Smithsonian Institution redrew the old drawings with some improvements in details.)

Figures A.17 and A.18 show a French geared astrolabe and the details of the gear teeth. 
The tooth design is of a lower pressure angle (about 12°), and the teeth are slightly rounded 
(like an involute). This is a difference—and an improvement—over the straight sided, tri-
angular teeth shown in Figure A.14. The teeth in clocks and watches, to this day, tend to 
have deep teeth with a low pressure angle. Clock gearing of this design is less apt to stick 
and bind due to tooth errors.

The French development of the astrolabe and English developments of the astrolabe and 
equatorial (Chaucer wrote a treatise on the astrolabe) can be traced to Arabic learning in 
the mechanical arts that flooded into Europe from ca. 1100 to 1300 AD.

The earliest mechanical clock for which the design has survived is the clock of Giovanni 
de Dondi of Padua, constructed from 1348 to 1364. This imposing clock has been built 
again and put on display at the Smithsonian Institution in Washington, D.C., at their new 
Science and Technology building. Figure A.19 shows the dial of Jupiter. The clock has four 
dials and an intricate gear and weight drive system. Figure A.20 shows the weight and 
drive gearing for Dondi’s clock.

TABLE A.2

Chronological Chart

Classical Europe Europe China

3rd C., B.C. Archimedes planetarium
2nd C., B.C. Hipparchus 
stereographic projection

1st C., B.C. Vitruvius hodometer 
and water clocks

65, B.C. (ca.) Antikythera machine
1st C., A.D. Salzburg and Vosges 
anaphoric clocks

1000 Gerbert astronomical model
1187 Neckham on compass
1198 Jocelin on water clock
1245 Villard clockwater, 
“escapement,” perpetual 
motion

1267 Villers Abbey clock
1269 Peregrinus, compass and 
perpetual motion

1271 Robertus Anglicus, 
animated models and 
“perpetual motion” clock

1285 Drover’s water clock with 
wheel and weight drive

1300 (ca.) French geared 
astrolabe

1320 Richard of Wallingford 
astronomical clock and 
equatorium

1364 de Dondi’s astronomical 
clock with mechanical 
excapement

Later 14th C. Tradition of 
escapement clocks continues 
and degenerates into simple 
timekeepers

4th C., B.C. Power gearing
2nd C., A.D. Chang Hêng animated 
globe hodometer. Continuing 
tradition of animated astronomical 
models

725 Invention of Chinese escapement 
by I-Hsing and Liang Ling-tsan

1074 Shen Kua, clocks and magnetic 
compass

1080 Su Sung clock built
1101 Su Sung clock destroyer

Islam India

807 Harun-al-Rashid
850 (ca.) Earliest extamp astrolabes
1000 Geared astrolabe of al-Birûni
1025 Equatorium text
1050 Salsdin clock
1200 (ca.) Ridwān water-clocks, 
perpetual motion and weight drive

1206 as-Jazari clocks, etc.
1221 Geared astrolabe
1232 Charlemagne clock
1243 al-Konpas (compass)
1272 Alfonsine corpus clock with 
mercure drum, equatoria

1100 (ca.) Sũrya Siddhānta animated 
astronomical models and perpetual 
motion

1150 (ca.) Siddhānta Siromani 
animated models and perpetual 
motion

Source: DeSolla Price, D. J., On the origin of clockwork, perpetual motion devices and the compass, United States 
National Museum Bulletin 218, Smithsonian Institution, Washington, D.C., 1959. 
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Leonardo da Vinci, 1452–1519, designed all manner of things—including gear drives. 
This early-day genius designed battle cars, guns, cannons, a clockwork automobile, and 
differential gears among many other things. His notes have survived and provide an inter-
esting insight into the mechanical knowledge and thinking of his day. Figure A.21 shows a 
model of a da Vinci–designed water pumping mill. Note the pin-tooth gears.

One of the most notable developments of the early Middle Ages was the “lantern” pin-
ion. This spur pinion had pins fixed at both ends. Thus, it had much more load-carrying 
capacity. Figure A.22 shows a drawing of a hand-driven grist mill using lantern pinions.

Figure A.23 shows another example of a hand-driven grist mill. This example shows 
two sets of speed-reducing gears and a set of speed-increasing gears. In many cases, the 

FIGURE A.19
Dial of Jupiter, Dondi Clock from the Smithsonian Institution, Washington, D.C.

FIGURE A.20
Weight and drive gears for Dondi Clock; note triangular teerh. (Courtesy of Museum of Science, Boston, MA.)
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FIGURE A.21
Model of water pumping mill designed by Leonardo da Vinci. (Courtesy of Museum of Science, Boston, MA.)

FIGURE A.22
Lantern pinion used in grist mill drive, ca. 1500 AD. (Courtesy of Smithsonian Institution, Washington, D.C.)
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ancient engineers made mistakes in their logic and designed things wrong. It is illogical 
to reduce speed and then increase speed in the same drive—unless one is just fascinated 
by gears!

Figure A.24 shows some interesting gears including a worm gear drive and some sort of 
pounding machine to pulverize material. Obviously, this machine would not work. It is a 
perpetual motion machine. Water drives the big wheel but is then lifted by buckets to the 
upper through so it can work again. Medieval engineers did not understand energy and 
friction loss principles. They kept designing many kinds of perpetual motion machines 
even though the machines would never work.

A practical machine is shown in Figure A.25. This machine uses water power to drive a 
boring tool. This was probably a wooden pipe–making machine.

A grist mill driven by two persons walking in the large tread wheel is shown in Figure 
A.26. From medieval times down to the colonial days of the United States, tread mills 
were important power machines. People, horses, donkeys, and goats were used in differ-
ent kinds of tread mills. Troy, New York, was prominent at one time in the manufacture 
of tread mills.

A grist mill driven by a medieval water turbine is shown in Figure A.27.
The first known gear cutting by machine was that developed by Juanelo Torriano (1501–

1575) in constructing a great piece of clockwork for Charles V of Spain. The device has 
about 1800 gear wheels. Torriano got up to a production rate of three wheels per day using 
a homemade, hand-powered gear-cutting machine. The cutter was in the form of a rotary 
file. Morales claims that Torriano’s gear-cutting device came into common use in Spain 
within 25 years’ time. Morale’s* account, translated by Woodbury, is very interesting.

*  Reprinted from Woodbury (1959), by permission of M.I.T. Press.

FIGURE A.23
Small grist mill drive, ca. 1500 AD. (Courtesy of Smithsonian Institution, Washington, D.C.)
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“It took him as he told me, all of twenty years to conceive and work out the plan; 
and because of the great amount of energy and concentration in thinking about it, 
he got sick twice during that period and almost died. Then having spent so much 
time in conceiving it, it did not take him more than three and a half years to make 
it by hand. This was quite a feat because the whole clockwork (relox) had more than 

FIGURE A.24
Medieval perpetual motion machine —not practical! (Courtesy of Smithsonian Institution, Washington, D.C.)

FIGURE A.25
Medieval machine to bore wooden pipe. (Courtesy of Smithsonian Institution, Washington, D.C.)
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1800 wheels not counting many other parts of iron and brass that are involved. So 
every day (not counting holidays), he had to make . . . more then three wheels that 
were different in size, number and shape of teeth, and in the way in which they 
are placed and engaged. But in spite of the fact that this speed is miraculous, even 
more astounding is a most ingenious lathe (torno) that he invented (and we see 
then today) to carve out with a file iron wheels (labrar ruedas de hierro con la lima) 
to the required dimensions and degree of uniformity of the teeth. And in spite of 
all this and knowing that he did it all by hand, it is not surprising that Januelo 
says, as he does, that no wheel was made twice because it always came out right 
the first  time.  And if all he said were not better in actual fact, it would be very 
surprising.”

Gears in the medieval times were still rather crude. The learning of Rome slowly found its 
way into Western Europe. Crude mills were built. Clockwork made some notable progress. 
All in all, the medieval mechanic did not go much beyond the Roman of over 1000 years 
earlier. It is in the next interval that gearing began to develop rapidly.

FIGURE A.26
Tread wheel used to drive a grist mill. (Courtesy of Smithsonian Institution, Washington, D.C.)
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A.5 Beginnings of Modern Gearing, 1600 AD–1800 AD

In this period, the theory of gear tooth action was first worked out. Theorists claimed—
even then—that the involute tooth form should be used. Table A.3 shows in capsule form 
some of the early work done on gear theory.

Most of the gears made in this period did not benefit much form the theories that a few 
people were writing about. Gear making was certainly a craft and an art. The skilled crafts-
man could make gears that would fit and run smoothly without having even heard of an 
involute or a cycloid. I have personally examined worm gear drives with the gear driving the 
worm. The tooth action was amazingly good considering the fact that gear-cutting machines 
and gear-checking machines would not show up for another century or more! (It should be 
added, of course, that some mighty crude cogwheels were being made in this period, too.)

Figure A.28 shows epicyclic gear tooth drives of the kind designated by Camus. Note 
that two pairs of teeth are in contact even with only five teeth on the pinion. This means 
a contact ratio greater than 1.0. With involute teeth, it is not practical to get a contact ratio 
over 1.0 with a five-tooth pinion.

FIGURE A.27
Water turbine used to drive a grist mill. (Courtesy of Smithsonian Institution, Washington, D.C.)
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Woodbury makes the statement that Willis used a gear addendum equal to 1.0 divided 
by the diametral pitch. This is still the “standard” of the gear trade right down to present 
times. The origin of 14.5° pressure angle is explained by Woodbury as follows:

“Willis comes to advocate the involute form from a study of the path of the point of con-
tact and of the smallest number of teeth possible for spur gears, both external and inter-
nal, and for racks. This led him to consider the ideal working depth and addendum, as 

TABLE A.3

Gear Theorists

Name Approximate Date Nationality Contribution

Nicolas of Cusa 1451 French Studied cycloidal curve
Albrecht Dürer 1525 German Discovered epicycloids
Girolamo Cardano 1557 Swiss First mathematics of gears in print
Philip de la Hire 1694 French Full mathematical analysis of epicycloids 

Recommended involute curve for gearing 
(involute not used in practice until about 150 
years later)

Charles Camus 1733 French Expanded on work of la Hire, developed 
theories of mechanisms, studied lantern pinion 
and gear, crown gears and beveled gears

Leonard Euler 1754 Swiss Euler worked out design principles, worked out 
rules for conjugate action; some consider him 
“the father of involute gearing”

Abraham Kaestner 1781 German Wrote up practical methods for computing tooth 
shapes of epicycloid and involute gear teeth; 
considered 15° to be a minimum pressure angle

Robert Willis 1832 English Wrote and taught extensively in gear field; a 
pioneer in gear engineering

Edward Sang 1852 Scotch General theory of gear teeth; provided 
theoretical basis on which all gear tooth 
generating machines are based

FIGURE A.28
Examples of epicyclic gear drives using a five-tooth pinion. (Courtesy of M.I.T. Press, Cambridge, MA.)
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well as the thickness of the tooth and the breadth of space. He also introduced the con-
stant 14.5° because it had a sine of very close to ¼. Later this value was retained because 
it also coincident closely with the pressure angle usual in epicycloidal teeth. It is also 
the angle used for worm threads, too, making the straight-sided rack of the involute 
system correspond in angle, as well as in other proportions, with the worm thread. All 
this work was based upon pure mechanism.

The result is a clear indication of the complexity resulting from epicycloidal teeth, 
especially for the cast teeth common at that time—separate molds would be required 
for each gear if they were to fit each other. Willis recognized the limitations of the epi-
cycloid for an interchangeable system of gearing. The advantages of the involute form 
stand out in the greater strength of this form, especially as compared to the epicycloidal 
with radial flanks.” See Figure A.29.

An eighteenth century style of clock movement is shown in Figure A.30. This move-
ment was made for a belfry of German Reformed Church of Frederick, MD, where it was 
used until 1931. Its maker, Frederick Heisely, apparently learned his trade from George 
Hoff, his father-in-law, a trained European clock maker. This particular clock had a 14-foot 
pendulum.

During this period, water power came into general use to drive relatively heavy-duty 
mills. Figure A.31 shows an example of a paper mill from ca. 1750, driven by a water wheel. 
This mill was about 65 miles south of Paris in l’Anglée. Mills like this made France an early 
leader in the production of paper.

Another water driven mill is shown in Figure A.32. Note the heavy-duty gear wheels. 
These were made by inserting wooden teeth in cast iron hubs. The wooden teeth were 
generally made of maple.

The art of making metal gears for power drives really got going in this period. (Previously, 
metal gears had been used primarily in clocks, instruments, and plain gadgets.) Figure 
A.33 shows Eli Whitney’s feed gearing drive for a milling machine. Whitney is most 
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FIGURE A.29
Old style involute teeth. (Courtesy of M.I.T. Press, Cambridge, MA.)
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FIGURE A.30
Eighteenth century clock movement from Frederick, MD. (Courtesy of Smithsonian Institution, Washington, 
D.C.)

FIGURE A.31
French paper mill drive, ca. 1750 AD.

FIGURE A.32
Water driven mill, ca. 1775 AD. (From Fortune. http://money/cnn.com/magazines/fortune/.)
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remembered for his invention of the cotton gin. After some years in the south (1792–1798), 
Whitney began the manufacture of firearms near New Haven, CT. Whitney is noted for 
promoting the concept of interchangeable parts. This skilled craftsman and inventor made 
many important contributions to the mechanical arts.

John Stevens developed a multitubular boiler and a high-pressure steam engine. He was 
concerned about safe and speedy transportation across the Hudson River (Stevens owned 
a ferry that traversed from New York to New Jersey.) Stevens’ concern for his inventions 
led him to petition Congress for patent protection. Congress responded and passed the 
1790 Patent Law, which is the foundation of our present patent system.

Stevens built a steamboat in 1802 with a twin-screw drive. Figure A.34 shows the gearing 
for Stevens’ boat. Note that both Stevens and Whitney were using iron gears with about 
5° pressure angle. (The improved 14.5° teeth of Willis had not yet come into general use.)

FIGURE A.33
Feed gearing in Eli Whitney’s milling machine, ca. 1800 AD. (Courtesy of Smithsonian Institution, Washington, 
D.C.)

FIGURE A.34
Cast iron gears for twin screw drive in Stevens’ steamboat, 1804 AD. (Courtesy of Smithsonian Institution, 
Washington, D.C.)
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A.6 Many Developments of Recent Past, 1800 AD–1916 AD

Although gear-cutting machines had gotten started in an earlier period, this period was 
the one in which most of the types we know today got started. Table A.4 shows in chrono-
logical form some of the more important machine developments.

TABLE A.4

Some Early Landmarks in the Development of Machines to Make Gear Teeth

Kind of Machine
Name of Inventor or 

Developer
Approximate 

Date Description

Gear cutter Juanelo Torriano 1540 Cut spur gears for a clock at a rate of three 
per day; used rotary file instead of milling 
cutter; hand powered

Gear cutter Robert Hook of 
England

1672 Cut spur gears with a formed wheel; hand 
powered

Gear broaching
Gear cutting

Christopher Polhem of 
Sweeden

1729 Machine to cut teeth with a reciprocating 
broach; later developed machine to cut teeth 
with rotary cutters; hand powered

Gear cutter Henry Hindley 1741 Differential indexing; rugged construction; 
could cut pinions and racks; hand powered

Gear cutter Samuel Rehé 1783 Used true milling cutters rather than rotary 
file cutters; cutters ground to approximate 
form for conjugate action; hand powered

Gear cutter J.G. Bodmer of 
Switzerland

1825 Made spurt wheel cutting machines

Gear cutter Joseph Whitworth of 
England

1834 Involute cutters; power driven by belt and 
pulley; could cut spur and bevel gears

Hobbing machine Joseph Whitworth of 
England

1835 Hobbed spiral gears; Whitworth took out first 
patents on the hob

Gear generator Joseph Sexton of 
England

1842 Straight-sided milling cutter used to generate 
an involute tooth

Gear cutter Joseph R. Brown of 
United States

1854 A “precision” machine for making index 
plates and master gears; used “backed-off,” 
form relieved cutter of modern type

Bevel gear planing 
machine

William Gleason of 
United States

1874 First practical bevel gear making machine 
built

Bevel gear shaper Huge Bilgram of 
United States

1884 Used a generating type of process; made 
bevel gears for bicycles

Gear cutter H.E. Eberhardt (Gould 
& Eberhardt, USA)

1884 Patent on automatic indexing

Hobbing machine Reinecker of Germany 1894 Heavy-duty machine
Gear shaper E.R. Fellows (of Fellows 

Gear Shaper, USA)
1895 Gears cut by a “pinion” cutter with hardened 

and ground involute profile teeth
Bevel gear 
generator

James E. Gleason 
(Gleason Works, USA)

1898 Rotary cutters used to generate bevel teeth 
Automatic type of machine

Hobbing machine Pfauter of Germany 1900 Hob axis could swivel; differential gearing 
could be used

Form grinding Ward and Taylor (Gear 
Grinding Machine Co., 

USA)

1908 Automatic, diamond point dressing of 
formed wheel; spur gear making machine
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A gear-cutting machine—believed to be Robert Hook’s—is shown in Figure A.35. The 
cutter, index mechanism, and hand crank can all be seen. Note that even in this early 
machine, gears are used to make gears! Christopher Polhem’s very nicely built machine for 
production gear cutting is shown in Figure A.36.

Figure A.37 shows the oldest gear cutter that is still in existence (Torriano’s cutters lost!). 
The French were very active in making horological machines (clocks) in the eighteenth 
century. Nicolas Bion (1652–1733) wrote of French gear-cutting machines using formed 
rotary cutters.

The Brown & Sharper Company of Providence, RI, was an early pioneer in gear work 
in the United States. Figure A.38 shows their first gear-cutting machine. The well-known 
Brown & Sharper form cutter is shown in Figure A.39.

FIGURE A.35
Robert Hook’s wheel cutting engine, ca. 1672 AD. (Courtesy of Science Museum, London.)

FIGURE A.36
Christopher Polhem’s machine to cut clock work gears, ca. 1729 AD. (Courtesy of Smithsonian Institution, 
Washington, D.C.)

  



696 Appendix A

The great pioneer in the bevel gear field was William Gleason and the Gleason Works. 
Figure A.40 shows the first bevel gear planer. The principle of the machine is depicted in 
Figure A.41.

Another bevel gear machine developer was Hugo Bilgram. His machine is shown in 
Figure A.42.

The bevel gear generator was developed by James E. Gleason, a son of William Gleason. 
The principle of his machine is shown in Figure A.43.

Oldest known gear cutter
(rotary file) made in France

1782

FIGURE A.37
“Oldest” gear cutter. (From Brown & Sharpe, North Kingstown, RI.)

FIGURE A.38
First Brown & Sharpe gear-cutting machine, 1855 AD.
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The gear-cutting machines developed by Gould & Eberhardt achieved early fame. As 
early as 1889, these machines were being shipped all over the world. Figure A.44 shows 
the spur gear–cutting machine. By 1900 this type of machine had been developed to form 
cut helical gears. It also had (by then) an automatic return stroke. Eberhardt’s pioneering 
work has had a lasting effect on the gear cutting industry that is still evident in many gear 
shops.

Although Table A.4 does not show it, the first attempts had been made to generate grind-
ing gears with disk wheels and with treaded wheels. Woodbury (1959) states in his History 

FIGURE A.39
Brown & Sharpe form relieved gear cutter.

Gleason template planer
1874

FIGURE A.40
Gleason bevel gear planing machine. (From Gleason Works, Rochester, NY.)
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Gleason 1874
planer

APEX

APEX

Former

Tool slide

FIGURE A.41
Principle of Gleason bevel gear planing machine. (From Gleason Works, Rochester, NY.)

FIGURE A.42
Bilgram gear generator, 1885 AD. (From Gleason Works, Rochester, NY.)
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FIGURE A.43
Gleason bevel gear generator. 
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of the Gear Cutting Machine that by 1909, all the basic types of gear-cutting machines had 
been built to use the grinding method.

In the period 1800–1916, the first elements of what we might call gear engineering 
or gear technology appeared. A little booklet written by Sereno Newton and pub-
lished in 1832 by G.&C.&H. Carvill, New York City, gives an interesting insight into the 
thinking of that period. The rule of Mr. James Carmichael for load carrying capacity is 
quoted:

“Rule. — Multiply the breadth of the teeth by the square of the thickness, and divided 
the product by the length; the quotient will be the proportionate strength in horses 
power, with a velocity of 2.27 feet per second.”

The results of Mr. Carmichael’s rule are shown in Sereno Newton’s book (see Table A.5).
Some very interesting—and very practical to this day—principles of gear design are 

given by Sereno Newton. The following is a good example:

“ON THE TEETH OF WHEELS”

“The proper method of forming the teeth of wheels so as to communicate equal motion, 
with as little friction as possible, is a matter of very great importance, and has given rise 
to much study among mechanics; the result of which shows that the face of the teeth 
of wheels which are to act on one another, should be epicycloids. But as this is a curve 
not easily applied, part of circles are frequently employed as a substitute. A straight line 
tending to the centre of the wheel appears to be the most advantageous form for the 
flank of the tooth, or that part which is within the pitch line as it causes least pressure 
on the axis. The proper form for the curved part of the tooth of a wheel or pinion to act 
on a rack is an involute of a circle, or, which is the same, an epicycloid, whose generating 

FIGURE A.44
Eberhardt’s automatic gear-cutting machine, ca. 1889 AD. (From Practical Mechanics 2 (10), 1889.)
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TABLE A.5

Proportional Strength of the Teeth of Wheels, in Horses’ Power (calculated by Mr. Carmichael’s Rule)

Pitch, in 
Inches

Thickness of 
Teeth, in 
Inches

Breadth of 
Teeth, in 
Inches

Length of 
Teeth, in 
Inches

Horses’ 
Power at 

2.27 Feet per 
Second

Horses’ Power 
at 3 Feet per 

Second

Horses’ Power 
at 4 Feet per 

Second

Horses’ Power 
at 6 Feet per 

Second

Horses’ Power 
at 8 Feet per 

Second

Horses’ Power 
at 11 Feet per 

Second

4.02 2.0 8.0 2.40 13.33 17.61 23.48 35.23 46.97 64.60
3.99 1.9 7.6 2.28 13.03 15.90 20.20 31.80 40.40 58.30
3.78 1.8 7.2 2.16 10.80 14.27 19.02 28.54 38.05 52.32
3.57 1.7 6.8 2.04 9.63 12.72 17.02 25.54 34.05 46.68
3.36 1.6 6.4 1.92 8.53 11.27 15.02 22.54 30.05 41.32
3.15 1.5 6.0 1.80 7.50 9.91 13.21 19.82 26.43 36.33
2.94 1.4 5.6 1.68 6.53 8.63 11.50 17.26 23.00 31.64
2.73 1.3 5.2 1.56 5.63 7.44 9.92 14.88 19.84 27.28
2.52 1.2 4.8 1.44 4.80 6.34 8.45 12.68 16.91 23.24
2.31 1.1 4.4 1.32 4.03 5.32 7.09 10.64 14.19 19.54
2.10 1.0 4.0 1.20 3.33 4.40 5.87 8.81 11.75 16.15
1.89 .9 3.6 1.08 2.70 3.57 4.76 7.14 9.52 13.09
1.68 .8 3.2 .96 2.13 2.81 3.74 5.62 7.49 10.33
1.47 .7 2.8 .84 1.63 2.15 2.86 4.30 5.73 7.88
1.26 .6 2.4 .72 1.20 1.59 2.12 3.18 4.24 5.83
1.05 .5 2.0 .60 .83 1.10 1.46 2.20 2.93 4.03

Note: Strength being directly as breadth and stress inversely as velocity, it is easy to find the horses’ power equal to any given breadth of these pitches or the horses’ 
power equal to any of these pitches and breadth, for any other velocity.  
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circle is infinitely great; and the form of the teeth of a rack acting on a wheel or pinion is 
a cycloid. But as in the case of wheels acting on one another, parts of circles are generally 
used instead of these compound curves.

A very common method of setting out the teeth of a wheel is to describe the teeth 
by a circular arc of which the radius is equal to the pitch added to half the thickness 
of the tooth, and of which the centre is the pitch line. Another method is to describe 
the teeth by an arc of which the radius is only equal to the pitch: but, in either case, 
the form of the teeth is better adapted to wheels that act as drivers, than to those that 
act as the driven, in consequence of the action of the teeth before they reach the line 
of centers.

The friction of teeth approaching the line of centers is much greater than in reced-
ing* from it; and this is not the only disadvantage; for when a machine becomes worn 
it causes irregularity in its movements in consequence of the action in approaching the 
line of centers, tending to spread the axis of the wheels, while the action, in receding 
from that line, tends to draw these axis together, and consequently occasions more 
irregular action, friction, and wear, in the machine; therefore the teeth ought, if pos-
sible, never to begin to act before they arrive at the line of centers. But, in cases where 
the pinion is small, the action in approaching the line of centers cannot be altogether 
prevented. For it can be demonstrated that a pinion with less than ten teeth cannot be 
uniformly driven by a wheel of any number of teeth whatever, unless they act partly 
before they arrive at the line of centers: but a pinion of 12 teeth by a wheel having not 
less than 15 teeth; so that the whole of the action may be after the teeth arrive at the 
line of centers.

When the pinion drives the wheel, the number of teeth in a wheel should be prime to 
the number of teeth in its pinion; that is, the number of teeth in the wheel should not 
be divisible by the number of teeth in the pinion. For example: Suppose there are 20 
teeth in a pinion which is required to make about five revolutions to one of the wheel. 
If this were the exact ratio, there would be just 100 teeth in the wheel; and after each 
revolution of the wheel, the same teeth would be continually brought in contact. But, if 
the diameter of the wheel by made somewhat greater, — so as to admit of 101 teeth, — 
then after five revolutions of the pinion each tooth will come in contact with the one 
on the wheel immediately before that on which it had worked at the commencement, 
and after five more revolutions will be engaged with the second tooth form those on 
which they acted in the first instance; therefore it is evident that the wheel must revolve 
101 times, and the pinion 5 × 101 or 505 times before the same teeth will again come in 
contact. By this means the inequalities of wear, form, and material, will compensate 
each other.”

One of the most noteworthy of the early pioneers of the gear industry was George B. 
Grant. This dynamic businessman founded no less than five gear companies in the 
United States. Three of these companies, Philadelphia Gear, Boston Gear Works, and 
Grant Gear Works, are still going strong today. George Grant was an inventor, a writer 
of gear books, and an outstanding gear engineer. Grant is described as having a flow-
ing  red beard and commanding appearance, somewhat like General U.S. Grant (Ball 
1963).

Some excerpts from Grant’s book called Gearing give a good insight into the historical 
development of gears and gear engineering (Grant 1907). The following is article 47 from 
the 10th edition of Gearing.

* The advantage of “recess action” tooth design were appreciated even in 1832. There has been renewed interest 
in recess action gear designs in recent years.
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“THE MORTISE WHEEL”

“Another venerable relic of the last century is the “mortise” gear, having wooden teeth 
set in a cored rim, in which they are driven and keyed.

Where a gear I subjected to sudden strains and great shocks, the mortise wheel is bet-
ter, and works with less noise than a poor cast gear, and will carry as much as or more 
power at a high speed with a greater durability. But in no case is it equal of a properly 
cut gear, while its cost is about as great.

In times where large gears could not be cut, and when the cast tooth was not even 
approximately of the proper shape, the mortise wheel had it place, but now that the 
large cut gear can be obtained the mortise gear should be dropped and forgotten.”

Figures A.31 and A.32 show examples of mortise wheel gears. It is interesting to note 
that perhaps a hundred mills using mortise gears are still in operation in the United States 
right now in 1968.

The business of making replacement teeth for these mills is mostly handled by the 
Thompson Manufacturing Company of Lancaster, New Hampshire. In 1967, President 
Robert D. Hillard showed the writer through the plant and explained that there was still a 
very active business in supplying maple gear teeth (literally tens of thousands per year) for 
use primarily in paper mills, roofing mills, and grist mills for customers in nearly every 
state east of the Rocky Mountains. Many old mills are scattered throughout New England, 
upstate New York, and Pennsylvania. Most of these mills are still using water power and 
are carrying on enterprises that go back over 100 years. The Thompson Manufacturing 
Company (incidentally) was established in 1858.

At the time of my visit, several hundred finished maple gear teeth were in the shipping 
room ready for shipment, and a whole stack of unfilled orders were in the plant.

In article 51 of his book, Grant (1907) gives an interesting story about how to figure 
horse-power for cast gears.

“HORSE-POWER OF CAST GEARS”

“The horse-power of a gear is the amount of power it may be depended upon to carry 
in continual service.

It is very well settled that continual strains and impact will change the mature of the 
metal, rendering it more brittle, so that a tooth that is perfectly reliable when new may 
be worthless when it has seen some years of service. This cause of deterioration is par-
ticularly potent in the case of rough cast teeth, for they can only approximate to the true 
shape required to transmit a uniform speed, and the continual impact from shocks and 
rapid variations in the power carried must and does destroy the strength of the metal.

There are about as many rules for computing the power of a gear as there are manu-
facturers of gears, each foundry-man having a rule, the only good one, which he has 
found in some book, and with which he fill figure the power down to so many horses 
and hundredths of a horse as confidently as he will count the teeth or weigh the casting.

Even among the standard writers on engineering subjects, the agreement is no bet-
ter, as shown by Cooper’s collection of twenty-four rules from many different writers, 
applied to the single case of a five-foot gear. See the Journal of the Franklin Institute for 
July, 1879. For the single case over twenty different results were obtained, ranging from 
forty-six to three hundred horse-power, and proving conclusively that the exact object 
sought is not to be obtained by calculations.

This variety is very convenient, for it is always possible to fit a desired power to a 
given gear, and if a badly designed gear should break, it is a simple matter to find a rule 
to prove that it was just right, and must have met with some accident.
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Although no rule can be called reliable, the one that appears to be the best is that given 
by Box, in his Treatise on Mill Gearing. Box’s rule, which is based on many actual cases, 
and which gives among the lowest, and therefore the safest results, is by the formula:

 
Horse-power of a cast gear =

⋅ ⋅ ⋅ ⋅12
1 000

2c f d n
,  

in which c is the circular pitch, f is the face, d is the diameter, all in inches, and n is the 
number of revolutions per minute.

Example: A gear of two feet diameter, four inches face, two inches pitch, running at 
one hundred revolutions per minute, will transmit
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For bevel gears, take the diameter and pitch at the middle of the face.
It is perfectly allowable, although it is not good practice, to depend upon the gear for 

from three to six times the calculated power, if it is new, well made, and runs without 
being subjected to sudden shocks and variation of load.

The influence of impact and continued service will be appreciated when it is considered 
that the gear in the example, which will carry 9.4 horse-power, will carry seventy horse-
power if impact is ignored, and the ultimate strength of the metal is the only dependence.

A mortise gear, with wooden cogs, will carry as much as, or more than a rough cast-
iron gear will carry, although its strength is much inferior. The elasticity of the wood 
allows it to spring and stand a shock that would break a more brittle tooth of much 
greater strength. And, for the same reason, a gear will last longer in a yielding wooden 
frame that it will in a rigid iron frame.”

In the example shown, the 24-inch gear running at 100 RPM with 4-inch face width and 
2-inch circular pitch would have had a unit load index of 194 psi at the 9.4 HP allowed. 
AGMA 225.01 shows 5000 psi as design limit for sat for low-grade cast iron. For a slow 
speed cast tooth of this size, a stress limit of 5000 psi would make the allowable unit load 
come out to be about 400 for 14.5° pressure angle teeth of the old style. This shows that 
Grant was advocating design loads that would look reasonable by modern methods.

The data of 1832 given by Sereno Newton calculates to have an allowable unit load for 
cast iron of 300 and an allowable unit load for wood of 75. These values are not too dif-
ferent than those used by Grant almost 100 years later. The big difference to be noted was 
that Grant was worried about the effects of impact and the fatigue (and wear) due to long 
time operation. Grant’s recommended formula has the effect (due to the square root sign) 
of severely de-rating the higher speed gears.

The period 1800–1916 showed a great expansion in the use of gears. Gears were used for 
the first time in ship propulsion, bicycles, textile mills, machine tools, automobiles, and 
even in the early airplane. Older uses in guns, clocks, process machinery, and so on were 
greatly expanded.

The gears cut in the early part of the nineteenth century showed a marked improvement 
in both design and craftsmanship. Figure A.45 shows the gear drives used to turn the 
10-foot lens at the historic Navesink Light on the New Jersey coast. With 9,000,000 candle 
power, Navesink (erected in 1828) was the most powerful lighthouse in the United States 
in its day. Note the rather good looking spur and bevel gears—made before modern gear-
cutting machines were invented! Note also that the lantern pinions were still used.
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A.7  Great Upsurge of Gear Art in the Half Century 
of AGMA, 1916 AD–1968 AD

So much progress has occurred in the gear art in the last 50 years that it is difficult to 
describe it in only a few words.

The first models of most of the machine tools used in the gear trade had appeared by 
1916. The 1915 model, though, when compared with the 1968 model is like comparing a 
1915 Model T Ford with the Oldsmobile Tornado of today!

New additions to the family of gear machine tools in the last 50 years include gear-
shaving machines, Shear-speed [Michigan Tool Company (Division of Ex-Cell-O Corp.), 
Detroit, MI] machines, gear-honing machines, bevel gear–grinding machines, worm 
thread grinders, helical gear grinders, and machines to broach splines or gears.

Besides the vast improvements made in the machine tools, to make gear teeth, a whole 
family of machine tools has appeared to measure gear teeth. These include involute 
checkers, lead checkers, composite error checkers, and spacing checkers. Very recently the 
Fellows Gear Shaper Company and Hofler (of Germany) have each made breakthroughs 
on machines to rapidly measure index error (accumulated tooth spacing).

The man running a modern gear shop will often comment rather ruefully that it costs as 
much to tool up and measure gears as it does to make then in the first place!

Both gear making and gear checking have become highly automated. In the large pro-
duction plants for automotive gearing, it can be said truthfully that the gear is made, mea-
sured, and then accepted or rejected untouched by human hands.

Although basic involute theory for parallel axis gears was worked out long ago, much 
work remained to be done to settle the mathematics of “any tooth shape” meshing on 
any skew, right-angle or nonintersecting axis. The difficult mathematics of gears and 
gear cutting for any tooth form on any axis has been almost completely solved. Some of 

FIGURE A.45
Gear drives used at Navesink Lighthouse, ca. 1828. (Courtesy of Museum of Science, Boston, MA.)
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the better-known contributors to this work of modern gear theory are Ernest Wildhaber, 
Earle Buckingham, H.E. Merritt (England), Allen Candee, Werner Vogel, Hillel Poritsky, 
G. Niemann (Germany), Darle Dudley, Oliver Saari, Charles B. King, and Meriwether 
Baxter.

Seventy-five years ago, the load rating of gears was handled by very simple rules. The 
great pioneer in American gear work, George Grant, had tried to make a little order of 
chaos and had set down rules for wooden gear teeth, cast iron teeth, and steel teeth. 
Wilfred Lewis presented a technique which is still the basis of most gear strength calcula-
tions. (This was in ca. 1900 AD.)

The early builders of power gears were concerned with the fact that errors in gear teeth 
produced dynamic loads and made a fast running gear unable to carry as much torque as 
a slow-running gear. The historical turning point in gear engineering relative to dynamic 
load came in 1931 when a research committee of the American Society of Mechanical 
Engineers—under the chairmanship of Earle Buckingham—published the results of an 
extensive gear test program (Buckingham 1931). The results of this work gave test data on 
dynamic load and led to the establishment of formulas to calculate dynamic loads. These 
methods have been widely published and used (for dynamic load calculation methods, see 
Buckingham 1963).

In recent years, investigators have made much more sophisticated dynamic load tests. 
The fear of dynamic loads has led gear designers and gear manufacturers to become 
greatly concerned about gear accuracy. It soon became clear to the whole gear trade that 
gears had to be made to great precision if they were to run fast and last a long time. In 
modern turbine drives, the first reduction generally has a pitch line speed of more than 
10,000 billion feet per minute. Typical gears in a 5-year period will run for as much as 10 
billion contact cycles without serious wear! The old cast iron gears of a hundred years ear-
lier often had trouble running a year at 500 feet per minute.

Modern research and development testing plus a large amount of field experience have 
led to a whole stable of sophisticated rating formulas (Buckingham 1922) for spur, helical, 
bevel, and worm gears. Gears are rated for strength and surface durability and, if neces-
sary, given a thermal rating and a scoring rating. Some of the better known men in gear 
rating work of the last 50 years are Aubrey Ross, Walter Schmitter, John Almen, Earle 
Buckingham, Darle Dudley, Edward Wellauer, G. Niemann, John Seabrook, Bruce Kelley, 
Martin Hartman, H.E. Merritt, Eugene Shipley, Paul Gustavson, S.L. Crawshaw, and Wells 
Coleman.

The dramatic progress in gear load carrying capacity can be seen if we look at the list of 
unit load* values in Table A.6. (The unit load index of tooth strength is the only criterion of 
rating that goes back to 1800. Other index criteria such as K-factor and scoring factor were 
not used until the early 1900s.)

If we compare a good wood tooth of 1800 with a good rocket gear tooth of 1968, there is 
a gain in ability to carry tooth loads of about 400 to 1! Even in ferrous metal, the gain from 
cast teeth of 1800 to steel rocket gear teeth of 1968 is a good 100 to 1!

The gains in tooth load carrying capacity have resulted from improvements in gear met-
allurgy (Dudley 1962, 1964) and lubricants as much as from improvements in design and 
accuracy. Highly alloyed steels and cast irons came into wide use in ca. 1920. Nitriding and 
improved case hardening developed rapidly from ca. 1930 onward. Induction hardening 

* Unit load
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of gear teeth came into use in ca. 1950. Vacuum melt steels of unusual purity came into 
general use in ca. 1960.

“Extreme pressure” lubricants for hypoid (and other gears) were first used around 1930. 
Several very sophisticated oil additives came into use in the 1955–1960 period. Synthetic 
lubricants for hot running gas turbine engines and gears have developed rapidly since 
1950. A wide array of special lubricants permit gears to operate under load, temperature, 
and speed conditions that would have otherwise been impossible.

During the 1916–1966 period, the 20° pressure angle involute teeth with extra depth to 
provide a full-fillet, root radius became the general standard of the gear industry. For extra 
heavy load carrying capacity, 25° pressure angle teeth became popular. Tooth designer 
frequently made the pinion long addendum and the gear short addendum to improve 
load carrying capacity. Figure A.46 shows a modern design with a very high load carrying 
capacity.

The old 14.5° involute remained in use but was not the most popular design. Epicyclic 
teeth passed out of use, except for a few special cases.

Some new tooth forms and arrangements have appeared in the last 50 years. These 
include the Formate (Gleason Works, Rochester, NY) gear tooth, Wildhaber-Novikov tooth 

TABLE A.6

Comparison of Typical Maximum Unit Load Values Used in Design

Approximate 
Date Kind of Application

Approximate Unit 
Load in p.s.i. Material

1832 Water-powered mill 75 Hard wood

Water-powered mill 300 Cast iron, as cast

1900 Steam engine 1100 Cast iron, cut teeth
1968 Electric motor 5000 High-strength cast iron, precision machined

Steam turbine 6000 Steel gears, precision machined
Steam turbine 9000 Hardened steel gears, precision machined

Aircraft gas turbines 15,000 Case hardened and precision ground
Rocket engine 30,000 Case hardened, super quality steel, ground to 

extreme accuracy

FIGURE A.46
Involute teeth of modern design. (From Sewall Gear Manufacturing Company, St. Paul, MN.)
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form,* and Spiroid (Illinois Tool Works Inc., Chicago, IL) kinds of gear, and the Harmonic 
Drive (United Shoe Machinery Co., Beverly, MA) and Cone-Drive (Michigan Tool Company, 
Detroit, MI) gears. The hypoid gear was known before 1916, but it took the machine tool 
development and automotive needs of the 1920–1930 era to push it into high production. 
Ernest Wildhaber and Gleason Works did the pioneering in the gear machinery develop-
ment and gear geometry to make the modern hypoid gear practical.

The newcomers just mentioned are either already important in the gear market place or 
have the potential to become so, which makes them important to consider. It seems proba-
ble that there will be even more tooth forms and tooth kinds to consider in the near future.

The work of AGMA has led to standards, information sheets, and technical investiga-
tions covering the whole gamut of gear technology. This work has become the unques-
tioned authority for responsible design and application of gearing in the United States. 
Outside the United States, AGMA work is studied (and often followed) by those concerned 
with the design and application of gearing. No other country has come even close to the 
work done by AGMA in the United States in advancing and codifying gear technology.

A.8 Pioneering of Today Portends Trends of Tomorrow

In laboratories and shops all over the United States (and the world), new things are being 
tried or built for the first time. This is true for the field of gearing just as it is true in so 
many other fields. Out of this pioneering work will come the new things of tomorrow.

In many areas, significant new developments are taking place that will be very impor-
tant in the future. These are

• Giant gears
• Huge gear teeth
• Ultra-tiny gear teeth
• Hard gears in very large sizes
• Gears to run at high load without oil
• Noiseless gears (almost noiseless)
• Gears to run at 1000°F
• Gears to run in nonlubricating fluids
• New tooth forms beyond involute, cycloid, Wildhaber-Novikov†

• New knowledge of stress patterns in odd-shaped gear teeth
• New knowledge of scoring phenomena

* It is a mistake to combine the Wildhaber “Helical gearing”, and Novikov gearing into a so-called Wildhaber-
Novikov gearing, as they are based on completely different concepts of operating. The loosely introduced 
term “Wildhaber-Novikov gearing” has no meaning; it cannot be defined. Therefore, it is wrong to use the 
term “Wildhaber-Novikov gearing.” The two above-mentioned gear systems, namely, (a) the “Wildhaber 
Helical gearing” and (b) Novikov gearing, should be considered separately, and there is no way to combine 
them into a strange “Wildhaber-Novikov gearing.” The latter is done only by those who have no understand-
ing of the difference between the Wildhaber gear system and the Novikov gear system.

† The incorrectness of the term “Wildhaber-Novikov gearing” is explained above.

  



708 Appendix A

• Gears and splines formed by rolling
• Toothed gears formed by high-energy forging
• Electron beam welding of finished parts of a gear assembly
• Statistical reliability data as a full-fledged tool of gear design

A large gear used to be only almost 200 inches in diameter (16.7 feet). Now some gears 
are being made in the giant range of 70 to 100 feet in diameter. Since no machine tools are 
this large, the gear wheels are being made in sectors and assembled into wheels. Earle 
Gear, Philadelphia Gear, Brad Foote, Sewall Gear (and possibly others) have been active in 
this field. The colossal 500-foot gear is probably just around the corner! Figure A.47 shows 
a pinion and a segment of a gear having over a 100-foot pitch diameter. Figure A.48 shows 
a large radio telescope. Note the giant segment gear used for elevation drive. A segment of 
a radar for a deep space probe unit is shown in Figure A.49.

It is still very difficult to cut a gear tooth coarser than ¾ pitch. Lufkin Foundry and 
Machine Company has recently made some very well-formed gear teeth twice this big at 
3/8 pitch. See Figure A.50.

The finest pitch used to be around 128 pitch. Gears are now being made in the 200 to 400 
pitch range. Fellows Gear Shaper is one of the pioneers in this field. In contrast to the giant 
gears and gear teeth just mentioned, note the very tiny gears in Figures A.51 and A.52.

Most companies still consider a gear of around 30-inch diameter as the upper limit for 
case carburizing without too much distortion. A few have handled 50-inch gears via case 
carburizing. Recently, Brad Foote successfully carburized a 72-inch gear. See Figure A.53 
for a 54-inch carburized gear.

Large, wide-face helical pinions are perhaps the most difficult part to harden without 
excessive distortion. Unusual skill and very special heat treatment facilities have been 
developed by Tool Steel Gear and Pinion in making extra heavy-duty gearing for still 
mills. Figure A.54 shows a pair of pinions that were carburized and hardened with a case 
depth of over 150 inches. These pinions—for a steel mill pinion stand—are so accurate after 
hardening that satisfactory contact can be obtained over a tooth height of about 2 inches 
and face width of over 5 feet without grinding. The ability to make hard gears this large 
without significant distortion is a remarkable new development in the gear trade.

Gears in large sizes are being nitrided successfully. One Swiss company claims to be 
making good 100-inch gears by nitriding. In the United States, 60 inches is still about the 
limit for nitriding facilities.

Spline forming and worm tread forming by rolling have become well-established pro-
duction process. Gear teeth are harder to make because of the deeper tooth depth, but gear 

FIGURE A.47
Segment of an internal gear of slightly over 100 feet pitch diameter. Pinion is 24 teeth, 1½ pitch, 10-inch face 
width and 20° pressure angle. (From Sewall Gear Manufacturing Company, St. Paul, MN.)
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tooth rolling is beginning to become a new production process. Figures A.55 and A.56 
show the start and near finish of a gear rolling operation.

High-energy forging can make hot steel flow into a die almost like molten metal. Very 
powerful new forging machines will now form gear teeth and other parts with an accuracy 
and complexity that were previously only possible in precision die forgings of nonferrous 

FIGURE A.48
Radio telescope. Note very large gear segment. (From Sewall Gear Manufacturing Company, St. Paul, MN, and 
Blaw-Knox Company.)

FIGURE A.49
Checking a segment of an 80-foot gear for a deep space radar unit. (From Philadelphia Gear Corporation, King 
of Prussia, PA.)

  



710 Appendix A

FIGURE A.50
Finishing an eight-tooth pinion, 3/8 pitch, 21.333-inch pitch diameter, 6-inch face width. This pinion was made 
by torch cutting and is used to drive a giant rack on an offshore drilling platform. (From Lufkin Foundry & 
Machine Co., Lufkin, TX.)

FIGURE A.51
Assortment of very fine pitch pinions and gears. (From Fellows Gear Shaper Co., Springfield, VT.)

FIGURE A.52
Gear with teeth so tiny that they cannot be seen without a magnifying glass. Note weave of cloth and tiny brad 
for comparison—401.265 pitch. (From Fellows Gear Shaper Company, Springfield, VT.)
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FIGURE A.53
Gear (54 inches) carburized and finished without grinding passes contact test with its pinion. (From Brad Foote 
Gear Works, Inc., Chicago, IL.)

FIGURE A.54
Giant carburized pinions, ¾-inch pitch, 68-inch face width pass contact test without grinding. (From Tool Steel 
Gear and Pinion Company, Cincinnati, OH.)

FIGURE A.55
Start of a rolled gear. (From Michigan Tool Company, Detroit, MI.)
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metals (zinc, for instance). The forged gear can use very high strength steel and make a 
part that is as good as or better than a high-strength machined part.

Figure A.57 shows an example of a gear with teeth finish forged. The spacing and lead 
accuracy are around AGMA quality level 8. With further development, it is probable that 
many small gears can be finish forged to as high as AGMA quality level 10. (Incidentally, 
forged gears have to have the “flash” trimmed off the ends of the teeth and the bores or 
journals finish ground.)

For very high accuracy gears of the future, the high-energy forging of gear teeth could 
readily be teamed up with a finishing operation only of shaving or grinding to get accu-
racy in the AGMA quality level 12 to 14.

The pioneering work of Dynamic Forge Corporation has shown that high-energy forg-
ing can be used to an advantage in several ways in the gear trade. For instance, a complex 
jet engine gear can be forged to shape in one blow (see Figure A.58). A minimum amount 
of premium steel is used and an unusually good structure is obtained.

Figure A.59 shows a blank shape, complicated to machine, can be readily produced by 
forging. At present the internal teeth and splines are cut. With more development of the 
process and die, it will soon become possible to make complex parts, teeth and all, by this 
remarkable new process.

FIGURE A.56
Gear in Figure A.55 almost finish rolled.

FIGURE A.57
Experimental helicopter gear finish forged in one blow. Weight is 4.75 lbs. (From Dynamic Forge Corporation, 
Royal Oak, MI.)
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Gears (of any size) are being induction hardened a tooth at a time. Philadelphia Gear 
and National Automatic Tool are both very active in this field. See Figures A.60 and A.61.

Military people need capability to run their helicopters (or other equipment) for a few 
hours after they have been shot up. They want to get home! Advanced work on how to run 
gearing at high load without oil is being done at Mechanical Technology Inc. in Latham, 
NY; Bell Helicopter, Ft. Worth, TX; and by the Vertol Division of the Boeing Company in 
Morton, PA. Peculiar steel compositions and special tooth surface treatments make it pos-
sible to run at high load without oil.

In many situations, powerful gears do everything that is desired of them but they make 
enough noise to impair human hearing. Pioneering work in noise reduction is being done 
by General Electric, De Laval, Mechanical Technology, and others. The gear of the future 
must be a gentleman who speaks with a soft voice. It is becoming uncouth to aggravate 
people and impair their hearing with noisy, ill-mannered gears!

FIGURE A.58
Blank of jet engine gear made in one blow. Bar of stock is shown at left and cross section of this very intricate 
gear is shown at right. (From Dynamic Forge Corporation, Royal Oak, MI.)

FIGURE A.59
Actuator gear blank for jet transport is made in one blow. Part weighs 1.40 lbs. Forged blank is shown on the 
right; finish gear is shown on left. (From Dynamic Forge Corporation, Royal Oak, MI.)
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We can look to a steady advancement in all the areas of gear development mentioned 
above (plus many other areas). The next 50 years will certainly turn out to be even more 
surprising than the last 50.

Those of us in the gear field can be most proud that our product has been around for 
about 5000 years and is here to stay. We have one of the finest trade associations in the 
world, AGMA. Gear manufacturers and gear engineers under AGMA’s leadership will 
continue to match progress in other fields with outstanding progress in the very important 
field of gearing.
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Appendix B: Complementary Material

The previous chapters of this book covered the prime text material: the selection, design, 
rating, and manufacture of gears. Analysis of gear failures and the handling of certain 
special problems in gear design are discussed as well. This appendix contains essentially 
all appendix-type material, with additional explanations and calculations to complement 
the material in the earlier chapters.

B.1  Introduction to Gears (Supplement to Chapter 1)

Gears are toothed wheels, which have been used for about 5000 years to transmit circular 
motion or rotation force (torque) from one part of a machine to another. Today gears are 
used in most machinery, and they range in size from the tiny gears in watch mechanisms 
to giant 100-ft-diameter gears in radar antennas. Gears are used in pairs, and each gear 
is usually attached to a rotating shaft. When the teeth of two gears are meshed, rotation 
of one shaft and its gear causes the other gear and its shaft to rotate also. If the two gears 
have different diameters, the smaller one (called the pinion) will turn faster and with less 
rotational force than the larger one (called the gear). Thus, gears can be designed to regu-
late rotational velocity and torque.

B.1.1  Types of Gears

There are a number of different types of gears, each especially suitable for a particular 
job. The spur gear set is the simplest to design and manufacture (except for friction gears, 
which have no teeth at all). The spur gear and pinion both have teeth, which run straight 
across the width of the gear face.* The spur gear set transmits rotary motion and torque 
from one shaft to a parallel shaft; it is widely used where rotation velocities and torques are 
relatively low, and cost is an important consideration. The rack and pinion (see Figure 1.18) 
is a variation of the spur gear in which the gear (rack) is flat rather than round. The rack 
and its round pinion convert rotation to linear motion and vice versa.

In the usual spur gear set, the gear and pinion will always rotate in opposite directions. 
If the parallel shafts must rotate in the same direction, there are two solutions: (1) the inter-
nal gear set (see Figure 1.20), consisting of one internal gear and one pinion, is used when 
the two axes are close together and the pinion diameter is not too close to the gear diam-
eter, and (2) if there is room between the shafts, an idler gear can be mounted on a bearing 
between the gear and the pinion. The idler gear will rotate freely on its shaft, whereas most 
gears are locked to their shafts by splines or by small pieces of metal called keys.

The bevel gear (see Figures 1.7 [upper right-hand corner] and 1.21) is used to transmit 
rotation from one shaft to a nonparallel shaft. (Perpendicular shafts are most common.) 
The basic shape of bevel gears is conical rather than cylindrical. Bevel gears are very 

* See illustrations of gears in Chapter 1. For spur gears, see Figures 1.7 and 1.18.
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com mon in household appliances and power tools. They are also used to a considerable 
extent in vehicles, helicopters, and mills.

The straight teeth of spur gears and straight bevel gears tend to make them noisy in 
operation, since the mating teeth mesh along their whole width all at once. To solve this 
problem and to obtain gears that can carry a higher load, some spur and bevel gears are 
made with teeth that twist across the face width. Spur gears with twisted teeth are called 
helical gears (see Figure 1.19), because the teeth are made in a helix shape. Bevel gears with 
twisted teeth are commonly called spiral bevel gears (Figure  1.23). As helical-gear teeth 
mesh, the contact between the two gears begins at one end of a tooth and extends gradu-
ally in a diagonal line across the width of the tooth. If the face width of the gears is long 
enough, two or more teeth on each gear will be engaged at all times, and this overlapping 
enables the gears to carry a higher load. Helical gears are smoother and quieter in opera-
tion than spur gears, and so they are favored for high-speed applications.

Unfortunately, helical gears convert a portion of the rotational force into a thrust along the 
gear shaft, which can have an undesirable effect on the shaft bearings. This sideways com-
ponent of the force, called the axial thrust load, occurs in helical gears because the teeth mesh 
along a diagonal line. When this axial thrust would be a serious problem, it can be eliminated 
mounting two gear sets side by side with teeth sloping in opposite directions. This arrange-
ment is referred to as a double helical gear (see Figure 1.11). When the right-hand and left-hand 
gears are both cut onto a single cylinder, the gear is sometimes called a herringbone gear.

Sometimes, gears are needed to connect shafts that are neither parallel nor intersecting. 
For this purpose a variation of the spiral bevel gear, called a hypoid gear (see Figures 1.24 
and 1.25), has been developed. The unusual geometry of the hypoid gear allows the pinion 
to be large and strong even though it has only a few teeth.

Cylindrical helical gears can also be used for nonparallel, nonintersecting shafts, and 
such gears are called crossed-helical gears (see Figure  1.27). When crossed-helical gears 
mesh, their teeth meet in only one point at a time, and load-carrying capacity is limited. 
For this reason, variations have been designed in which the gear is throated or curved 
outward on the edges of its face so that it wraps part way around the pinion like a nut 
envelopes a screw. The small cylindrical pinion is called worm, and the gear set is called a 
cylindrical worm gear or a single-enveloping worm gear (see Figure 1.28). When the worm 
is not cylindrical, but is throated into an hourglass shape so that it also curves part way 
around the gear, the result is the double-enveloping worm gear (see Figure 1.30). Crossed-
helical gears are sometimes called nonenveloping worm gears.

A worm can be designed with only one tooth, or thread, which wraps around and around 
the worm like the thread on a screw. Usually, however, a worm will have several threads. 
Worm gears provide the easiest way of greatly decreasing rotation speeds between two 
shafts, but friction losses can be high as the worm threads slide sideways along the gear teeth.

In practice, gears are used not only in pairs but also in more complex interactions called 
gear trains. Automatic transmissions in automobiles use epicyclic or planetary gear systems 
(see Figure 4.19). The “sun” or central gear meshes with three “planet” gears. All the planet 
gears also mesh with an internal “ring” gear. Three different gear ratios can be obtained in 
an epicyclic gear train by a clutch system that prevents the rotation of either the sun gear, 
the internal gear, or the arm, which is attached to the three planet gears through bearings.

B.1.2  Gear Design

Designing and manufacturing complex gears that mesh together quietly and efficiently 
at high speeds and under high loads for millions of cycles requires intricate planning, 
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manufacturing, and testing. If the designs of simple spur gears look like an easy task, try 
it! There is no better way to learn about gears.

Pretend that you have been asked to design a spur gear set which will reduce the rotational 
speed of an engine shaft from 40 revolutions per minute (rpm) to 30 rpm. This requires that 
your gear-to-pinion tooth ratio be 4 to 3. Design your gear and pinion accordingly, and cut 
them out of hard paper. Check to see whether the pinion will effectively turn the gear when 
you pin them through their centers onto a piece of cardboard. This attempt will acquaint 
you with some of the angles and distances that are familiar tools of the gear designer. For 
example, the distance between your pins is called, logically enough, the center distance.

In your design, you might start by drawing a root circle, with the idea of drawing your 
gear teeth sticking out from the root circle. Around this root circle, you will probably draw 
a large outside circle so that all the gear teeth will have the same whole depth. Then you 
will decide how many teeth your gear will have, and you will divide 360° by the number 
of teeth to determine the angle allotted for each tooth. Finally, you must design the shape 
of the tooth, or the tooth profile.

After the preliminary design of your gear is finished, a critical question arises: how big 
should the pinion be?

For two spur gears to mesh properly, it is essential that they have the same tooth spacing. 
But tooth spacing is an ambiguous term on round gears. It sounds logical to define tooth 
spacing as the distance from the center of one tooth to the center of the next tooth. But do 
we measure this distance along the outside circle, along the root circle, or somewhere in 
between? (See Figure B.1.) Unfortunately, “somewhere in between” is the only meaningful 
choice, since that is where the two gears mesh. The circle that is used is called the pitch 
circle, and the tooth-spacing term circular pitch is defined as the circumference of the pitch 
circle divided by the number of teeth. The pitch-circle circumference cannot be measured 
directly on a gear, but we can calculate the circumference for a meshed pair of gears.

The pitch circles of two mounted gears must be tangent (just touch each other at a single 
point, called the pitch point), so

 Center distance = gear’s pitch radius + pinion’s pitch radius (B.1)

We also know that these gears will have the same circular pitch only if the ratio to these 
two radii is the same as the tooth ratio, so
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FIGURE B.1
Circular pitch.
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By counting numbers of teeth and measuring the center distance, we can use Equations B.1 
and B.2 to calculate the pitch-circle radii for gear and pinion. The circumference of any 
circle can be obtained by multiplying its radius by 2π. Dividing the pitch-circle circumfer-
ence by the number of teeth will then give the circular pitch.

For a gear set you are designing, the gear-tooth ratio is 4/3. Thus the ratio of pitch radii 
must also be 4/3, i.e., the radius of your pinion pitch circle must be ¾ the size of your gear’s 
pitch-circle radius.

After many trials with paper gears, you may evolve a design that actually works and that 
looks something like the gear set in Figure B.2. Congratulations! You have learned a lot, 
and you will have a much easier time absorbing gear-design terminology and equations. 
However, there are problems with straight-sided tooth profiles like those shown.

First, notice that much of the contact between the two gears is on the leading corners of 
the driving gear. As the gear wears in, these corners will tend to round. Such wear is not 
necessarily detrimental—it may actually improve the running characteristics of the gear 
set if the break-in period is gentle.

The major difficulty with this design is that the angular velocity of the driven gear will 
not be uniform, even when the angular velocity of the driving gear is uniform. A gear of 
this design will turn with a slight jerkiness, and such nonuniformity is most unwelcome in 
precision machinery. For this reason, gear teeth usually must have a curved tooth profile. 
If the tooth curvatures are just right to transmit uniform angular velocity from one shaft 
to another, the tooth profiles are said to be conjugate.

Of the various curves that maintain uniform angular velocity, the easiest for gear manu-
facturers to produce is called the involute curve. You can generate an involute curve by wrap-
ping a string around a circle. The circle you chose will be called the base circle of the involute 
curve. Put a pencil point inside a loop at the end of the string, and slowly unwrap the string 
while pulling it taut without letting the circle rotate and without letting the string slip. See 
Figure B.3. The curve, SP1P2P…, which your pencil draws as it is pulled away from the base 
circle is an involute curve. Notice that at every point, the unwound string lies in a straight 
line that is tangent to the base circle and also perpendicular to the involute curve at each 
point. Since the string did not change length during the unwinding, the length of string PQ 
that has been unwound is always equal to the arc length SQ on the base circle. These facts 
lead directly to the mathematical involute relations of Figure 4.10 and Section 5.1.8.

Any line perpendicular to the involute tooth profile surface is called a line of pressure 
because it corresponds to the direction of the force whenever the gear driving its mate is 
in contact at that point. All the lines of pressure for each involute gear tooth are tangent 

FIGURE B.2
Straight cardboard teeth.
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to the vase circle (remember the unwound string!). When an involute gear and pinion roll 
together in mesh, their two lines of pressure through the point of contact always lie along 
the same line. This very special line, called the line of action, is tangent to both base circles 
and contains the pitch point. The point of contact between the pinion and gear is always on 
this line, moving back and forth as the involute gear teeth roll through mesh.

Before we add an involute curve to our paper gear profiles, let us consider how big we 
should make the base circle. Figure B.4 shows two different base circles and the involute 
profiles that result from each. Base circle c1 has a radius rb1, which is only a little smaller 
than the pitch-circle radius r. Base circle c2 is much smaller. The involute curve 2 deter-
mined by c2 is much more slanted at the pitch-line level than involute curve 1. This dif-
ference is also reflected in the size of the pressure angle, which is defined as the angle at 
a pitch point between the line perpendicular to the involute tooth surface and the line 
tangent to the pitch circle.

Some simple geometric logic will confirm that the pressure angle α is equal to the pro-
file angle between the tangent to the involute profile and the radial line through the pitch 

Involute curve
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P2
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Q

FIGURE B.3
Drawing an involute of a circle by unwrapping string.
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FIGURE B.4
Pressure angle α of an involute gear tooth is determined by the size ratio between the base circle and the pitch 
circle.
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point. This profile angle is also equal to the angle labeled α at the center of the circle. It can 
be seen from the right triangle formed by the unwound string that the cosine of α is equal 
to the ratio of the base-circle radius to the pitch-circle radius. For Figure B.4, the base circle 
c1 was chosen to be about 94% the size of the pitch circle, so the pressure angle α1 is about 
20° (cos 20° = 0.9397). A pressure angle of 20° is very commonly used in modern gears. The 
base circle c2 is only about three-quarters the size of the pitch circle, so the pressure angle 
α2 is about 40° (cos 40° = 0.766). If you imagine the other side of the 40° pressure angle 
tooth, you will see why such a large pressure angle is never used for actual gear teeth. 
The tooth would be extremely wide at the base, but the two sides would come together at 
a point before the tooth could reach a workable whole depth. Also, it would be impossible 
for more than one tooth of the gear to be in contact with a mating gear tooth at the same 
time, so the gears would not run nearly as quietly or smoothly as 20° pressure angle gears. 
However, a pressure angle of 25° is sometimes used for fairly low-speed gears which are to 
be loaded heavily enough to benefit from the extra strength of a wide base.

If we now redesign the tooth profile of our paper gears shown in Figure B.2 to incorpo-
rate a 22.5°-pressure-angle involute curve on the mating surfaces and a smooth curve in 
the root area between the teeth, our gears will look like those shown in Figure B.5. Now 
our gears will mesh together smoothly, and they are close to the design of some current 
commercial spur gears, although most gears have more teeth than those shown in these 
illustrations.

B.2  Dynamic Load Theory (Supplement to Chapter 4)

At the IFToMM Gear Committee meeting in Eindhoven, Holland, in June 1983, Dr. Aizoh 
Kubo* gave an informal presentation covering dynamic load research. Dr. Kubo pointed 
out that there were really three kinds of “dynamic” load:

 1. Fluctuations of input and output torque caused by more or less rough running 
of the engine making the power and the machine absorbing the power. (A piston 
engine driving a stone crusher would certainly be a good example of a fluctuating 
torque situation.)

* Associate Professor, The University of Kyoto, Kyoto, Japan. Dr. Kubo is an IFToMM Gear Committee member.

FIGURE B.5
Involute added to Figure B.2 teeth.
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 2. Fluctuations of torque resulting from torsional vibration of the power- transmission 
system. (A system like a propeller drive on a large ship can have a natural fre-
quency that is excited by the frequency of propeller blades passing the rudderpost.)

 3. Fluctuation in torque as teeth roll through mesh. This is caused by periodic 
changes in tooth mesh stiffness and by errors in tooth profile, tooth spacing, and 
tooth alignment across the face width. (In some badly worn large spur-gear drives, 
it is possible to feel and hear the disturbance as each tooth goes through mesh.)

Errors of these three kinds are handled in gear-design work in the following manner:

• Misbehavior of driving and driven equipment is handled by an application factor. 
(Table 5.37 and Section 5.2.4 give general information on application factors.)

• It is necessary to calculate critical torsional frequencies in a power-transmission 
system and then design and operate the equipment so as to avoid any appreciable 
operation at or near a critical speed. Fast-running equipment that operates above 
the first critical speed should be brought through the first critical speed quickly 
and at light load. (See Section 9.3.1 for more discussion of torsional vibration.)

• The dynamic load resulting from tooth stiffness effects and tooth errors is handled 
by a factor called dynamic factor. (See the part of Section 4.1.3 relating to dynamic 
load. Also see Section 5.2.4 and Figure 5.34.)

In a private communication of Dec. 31, 1982, Dr. Kubo sent me (i.e., to Mr. Darle W. Dudley) 
a short statement of dynamic load for possible inclusion in this book. In Dr. Kubo’s words,

“Although a torque applied to a pair of gears is kept constant, momentary overloads act 
on gear teeth. With progress of meshing, the number of tooth pairs in contact alternates, 
which results in the periodical change of the rotation of driven gear to the driving gear 
due to tooth deflections, even if the gears have no tooth errors. When a tooth error goes 
through mesh, it makes a delay or advance or rotational motion of driven gear to that 
of the driving gear. These forced changes of rotational movement of gear motion owing 
to tooth error and tooth stiffness changes prevent the masses of the driven and driving 
gears and apparatus from rotating at uniform velocities. The change in velocity causes 
momentary overloads.

Since most of spur gear pairs have contact ratios between 1.3 and 2.0, one tooth pair 
meshing and two tooth pair meshing alternate cyclically with the progress of meshing. 
Because the difference of tooth stiffness under one tooth pair meshing and under two 
tooth pair meshing is large, nonuniform rotational movement of gears, i.e., vibrational 
excitation owing to tooth deflections, is also large, particularly if no adequate tooth pro-
file correction to obtain uniform rotational movement of gears is made on spur gears. 
Consequently, the dynamic loads of spur gears without adequate tooth profile correc-
tion receive strong mutual influences of tooth stiffness change and tooth errors.

On the other hand, for helical gears with considerably large overlap ratio, the total 
length of the sum of contact lines on the simultaneously meshing tooth pairs does not 
change so strongly as for the case of spur gears, and nonuniform rotational movement 
of gears owing to tooth deflection is in most cases rather small. The vibrational excita-
tion of helical gears is therefore caused mainly by the nonuniform rotational movement 
of gears owing to tooth errors. In the case of helical gears with large overlap ratio, if 
tooth error is not the form of undulation which changes in the direction perpendicu-
lar to the contact lines on the plane of action, the tooth profile errors are averaged on 
the contact lines of the simultaneously meshing tooth pairs. And such helical gears 
can rotate almost uniformly, although they have considerably larger profile errors. In 
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this case, dynamic load increment is not large under wide driving speed range, but the 
tooth suffers from an overload increment caused by the local deflection of tooth pair 
corresponding to the tooth profile error whose magnitude is different at each part of 
the contact line. In gear rating calculations, this statical load increment due to tooth 
errors of helical gears is often not considered: In many gear rating calculation methods, 
e.g., AGMA procedure, the sum of both static and dynamic load increment due to tooth 
errors is usually taken in account by the “dynamic factor” for helical gears. But in some 
gear rating calculation methods, e.g., ISO/DIS 6336, DIN 3990 procedure, pure dynamic 
load increment is treated for both spur and helical gears. Consequently, the dynamic 
factors from AGMA and ISO procedures for helical gears of large overlap ratio may 
show a very large difference between their values (depending on speed and accuracy). 
By the way, the statical load increment due to tooth errors for helical gears has not been 
well considered in every gear rating method until now, and the use of dynamic factor 
which considers pure dynamic load increment for the rating calculation of larger helical 
gears without considering the statical load increment due to tooth errors results in an 
underestimation of real tooth loading in operation.

When the vibration of gears becomes large enough, or transmitting load is small 
enough, driving and driven tooth flanks lose their contact momentarily. Then the tooth 
flanks collide in the next moment with each other and a large momentarily overload 
acts on the tooth, with a magnitude proportional to the inertia masses of the driving 
and driven apparatus and to the collision velocity of tooth flanks. The backlash between 
driving and driven teeth has a very large influence on dynamic overload, when teeth 
lose their contact.

When the gears are run at high enough speeds, the kinetic energy becomes so great 
that tooth errors and tooth stiffness cannot change their velocity appreciably. Under 
such super critical driving speed, the overload is simply whatever load is required to 
bend the tooth out of the way (that is, the static load which would cause the deflection 
corresponding to the tooth error).”

Figures B.6 and B.7 show two test rigs used by Dr. Kubo and his associates at Kyoto 
University in Kyoto, Japan, to get dynamic load data. The first illustration shows a back-to-
back gear test, while the second shows a power-absorbing type of gear test.

The data obtained from the tests made at Kyoto University are most revealing and 
interesting. With good instrumentation and considerable number of tests, it was possible 
to thoroughly explore the dynamic load behavior of typical small gear sets. Figures B.8 
through B.12 were supplied by Dr. Kubo to show some of his results.

Figure  B.8 shows the general characteristic of the actual data taken. Note how the 
dynamic load changes as the speed changes.

Figure B.9 shows a summary of many tests for high-precision spur gears. Note how the 
dynamic load reaches a peak when there is a vibration resonance between the masses of 
the two gears in mesh. In Figure B.9, this resonance point comes just below 10,000 rpm. 
Also, note the superimposed calculate values for an AGMA dynamic load and an ISO 
dynamic load.

Figure B.10 shows a field of data for spur gears of medium quality. The test points are 
not all shown, but the area bounded by the test points is shown. In this case, the relative 
AGMA and ISO values that would be calculated are shown.

Figure B.11 shows more data for spur gears. In this case, the quality was really poor. 
Note the very high values of dynamic load. Data such as these teach the gear designer that 
gear quality is most important. Inaccurate gears are just not capable of running at high 
speed. They generate so much dynamic overload that the overload will wear out the gears 
quickly—even when the transmitted overload is relatively small.
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FIGURE B.6
Circulating torque test rig for dynamic load study. (Courtesy of Dr. Aizoh Kubo, Kyoto University, Kyoto, Japan.)
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FIGURE B.7
Power-absorbing test rig for dynamic load study. (Courtesy of Dr. Aizoh Kubo, Kyoto University, Kyoto, Japan.)
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Figure B.12 shows the situation for helical gears with relatively high accuracy. Note the 
rather low values of the dynamic overload. Of course, it should be kept in mind that these 
tests by Dr. Kubo determined dynamic overload by strain gages mounted in the root fillets 
of gear teeth. Because the form of tooth fillet stress with progress of gear rotation for heli-
cal gears is somewhat different at each individual position of fillet along tooth width, the 
dynamic overload is difficult to determine by one measurement, as shown in Figure B.12. 
But many measurements indicate that the situation of dynamic loading does not differ 
much from that of Figure B.12.

The general conclusion to be drawn from test work on dynamic load is that an exact cal-
culation is nearly impossible. The designer can handle dynamic load by making a reason-
able allowance for the effective dynamic load, then specifying close control on gear-tooth 
accuracy so that relatively small amounts of dynamic load are developed. In addition, it 
is necessary to operate the gears away from the resonance point, particularly if they are 
spur gears.

fz/fe = 1.0, resonance point

3600 rpm
fz/fe = 0.305

9500 rpm
fz/fe = 0.80

10,500 rpm
fz/fe = 0.89

15,000 rpm
fz/fe = 1.27

Calculated

m = 4 mm, α0 = 20°, Z1/Z2 = 25/25, x1/x2 = O/O
b = 15 mm, β = 0°, εα = 1.56, ff = 2 µm, quality JIS O

where tooth mesh frequency
“Eigen” frequency of
tooth-mass system
module
pressure angle
number of teeth in
pinion, gear

fz =
fe =

m =
α0 =

Z1, Z2 =

addendum modification
factors for pinion, gear
face width
helix angle
profile contact ratio
profile form error

x1, x2 =

b =
β =

εα =
ff =

Measured
Dynamic tooth fillet stress

FIGURE B.8
Changing of dynamic tooth fillet stress of high-precision spur gears at different driving speeds.
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FIGURE B.9
Comparison of ISO and AGMA dynamic factors with measured dynamic factor for fillet stress of high-precision 
spur gears.
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Comparison of ISO and AGMA dynamic factors with measured dynamic factor for fillet stress of spur gears of 
medium quality.

  



728 Appendix B

0

0 50
Pitch-line speed

Reference speed N

100 meters per
second

0.5 1.0 1.5 fz/fe

D
yn

am
ic

 fa
ct

or
, σ

d, 
m

ax
/σ

s, 
m

ax

0 5000 10,000 15,000 20,000 rpm

3

4

2

1

0

Form error ff = 40 µm
C'.ff/(Ft/b) = 5.8

m = 4 mm, z1/z2 = 25/25
Spec. tan. load
13.4 kgf/mm

ISO Kν

AGMA 1/Kν, #3
1 +√νt

50

FIGURE B.11
Comparison of ISO and AGMA dynamic factors with measured dynamic factor for fillet stress of spur gears of 
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B.3   Highest and Lowest Points of Single-Tooth 
Contact (Supplement to Chapters 4 and 5)

Spur gears with 20° pressure angle have contact ratios that are usually in the range of 1.6 
to 1.7. Those with 25° pressure angle have contact ratios that are usually in the range of 1.4 
to 1.5.

Figure  5.13 shows curves of contact ratio for different numbers of meshing teeth; 20, 
22.5, and 25° pressure angles; and both standard addendum design and the design where 
the pinion is 25% long addendum and the gear is 25% short addendum. Figure  5.13 is 
drawn for standard-depth teeth. (Working depth is 2.0 × module for metric dimensions 
or 2.0 ÷ transverse diametral pitch for English dimensions.) The range of Figure 5.13 goes 
from a contact ratio of 1.34 for a 10/35 tooth ratio at 25° pressure angle, 25% long addendum 
to 1.78 for a 40/100 tooth ratio, 20° pressure angle, and standard addendum.

Given this, it is evident that in most of the spur-gear designs used in the gear trade, two 
pairs of teeth are in contact when a tooth enters mesh and two pairs will be in contact 
when a tooth leaves mesh. In the middle of the tooth contact area, though, only one pair 
of teeth will be in mesh. It is only when the calculated contact ratio exceeds 2.0 that two 
pair of teeth can be meshed in the middle of the tooth contact area. The general theory of 
involute spur-gear contact can be expressed as follows:

• Contact ratio equals to 1, only one pair of teeth in contact.
• Contact ratio over 1.0 but less than 2.0, two pairs of teeth in contact at start and 

finish of meshing, but one pair of teeth in contact for part of meshing interval in 
the middle of the tooth contact areas.

• Contact ratio over 2.0 but less than 3.0, three pairs of teeth in contact at start and 
finish of meshing, but two pairs of teeth in contact for part of meshing interval in 
the middle of the tooth contact areas.

Since normal spur-gear designs have a contact ratio over 1.0 but less than 2.0, the loca-
tions where contact shifts from one pair of teeth to two pairs of teeth have been of much 
interest to those rating spur gears. It can be theorized that the most critical bending stress 
should come at the highest point on the tooth at which the tooth has to carry the full trans-
mitted load. It can also be theorized that the most critical contact stress should come at the 
lowest point on the tooth at which one tooth has to carry the full transmitted load.

In the 1940s and 1950s, much bench-test work was done on gear teeth in an attempt to 
find out whether or not these concepts in rating spur gears were valid. The general answer 
was that they are valid. [The ASME Paper by Seabrook and Dudley (1963) gives an insight 
into one body of test work that probed the issues just mentioned.]

In recent years, it has become generally accepted that the changeover points from one 
pair to two pairs of teeth are critical. (It is only in the cases where there is a serious profile 
error or unusual modification that these points are not critical from the standpoint of load-
rating calculations.)

Figure B.13 shows the basic definitions of where the highest and lowest points of single-
tooth (single-pair) contact occur. If the pinion drives, the highest point of single-tooth con-
tact is one base pitch from the first point of contact. (If the pinion is driven, the first point 
of contact becomes the last point of contact, and the highest point of single-tooth contact 
remains in the same place—now one base pitch away from the last point of contact.)
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The lowest point of single-tooth contact is one base pitch away from the last point of 
contact, with the pinion driving.

In Figure B.13, point 1 is the highest point on the pinion at which single-tooth contact is 
carried. This position is often referred to in gear writings as HPSTC.

The lowest point of single-tooth contact in Figure B.13 is at point 2. This point is often 
referred to as LPSTC.

B.4   Layout of Large Circles by Calculation 
(Supplement to Chapters 4 and 5)

In making gear-tooth layouts, it is frequently necessary to draw accurate arcs of circles that 
are quite large. For instance, a 50-tooth gear of 3-module may be laid out 10 times the size. 
This would make the pitch diameter used in the layout 1500 mm (59.055 inches).

With an ordinary beam compass, it is usually not possible to draw circles, or arcs of 
circles, greater than about 500 mm (20 inches). How can the gear designer draw accurate 
arcs of large circles?

The solution to this problem is to calculate the deviation from a straight line for a dis-
tance of about 100 mm (4 inches). With the tooth centerline in the center of a sheet of stan-
dard paper, it is possible to draw the circular arc for a distance of about 200 mm, with only 
four guide points on either side of the centerline.

Figure B.14 shows how four points may be precisely calculated (with a small pocket calcu-
lator). The example shown is for a 1500-mm diameter. Note that the fourth point calculates a 
deviation in the y direction of 6.697 mm. The deviations at the other four x values are

1st point, 25 mm y is 0.417 mm or 6.2%
2nd point, 50 mm y is 1.669 mm or 25%
3rd point, 75 mm y is 3.759 mm or 56%
4th point, 100 mm y is 6.697 mm or 100%

Last point
of contact

First point
of contact

(1) Highest point of single tooth contact
(2) Lowest point of single tooth contact

Gear

(1)

(2)

Pinion

Zone of action
Base pitch

Base pitch

FIGURE B.13
Definition of the highest and lowest points of single-tooth contact for involute gears.
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The percentage values for four evenly spaced points are essentially constant for all large 
circles. Thus, calculating the value of the fourth point makes it easy to get other three 
points good enough for a layout.

The following list of y deviations at x = 100 mm can be used to check calculations or to 
quickly estimate the deviation of any large-diameter circle from a straight line:

Circle Diameter, mm
y Deviation, mm at 

x = 100 mm Circle Diameter, mm
y Deviation, mm at 

x = 100 mm

550 18.826 1200 8.392
600 17.157 1500 6.697
650 15.767 1800 5.573
700 14.590 2250 4.453
750 13.579 2800 3.576
850 11.932 3375 2.966
1000 10.102 4000 2.502

The above values, for x = 100 mm, can be approximated closely enough for layout pur-
poses by the relation

 
y

d
=
10 300,

 (B.3)

B.5  Special Calculations for Spur Gears (Supplement to Chapter 5)

In this section, several special calculation procedures that are needed for spur gears will 
be covered. Other calculation procedures, of course, are covered in Chapter 5.

The supplementary material that will now be discussed covers tooth thickness, involute 
geometry dimensions, involute profile dimensions, and root fillet trochoid dimensions. 
Each of these will be covered in a separate subsection.

Calculation steps

1.  Distance X,
     mm
2.  Diameter d,
     mm
3.  (2) ÷ 2.000
4.  (3) × (3)
5.  (1) × (1)
6.  [(4) – (5)]0.50

7.  Y = (3) – (6)

    25

1500
  750
562500
  625
  749.583
      0.417

    50

 
   
 
2500
  748.331
      1.669

    75

 
   
 
5625
  746.241
      3.759

   100

 
   
 
10000
  743.303
      6.697

D

X Y

FIGURE B.14
Method of calculating points for the layout of large circles.
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B.5.1  Tooth Thickness Measurement b Diameter over Pins

It is common practice in the gear trade to check spur gears by taking a measurement over 
pins. If the part has an even number of teeth, the pins are placed 180° apart. If the part has 
an odd number of teeth, the pins are placed as near to 180° apart as possible.

In some countries (particularly in the United States), standard pin sizes have been estab-
lished. Gear makers buy standard-sized pins to go with the commonly used pitches of 
teeth. Then there are published tables that make determining the measurement over pins 
for a standard set of pins and a standard pitch very simple.

Appendix C gives tables for the measurement of standard external and internal gears. 
In many cases, though, the pitch may not be standard or the pin size may not be standard. 
The gear designer then needs to make a special calculation.

Table B.1 shows the sizes of pins commonly used to check spur gears. These sizes are 
satisfactory for most gear designs. They are also the sizes that have been standardized in 
the United States.

The pin size used should touch the involute profile of the gear tooth somewhat above the 
middle of the tooth height. The top of the pin should stick out beyond the outside diameter 
of the gear at least a small amount. The bottom of the pin should not go into the gear-tooth 
space so deeply that it touches the root diameter. These limits on pin size, of course, make 
it possible to check a gear with several different sizes of pins. Given some choices, the 
designer should either pick a pin in accordance with Table B.1 or pick a pin close to the 
standard size given in Table B.1.

Table B.2 shows an operation sheet for calculating the diameter over pins for spur gears. 
A 25-tooth pinion of 3-module is shown as an example.

B.5.2  Calculation of Involute Geometry Values

Table 5.12 shows dimensions for a spur-gear design, giving numerical values for a 25/26 
tooth ratio with 3-module teeth. Table B.3 shows the calculations that need to be made to 
determine the form diameters, roll angles at the form diameters, and roll angles at the start 
of profile modifications. In addition, this sheet has a calculation for the contact ratio.

TABLE B.1

Pin Sizes Used to Check the Tooth Thickness of Spur Gears

Type of Tooth Pressure Angle Pin Diameter Constant

External, standard or near standard proportions 14½ to 25° 1.728
1.920

External, long-addendum pinion design 14½ to 25° 1.680
1.920

Internal, standard design 14½ to 25° 1.680
1.440

Note: Pin diameters change as the tooth size changes. For metric design, multiply the pin size above by 
the module. For English design, divide the pin size by the diametral pitch.

 As an example, a 5-module spur tooth would normally use an 8.64-mm pin. A 5-pitch spur tooth 
would use a 0.3456-inch pin. If the teeth were 5-module and the only standard pin available was 
the 5-pitch pin, it could be used, since its size is 8.77826 mm, which is close to the desired size. 
Calculations b Table B.2 could be made using the 8.77826 pin size for item (6).
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The general theory behind Table B.3 is given in Sections 5.1.8 and 5.1.9. These sections 
give equations that could be used in direct calculation. Once the equations are under-
stood, though, it is much simpler in day-to-day work either to use an operation sheet like 
Table B.3 or to make a computer routine to carry out the steps in Table B.3.

In designing spur gears, there is general concern about the relative sizes of the angle of 
approach and the angle of recess. Figure B.15 defines these angles. In the angle of approach, 
the tooth sliding velocity is directed toward the root diameter of the pinion, but the tooth 
rolling velocity is toward the outside diameter of the pinion. In the angle of recess, the 
rolling velocity continues to be toward the outside diameter of the pinion and the sliding 
velocity is also toward the outside diameter of the pinion.

When the sliding and rolling velocities are opposite to each other, the tooth surface is 
much more apt to pit than when they are in the same direction. As a further consideration, 

TABLE B.2

Diameter over Pins for External Spur Gears

Given Data Pitch
circle

Odd teeth
(22)

Center of
measuring pin

Even teeth
(19)

(4)

(6)

1. Pitch diameter 75.00
2. Number of teeth 25
3. Pressure angle at (1) 20°
4. Arc tooth thickness 4.991 4.915
5. Base circle diameter, (1) × cos (3) 70.47695
6. Diameter of measuring pin 5.334
7. 3.14159265 ÷ 2 0.1256637
8. Inv. (3) = [tan (3) – (3)]/57.29578 0.0149044
9. (6) ÷ (5) 0.0756843
10. (4) ÷ (1) 0.0665467 0.0655333
11. (9) + (10) + (8) – (7) 0.0314717 0.0304583
12. Inv. anglea for (4), arc inv. (11) 25.3874 25.12653

Steps
13. Pressure angle, pin center 25.3874 25.12653 254500 25.0600
14. Inv. (13) 0.0314717 0.0304583 0.0317185 0.0302037
15. (14) – (8) 0.0165673 0.0155539 0.0168141 0.0152993
16. (15) + (7) – (9) 0.0665467 0.0655333 0.0667935 0.0652787
17. Arc thickness, (1) × (16) 4.991000 4.915000 5.009511 4.895900
18. Cos (13) 0.9034296 0.9053723 0.9029606 0.9058647
19. Diameter over pins, (5) ÷ (18) + 

(6) for odd number of teeth
– – – –

20. Cos [90° ÷ (2)] 0.998027 0.998027 0.998027 0.998027
21. [(5) ÷ (18)] × (20) 77.85651 77.68945 77.89695 77.64722
22. Diameter over pins, (21) + (6) 83.19051 83.02345 83.23095 82.98122

Note: Normally, (12) is used for (13) in the first column, and then (17) in the first column should equal (4). Other 
values of (13) arc assumed and entered in the remaining columns. Four values are then obtained for tooth 
thickness versus diameter over pins. Item (19) is for even tooth numbers. Calculate (22) if the tooth number 
is odd.

a See Table B.10.
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TABLE B.3

Calculation of Form Diameters, Roll Angles, Contact Ratio, and Start Profile Modification for 
External Gear Sets

No. Data Item* or Operation

Metric English

1 2 1 Pinion

Pinion Gear Pinion Gear

*1. Number of teeth 25 96 25 96
*2. Pitch diameter 75.00 288.00 2.9627 11.3386
*3. Addendum 3.54 2.46 0.1394 0.0968
4. Outside diameter, (2) + 2.0 × (3) 82.08 292.92 3.2315 11.5322
*5. Pressure angle, transverse 20° 20° 20° 20°
6. Base diameter, cos (5) × (2) 70.47695 270.6315 2.77463 10.65480
7. Gear ratio, (1)2 ÷ (1)1 3.84 3.84 3.84 3.84
8. Inverse ratio, 1.0 ÷ (7) 0.26042 0.26042 0.26042 0.26042
9. Arccos [(6) ÷ (4)] 30.83608 22.49556 30.83802 22.49435
10. O.D. roll, tan (9) × 57.29578 34.204 23.727 34.207 23.726
11. P.D. roll, tan (5) × 57.29578 20.854 20.854 20.854 20.854
12. Addendum roll, (10) – (11) 13.35 2.87 13.35 2.87
13. Pinion roll, (12)1 + [(12)2 × (7)] 24.38 – 24.38 –
14. Gear roll, (12)2 + [(12)1 × (8)] – 6.35 – 6.35
15. L.D. roll, pinion, (10) – (13) 9.8196 – 9.8251 –
16. L.D. roll, gear, (10) – (14) – 17.377 – 17.377
17. Arctan [(15) ÷ 57.29578] 9.72512 – 9.73042 –
18. L.D., pinion, (6) ÷ cos (17) 71.50450 – 2.81513 –
19. Arctan [(16) ÷ 57.29578] – 16.87215 – 16.87152
20. L.D., gear, (6) ÷ cos (19) – 282.8049 – 11.13403
21. Circular pitch, π × (2) ÷ (1) 9.42478 9.42478 0.37105 0.37105
22. Extra involute, 0.0160 × (21) 0.1508 0.1508 0.00594 0.00594
23. Form diameter, pinion, (18) – (22) 71.3537 – 2.8092 –
24. Arccos [(6) ÷ (23)] 8.99114 – 8.99690 –
25. F.D. roll, pinion = tan (24) × 57.29578 9.07 – 9.07 –
26. Form diameter, gear, (20) – (22) – 282.6541 – 11.1281
27. Arccos [(6) ÷ (26)] – 16.77107 – 16.77044
28. F.D. roll, gear = tan (27) × 57.29578 – 12.77 – 17.27
29. Roll per tooth, 360° ÷ (1) 14.4 – 14.4 –
30. Contact ratio, (13) ÷ (29)1 1.693 – 1.693 –
*31. Start modification diameter SD (see 

Table 5.54)
80.880 291.570 3.18426 11.47905

32. Arccos [(6) ÷ (31)] 29.38098 21.84605 29.3832 21.84478
33. S.D. roll, tan (32) × 57.29578 32.26 22.97 32.26 22.97

Note: For metric calculations, use millimeter dimensions, and for English calculations, use inches. All angles are 
in degrees. See Section 5.1.9 for cases when (22) may be too much extra involute. Subscript numerals are 
for column numbers. Parameters with asterisks are given, the rest are calculated.
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the tooth friction makes the pinion run more roughly when the sliding and rolling veloci-
ties are opposed.

The designer should tend to favor making the arc of recess longer than the arc of 
approach, wherever possible. The small pinion will make several revolutions per turn of 
the gear, so it is more sensitive to wear than the gear. Also, the small pinion will be rotating 
several times faster than the large one, so the pinion is more subject to vibration trouble.

B.5.3  Arc Tooth Thickness Values

In new design work, it is often desirable to plot the complete profile of the gear tooth. This 
will show the designer what the tooth will look like when it is machined in metal. If the 
resulting tooth needs changing, it is much better to learn this fact early in the design pro-
cess than to be surprised at how the teeth look when they are first cut in the shop.

Table B.4 shows how to calculate the arc tooth thickness of the tooth at any diameter 
from the base circle to the outside diameter. By calculating a few arc tooth thickness val-
ues, it is possible to make a layout of the involute part of the tooth profile.

Table B.4 shows arc tooth thickness values for a 25-tooth pinion, 3-module, and 20°-pres-
sure angle. This is the same pinion shown in Table 5.12.

B.5.4  Root Fillet Trochoid Calculations

After the involute part of a tooth has been calculated, it may be necessary to calculate the 
root fillet region. If this region is generated by a hob, there will be a trochoidal curve in the 
root fillet. Table B.5 shows how to calculate a root fillet trochoid. The same 25-tooth pinion, 
3-module, and 20°-pressure angle were used for this calculation.

Gear
(driven)

Pinion
(driving)

Zone of action

Base circles

Angle of approachAngle of recess

FIGURE B.15
Example of arc of approach and arc of recess.
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After both the involute part of the tooth and the root fillet part of the tooth have been 
calculated, it is possible to plot the complete tooth profile. Figure 5.14 shows the 25-tooth 
profile, which was plotted at an enlarged size from the data in Tables B.4 and B.5.

The resulting tooth form in Figure 5.14 looks good. The width of the tooth at the outside 
diameter (top land) is generously wide. There would certainly be no difficulty carburizing 
a tooth with this width of top land.

The root region of the tooth also looks good. There are no sharp curvatures. The rela-
tively gentle curvature should result in a low stress-concentration factor. It should be easy 
to design pregrind or preshave hobs with a protuberance tip and then have an easy manu-
facturing operation to blend the ground or shaved involute profile with the unground root 
fillet.

TABLE B.4

Arc Tooth Thickness at Any Diameter, External Spur Gears

Given Data

(3) (15)
(17)

(8)

1. Pitch diameter 75.00 mm
2. Pressure angle at (1) 20°
3. Arc tooth thickness at (1) 5.030 mm

Step A: Solve for the tooth thickness at base diameter.
4. Involutea (2) 0.014904
5. Cosine (2) 0.9396926
6. (4) × (1) 1.117829
7. (3) + (6) 6.147829
8. T.T. at B.D., (5) × (7) 5.7770689
9. Base diameter, (5) × (1) 70.47695

Step B: Solve for a series of tooth thicknesses to study the tooth profile. For any desired diameter, the cosine of 
the pressure angle at the diameter is

Cos PA at any diameter = base diameter ÷ any diameter

A series of pressure angles is assumed based on diameters of interest. Then calculations are made to get the arc 
thicknesses (line 15) that go with each diameter.

10. Assumed pressure angles 30.83608 28.24139 24.58019 16.48985 11.80586
11. Cosine (10) 0.858637 0.880962 0.90938 0.95887 0.97885
12. Involute (10) 0.058782 0.04422 0.02841 0.00822 0.00297
13. (12) × (9) 4.142800 3.11653 2.00242 0.57922 0.20907
14. (8) – (13) 1.634269 2.66054 3.77465 5.19785 5.56800
15. Arc TT, (14) ÷ (11) 1.903329 3.02004 4.15080 5.42080 5.68833
16. Any diameter, (9) ÷ (11) 82.08000 80.00000 77.50000 73.50000 72.00000
17. Δ rad., [(16) – (1)] ÷ 2 3.5400 2.5000 1.2500 – 0.7500 – 1.5000

a The involute of an angle α is defined as inv. α = tan α – (α in radians). If α is in degrees, then inv. α = tan α – 
(α × π – 180). Involutes can also be read from the involute function table (see Table C.12).
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TABLE B.5

Calculation of Spur-Gear Root Fillet Trochoid Produced by a Round Corner Hob

Given Data

(35)

(14)

Pitch
circle

Starting point
for trochoid plot

To gear center

(37)

1. Pitch diameter (as hobbed) 75.00 mm
2. Pressure angle (as hobbed) 20°
3. Dedendum of gear (as hobbed) 3.51 mm
4. Circular pitch (as hobbed) 9.42478 mm
5. Edge radius of hob 1.05 mm
6. Tooth thickness of gear (at pitch) 5.030 mm

Step A: Solve for some intermediate distances and angles.
7. Distance to edge radius center, 

(3) – (5)
2.46

8. Hob tooth thickness, (4) – (6) 4.39478
9. (7) × tan (2) 0.895367
10. (5) ÷ cos (2) 1.117387
11. 0.5 × (8) – (9) – (10) 0.184637
12. [2.0 × (11)] ÷ (1) 0.004924
13 (12) × 180 ÷ π 0.282104

Step B: Solve for points (x,y) or trochoidal path by assuming a series of radius values from mid-dedendum to root 
radius.
14. Assumed radius values 36.200 36.000 35.600 35.200 35.100
15. (1) ÷ 2.0 37.5
16. (15) – (7) 35.04
17. [(14)2 – (16)2]0.5 9.09057 8.25823 6.28955 3.35237 2.05144
18. Arctan [(17) ÷ (16)], degrees 14.54383 13.26148 10.17601 5.46501 3.35059
19. (18) × π ÷ 180, radians 0.25384 0.23146 0.17760 0.09538 0.05848
20. (17) ÷ (15) 0.24242 0.22022 0.16772 0.08940 0.05471
21. (19) – (20) 0.01142 0.01124 0.00988 0.00599 0.00377
22. (15) × (16) – (14)2 3.56 18.0 46.64 74.96 81.99
23. (15) × (17) 340.8962 309.6837 235.8580 125.7140 76.92894
24. Arctan [(22) ÷ (23)], degrees 0.59832 3.32651 11.18571 30.80654 46.82407
25. (14)2 + (5)2 1311.543 1297.103 1268.463 1240.143 1233.113
26. (5) × sin (24) 0.01096 0.06093 0.20369 0.53775 0.76572
27. 2.0 × (26) × (14) 0.79384 4.38676 14.50266 37.85745 53.75347
28. [(25) – (27)]0.5 36.20426 35.95436 35.41130 34.67398 34.34180
29. (14) – (26) 36.18904 35.93907 35.39631 34.66225 34.33428
30. Arccos [(29) ÷ (28)], degrees 1.66184 1.67067 1.66687 1.49039 1.19875
31. (30) × π ÷ 180, radians 0.02900 0.02916 0.02909 0.02601 0.02092
32. (31) + (21) 0.04043 0.04040 0.03898 0.03200 0.02470
33. (32) + (12) 0.04535 0.04532 0.04390 0.03692 0.02962
34. (33) × 180 ÷ π, degrees 2.59842 2.59660 2.51527 2.11546 1.69708
35. x = (28) × sin (34) 1.64133 1.62886 1.55405 1.27993 1.01704
36. (28) × cos (34) 36.16704 39.91744 35.37718 34.65035 34.32673
37. y = (15) – (36) 1.33296 1.58256 2.12282 2.84965 3.17327
38. Point on path = (35), (37) (1.64, 1.33) (1.63, 1.58) (1.55, 2.12) (1.28, 2.85) (1.02, 3.17)
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B.6  Special Calculations for Internal Gears (Supplement to Chapter 5)

An internal gear set does not involve two internal gears running with each other. This is 
geometric impossibility. An internal gear set consists of a pinion with external teeth run-
ning with a gear with internal teeth.

The internal gear is generally checked for tooth thickness with measuring pins, like 
the external gear. However, the measurement is made between pins instead of over pins. 
Generally, the measurement is taken as a “diameter” under two pins placed as near to 180° 
apart as possible.

Table  B.6 shows the calculation procedure. The numerical example shown is for a 
28-tooth internal gear of 3-module and 25° pressure angle. This is the internal gear shown 
in Table 5.15.

Table B.7 is a calculation sheet for form diameters, roll angles, and contact ratio. The 
numerical example shown is for an 18-tooth spur pinion meshing with a 28-tooth internal 
gear. This is the gear set shown in Table 5.15.

TABLE B.6

Diameter between Pins for Internal Spur Gear

Given Data (4)

(22)

Pitch circle

Odd teeth

Center of
measuring pin

Even teeth

(6)

(19)

1. Pitch diameter 84.00
2. Number of teeth 28
3. Pressure angle at (1) 25
4. Arc tooth thickness at (1) 4.240 4.160
5. Base-circle diameter, (1) × cos (3) 76.12985
6. Diameter of measuring pin 5.33401
7. 3.14159265 ÷ (2) 0.22220
8. inv. (3) = [tan (3) – (3)]/57.29578 0.02998
9. (6) ÷ (5) 0.07006
10. (4) ÷ (1) 0.05048 0.04952
11. (7) + (8) – (9) – (10) 0.02164 0.02259
12. inv. angle for (4), arc inv. (11) 22.54 28.85

Steps
13. Pressure angle, pin center 22.54 22.23 22.70 22.85
14. inv. (13) 0.02164 0.02072 0.02212 0.02258
15. (7) + (8) 0.14218
16. (15) – (14) – (9) 0.05048 0.05139 0.04999 0.04953
17. Arc thickness, (1) × (16) 4.2403 4.3170 4.1992 4.16045
18. cos (13) 0.92361 0.92567 0.92254 0.92152
19. Diameter under pins, (5) ÷ (18) – (6) 77.092 76.909 77.188 77.279

For odd number of teeth:
20. cos [90° ÷ (2)] – – – –
21. [(5) ÷ (18)] × (20) – – – –
22. Diameter under pins, (21) – (6) – – – –

Note: Normally, (12) is used for (13) in the first column, and then (17) in the first column should equal (4). Other 
values of (13) arc assumed and entered in the remaining columns. Four values are then obtained for tooth 
thickness versus diameter between pins. Item (19) is for even tooth numbers. Calculate (22) if the tooth 
number is odd. This sample calculation is in the metric system (using millimeters and degrees).
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Table B.8 is a calculation sheet for the arc tooth thickness at any diameter on an internal 
gear. The numerical data shown are for 28 teeth, 3-module, and 25° pressure angle.

Figure B.16 shows a layout of the internal gear teeth using the involute profile data from 
Table B.8. The root fillet trochoid would be formed by the tip of an internal shaper cutter 
rather than by the tip of a hob tooth. (Internal teeth are usually cut by shapers.)

TABLE B.7

Calculation of Form Diameter, Roll Angles, and Contact Ratio of Internal Spur Gears

Data Item* or Operation

Metric English

Pinion Gear Pinion Gear

*1. Number of teeth 18 28 18 28
*2. Pitch diameter 54.00 84.00 2.12599 3.30709
*3. Addendum 3.39 2.12 0.133465 0.083465
4. Outside diameter, pinion (2) + [2.0 × (3)] 60.78 – 2.39291 –
5. Inside diameter, gear, (2) – [2.0 × (3)] – 79.76 – 3.14016
*6. Pressure angle, transverse 25 25 25 25
7. Base diameter, cos (6) × (2) 48.94062 76.12985 1.92680 2.99724
8. Gear ratio, (1)gear ÷ (1)pinion 1.55556 1.55556 1.55556 1.55556
9. Inverse ratio, 1.0 ÷ (8) 0.64286 0.64286 0.64286 0.64286
10. arcos [(7) ÷ (4)] 36.36953 – 36.36953 –
11. arcos [(7) ÷ (5)] – 17.35275 – 17.35275
12. O.D. roll, pinion, tan (10) × 57.29578 42.19507 – 42.19507 –
13. O.D. roll, gear, tan (11) × 57.29578 – 17.90353 – 17.90353
14. P.D. roll, tan (6) × 57.29578 26.71746 26.71746 26.71746 26.71746
15. Addendum roll, pinion, (12) – (14) 15.47761 – 15.47761 –
16. Addendum roll, gear, (14) – (13) – 8.81393 – 8.81393
17. Pinion roll, (15) + [(16)gear × (8)] 29.18818 – 29.18818 –
18. Gear roll, (16) + [(15)gear × (9)] – 18.76383 – 18.76383
19. L.D. roll, pinion, (12) – (17) 13.00690 – 13.00690 –
20. L.D. roll, gear, (13) + (18) – 36.66736 – 36.66736
21. arctan [(19) ÷ 57.29578] 12.79012 – 12.79012 –
22. L.D., pinion, (7) ÷ cos (21) 50.18586 – 1.97582 –
23. arctan [(20) ÷ 57.29578] – 32.61786 – 32.61786
24. L.D., gear, (7) ÷ cos (23) – 90.38498 – 3.55846
25. Circular pitch, π × (2) ÷ (1) 9.42478 9.42478 0.37105 0.37105
26. Extra involute, 0.016 × (25) 0.15080 0.15080 0.00594 0.00594
27. Form diameter, pinion, (22) – (26) 50.03506 – 1.96988 –
28. arcos [(7) ÷ (27)] 12.00580 – 12.00580 –
29. F.D. roll, pinion, tan (28) × 57.29578 12.18465 – 12.18465 –
30. Form diameter, gear, (24) + (26) – 90.53577 – 3.56440
31. arcos [(7) ÷ (3)] – 32.76668 – 32.76668
32. F.D. roll, gear, tan (31) × 57.29578 – 36.87747 – 36.87747
33. Roll per pinion tooth, 360° ÷ (1) 20 – 20 –
34. Contact ratio, (17) ÷ (33) 1.45941 – 1.45941 –

Note: Metric dimensions are in millimeters and degrees. English dimensions are in inches and degrees. See 
Section 5.1.9 for cases where (26) may be too much extra involute. O.D. = outside diameter; P.D. = pitch 
diameter; L.D. = limit diameter; and F.D. = form diameter. Parameters with asterisks are given, the rest are 
calculated.
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The example shown in Figure B.16 would require a shaper cutter with rather narrow tips on 
the teeth. The generating action that would produce a trochoid would have to be very limited. 
For this reason, the fillet region of the internal tooth was approximated by an arc of a circle.

Figure  B.16 shows that the internal tooth is not really a good design. The root fillet 
region is so small that there would be danger of sludge and foreign material collecting and 

TABLE B.8

Arc Tooth Thickness at Any Diameter, Internal Spur Gear Sets

Given Data

(17) (15)
(3)

(8)

1. Pitch diameter 84.00 mm
2. Pressure angle at (1) 25°
3. Arc tooth thickness at (1) 4.240 mm

Step A: Solve for the tooth thickness at base diameter.
4. Involute (2) 0.029975
5. cos (2) 0.906308
6. (4) × (1) 2.51793
7. (3) – (6) 1.72207
8. T.T. at B.D., (5) × (7) 1.56073
9. Base diameter, (5) × (1) 76.12985

Step B: Solve for a series of tooth thicknesses to study the tooth profile. For any desired diameter, the cosine of 
the pressure angle at that diameter is

cos PA at any diameter = base diameter ÷ any diameter

A series of pressure angles is assumed, based on diameters of interest. Then calculations are made to get the arc 
thicknesses that go with each diameter.

10. Assumed pressure angles 17.35276 21.8 28.9 32.2 34.4128
11. cos (10) 0.95449 0.9285 0.8755 0.8462 0.8250
12. Inv. (10) 0.00961 0.0195 0.0476 0.0677 0.0844
13. (12) × (9) 0.73184 1.4838 3.6261 5.1570 6.4274
14. (8) + (13) 2.29914 3.0445 5.1868 6.7177 7.9881
15. Arc T.T., (14) ÷ (11) 2.4088 3.2790 5.9247 7.9388 9.6827
16. Any diameter, (9) ÷ (11) 79.760 81.993 86.960 89.968 92.280
17. Δ radius, [(16) – (1)] ÷ 2 – 2.120 – 1.004 1.480 2.984 4.140

5 mm

Pitch
diameter

Base
diameter

28 teeth
25° pressure angle
30 module size
Short addendum
(mate is 13% long addendum)

FIGURE B.16
Layout of 28-tooth internal gear.
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jamming against the outside diameter of the mating pinion. The design could be improved 
by using a large number of internal teeth or by using a pressure angle one or two degrees 
smaller than 25°.

Figure B.17 shows a layout of the 18-tooth spur pinion intended to mate with the 28-tooth 
internal gear. The pinion layout looks good. A change in proportions, though, to improve 
the 28-tooth internal gear would require a change in the 18-tooth pinion also.

If the designer still wants to use 18 teeth meshing with 28 teeth, the first step is to change 
28-tooth gear to get more room in the root region. The changed gear would, of course, 
require a changed pinion. The new pinion design should then be laid out to see how it 
looks.

The ratio of 18 to 28 is 1.556. Another way of solving the problem would be to use some-
thing like a 23-tooth pinion meshing with 36-tooth internal gear. This would give a ratio 
of 1.565, which almost the same as 1.556. With larger numbers of teeth, the difficulty in the 
first design would tend to disappear.

B.7  Special Calculations for Helical Gears (Supplement to Chapter 5)

The tooth thicknesses of helical gears are often checked by measurement over balls or 
pins. Theoretically, the measurement over balls for helical gears can be calculated in a 
manner similar to that for the measurement over pins for spur gears. Table B.9 shows a 
calculation sheet for diameter over balls for a 25-tooth helical pinion and a 96-tooth helical 
gear. These are the same parts that are shown in Table 5.17.

When the number of teeth is odd, it is not possible to get the balls 180° apart and in the 
same transverse plane. However, if three balls are used, it is possible to have two balls 
each 180° apart from the third ball. This is done by putting two balls on one side, one axial 
pitch apart.

The possibilities just mentioned are all sketched in Table B.9, and the calculation pro-
cedure will handle the two different situations that are possible with an odd number of 
teeth.

5 mm

PitchdiameterFormdiameterBasediameter

18 teeth
25° pressure angle
30 module size
13% long addendum

FIGURE B.17
Layout of 18-tooth external pinion.
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TABLE B.9

Diameter over Balls for Helical Gears

Pinion Gear

1. Pitch diameter 77.6457 298.1595
2. Number of teeth 25 96
3. Pressure angle, transverse 20.64689 20.64689
4. Arc tooth thickness, transverse 4.7799 4.7799
5. Base helix angle 14.07610 14.07610
6. Base circle diameter, (1) × cos (3) 72.6586 279.0091
7. Diameter of ball 5.33401 5.33401
8. 3.14159265 ÷ (2) 0.1256637 0.0327249
9. inv. (3), [tan (3) – (3)] × 57.29578 0.0164534 0.0164534
10. (7) ÷ (6) 0.0734120 0.0191177
11. 10 ÷ cos (5) 0.0756845 0.0197095
12. (4) ÷ (1) 0.0615604 0.0160314
13. (11) + (12) + (9) – (8) 0.0280346 0.0194694
14. Involute angle for (4), arc involutea (13) 24.47616 21.79269

Odd
teeth

Two  balls

(21) (24) (21)

Odd  teeth

Two  balls

Even  teeth

Three balls

Pinion Gear

15. Pressure angle, ball center 24.47616 21.79269
16. Involute (15) 0.0280343 0.0194693
17. (16) – (9) 0.0115809 0.0030159
18. (17) + (8) – (11) 0.0615601 0.0160313
19. Arc thickness, (1) × (18) 4.7799 4.7799
20. cos (15) 0.910134 0.928533
21. Diameter of balls, (6) ÷ (20) + (7) – 305.8177

For odd teeth:
22. cos [90° ÷ (2)] 0.9980267 –
23. [(6) ÷ (20)] × (22) 79.67533 –
24. Diameter over balls, (23) + (7) 85.0093 –

Note: The arc thickness in the transverse plane, (4), is equal to the arc thickness in the normal 
plane divided by the cosine of the helix angle (helix angle at the pitch circle). The base 
helix angle, (5), is determined from the helix of the pitch circle: tan (basic helix) = tan (pitch 
helix) × cos (pressure angle, transverse). Normally, (14) is used for (15) in the first col-
umn; then (19) should equal (4). Somewhat different values of the pressure angle are 
entered into (15) for the remaining columns. This will give four values of tooth thickness 
versus diameter over balls. Item (2) is for even teeth. Item (24) can be used for odd teeth, 
but only if two balls are used in a transverse plane. If balls are used in an axial plane, 
then the even calculation must be used for odd-numbered teeth as well as even- 
numbered teeth.

a See Table C.12 for table of involute functions.
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It is often practical to use pins in place of balls on helical teeth. There is a slight geometric 
error in calculating a diameter over balls and then using this dimension for a measurement 
of pins. In most helical designs, this discrepancy is so slight as to be of no consequence.

Unfortunately, a precise calculation for the measurement of a diameter over pins on 
helical gears is too complicated to be included in this book. The usual practice in the gear 
trade has been to make the calculations for balls, then start a product job with both balls 
and pins of the same diameter available.  A few carefully taken measurements will reveal 
the difference (if any) between the diameter over pins and the diameter over balls for the 
same part. Once this difference is known, the part can, of course, be checked by diameter 
over pins, with an approximate allowance being made for the known difference in reading 
between pins and balls.

The helical gear can be considered as a gear with two sets of tooth data. One set of data 
goes with a normal section through the gear teeth. Things like pressure angle, circular 
pitch, and tooth thickness change in going from the normal section to the transverse sec-
tion. The addendum and the whole depth are the same in either section.

The calculations for form diameter, roll angle, and contact ratio are made using 
transverse- section data, with a helical gear being treated as if it were a spur gear with an 
infinitesimally small face width (a wafer-thin spur gear). This means that the calculations 
just mentioned can be made for a helical gear in the same manner that they are made for a 
spur gear, provided transverse-section data are used.

The profile of a helical tooth is best judged in the normal section. It is conventional prac-
tice in the gear trade to make layouts of helical-gear teeth in the normal section, using the 
technique of a virtual spur gear.

The virtual spur gear will have almost exactly the same tooth shape as the helical gear 
has in its normal section. Table B.10 shows how to get the needed dimensions of a virtual 
spur gear that will match the normal section of a helical gear.

The calculation procedure involves these steps:

 1. Convert the normal section of the helical gear to a set of tooth data describing the 
virtual spur gear. Use the rules in Table B.10.

 2. Make calculations for the involute part of the virtual spur gear just as if it were a 
regular spur gear.

TABLE B.10

Virtual Spur Gear to Match Normal Section of a Helical Gear

Item Helical Gear Virtual Spur Gear

Number of teeth Actual number of teeth Helical no. teeth
cos (helix angle)3

Pitch diameter Actual pitch diametera Helical pitch diameter
cos (helix angle)2

Tooth thickness Actual normal-section tooth thicknessa Helical normal-section tooth thickness
Addendum Actual valuea Helical value
Whole depth Actual valuea Helical value

a When there are both “cutting” and “operating” data on the drawing, use the operating data values for these 
items. (See text for a discussion of how operating data are used for virtual-helical-gear layouts.)
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 3. Make calculations for the trochoid of the virtual spur gear just as if it were a regu-
lar spur gear. (The hob tooth data for a helical gear will match the normal section 
of the helical gear.)

 4. For what happens when the helical pinion meshes with the helical gear, do not use 
the virtual-spur-gear concept. The involute helical gear is handled by calculations 
for the real helical gears and their transverse sections.

When a helical gear is cut (or ground) at a pitch diameter different from the operating pitch 
diameter, the layout of the virtual spur gears is made to match the normal section for oper-
ating conditions, not the normal section for cutting conditions. This can be rationalized 
by the fact that the addendum that meshes is the addendum base on the operating pitch 
diameter, not an addendum that is valid in cutting only.

Section B.13 has an example that shows how data are obtained for the normal section for 
operating conditions, as well as for the normal section for cutting.

B.8  Summary Sheets for Bevel Gears (Supplement to Chapter 5)

When bevel gears are to be manufactured on machines built by Gleason Works in 
Rochester, NY, U.S.A., it is common practice to get a summary sheet of tooth data com-
puted by Gleason Works. These sheets can be obtained at a small charge.

Table B.11 shows an example of a summary sheet for a straight bevel gear set of 16/49 
teeth, 5-module. This is the same set shown in the straight bevel dimension sheet, Table 5.22.

The Gleason summary sheet is quite useful to the gear manufacturer. From a design 
standpoint, it gives all the tooth geometric data. These data will agree, of course, with the 
latest design practice recommended by Gleason. (Presumably, the designer will want to 
use the latest design practice.)

The summary sheet will be based on the kind of machine and the model of machine that 
is expected to be used in the gear manufacturer. (A builder who owns many kinds and 
models of Gleason machines will need to inform Gleason which machine or machines are 
to be used in the manufacture of the particular gear set.)

The summary sheet gives tool data and machine settings. This information is very help-
ful for the shop engineers who make the bevel-gear processing plans.

The summary sheets will give some values useful in gear-rating equations.
The values given may or may not fit standard rating practice of the various bodies that 

issue rules on ratings. The designer should consider the rating values on the summary 
sheet as representing Gleason practice. (The later part of Chapter 5 covers gear-rating prac-
tices and explains how a given gear contract may have specific details that specify how the 
gear rating is to be completed.)

Table B.12 shows a summary sheet for spiral bevel gears. This sheet patches the spiral-
gear dimension sheet in Table 5.24.

Table B.13 shows a summary sheet for Zerol bevel gears. It matches the Table 5.25 dimen-
sion sheet for a set of Zerol bevel gears.
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TABLE B.11

Dudley Engineering Company Summer Sheet for 16/49 Teeth, Straight Bevel Gear Set

Straight Bevel Gear Dimensions No. M W004474

Pinion Gear

Number of teeth 16 49
Part number
Module 5.000
Fact width 40.00 40.00
Pressure angle 20d 0m
Shaft angle 90d 0m
Transverse contact ratio 1.517
Outer cone distance 128.87
Circular pitch 15.71
Working depth 10.00
Whole depth 10.99 10.99
Clearance 0.99 0.99
Pitch diameter 80.00 245.00
Addendum 7.05 2.95
Dedendum 3.94 8.05
Limit point width
Limit point width-large end 0.130″ 0.143″
Limit point width-small end 0.091″ 0.100″
Stock allowance 0.026″ 0.030″
Max. radius-cutter blades 0.081″ 0.089″
Max. radius-mutilation 0.062″ 0.069″
Max. radius-interference 0.048″ 0.121″
Tool edge radius 0.025″ 0.025″

Two tool generator
Machine
Cutter diameter
Blade pressure angle
Cutter depth designation
Blade point width 0.065″ 0.070″
Blade edge radius 0.025″ 0.025″
Axial factor Out 0.085 Out 0.085
Separating factor Sep 0.260 Sep 0.028

Control data
Pattern length factor
Profile mismatch factor

Note: All dimensions are in metric unless denoted otherwise. Angles are in degrees (d) and min-
utes (m).

“Coniflex” is a trademark of Gleason Works.
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Form C Date 8/3/81 Time 12:1

Data Sheet for Coniflexa Bevel Gears

Pinion Gear

Outside diameter 93.41 246.83
Pitch apex to crown 120.31 37.20
Circular thickness 9.514 6.194
Mean normal top land 2.27 3.43
Pitch angle 18d 5m 71d 55m
Face angle of blank 21d 38m 73d 39m
Root angle 16d 21m 68d 22m
Dedendum angle 1d 44m 3d 33m
Chordal addendum 7.32 2.96
Chordal thickness 9.43 6.13
Backlash Min. 0.13 Max. 0.18
Tooth proportions Std
Face in percent of cone dist 31.040
Undercut No
Geometry factor-strength-J 0.2373 0.1920
Strength factor-Q 5.74969 2.32077
Size factor—Ks 0.666
Ki factor 1.3188
Strength balance desired Strs
Strength balance obtained Tpld 0.189
Geometry factor-durability-I 0.0756
Durability factor-Z 3651.26 2086.44
Root line face width 40.00 40.00
Position load application Hpt1

Machine setting—two tool generator
Sliding base Adv 0.00 Adv 0.00
Top tool height Rise 0.00 Rise 0.00
Bottom tool height Lowr 0.00 Loer 0.00
Tooth angle 2d 45m 2d 40m
Tool advance 0.05 0.05
Cradle test roll 20d 0m 30d 0m
Work test roll 64d 26m 31d 34m
Decimal ratio 0.6873 0.6873
Nc/75 ratio gears 47 / 45 × 50/76 47 / 45 × 50/76

Depth checking data—no. 15 Black checker
Checking diameter 72.52 240.01
Backing Md – 123.72 Md – 47.65

a Factor given on this data sheet applies to coniflex straight bevel gears with localized tooth bearing. For 
gears cut with nonlocalized tooth bearing the stresses will stresses will be increased by 20%–50%.
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TABLE B.12

Dudley Engineering Company Summer Sheet for 16/49 Teeth, Spiral Bevel Gear Set

Spiral Bevel Gear Dimension No. M S006651

Pinion Gear

Number of teeth 16 49
Part number
Module 5.000
Face width 38.00 38.00
Pressure angle 20d 0m
Shaft angle 90d 0m
Transverse contact ratio
Face contact ratio 1.192
Face contact ratio 2.006
Modified contact ratio 2.333
Outer cone distance 128.87
Mean cone distance 109.87
Pitch diameter 80.00 245.00
Circular pitch 15.71
Working depth 8.28
Whole depth 9.22 9.22
Clearance 0.94 0.94
Addendum 5.91 2.38
Dedendum 3.32 6.85
Outside diameter 91.23 246.48
Face angle junction diameter
Theoretical cutter radius 3.751″
Cutter radius 3.750″
Calc. gear finish. pt. width 0.100″
Gear finishing point width 0.100″
Roughing point width 0.045″ 0.080″
Outer slot width 0.071″ 0.100″
Mean slot width 0.083″ 0.100″
Inner slot width 0.073″ 0.100″
Finishing cutter blade point 0.045″ 0.100″
Stock allowance 0.026″ 0.020″
Max. radius-cutter blades 0.043″ 0.074″
Max. radius-mutilation 0.061″ 0.076″
Max. radius-interference 0.045″ 0.096″
Cutter edge radius 0.025″ 0.025″
Calc. cutter number 3 9
Max. no. blades in cutter 11.295
Cutter blades required Std depth Std depth
Gear angular face—concave 26d 47m
Gear angular face—convex 29d 30m
Gear angular face—total 31d 52m

Note: All dimensions are in metric unless denoted otherwise. Angles are in degrees (d) and minutes (m).
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Form M Date 10/15/82 Time 16:41

Pinion Gear

Pitch apex to crown 120.67 37.74
Face ang junct to pitch apex
Mean circular thickness 8.13 5.04
Outer normal top land 2.18 2.28
Mean normal top land 2.25 2.66
Inner normal top land 2.41 2.36
Pitch angle 18d 5m 71d 55m
Face angle of blank 20d 55m 73d 3m
Inner face angle of blank
Root angle 16d 57m 69d 5m
Dedendum angle 1d 8m 2d 50m
Outer spiral angle 42d 22m
Mean spiral angle 35d 0m
Inner spiral angle 28d 14m
Hand of spiral LH RH
Driving member Pin
Direction of rotation-driver Rev
Outer normal backlash Min 0.13 Max 0.18
Depthwise tooth taper Generated
Gear type 29.488
Face in percent of cone dist
Depth factor—K
Addendum factor—C1
Geometry factor-strength-J 0.2483 0.2639
Strength factor-Q 5.78453 1.77692
Edge radius used in strength 0.025″ 0.025″
Cutter radius factor-Kx 1.038
Factor Min 0.7856
Strength balance desired Givn
Strength balance obtained Givn — 0.055
Geometry factor-durability-I 0.1254
Durability factor-Z 2932.37 1675.64
Geometry factor-scoring-G 0.004934
Scoring factor-X 0.3052
Root line face width 38.00 38.00
Profile sliding factor 0.00354 0.00537
Ratio of involute/mean cone 1.228
Axial factor-driver cw Out 0.598 Out 0.050
Axial factor-driver ccw In 0.393 Out 0.156
Separating factor-driver cw Sep 0.153 Sep 0.195
Separating factor-driver ccw Sep 0.476 Att 0.128
Duplex sum of dedendum ang 3d 58m
Roughing radial 3.764″
Input data Cutm
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TABLE B.13

Dudley Engineering Company Summary Sheet for 16/49 teeth, Zerol Bevel Gear Set

Zerol Bevel Gear Dimensions No. M Z006652

Pinion Gear

Number of teeth 32 98
Part number
Module 2.500
Face width 32.00 32.00
Pressure angle 20d 0m
Shaft angle 90d 0m
Transverse contact ratio 1.463
Face contact ratio
Modified contact ratio 1.463
Outer cone distance 128.87
Mean cone distance 112.87
Pitch diameter 80.00 245.00
Circular pitch 7.85
Working depth 5.00
Whole depth 5.47 5.47
Clearance 0.47 0.47
Addendum 3.53 1.47
Dedendum 1.94 4.00
Outside diameter 86.71 245.91
Face angle junction diameter
Theoretical cutter radius
Cutter radius 3.000″
Calc. gear finish. pt. width 0.070″
Gear finishing point width 0.070″
Roughing point width 0.035″ 0.050″
Outer slot width 0.065″ 0.070″
Mean slot width 0.070″ 0.070″
Inner slot width 0.062″ 0.070″
Finishing cutter blade point 0.035″ 0.040″
Stock allowance 0.027″ 0.020″
Max. radius-cutter blades 0.037″ 0.046″
Max. radius-mutilation 0.063″ 0.068″
Max. radius-interference 0.022″ 0.035″
Cutter edge radius 0.015″ 0.025″
Calc. cutter number 0 0
Max. no. blades in cutter 14.781
Cutter blades required Std depth Std depth
Gear angular face—concave 23d 29m
Gear angular face—convex 25d 2m
Gear angular face—total 24d 21m

Note: All dimensions are in metric unless denoted otherwise. Angles are in degrees (d) and minutes (m).
Zerol is a trademark of Gleason Works.
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Form M Date 10/15/82 Time 16:46

Pinion Gear

Pitch apex to crown 121.41 38.60
Face ang junct to pitch apex
Mean circular thickness 3.92 2.86
Outer normal top land 1.50 1.88
Mean normal top land 1.72 2.07
Inner normal top land 1.93 1.85
Pitch angle 18d 5m 71d 55m
Face angle of blank 21d 22m 73d 17m
Inner face angle of blank
Root angle 16d 43m 68d 38m
Dedendum angle 1d 22m 3d 17m
Outer spiral angle 11d 21m
Mean spiral angle 0d 0m
Inner spiral angle – 13d 8m
Hand of spiral LH RH
Driving member Pin
Direction of rotation-driver Rev
Outer normal backlash Min 0.05 Max 0.10
Depthwise tooth taper Dplx
Gear type Generated
Face in percent of cone dist 24.832
Depth factor—K
Addendum factor—C1
Geometry factor-strength-J 0.2363 0.2330
Strength factor-Q 12.138 4.01942
Edge radius used in strength 0.015″ 0.025″
Cutter radius factor—Kx
Factor Ki 1.3666
Strength balance desired Givn
Strength balance obtained Givn 0.013
Geometry factor-durability-I 0.0785
Durability factor-Z 4037.51 2307.15
Geometry factor-scoring-G 0.002801
Scoring factor-X 0.2639
Root line face width 32.00 32.00
Profile sliding factor 0.00228 0.00348
Ratio of involute/mean cone 1.383
Axial factor-driver Cw Out 0.082 Out 0.082
Axial factor-driver Ccw Out 0.082 Out 0.082
Separating factor-driver Cw Sep 0.251 Sep 0.027
Separating factor-driver Ccw Sep 0.251 Sep 0.027
Duplex sum of dedendum ang
Roughing radial 5.361″
Input data Cutm 1
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B.9   Complete AGMA and ISO Formulas for Bending Strength 
and Pitting Resistance (Supplement to Chapter 5)

During the 1970s, an international technical committee worked on gear-rating formulas 
and developed a draft of standards for rating the strength and pitting resistance of gear 
teeth running on parallel axes. The two standards first developed were intended to be 
“mother” standards for all types of applications. In the late 1970s and early 1980s, this 
work was extended to develop product standards. (Some of the product areas were marine 
gears, aircraft gears, vehicle gears, and industrial gears.)

The committee doing this work was designated ISO/TC  60/WG  6. This designation 
means that the work was sponsored by the International Standards Organization. “WG 6” 
means working group 6 of the general technical committee group 60.

The president (chairman) of WG 6 was Dr.-Ing. Hans Winter. The handling of processing 
of committee was assigned by ISO to DNA (Deutscher Normenausschuss). Mr. H. Schwartz 
has been the secretary of the WG 6 committee. His office has provided drafts of the stan-
dard and minutes meetings in several languages.

The gear-rating standards developed by ISO/TC 60/WG 6 are generally referred to as 
“ISO Standards” in the gear trade. Although draft copies of the proposed ISO Standards 
have been available for study for several years, these standards are in limited use for inter-
national gear work. Some countries (outside the United States) have decided to use ISO 
Standards in their domestic work.

At the date of 1983, the situation was as follows:

“AGMA has just formally approved a new general standard for the rating of gears on paral-
lel axes for both tooth strength and tooth surface durability. Its designation is AGMA 2001-
D04 and AGMA 908-B89. The older general rating standards, AGMA 2001-D04 and 908-B89, 
and 6010-F97, are now considered obsolete (and replaced by 2001_D04 and 908-B89).

ISO rating work by WG 6 is continuing. Several product standards are being devel-
oped. The general standard, ISO/DIS 6336 I-IV, is considered to be finished, but it has 
not been accepted as the world standard”.

The general AGMA and ISO gear-rating equations may be compared as follows:
Total rating stress in bending:
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Word definitions of all terms in these equations are given in Table  B.14. The AGMA 
numerical definitions of the terms used are given (for the most part) in Chapter 5. The ISO 
numerical definitions are too lengthy to be included in this book. The reader who wishes 
to study ISO proposed standards should obtain original copies from DIN. (They are avail-
able in English, German, and French.)

TABLE B.14

AGMA and ISO Nomenclature Used in Rating Calculations

AGMA ISO

Bending Stress Calculation

st Calculated tensile stress at root of tooth, 
psi

σF Calculated tensile stress at root of tooth, N/mm2

Wt Transmitted tangential load at operating 
pitch diameter, lb

Ft Transmitted tangential load at operating pitch 
diameter, N

Ka Application factor KA Application factor
F Contacting face width, inches b Contacting face width, mm
Pn Normal diametral pitch mn Normal module, mm
J Bending geometry factor YF Tooth form factor (HPSTC)
Kv Dynamic factor (derates by being less 

than 1.0)
Kv Dynamic factor (de-rates by being over than 1.0)

ψ Helix angle Yβ Helix angle factor
Km Load-distribution factor YS Stress concentration factor (HPSTC)

YSa Stress concentration factor (tip loading)
YFa Tooth form factor (tip loading)
Yε Contact ratio factor

KFβ Longitudinal load-distribution factor for 
bending stress

KFε Transverse load-distribution factor for bending 
stress

Contact Stress Calculation

sc Calculated contact stress, psi σH Calculated contact stress, N/mm2

Cp Coefficient for elastic properties of 
materials used

ZE Coefficient for elastic properties of materials 
used (N/mm2)0.5

Wt Transmitted tangential load at operating 
pitch diameter, lb

Ft Tangential load, N

Ca Application factor KA Application factor
F Contacting face width, inches b Contacting face width, mm
d Pinion operating pitch diameter, inches d1 Pinion pitch diameter, mm
I Durability geometry factor ZHZβZε Total durability geometry factor
Cv Dynamic factor for durability (de-rates 

by being less than 1.0)
Kv Dynamic factor (de-rates by being over than 1.0)

Cm Durability load-distribution factor KFβ Longitudinal load-distribution factor, for pitting

KHα Transverse load-distribution factor, for pitting
u (No. gear teeth)/(No. pinion teeth)
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The equations just given do not show size factors like Ks or Cs. Since the size factor is often 
handled by using a value of 1.0 (for small to medium-sized gears), it is possible to compare 
the general equations without getting into the uncertainty of what size factor should be used.

The AGMA and ISO systems do not calculate the same stress values for like gears under 
the same loading. Also, the allowable stress values for a defined material in each system 
are not the same. This makes it somewhat difficult to compare rating results by the two 
systems. The engineer has to consider the following:

• Which system more correctly calculates the true total stress
• Which system best knows the real ability of a given steel (or other material) to 

withstand tensile stress or compressive stress in a gear tooth

One of the best ways to compare the two systems is to look at the load intensity for gear 
units in service. True comparisons can be made by calculating the unit load and the 
K-factor. These indexes of tooth loading are calculated in exactly the same way by AGMA 
and ISO. The calculation is simple, and all variables are directly measurable dimensions 
or forces.

An excellent comparative study of 54 gear designs was made by D.E.  Imwalle, 
O.A. Labath, and R.N. Hutchinson of The Cincinnati Gear Co., Cincinnati, Ohio, U.S.A. 
Their results were published in a 1980 ASME paper given at the International Power 
Transmission  &  Gearing Conference in San Francisco, CA, U.S.A. This paper shows in 
considerable detail how to make comparative calculations by AGMA and ISO methods. 
Calculation results in terms of stress, derating factors, and hardness of steel are compared.

At the same ASME meeting, an excellent analytical study of AGMA and ISO methods 
for calculating tooth strength was given by G. Castellani and V.P. Castelli. (Castellani is a 
gear consultant in Modena, Italy, and Castelli is a professor at the University of Bologna, 
Italy.)

The papers just mentioned, plus other studies made since 1980, show that there are unre-
solved differences in rating by the two methods. The most serious problems have to do 
with gear-strength rating. More worldwide gear research and more follow-up evaluation 
of gears in service are needed to establish better formulas and data on gear materials capa-
bilities. Both AGMA and ISO are continuing their work on gear rating. New or revised 
rating standards can be expected—at least through the 1980s.

Figure B.18 shows a comparison of “unit load allowable” for a substantial number of gear 
designs made by Dennis E. Imwalle and Octave A. Labath. These data were presented and 
discussed at the IFToMM gear committee meeting in Eindhoven, Holland, in June 1982.

The allowable unit load is obtained by first calculating a power rating using AGMA or 
ISO calculating methods. Then the allowed power rating is used to calculate the unit load 
and K-factor indexes of tooth loading intensity.

Figure B.18 shows these comparisons for unit load:

• For fully hard helical gears, ISO would allow more load than AGMA 2001-D04 
and 908-B89. (AGMA 2001-D04 and 908-B89 would allow more than the obsolete 
AGMA 225.)

• For medium-hard helical gears, ISO would again allow more load than AGMA 2001-
D04 and 908-B89.

• For fully hard spur gears, ISO would allow more load that AGMA 2001-D04 and 
908-B89.
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• Spur and helical gears are somewhat closer to the same rating in ISO than in AGMA.
• The allowable ratings of Figure B.18 are too high for long-life gears of high reli-

ability. (See Chapter 5 for effects of grades of material, levels of reliability, and 
numbers of cycles like 109 or more.)

In a similar fashion, Figure B.19 shows allowable K-factors for the same group of designs 
studied by Imwalle and Labath.

Figure B.19 shows these comparisons:

• For fully hard helical gears, ISO and AGMA 2001-D04 and 908-B89 are close to the 
same level of loading. (AGMA 2001-D04 and 908-B89 will allow more load than 
the obsolete 225.)

• For medium-hard helical gears, ISO would allow less load than AGMA 2001-D04 
and 908-B89—or even than the old AGMA 908-B89.

• For fully hard spur gears, the allowed ratings are close to the same value. ISO is 
slightly less than AGMA 2001-D04 and 908-B89.

30,000200

100

0

20,000

10,000

0

Average allow
able unit load, psi

Av
er

ag
e a

llo
w

ab
le

 u
ni

t l
oa

d,
 N

/m
m

2

AGMA 218 AGMA 225 ISO

Spur, surface-hardened

Helical, through-hardened

Helical, surface-hardened

FIGURE B.18
Average allowable unit load, AGMA and ISO. (Data courtesy of the Cincinnati Gear Co., Cincinnati, OH, U.S.A.)
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• The allowable ratings of Figure B.19 are too high for long-life gears of high reliabil-
ity. (See Chapter 5 for effects of grades of material, regimes of lubrication, levels of 
reliability, and numbers of cycles like 109 or more.)

The above comparisons of allowable unit loads and K-factors for AGMA and ISO should be 
considered as generalizations developed by Imwalle and Labath in their published study. 
Dr. H. Winter, chairman of the ISO/TC 60/WC 6 committee, has reminded that recom-
mended safety factors vary between AGMA and ISO, and the hardness of a through-hard-
ened gear may be somewhat different. Exact comparisons can only be made by studying 
all the details in individual cases.

B.10   Profile Modification Calculation Procedure 
(Supplement to Chapter 5)

Profile modifications are generally made to reduce the risk of tooth scoring. Section 5.2.8 
gives general information on how to design gears that may have a scoring hazard. Table 5.54 
shows a general guide for depth of the profile modification.

The best procedure is to put profile modification at the tip of the pinion ant at the tip of 
the gear. The involute has less curvature here, and it has more length for an increment of 
roll angle.

In some cases, a gear builder will own a pinion-grinding machine capable of making 
modified involute profiles, but the larger machine that will grind the gear is not equipped 
to grind a modified involute. What can be done?

The pinion can be made with a modification at the tip and a second modification near 
the root fillet. This is reasonably practical for pinions with large enough numbers of teeth 
to keep the form diameter a few degrees of roll away from the base circle. (The base circle 
is at 0°-roll.)

The calculation procedure for this kind of design involves locating a diameter on the 
pinion that matches the diameter at which the involute profile modification might have 
started on the gear.

Table B.15 is a calculation sheet that can be used to get a diameter on the pinion match-
ing a diameter on the gear.

The calculation procedure is as follows:

• Determine the diameter at which the profile modification might have started on 
the gear. Enter these values as “any diameter” in (5).

• Fill in the column for the gear number of teeth and the gear pitch diameter.
• Show the number of pinion teeth in (2) for the mating part.
• Item (19) is the pinion diameter for start of modification—in the dedendum.

The numerical values in Column 1 of Table B.15 are for the sample problem on scoring in 
Section 10.2. If the gear modification had been put on the lower flank of the 26-tooth pinion, 
the theoretical pinion profile would have these values in the metric system (see Table B.16).

With both modifications on the pinion, the gear profile would be a theoretical true invo-
lute from the limit diameter to the tip radius at the outside diameter.
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TABLE B.15

Assume Any Diameter on a Gear and Calculate the Matching Diameter on the Mating Gear

Basic Data (for Information Only) Contact point Any diameter

Mating part diameter

Pinion addendum, 22 mm
Gear addendum, 18 mm
The part chosen for calculation may be either the pinion 
or the gear. In metric system, use millimeters; in 
English system, use inches.

Location At Start of Modification At Outside Diameter

Column 1 2 3 4

1. Number of teeth 51 26 51
2. Number of teeth in mate 26 51 26
3. Pressure angle, transverse 20.410311 20.410311 20.410311
4. Pitch diameter 1042.787 531.617 1042.787
5. Any diameter 1060.808 575.620 1078.790
6. cos (3) × (4) 977.3200 498.2417 977.3200
7. (6) ÷ (5) 0.921298 0.865574 0.905941
8. arcos (7) 22.88345 30.05169 25.04969
9. tan (8) × 57.29578 24.18318 33.14869 26.77798
10. tan (3) × 57.29578 21.31985 21.31985 21.31985
11. (9) – (10) 2.86333 11.82884 5.45813
12. (1) ÷ (2) 1.961538 0.509804 1.961538
13. (11) × (12) 5.61654 6.03039 10.70633
14. (10) – (13) 15.70331 15.28946 10.61352
15. (14) ÷ 57.29578 0.274074 0.266851 0.185241
16. arctan (15) 15.32694 14.941299 10.49456
17. cos (16) 0.964433 0.966190 0.983272
18. (6) ÷ (12) 498.2417 977.3201 498.2417
19. (18) ÷ (17) 516.61606 1011.5196 506.71797

Note: Item (19) is the diameter on the mate that contacts with the diameter on the part, chosen for item (5). If 
item (5) is the outside diameter of a part, item (19) is the limit diameter of the mating part (see Columns 
3 and 4). Item (9) is the roll angle of the part to the contact point. Item (14) is the roll angle of the mating 
part to the contact point. Column 1 is an example showing how to find a start modification diameter on 
a pinion to match the diameter that might have been used for a modification on the gear.

TABLE B.16

Modification in the Lower Flank of a 26-Tooth Gear (in Metric System)

Location

Involute Basic ValueName Diameter Degrees Roll

Limit diameter 506.72 10.49 – 0.101
End modification 516.62 15.70 0.00
Pitch diameter 531.62 26.778 0.00
Start modification 559.61 29.30 0.00
Outside diameter 575.62 33.15 – 0.063
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B.11   Basics of Gear-Tooth Measurement for Accuracy 
and Size (Supplement to Chapter 7)

In the cartoon style, Figure B.20 shows the principal kinds of checks used to determine the 
geometric accuracy and size of gear teeth. Section 7.4.1 has already discussed the accuracy 
of gears needed for different kinds of applications. Figure 7.50 defined gear-tooth toler-
ances. Some discussion is needed to clarify how the checks are taken.

In Figure B.20, the upper view on the schematic gear shows a tooth-to-tooth basic check-
ing method. The checking device is set to read zero at the approximate circular pitch of 
the gear being checked. The first reading might be from the working side of tooth 1 to the 
working side of tooth 2. The second reading would then be taken from tooth 2 to tooth 3 
and the third reading from tooth 3 to tooth 4. In a similar manner, readings are taken all 
the way around the gear.

The value that is needed is the difference in readings, not the readings themselves. The 
difference is obtained by subtracting the 1–2 reading from 2–3 reading. The second differ-
ence is obtained by subtracting the 2–3 reading from the 3–4 reading.

In the manner just described, as many differences are obtained as there are teeth on the 
gear. The drawing limit is the maximum difference. If any of the differences in the gear 
circumference exceeds the drawing maximum, then the gear does not meet the drawing 
specification.

Helix check Helix
angle

Single-flank or double-
flank composite checks

Pitch
check

Caliper setting
for chordal
tooth thickness

Arc tooth
thickness at
pitch line

Diameter
over pins

Concentricity by
runout taken with a
ball-point checker

360°
No. of teeth

Involute test

Master
gear

FIGURE B.20
Schematic of different gear-tooth checks. 
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The cumulative error obtained directly by setting an angle equal to 360° divided by the 
number of teeth. This method is shown in the lower part of Figure B.20.

At the first tooth, zero is set on the tooth and a reading is taken on the second tooth with 
an angular setting of 360° divided by the number of teeth. For the third tooth, the angular 
setting is doubled, and for the fourth tooth, the angular setting is tripled. In this manner, 
the out-of-position reading for all teeth is determined with respect to a starting point on 
one tooth.

In the gear trade, cumulative error is often called accumulated error, index error, or out-of-
position error. This error does not compare adjacent teeth. The drawing limit is the greatest 
amount any one tooth is out of position with respect to any other tooth.

The two teeth that determine the cumulative error are often close to 180° apart. In an 
extreme case, two adjacent teeth could be so much in error that they set the maximum 
cumulative error. (The reader should carefully note that it takes three adjacent teeth to set a 
maximum tooth-to-tooth spacing error, while the distance setting a maximum cumulative 
error can be from two teeth to one-half the total number of teeth in the part.)

The involute check is taken by a stylus that traverses the involute profile. Note the 
Figure B.20 schematic and the details of Figure B.21. (Involute variations in Figure B.21 are 
exaggerated.) Involute checks measure slope, irregularity, and waviness, and determine 
whether or not a specified profile modification was obtained. Note in particular, how invo-
lute profiles are specified by a K-chart in Figure 7.50.

The surface finish may be evaluated in an involute check if the machine will read devia-
tions at 2000 magnification. For involute accuracy, 500 or 1000 magnification is normally 
used for high-accuracy gears. For medium accuracy gears, 250× magnification may be 
suitable.

The helix is checked by a stylus moving lengthwise across the tooth. The stylus moves 
in a helical spiral. If the tooth is spur (0°-helix), the stylus moves in a straight line. See the 
upper view of Figure B.20.

The involute checking machine
mechanically guides the stylus
so that it follows a true involute
profile.

Stylus tip

Movement perpendicular
to theoretical involute
curve is involute error

Theoretical
involute curve

Trochoid curve
(not checked by
involute checking
machine)

Actual tooth profile

Pitch circle

Outside circle

Base circle

FIGURE B.21
Details of involute check. 
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The concentricity of a gear may be determined using a ball-point checker or by a double-
flank check with a master gear; see upper and lower views of Figure B.20.

Production gears are generally checked by rolling with a master gear. In a double-flank 
check, the master gear is spring-loaded to stay in tight mesh with the gear being checked. 
In a single-flank check, the master gear and production gear roll in mesh, with only one 
side of the teeth contacting. A timing mechanism determines the transmission error. (See 
Section 7.4.2 for more information on composite checking machines.)

The tooth thickness or a gear may be measured directly with calipers, or it may be deter-
mined indirectly by diameter pins. The sizing of gears may be controlled by double-flank 
composite checks and center-distance settings corresponding to maximum and minimum 
tooth thickness specifications.

Figure B.22 shows locations for involute and helix checks. Normally, four teeth 90° apart 
are checked. This method finds problems with the teeth on a gear not being alike and any 
serious effect on involute and helix due to a part being eccentric.

In some cases, ends of teeth may have extra involute errors, or the helix at the tooth tip 
or root may be worse than at the pitch line. Figure B.22 shows how a grid of checks may be 
used to more fully explore a gear tooth. (Composite checks with a master gear often find 
local bad spots by contacting the whole tooth surface.)

Figure B.23 shows an example of a double-flank composite check using a master gear. 
Note that the maximum tooth-to-tooth composite reading is found and compared with 
the design specification. Also, note that a runout reading is not usually as large as the total 
composite variation.

Involute check is normally
taken at mid face width

Helix check is normally
taken at or near pitch line

Helix check and involute are sometimes taken at all the locations
shown above to get more complete knowledge of the tooth accuracy.

FIGURE B.22
Location for involute and helix checks.

360% no. teeth

Maximum
tooth-to-tooth
composite variation

Total composite
variation

Runout

FIGURE B.23
Double-flank composite check.
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Figure B.24 shows a single-flank composite check. This check shows transmission error 
in a circumferential direction, not runout-type errors in a radial direction. The cumulative 
error is usually less than the total composite variation.

Special sources of information give a considerable amount of additional information 
on gear checking and types of equipment being used for these purposes. The reader who 
needs more information than this book can provide should refer to special sources on gear 
checking.

B.12  Shaper-Cutter Tooth Thickness (Supplement to Chapter 8)

Figure B.25 shows an example of a critical shaper-cutter design. This is a preshave cutter 
designed to produce the deepest point of undercut at a 360.8324-mm diameter on the gear. 
The cutter is designed to hold a constant root diameter of 362.255 mm. Curves A and B show 
how the cutter “Hi-point” of protuberance and the cutter outside diameter must change as 
the tooth thickness of the cutter is reduced because of sharpening. When the locations of 
the profile changes are measured by a conventional involute checker, the diameters in the 
chart are converted to degrees of the gear. (Table B.3 shows how to calculate roll angles.)

Maximum
tooth-to-tooth
composite variation

Cumulative
error

Total composite
variation, or
transmission error
in one revolution

True transmission
error for one tooth

360° ÷
no. of
teeth

FIGURE B.24
Single-flank composite check. 
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FIGURE B.25
Shaper-cutter design to hold fixed major diameter on internal part.
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Table  B.17 shows the calculation sheet that was used to design the shaper cutter in 
Figure B.25. In this case, the gear designer wanted the deepest point of undercut to be 
about midway between the end of active involute (form diameter) and the root diameter.

The calculations were made by assuming a series of operating pressure angles. A wide 
enough range of angles must be used to get curves that will cover the change in tooth 
thickness during the life of the cutter. Roughly, the change in cutter thickness is 0.060 mm 
per mm of cutter width.

At some time during the life of the cutter, the operating pressure angle is usually the 
same as the design pressure angle of the gear. When this happens, the cutter is rolling with 
the gear on the design pitch line of the gear. The cutter designer may choose to design the 
cutter so that the operating pressure angle runs either lower or higher than theoretical. If 
the cutter has a small number of teeth, it may be necessary to keep the operating pressure 
angle high to avoid undercut on the cutter. The smallest fillet on the gear is produced when 
the operating pressure angle of the cutter is close to the pressure angle at the root of the 
gear tooth.

The equations for the relation of cutter tooth thickness to outside diameter are shown 
below. Equations B.10 and B.11 were used in Table B.17.

External gear cutters:

 s0 = (p – s) – 2a(inv αt – inv α0) metric (B.9)

 tc = (p – T) – 2C(inv ϕt – inv ϕc) English (B.10)

 d a da
t

r0
0

2= −
cos
cos

α
α

 metric (B.11)

 d C Doc
t

R= −2
0

cos
cos

φ
φ

  English (B.12)

Internal gears:

 s0 = (p – s) + 2a(inv αt – inv α0) metric (B.13)

 tc = (p – T) + 2C(inv ϕt – inv ϕc) English (B.14)

 d d aa r
t

0
0

2= −
cos
cos

α
α

 metric (B.15)

 d D Coc R
t= − 2
0

cos
cos

φ
φ

 English (B.16)

where
s0 or tc—cutter tooth thickness at pitch line, millimeters or inches
p—circular pitch of gear, millimeters or inches
s or T—tooth thickness of gear at design pitch line, millimeters or inches
a or C—design center distance, millimeters or inches
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TABLE B.17

Calculation of Design Data for Internal-Gear Shaper Cutter

Cutter Data

1. Number of teeth 23
2. Pitch diameter 146.05
3. Transverse pressure 

angle
25°

Gear Data

4. Number of teeth 55
5. Pitch diameter 349.25
6. Inside diameter 339.09
7. Root diameter 362.25
8. Form diameter 359.41
9. Undercut diameter 360.83
10. Helix angle 0°
11. Arc tooth thickness 9.7384

Calculations

12. (5) × π ÷ (4) 19.949
13. (5) – (2) 203.20
14. (5) × cos (3) 316.528

Calculation of Cutter Outside Diameter (22) vs. Cutter Tooth Thickness at Pitch Line (20)

15. Assume operating 
pressure angle

25.00° 25.50° 26.00° 26.50°

16. cos (3) ÷ cos (15) 1.000 1.004124 1.008360 1.012709
17. a inv (3) – inv (15) 0 – 0.001942 – 0.003972 – 0.006094
18. (12) – (11) 10.2107
19. (13) × (17) 0 – 0.39446 – 80704 – 1.23830
20. (18) + (19) 10.2107 9.81626 9.40368 8.97241
21. (13) × (16) 203.20 204.04 204.90 205.78
22 (7) – (21) 159.05 158.21 157.35 156.47

Calculation of Diameter on Cutter (3) to Produce Maximum Undercut on Gear at (9)

23. (14) ÷ (9) 0.87722
24. arccos (23) 28.69096
25. (24) – (15) 3.69096 3.19096 2.69096 2.19096
26. sin (25) 0.064375 0.055664 0.046949 0.038230
27. cos (25) 0.997926 0.998450 0.998897 0.999269
28. x = (9) × (26) 23.22836 20.08521 16.94053 13.79457
29. y = (9) × (27) – (21) 156.882 156.233 155.533 154.784
30. (28)2 + (29)2 25,151.4 24,812.0 24,477.6 24,148.3
31. (30)0.5 158.5919 157.5183 156.4533 155.3973

Note: For calculation of diameter on cutter to correspond to a particular diameter on the gear, substitute 
the particular diameter for (9), and repeat steps (23) through (31). Linear dimensions shown above 
are all in millimeters, but the calculation procedure is the same when all dimensions are in inches.

a See Table C.12 for definitions of involute function.
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d dp p0

2
+

, metric, or 
D d+ c

2
, English, external gear

d dp p− 0

2
, metric, or 

d Dc −
2

, English, internal gear

da0 or doc—outside diameter of cutter, millimeters or inches
αt or ϕt—transverse pressure angle of gear, degrees
α0 or ϕc—operating pressure angle of cutter, degrees
dp or D—pitch diameter of gear, millimeters or inches
dp0 or dc—design pitch diameter of cutter, millimeters or inches
dr or DR—root diameter of gear, millimeters or inches

When some special features—such as a protuberance or a chamfering bevel—is needed 
on a tool, it is desired to calculate the location of the point on the cutter that will produce 
this feature on the gear. This permits the cutter profile to be checked any time during its 
life to see if the cutter is properly formed to produce the gear. This system may even be 
used to check and see how close a cutter will come to producing a gear it was not designed 
to cut.

If a point is taken on the cutter instead of on the gear, the calculation may be worked 
in reverse to see what the cutter does to the gear. For instance, one might take the cutter 
outside diameter as a starting point and solve for the diameter of a point on the gear that 
was cut by this point on the cutter. Such a calculation would give the exact location of the 
end of the involute profile on the gear (which is also the point at which the root fillet starts).

The equations to calculate from a point on one member to a point on the other member 
are as follows:

External gear cutter (or any two external gears with axes parallel):

 cos cos=α α
d

d
p

p
 metric (B.17)

 cos cos=φ φ
D
D t  English (B.18)

 x dp= −sin( )α α 0  metric (B.19)

 x = D′sin(ϕ′ – ϕc) English (B.20)

 y a d= − −2
0

0
cos
cos

cos( )
α
α

α αt
p  metric (B.21)

 y C D= − −2
cos
cos

cos( )
φ
φ

φ φt

c
c  English (B.22)

 = +d x y2 2  metric or English (B.23)
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Internal gear cutter (or internal gear set):

 y d a= − −p
tcos( )

cos
cos

α α
α
α0

0

2  metric (B.24)

 y D C= − −cos( )
cos
cos

φ φ
φ
φc
t

c

2  English (B.25)

 = +d x y2 2  metric or English (B.26)

where
dp  or D′—diameter to be cut on gear (or point on either member at which calculation starts)
α′ or ϕ′—pressure angle at dp  or D′
α0 or ϕc—operating pressure angle of cutter
x, y—rectangular coordinates of point on cutter
d′—diameter through point on tool which cuts point on gear (or point on second mem-

ber corresponding to starting point on first member)

Note that calculations on shaper cutters are carried out just as if the shaper cutter were 
an involute spur pinion. No account is taken of the fact that the cutter may have a top 
face angle of 5 or 10°. Since finishing cutters usually have 5° angle, this feature cannot be 
ignored. The actual cutting is done by a tooth profile that is equivalent to a projection of 
the cutter tooth. This projection is just the same as a section through an equivalent spur 
pinion. For this reason, calculations can be made on the basis of an equivalent pinion.

If an involute shaper cutter is checked back of the cutting edge, in a plane perpendicular 
to the cutter axis, it is necessary to take into account of the top face angle. This can be done 
by making a small reduction in the base-circle diameter setting that is used to check the 
cutter. Usually, cutter drawings allow the tool manufacturer to stamp the cutter with a 
base-circle diameter that allows for the top face angle.

The calculations just described may be used for helical as well as spur gears. In calcu-
lating a helical job, it is only necessary to keep all dimensions in the transverse plane. 
The tooth action in this plane is the same for either spur or helical shaper cutters. The 
transverse tooth thickness is equal to the normal tooth thickness divided by the cosine 
of the helix angle. Usually, design drawings will show the transverse pressure angle, but 
sometimes it is necessary to convert normal tooth thickness to transverse tooth thickness 
(which has not been given).

B.13   General Method for Determining Tooth Thickness When Helical 
Gears Are Operated on Spread Centers (Supplement to Chapter 10)

Problem 2 in Chapter 10 showed how to design spur gears to be cut with standard cut-
ting tools and operate on spread centers. The more general problem is that of helical gears 
designed to run on spread centers. (A spur gear is a helical gear with 0° helix angle.) In this 
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section, we will show the general procedure for setting the tooth thickness values of a set 
of helical gears on spread centers.

The method will be shown by going through a step-by-step procedure for an 18/95 teeth 
gear set cut at 3-normal module, 20° normal pressure angle, and 15° helix angle. This set is 
to run on a center distance of 180 mm so as to give an operating pressure angle of about 24°.

The first step is to calculate the basic tooth data for both cutting and operating condi-
tions. The equations given in Chapters 4, 5, and 10 are used. (Presumably, the reader is 
familiar with these equations by now.)

The values given in Table B.18 are the basic data for the design.
The next calculation step is to establish the tooth height dimensions. A 3-normal module 

tooth has a standard working depth of 6 mm. A whole depth of at least 7 mm and a good-
sized root fillet radius are needed for shaving or grinding. With a small number of pinion 
teeth, the pinion should be made about 25% long addendum and the gear about 25% short 
addendum. We will divide the working depth into a pinion addendum of 3.75 mm and a 
gear addendum of 2.25 mm.

With these decisions made, we can now make a working table dimensioning the tooth 
height (see Table B.19).

The operating circular pitch was 10.0086 mm. Our gears are to be used at a relatively 
slow pitch-line speed (10 m/s), and there will be frequent torque reversals. This makes it 
desirable to have a small amount of backlash. We will design for 0.10 to 0.15 mm backlash 
in the transverse plane. This means that the sum of our design thicknesses should be no 
greater than 9.9086 mm (10.0086 – 0.10).

With standard-addendum gears, this tooth-thickness sum would be divided approx-
imately evenly between pinion and gear. However, in this case, the pinion addendum 
will be 0.75 mm longer than standard addendum (3.75 – 3.00). The pinion transverse arc 
tooth thickness should be about 0.61 larger than standard, and the gear, being 0.75 short, 
should be about 0.61 thinner than standard. The 0.61 is 0.75 × 2 tan 22°. (22° is about mid-
way between the operating pressure angle of 24.1791° and the cutting pressure angle of 
20.6469°.)

TABLE B.18

Basic Data for the Design

Item Pinion Gear

Number of teeth 18 95
Pitch diameter, cutting 55.90490 295.05366
Normal circular pitch, cutting 9.42478 9.42478
Normal pressure angle, cutting 20° 20°
Transverse pressure angle, cutting 20.64690 20.64690
Helix angle, cutting 15° RH 15° LH
Lead 655.4619 3459.3824
Base diameter 52.31420 276.10272
Center distance, operating 180 180
Pitch diameter, operating 57.34513 302.65486
Transverse circular pitch, operating 10.00861 10.00861
Transverse pressure angle, operating 24.17914 24.17914
Helix angle, operating 15.368364 15.368364
Normal circular pitch, operating 9.65072 9.65072
Normal pressure angle, operating 23.40902 23.40902
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The next step is to calculate the tooth thickness for cutting (and shaving) operations. The 
arc tooth thickness at the cutting pitch diameter is determined by the method of Table B.20, 
using the desired operating tooth thickness as a starting point. The normal section arc 
tooth thickness is obtained by multiplying the cosine of the helix angle (at the cutting pitch 
diameter). The results are summarized in Table B.21.

TABLE B.19

Working Table Dimensioning the Tooth Height

Item Pinion Gear

Addendum, operating 3.75 2.25
Pitch diameter, operating 57.3451 302.6549
Outside diameter 64.8451 307.1459
Whole depth 7.1 7.1
Root diameter 50.6451 292.9549

TABLE B.20

Determination of Arc Tooth Thickness at Cutting Pitch Diameter 
from Design Value at Operating Pitch Diameter

Given Data

Item Pinion Gear

1. Pitch diameter 57.34513 302.65486
2. Pressure angle at (1) 24.17914 24.17914
3. Arc tooth thickness at (1) 5.5643 4.3443

Step A: Solve for the tooth thickness at base diameter.
4. Involute (2) 0.0269747 0.0269747
5. Cosine (2) 0.912269 0.912269
6. (4) × (1) 1.54687 8.16402
7. (3) + (6) 7.11117 12.50832
8. T.T. at B.D., (5) × (7) 6.48730 11.41095
9. Base diameter, (5) × (1) 52.31420 276.1026

Step B: Solve for a series of tooth thicknesses to study the tooth profile. For 
any desired diameter, the cosine of the pressure angle at that pitch 
diameter is:

cos PA at any diameter = base diameter ÷ any diameter

A series of pressure angles is assumed based on diameters of interest. 
Then calculations are made to get the arc thicknesses that to with each 
diameter.

Item Pinion Gear

10. Assumed pressure angles 20.64690 20.64690
11. Cosine (10) 0.935771 0.935771
12. Involute (10) 0.0164534 0.0164534
13. (12) × (9) 0.860746 4.54282
14. (8) – (13) 5.62655 6.86813
15. Arc T.T., (14) ÷ (11) 6.01274 7.33954
16. Any diameter, (9) ÷ (11) 55.90492 295.05359
17. Δ rad., [(16) – (1)] ÷ 2
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A preshave hob is available to cut these parts. The hob has an addendum of 4.20 mm and 
a tooth thickness of 4.56 mm. It is 20° normal pressure angle. Its standard cutting depth is 
7.20 mm. (2.40 × module = 7.20 mm.)

The dedendum of the pinion during hobbing is

 

Pinion dedendum pitch diameter root diamet= × −0 5. ( eer

mm

)

. ( . . )

.

= × −

=

0 5 55 90490 50 6451

2 6299

 (B.27)

When cutting the long-addendum pinion, the hob would use an addendum close to the 
dedendum of the pinion, which is 2.6299 mm, instead of 4.20 mm, the hob tooth thickness 
would be

 Hob tooth thickness = 4.56 – 2.0·tan 20°·(4.200 – 2.6299) = 3.41706 mm (B.28)

The hob cuts its own thickness at the hobbing pitch diameter. We can now subtract the 
hob tooth thickness from the normal circular pitch to get the normal arc tooth thickness 
that the chosen hob will produce. This is 9.4248 mm – 3.4171 mm = 6.0077 mm.

Our earlier calculations gave a design value of 5.8079 mm for the pinion normal tooth 
thickness at the cutting pitch diameter. Since the pinion is to be shaved, we need to 
add 0.05  mm for shaving stock. We should produce a tooth thickness of 5.8579  mm at 
the hobbing operation. The calculations just finished show that the hob will produce a 
tooth thickness of 6.0077 mm. We need to hob the pinion teeth about 0.1498 mm thinner 
(6.0077 – 5.8579 = 0.1498 mm). What do we do now?

The answer is easy. If we sink the hob in 0.2058 mm, it will cut the teeth 0.1498 mm thin-
ner (0.1498  ÷  2·tan 20° = 0.2058  mm). Our design was set at a whole depth of 7.100  mm. 
Sinking the hob in for tooth thickness adjustment will give a whole depth of about 7.3 mm 
(7.100 + 0.206 = 7.306 mm). This is acceptable. The original aim in this job was to get a whole 
depth of at least 7.0 mm. The depth of 7.3 mm is not too much.

When hobbing the short-addendum gear, the gear dedendum is

 

Gear dedendum pitch diameter root diameter= × −0 5. ( ))

. ( . . )

.

= × −

=

0 5 295 05366 292 9549

1 0494 mm

 (B.29)

TABLE B.21

The Results of Computation the Tooth Thicknesses for 
Cutting and Shaving Operations 

Item Pinion Gear

Arc tooth thickness, operating 5.5643 4.3443
Arc tooth thickness, cutting 6.0127 7.3395
Helix angle, cutting 15° 15°
Normal arc tooth thickness, cutting 5.8079 7.0895
Pitch diameter, cutting 55.90490 295.05366
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TABLE B.22

Calculation of Geometry Factor for Scoring

Basic Data Diameter, start modification

Base diameter

P1

1. Circular pitch, transverse 64.2355
2. Pressure angle, transverse 20.410311
3. Cosine (2) 0.937219
4. Sine (2) 0.348741
5. Center distance 787.20 mm

Calculations Column 1 Column 2

6.  Number of teeth 26 26
7. Pitch diameter 531.6156 531.6156
8. Diameter, start modification 559.620 516.616
9. Base diameter, (7) × (3) 498.2417 498.2417
10. (9) ÷ (8) 0.890321 0.964433
11. arcos (10) 27.08639 15.32692
12. tan (11) 0.511426 0.274074
13. ƍ1 = 0.50 × (9) × (12) 127.4069 68.2775

14. (5) × (4) 274.5289 274.5289
15. ƍ2 = (14) – (13) 147.1220 206.2514

16. (13)0.5 11.2875 8.2630
17. (6) ÷ (No. of teeth)a 0.509804 0.509804
18. [(17) × (15)] 0.5 8.66045 10.25416
19. (16) – (18) 2.62705 – 1.99116
20. 0.0175 × (19) 0.045973 – 0.034845
21. (3)0.75 0.952535 0.952535
22. (13) × (15) 18744.36 14082.33
23. (13) + (15) 274.5289 274.5289
24. [(22) ÷ (23)] 0.25 2.87455 2.67622
25. (21) × (24) 2.73811 2.55026
26. (20) ÷ (25) 0.016790 0.013663
27. mt = (1) ÷ 3.1415926 20.4468 20.4468
28. (27)0.25 2.1265 2.1265
29. Zt = (26) ÷ (28) 0.00789 – 0.006425

For English calculation:

30. Pt = 3.1415926 ÷ (1)
31. (30)0.25

32. Zt = (26) ÷ (31)

Note: The diameter at the start of modification is usually critical from a scoring standpoint. If there is no 
modification of involute profile, the outside diameter of the pinion and the limit diameter of the 
pinion should be used in item (8) for the scoring geometry factor calculation. This calculation 
sheet can be used for either metric or English units. Item (29) is the metric answer. Item (32) is the 
English answer. The same answer should be obtained either way, since Zt is dimensionless. This 
calculation only works for diameters on the pinion. When the gear is modified, find the matching 
diameter on the pinion. (See Table B.16, Column 1, for an example.)

a Number of teeth in the mating gear is 51.
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When cutting the short-addendum gear, the hob will use an addendum of 1.0494 mm (to 
match the gear dedendum). At this addendum, the hob tooth thickness will be

 Hob tooth thickness = 4.56 – 2.0·tan 20°·(4.200 – 1.0494) = 2.2665 mm (B.30)

We subtract 2.2665 mm from the gear normal circular pitch (9.4248 mm) to get a gear-
tooth thickness of 7.1583 mm. We need 0.05 mm shaving stock, and so the gear-tooth thick-
ness that we need to hob is 7.1395 mm (7.0895 + 0.05 = 7.1395 mm).

Our hob will produce 7.1583 mm and we need only 7.1395 mm. The gear teeth will be too 
thick by 0.0188 mm. (7.1583 – 7.1395). This problem is quite easy to solve. We will hob the 
gear slightly deeper than 7.10 mm. An extra depth of 0.026 mm will make the gear-tooth 
thickness come out just right (0.0188 ÷ 2·tan 20° = 0.0258 mm). Our approximate whole 
depth in hobbing will be 7.126 mm. This slight difference in whole depth is of no conse-
quence at all. It is between the 7.100 mm design whole depth and the 7.200 mm whole depth 
normally used for the hob.

The calculation procedure to determine tooth thickness for a spread-center helical gear 
set is finished.

The reader should note that this general procedure will work for spur gears, since they 
are really just helical gears with 0° helix angle. Also, the procedure shows how to check out 
a preshave hob. If a pregrind hob is used, the procedure is the same, but the stock allow-
ance for grinding will be much greater than the stock allowance for shaving.

B.14   Calculation of Geometry Factor for Scoring (Supplement to Chapter 5)

In Section 5.31, a general equation was given for the calculation of flash temperature. This 
value shows the hazard of hot scoring. A term in the formula is the scoring geometry factor. 
This factor is defined in Equation 4.46. The historical background of this equation (and 
others relating to scoring) is given in Section 4.5.

In Section 10.2, Problem 5 finds the diameters at which profile modifications should start 
for gears of moderately critical scoring hazard. The problem is for 26/51 tooth mesh of 
20-module. We will now show how to calculate the scoring geometry factors at the start of 
profile modification.

The 26-tooth pinion has a start of profile modification at 559.620 mm (diameter). The 
profile modification of the 51-tooth gear starts at 1060.808 mm (diameter).

Table B.22 shows the calculations for the scoring geometry factor. Column 1 determines 
Zt at the start of modification near the pinion tip. The answer is 0.00789.

The second column determines the scoring geometry factor near the gear tip. The calcu-
lation sheet only works, though, for diameters on the pinion. This means that it is neces-
sary to find the diameter on the pinion that matches the start of modification on the gear. 
Table B.22 does this operation and is all worked out in Column 1 for our problem. The 
diameter of the pinion (near root fillet) is 516.616 mm. This diameter matches 1060.808 mm 
on the gear.

Column 2 of Table B.22 is general in nature. If a study of scoring at locations other than 
the start of profile modification is needed, the Zt value can be calculated for a series of 
diameters going from the limit diameter to the outside diameter.
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Appendix C: Numerical Data Tables

Certain tables are used very frequently in gear tooth calculations. These tables and the 
directions for using them are given in this chapter.

C.1  Gear Measurement Tables

The following gear measurement tables are used extensively by gear manufactur-
ers and users and provide a quick means of checking the tooth thickness of gears at 
the pitch diameter. A measurement over wires is made and compared with the mea-
surement for a perfect gear, which is obtainable from the tables. The values in the tables 
are accurate to 0.0001 inch for diametral pitch gears. (This is equivalent to 0.0025 mm 
for metric measurements.) After the value is selected in the proper table for the speci-
fied pressure angle, number of teeth, and wire size to be used, this value is divided by 
the diametral pitch of the gear being measured. If the actual measurement is greater 
than the theoretical value, the teeth are thick; if it is less, the teeth are thin. The change 
factors Km, which permit easy conversion of oversize or undersize readings into the 
approximate teeth thickness or thinness, are tabulated alongside the measurement 
values.

When doing a metric calculation, the value of M in Tables C.3, C.4, etc. is the right value 
in millimeters for a 1-module tooth size, provided that the measuring wire size is the right 
value in millimeters for the module. (For instance, the 1.728 wire for 1-module is 1.728 mm. 
See Tables C.1 and C.2.)

In this Appendix, the measurement tables (except for Table C.7, which covers 25° gears) 
are presented so that for each pressure angle measurement, values are available based 
on two or more wire diameters. In general, it is recommended that wires from the 1.728-
inch series be used for measuring external gears and that wires from the 1.44-inch series 
be used for internal gears. The tabulated values for the other wire diameters, however, 
are available for checking involute profiles and to permit greater freedom in wire selec-
tion. Table C.1 will serve as a guide to the selection of a wire diameter for a particular 
application.

When spur gears are made to even pitches in the metric system, the pitch is given 
in terms of module values rather than diametral pitch values. The tables given in this 
Appendix can be used for checking the tooth thickness of even-module metric gears pro-
vided that wires made to appropriate metric sizes in millimeters are on hand. (If appro-
priate wires are not on hand, it is not difficult to precision-grind pairs of wires to the 
metric sizes needed.)

Table C.2 shows standard wire sizes for commonly used pitches in both the English and 
metric systems of measurement.
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TABLE C.1

Guide to Wire Selection

No.

Series

UseEnglish, inches Metric, mm

(1) 1 92.
Pd

1.92 × m (a) Enlarged pinions. Wires project above OD.
(b) Alternate for 14½ and 20° pressure angle, standard-

addendum external gears.
(2) 1 728.

Pd

1.728 × m (a) External standard-addendum spur and helical gears. 
Wires project above OD.

(3) 1 68.
Pd

1.68 × m (a) Suitable for 14½ internal gears above 31 teeth and 20° 
internal gears above 29 teeth. Wires project below ID.

(b) Alternate for standard-addendum external gears.
(4) 1 44.

Pd

1.44 × m (a) Internal standard-addendum gears. Wires make good 
contact on gear teeth but do not project below ID.

Note: Pd is the diametral pitch of a spur gear, and m is the module of a spur gear.

TABLE C.2

Gear Wire Sizes

English Metric

Pd

1 92. in.

dP
1 728. in.

dP
1 68. in.

dP
1 44. in.

dP m 1.92 m 1.728 m 1.68 m 1.44 m

1 1.92 1.728 1.68 1.44 1 1.920 1.728 1.680 1.440
2 0.960 0.864 0.840 0.720 2 3.840 3.456 3.360 2.880
2.5 0.768 0.6912 0.672 0.576 2.5 4.800 4.320 4.200 3.600
3 0.640 0.576 0.560 0.480 3 5.760 5.184 5.040 4.320
4 0.480 0.432 0.420 0.360 4 7.680 6.912 6.720 5.760
5 0.384 0.3456 0.336 0.288 5 9.600 8.640 8.400 7.200
6 0.320 0.288 0.280 0.240 6 11.520 10.368 10.080 8.640
7 0.27428 0.24686 0.240 0.20571 7 13.440 12.096 11.760 10.080
8 0.240 0.216 0.210 0.180 8 15.360 13.824 13.440 11.520
9 0.21333 0.192 0.18666 0.160 9 17.280 15.552 15.120 12.960
10 0.192 0.1728 0.168 0.144 10 19.200 17.280 16.800 14.400
11 0.17454 0.15709 0.15273 0.13091 11 21.120 19.008 18.480 15.840
12 0.160 0.144 0.140 0.120 12 23.040 20.736 20.160 17.280
14 0.13714 0.12343 0.120 0.10286 14 26.880 24.192 23.520 20.160
16 0.120 0.108 0.105 0.090 16 30.720 27.648 26.880 23.040
18 0.10667 0.096 0.09333 0.080 18 34.560 31.104 30.240 25.920
20 0.096 0.0864 0.084 0.072 20 38.400 34.560 33.600 28.800
22 0.08727 0.07855 0.07636 0.06545 22 42.240 38.016 36.960 31.680
24 0.080 0.072 0.070 0.060 24 46.080 41.472 40.320 34.560
28 0.06857 0.06171 0.060 0.05143 28 53.760 48.384 47.040 40.320
32 0.060 0.054 0.0525 0.045 32 61.440 55.296 53.760 46.080
36 0.05333 0.048 0.04667 0.040 36 64.120 62.208 60.480 51.840
40 0.048 0.0432 0.042 0.036 40 76.800 69.120 67.200 57.600
48 0.040 0.036 0.035 0.030 48 92.160 82.944 80.640 69.120
64 0.030 0.027 0.02625 0.0225 64 122.880 110.592 107.520 92.160
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TABLE C.3

External Gears: 20° Pressure Angle

Number 
of Teeth

1.728 Wire Diameter
Alternate 

1.92 Wire Diameter
Alternate 

1.68 Wire Diameter

M Km M Km M Km

5 7.0153 1.67 7.5271 1.48 6.8800 1.75
6 8.3032 1.83 8.8449 1.62 8.1600 1.91
7 9.1260 1.88 9.6702 1.67 8.9822 1.96
8 10.3271 1.94 10.8907 1.72 10.1783 2.01
9 11.1905 1.98 11.7573 1.77 11.0410 2.06
10 12.3445 2.01 12.9252 1.81 12.1914 2.10
11 13.2332 2.05 13.8173 1.84 13.0795 2.13
12 14.3578 2.09 14.9525 1.87 14.2013 2.16
13 15.2639 2.12 15.8618 1.91 15.1068 2.19
14 16.3683 2.14 16.9748 1.93 16.2091 2.21
15 17.2871 2.17 17.8964 1.96 17.1273 2.24
16 18.3768 2.19 18.9934 1.98 18.2154 2.26
17 19.3053 2.21 19.9244 2.01 19.1432 2.28
18 20.3840 2.23 21.0091 2.03 20.2205 2.29
19 21.3200 2.25 21.9475 2.05 21.1561 2.31
20 22.3900 2.26 23.0227 2.07 22.2249 2.33
21 23.3321 2.28 23.9670 2.08 23.1665 2.34
22 24.3952 2.29 25.0346 2.10 24.2286 2.35
23 25.3423 2.30 25.9837 2.12 25.1754 2.36
24 26.3997 2.32 27.0450 2.13 26.2318 2.38
25 27.3511 2.33 27.9982 2.15 27.1828 2.39
26 28.4036 2.34 29.0543 2.16 28.2346 2.40
27 29.3586 2.35 30.0109 2.17 29.1892 2.41
28 30.4071 2.36 31.0626 2.19 30.2371 2.42
29 31.3652 2.37 32.0222 2.20 31.1948 2.43
30 32.4102 2.38 33.0701 2.21 32.2392 2.43
31 33.3710 2.39 34.0323 2.22 33.1997 2.44
32 34.4130 2.40 35.0768 2.23 34.2412 2.45
33 35.3761 2.41 36.0413 2.24 35.2041 2.45
34 36.4155 2.41 37.0830 2.25 36.2430 2.46
35 37.3807 2.42 38.0495 2.26 37.2079 2.47
36 38.4178 2.43 39.0886 2.27 38.2445 2.48
37 39.3849 2.43 40.0569 2.28 39.2115 2.48
38 40.4198 2.44 41.0938 2.29 40.2460 2.49
39 41.3886 2.45 42.0636 2.29 41.2147 2.49
40 42.4217 2.45 43.0986 2.30 42.2473 2.50
41 43.3920 2.46 44.0699 2.31 43.2174 2.50
42 44.4234 2.46 45.1030 2.32 44.2485 2.51
43 45.3951 2.47 46.0756 2.32 45.2200 2.51
44 46.4250 2.47 47.1071 2.33 46.2496 2.52
45 47.3980 2.48 48.0809 2.34 47.2224 2.52
46 48.4265 2.48 49.1109 2.34 48.2506 2.53

(continued)
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TABLE C.3 (Continued)

External Gears: 20° Pressure Angle

Number 
of Teeth

1.728 Wire Diameter
Alternate 

1.92 Wire Diameter
Alternate 

1.68 Wire Diameter

M Km M Km M Km

47 49.4007 2.49 50.0858 2.35 49.2246 2.53
48 50.4279 2.49 51.1144 2.35 50.2516 2.53
49 51.4031 2.50 52.0903 2.36 51.2266 2.54
50 52.4292 2.50 53.1177 2.37 52.2525 2.54
51 53.4053 2.50 54.0945 2.37 53.2284 2.54
52 54.4304 2.51 55.1208 2.38 54.2533 2.55
53 55.4074 2.51 56.0985 2.38 55.2302 2.55
54 56.4315 2.52 57.1237 2.39 56.2541 2.55
55 57.4093 2.52 58.1022 2.39 57.2318 2.56
56 58.4325 2.52 59.1265 2.40 58.2548 2.56
57 59.4111 2.53 60.1057 2.40 59.2333 2.56
58 60.4335 2.53 61.1291 2.41 60.2555 2.56
59 61.4128 2.53 62.1090 2.41 61.2347 2.57
60 62.4344 2.54 63.1315 2.41 62.2561 2.57
61 63.4144 2.54 64.1121 2.42 63.2360 2.57
62 64.4352 2.54 65.1338 2.42 64.2567 2.57
63 65.4159 2.54 66.1150 2.43 65.2372 2.58
64 66.4361 2.55 67.1360 2.43 66.2572 2.58
65 67.4173 2.55 68.1177 2.43 67.2383 2.58
66 68.4369 2.55 69.1381 2.44 68.2577 2.58
67 69.4186 2.55 70.1203 2.44 69.2394 2.59
68 70.4376 2.56 71.1401 2.44 70.2582 2.59
69 71.4198 2.56 72.1228 2.45 71.2405 2.59
70 72.4383 2.56 73.1420 2.45 72.2587 2.59
71 73.4210 2.56 74.1252 2.45 73.2414 2.59
72 74.4390 2.57 75.1438 2.46 74.2592 2.60
73 75.4221 2.57 76.1274 2.46 75.2423 2.60
74 76.4396 2.57 77.1455 2.46 76.2596 2.60
75 77.4232 2.57 78.1295 2.47 77.2432 2.60
76 78.4402 2.57 79.1471 2.47 78.2600 2.60
77 79.4242 2.58 80.1316 2.47 79.2440 2.60
78 80.4408 2.58 81.1486 2.48 80.2604 2.61
79 81.4252 2.58 82.1336 2.48 81.2448 2.61
80 82.4413 2.58 83.1501 2.48 82.2607 2.61
81 83.4262 2.58 84.1354 2.48 83.2456 2.61
82 84.4418 2.58 85.1516 2.49 84.2611 2.61
83 85.4271 2.59 86.1372 2.49 85.2463 2.61
84 86.4423 2.59 87.1529 2.49 86.2614 2.61
85 87.4279 2.59 88.1389 2.49 87.2470 2.62
86 88.4428 2.59 89.1542 2.50 88.2617 2.62
87 89.4287 2.59 90.1405 2.50 89.2476 2.62
88 90.4433 2.59 91.1555 2.50 90.2620 2.62

(continued)

  



775Appendix C

TABLE C.3 (Continued)

External Gears: 20° Pressure Angle

Number 
of Teeth

1.728 Wire Diameter
Alternate 

1.92 Wire Diameter
Alternate 

1.68 Wire Diameter

M Km M Km M Km

89 91.4295 2.60 92.1421 2.50 91.2482 2.62
90 92.4437 2.60 93.1567 2.50 92.2624 2.62
91 93.4303 2.60 94.1436 2.51 93.2489 2.62
92 94.4441 2.60 95.1579 2.51 94.2626 2.63
93 95.4310 2.60 96.1450 2.51 95.2494 2.63
94 96.4445 2.60 97.1590 2.51 96.2629 2.63
95 97.4317 2.60 98.1464 2.52 97.2500 2.63
96 98.4449 2.61 99.1601 2.52 98.2632 2.63
97 99.4323 2.61 100.1477 2.52 99.2506 2.63
98 100.4453 2.61 101.1611 2.52 100.2635 2.63
99 101.4329 2.61 102.1490 2.53 101.2511 2.63
100 102.4456 2.61 103.1621 2.53 102.2638 2.63
101 103.4335 2.61 104.1502 2.53 103.2516 2.64
102 104.4460 2.61 105.1631 2.53 104.2640 2.64
103 105.4341 2.61 106.1514 2.53 105.2520 2.64
104 106.4463 2.62 107.1640 2.53 106.2642 2.64
105 107.4346 2.62 108.1526 2.53 107.2525 2.64
106 108.4466 2.62 109.1649 2.54 108.2644 2.64
107 109.4352 2.62 110.1537 2.54 109.2529 2.64
108 110.4469 2.62 111.1658 2.54 110.2645 2.64
109 111.4357 2.62 112.1548 2.54 111.2533 2.64
110 112.4472 2.62 113.1666 2.54 112.2647 2.64
111 113.4362 2.62 114.1558 2.54 113.2537 2.65
112 114.4475 2.62 115.1675 2.55 114.2649 2.65
113 115.4367 2.63 116.1568 2.55 115.2541 2.65
114 116.4478 2.63 117.1683 2.55 116.2651 2.65
115 117.4372 2.63 118.1578 2.55 117.2544 2.65
116 118.4481 2.63 119.1690 2.55 118.2653 2.65
117 119.4376 2.63 120.1587 2.55 119.2548 2.65
118 120.4484 2.63 121.1698 2.55 120.2655 2.65
119 121.4380 2.63 122.1597 2.56 121.2552 2.65
120 122.4486 2.63 123.1705 2.56 122.2656 2.65
121 123.4384 2.63 124.1605 2.56 123.2555 2.65
122 124.4489 2.63 125.1712 2.56 124.2658 2.65
123 125.4388 2.63 126.1614 2.55 125.2558 2.65
124 126.4491 2.64 127.1719 2.56 126.2660 2.65
125 127.4392 2.64 128.1622 2.56 127.2562 2.66
126 128.4493 2.64 129.1725 2.56 128.2661 2.66
127 129.4396 2.64 130.1630 2.57 129.2565 2.66
128 130.4496 2.63 131.1732 2.57 130.2663 2.66
129 131.4400 2.64 132.1638 2.57 131.2568 2.66
130 132.4498 2.64 133.1738 2.57 132.2664 2.66

(continued)
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TABLE C.3 (Continued)

External Gears: 20° Pressure Angle

Number 
of Teeth

1.728 Wire Diameter
Alternate 

1.92 Wire Diameter
Alternate 

1.68 Wire Diameter

M Km M Km M Km

131 133.4404 2.64 134.1646 2.57 133.2571 2.66
132 134.4500 2.64 135.1744 2.57 134.2666 2.66
133 135.4408 2.63 136.1653 2.57 135.2574 2.66
134 136.4502 2.64 137.1750 2.57 136.2667 2.66
135 137.4411 2.64 138.1661 2.58 137.2577 2.66
136 138.4504 2.64 139.1756 2.58 138.2669 2.66
137 139.4414 2.64 140.1668 2.58 139.2579 2.66
138 140.4506 2.65 141.1761 2.58 140.2670 2.66
139 141.4418 2.65 142.1674 2.58 141.2582 2.66
140 142.4508 2.65 143.1767 2.58 142.2671 2.66
141 143.4421 2.65 144.1681 2.58 143.2584 2.67
142 144.4510 2.65 145.1772 2.58 144.2672 2.67
143 145.4424 2.65 146.1688 2.58 145.2587 2.67
144 146.4512 2.65 147.1777 2.58 146.2674 2.67
145 147.4427 2.65 148.1694 2.59 147.2589 2.67
146 148.4513 2.65 149.1782 2.59 148.2675 2.67
147 149.4430 2.65 150.1700 2.59 149.2591 2.67
148 150.4515 2.65 151.1787 2.59 150.2676 2.67
149 151.4433 2.65 152.1706 2.59 151.2594 2.67
150 152.4516 2.65 153.1792 2.59 152.2677 2.67
151 153.4435 2.65 154.1712 2.59 153.2596 2.67
152 154.4518 2.65 155.1797 2.59 154.2678 2.67
153 155.4438 2.65 156.1718 2.59 155.2598 2.67
154 156.4520 2.66 157.1801 2.59 156.2679 2.67
155 157.4440 2.66 158.1723 2.60 157.2600 2.67
156 158.4521 2.66 159.1806 2.60 158.2680 2.67
157 159.4443 2.66 160.1729 2.60 159.2602 2.67
158 160.4523 2.66 161.1810 2.60 160.2681 2.67
159 161.4445 2.66 162.1734 2.60 161.2604 2.67
160 162.4524 2.66 163.1814 2.60 162.2682 2.67
161 163.4448 2.66 164.1739 2.60 163.2606 2.68
162 164.4526 2.66 165.1818 2.60 164.2683 2.68
163 165.4450 2.66 166.1744 2.60 165.2608 2.68
164 166.4527 2.66 167.1822 2.60 166.2684 2.68
165 167.4453 2.66 168.1749 2.60 167.2610 2.68
166 168.4528 2.66 169.1826 2.60 168.2685 2.68
167 169.4455 2.66 170.1754 2.60 169.2611 2.68
168 170.4529 2.66 171.1830 2.61 170.2686 2.68
169 171.4457 2.66 172.1759 2.61 171.2613 2.68
170 172.4531 2.66 173.1834 2.61 172.2687 2.68
171 173.4459 2.66 174.1763 2.61 173.2615 2.68
172 174.4532 2.66 175.1838 2.61 174.2688 2.68

(continued)
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C.1.1 Numerical Examples

Three illustrative examples are as follows.

C.1.1.1  Example No. C.1

An even-tooth external gear of 26 teeth, 10 diametral pitch, and 14.5 pressure angle is mea-
sured with 0.1728-inch-diameter wires. From Table C.4, column 2, the measurement for 
1 Pd is 28.4314 inches. For 10Pd the measurement over wires is 28.4314/10 = 2.8431 in. If the 
teeth are to be cut 0.003 inch thin, the reduced measurement over wires can be determined 

TABLE C.3 (Continued)

External Gears: 20° Pressure Angle

Number 
of Teeth

1.728 Wire Diameter
Alternate 

1.92 Wire Diameter
Alternate 

1.68 Wire Diameter

M Km M Km M Km

173 175.4461 2.66 176.1768 2.61 175.2617 2.68
174 176.4533 2.67 177.1842 2.61 176.2689 2.68
175 177.4463 2.67 178.1773 2.61 177.2619 2.68
176 178.4535 2.67 179.1846 2.61 178.2690 2.68
177 179.4465 2.67 180.1777 2.61 179.2621 2.68
178 180.4536 2.67 181.1849 2.61 180.2691 2.68
179 181.4467 2.67 182.1781 2.61 181.2622 2.68
180 182.4537 2.67 183.1852 2.61 182.2691 2.68
181 183.4469 2.67 184.1785 2.61 183.2623 2.68
182 184.4538 2.67 185.1856 2.62 184.26.92 2.68
183 185.4471 2.67 186.1789 2.62 185.2625 2.68
184 186.4539 2.67 187.1859 2.62 186.2693 2.68
185 187.4473 2.67 188.1793 2.62 187.2627 2.68
186 188.4540 2.67 189.1862 2.62 188.2694 2.68
187 189.4474 2.67 190.1797 2.62 189.2628 2.68
188 190.4541 2.67 191.1865 2.62 190.2694 2.68
189 191.4476 2.67 192.1801 2.62 191.2629 2.69
190 192.4542 2.67 193.1868 2.62 192.2694 2.69
200 202.4548 2.68 203.1883 2.63 202.2698 2.69
201 203.4487 2.68 204.1822 2.63 203.2636 2.69
300 302.4579 2.70 303.1977 2.66 302.2719 2.71
301 303.4538 2.70 304.1937 2.66 303.2678 2.71
400 402.4596 2.71 403.2026 2.68 402.2730 2.72
401 403.4565 2.71 404.1996 2.68 403.2699 2.72
500 502.4606 2.72 503.2056 2.70 502.2736 2.72
505 503.4581 2.72 504.2032 2.70 503.2711 2.72
∞ (N+2).4646 2.75 (N+3).2180 2.75 (N+2).2762 2.75

Note: Measurements over wires and change factors for 1 diametral pitch external standard-addendum 20° pres-
sure angle spur gears with 1.728, 1.92, and 1.86 diameter wires. For any other diametral pitch, divide 
measurements given in the table by the diametral pitch. Change factors are the same for all diametral 
pitches. For 1 diametral pitch, arc tooth thickness is 1.57080 inches. For 1-module, arc tooth thickness is 
1.57080 mm.
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TABLE C.4

External Gears: 14.5 Pressure Angle

Number 
of Teeth

1.728 Wire Diameter
Alternate 

1.92 Wire Diameter
Alternate 

1.68 Wire Diameter

M Km M Km M Km

5 6.9936 1.90 7.5296 1.61 6.8485 2.03
6 8.2846 2.09 8.8551 1.77 8.1298 2.23
7 9.1116 2.17 9.6871 1.84 8.9555 2.31
8 10.3160 2.24 10.9147 1.90 10.1535 2.39
9 11.1829 2.31 11.7872 1.96 11.0189 2.45
10 12.3399 2.36 12.9617 2.01 12.1712 2.51
11 13.2317 2.42 13.8590 2.06 13.0615 2.57
12 14.3590 2.47 15.0002 2.11 14.1851 2.62
13 15.2677 2.51 15.9143 2.15 15.0925 2.66
14 16.3746 2.55 17.0327 2.19 16.1964 2.70
15 17.2957 2.59 17.9588 2.23 17.1163 2.74
16 18.3877 2.63 19.0606 2.26 18.2058 2.78
17 19.3182 2.66 19.9958 2.29 19.1351 2.81
18 20.3989 2.70 21.0850 2.33 20.2137 2.84
19 21.3368 2.73 22.0272 2.36 21.1505 2.87
20 22.4087 2.76 23.1065 2.39 22.2205 2.90
21 23.3524 2.78 24.0543 2.41 23.1634 2.93
22 24.4172 2.81 25.1257 2.44 24.2265 2.95
23 25.3658 2.83 26.0781 2.46 25.1743 2.98
24 26.4247 2.86 27.1430 2.49 26.2317 3.00
25 27.3774 2.88 28.0992 2.51 27.1836 3.02
26 28.4314 2.90 29.1586 2.53 28.2363 3.04
27 29.3876 2.92 30.1181 2.56 29.1918 3.06
28 30.4374 2.94 31.1729 2.58 30.2404 3.08
29 31.3966 2.96 32.1351 2.60 31.1990 3.09
30 32.4429 2.98 33.1859 2.62 32.2441 3.11
31 33.4047 2.99 34.1506 2.63 33.2053 3.13
32 34.4478 3.01 35.1979 2.65 34.2475 3.14
33 35.4119 3.03 36.1647 2.67 35.2110 3.16
34 36.4523 3.04 37.2090 2.69 36.2505 3.17
35 37.4185 3.06 38.1777 2.70 37.2161 3.18
36 38.4565 3.07 39.2193 2.72 38.2533 3.19
37 39.4245 3.08 40.1896 2.73 39.2208 3.21
38 40.4603 3.10 41.2288 2.75 40.2558 3.22
39 41.4299 3.11 42.2007 2.76 41.2249 3.23
40 42.4638 3.12 43.2378 2.78 42.2582 3.24
41 43.4348 3.13 44.2110 2.79 43.2287 3.25
42 44.4671 3.14 45.2461 2.80 44.2604 3.26
43 45.4394 3.15 46.2205 2.82 45.2323 3.27
44 46.4701 3.17 47.2539 2.83 46.2624 3.28
45 47.4437 3.18 48.2294 2.84 47.2355 3.29
46 48.4729 3.19 49.2613 2.825 48.2642 3.30

(continued)
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TABLE C.4 (Continued)

External Gears: 14.5 Pressure Angle

Number 
of Teeth

1.728 Wire Diameter
Alternate 

1.92 Wire Diameter
Alternate 

1.68 Wire Diameter

M Km M Km M Km

47 49.4477 3.20 50.2378 2.87 49.2385 3.31
48 50.4756 3.21 51.2682 2.88 50.2660 3.32
49 51.4514 3.21 52.2457 2.89 51.2413 3.33
50 52.4781 3.22 53.2748 2.90 52.2676 3.33
51 53.4547 3.23 54.2531 2.91 53.2439 3.34
52 54.4804 3.24 55.2810 2.92 54.2691 3.35
53 55.4579 3.24 56.2601 2.93 55.2463 3.35
54 56.4826 3.25 57.2868 2.94 56.2705 3.36
55 57.4609 3.26 58.2667 2.95 57.2485 3.37
56 58.4847 3.27 59.2924 2.96 58.2719 3.37
57 59.4637 3.28 60.2729 2.97 59.2506 3.38
58 60.4866 3.28 61.2977 2.98 60.2731 3.39
59 61.4664 3.29 62.2788 2.99 61.2526 3.39
60 62.4884 3.30 63.3027 3.00 62.2743 3.40
61 63.4689 3.31 64.2844 3.01 63.2545 3.40
62 64.4902 3.31 65.3075 3.01 64.2755 3.41
63 65.4712 3.32 66.2898 3.02 65.2562 3.42
64 66.4918 3.32 67.3121 3.03 66.2765 3.42
65 67.4734 3.33 68.2949 3.04 67.2579 3.43
66 68.4933 3.34 69.3165 3.05 68.2775 3.43
67 69.4755 3.34 70.2998 3.05 69.2594 3.44
68 70.4948 3.35 71.3206 3.06 70.2785 3.44
69 71.4775 3.35 72.3044 3.07 71.2609 3.45
70 72.4963 3.36 73.3247 3.07 72.2794 3.45
71 73.4795 3.37 74.3089 3.08 73.2623 3.46
72 74.4977 3.37 75.3285 3.09 74.2803 3.46
73 75.4813 3.38 76.3131 3.10 75.2636 3.46
74 76.4990 3.38 77.3322 3.10 76.2811 3.47
75 77.4830 3.39 78.3172 3.11 77.2649 3.47
76 78.5002 3.39 79.3357 3.12 78.2819 3.48
77 79.4847 3.40 80.3211 3.12 79.2661 3.48
78 80.5014 3.40 81.3391 3.13 80.2827 3.49
79 81.4863 3.41 82.3249 3.13 81.2673 3.49
80 82.5026 3.41 83.3423 3.14 82.2834 3.50
81 83.4877 3.42 84.3285 3.15 83.2684 3.50
82 84.5037 3.42 85.3455 3.15 84.2841 3.50
83 85.4892 3.42 86.3319 3.16 85.2694 3.51
84 86.5047 3.43 87.3485 3.16 86.2847 3.51
85 87.4906 3.43 88.3352 3.17 87.2704 3.51
86 88.5057 3.44 89.3515 3.17 88.2854 3.52
87 89.4919 3.44 90.3384 3.18 89.2714 3.52
88 90.5067 3.44 91.3543 3.18 90.2860 3.52

(continued)
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TABLE C.4 (Continued)

External Gears: 14.5 Pressure Angle

Number 
of Teeth

1.728 Wire Diameter
Alternate 

1.92 Wire Diameter
Alternate 

1.68 Wire Diameter

M Km M Km M Km

89 91.4932 3.45 92.3415 3.19 91.2723 3.52
90 92.5076 3.45 93.3570 3.19 92.2866 3.53
91 93.4944 3.45 94.3445 3.20 93.2732 3.53
92 94.5085 3.45 95.3596 3.20 94.2872 3.54
93 95.4956 3.46 96.3474 3.21 95.2741 3.54
94 96.5094 3.46 97.3621 3.21 96.2877 3.54
95 97.4967 3.46 98.3502 3.22 97.2749 3.54
96 98.5102 3.46 99.3646 3.22 98.2882 3.55
97 99.4978 3.47 100.3529 3.23 99.2757 3.55
98 100.5110 3.47 101.3670 3.23 100.2887 3.55
99 101.4988 3.47 102.3555 3.24 101.2764 3.55
100 102.5118 3.48 103.3693 3.24 102.2892 3.56
101 103.4998 3.49 104.3580 3.24 103.2771 3.56
102 104.5125 3.49 105.3715 3.25 104.2897 3.56
103 105.5008 3.49 106.3604 3.25 105.2778 3.57
104 106.5132 3.50 107.3737 3.26 106.2901 3.57
105 107.5017 3.50 108.3628 3.26 107.2785 3.57
106 108.5139 3.50 109.3758 3.27 108.2905 3.57
107 109.5026 3.50 110.3651 3.27 109.2791 3.58
108 110.5035 3.51 111.3778 3.27 110.2910 3.58
109 111.5035 3.51 112.3672 3.28 111.2798 3.58
110 112.5152 3.51 113.3798 3.28 112.2914 3.58
111 113.5044 3.52 114.3695 3.29 113.2804 3.59
112 114.5159 3.52 115.3817 3.29 114.2918 3.59
113 115.5052 3.52 116.3716 3.29 115.2809 3.59
114 116.5165 3.53 117.3835 3.30 116.2921 3.59
115 117.5060 3.53 118.3736 3.30 117.2815 3.59
116 118.5171 3.53 119.3853 3.30 118.2925 3.60
117 119.5068 3.53 120.3756 3.31 119.2821 3.60
118 120.5177 3.53 121.3871 3.31 120.2929 3.60
119 121.5075 3.53 122.3775 3.31 121.2826 3.60
120 122.5182 3.54 123.3888 3.32 122.2932 3.60
121 123.5082 3.54 124.3793 3.32 123.2831 3.61
122 124.5188 3.54 125.3905 3.32 124.2936 3.61
123 125.5089 3.54 126.3811 3.33 125.2836 3.61
124 126.5193 3.55 127.3921 3.33 126.2939 3.61
125 127.5096 3.55 128.3829 3.33 127.2841 3.61
126 128.5198 3.55 129.3937 3.34 128.2941 3.61
127 129.5103 3.55 130.3846 3.34 129.2846 3.62
128 130.5203 3.55 131.3952 3.34 130.2945 3.62
129 131.5109 3.56 132.3863 3.34 131.2851 3.62
130 132.5208 3.56 133.3967 3.35 132.2948 3.62

(continued)
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TABLE C.4 (Continued)

External Gears: 14.5 Pressure Angle

Number 
of Teeth

1.728 Wire Diameter
Alternate 

1.92 Wire Diameter
Alternate 

1.68 Wire Diameter

M Km M Km M Km

131 133.5115 3.56 134.3879 3.35 133.2855 3.62
132 134.5213 3.56 135.3982 3.35 134.2951 3.62
133 135.5121 3.57 136.3895 3.36 135.2859 3.63
134 136.5217 3.57 137.3996 3.36 136.2594 3.63
135 137.5127 3.57 138.3911 3.36 137.2863 3.63
136 138.5221 3.57 139.4010 3.37 138.2957 3.63
137 139.5133 3.57 140.3926 3.37 139.2867 3.63
138 140.5226 3.57 141.4023 3.37 140.2960 3.63
139 141.5139 3.58 142.3940 3.37 141.2871 3.64
140 142.5230 3.58 143.4037 3.38 142.2962 3.64
141 143.5144 3.58 144.3955 3.38 143.2875 3.64
142 144.5234 3.58 145.4050 3.38 144.2965 3.64
143 145.5149 3.58 146.3969 3.39 145.2879 3.64
144 146.5238 3.58 147.4062 3.39 146.2967 3.64
145 147.5154 3.59 148.3982 3.39 147.2883 3.64
146 148.5242 3.59 149.4074 3.39 148.2970 3.64
147 149.5159 3.59 150.3996 3.40 149.2887 3.65
148 150.5246 3.59 151.4087 3.40 150.2972 3.65
149 151.5164 3.59 152.4009 3.40 151.2890 3.65
150 152.5250 3.59 153.4098 3.40 152.2974 3.65
151 153.5169 3.60 154.4022 3.41 153.2893 3.65
152 154.5254 3.60 155.4110 3.41 154.2977 3.65
153 155.5174 3.60 156.4034 3.41 155.2897 3.65
154 156.5257 3.60 157.4121 3.41 156.2979 3.65
155 157.5179 3.60 158.4046 3.41 157.2900 3.66
156 158.5261 3.60 159.4132 3.42 158.2981 3.66
157 159.5183 3.60 160.4058 3.42 159.2903 3.66
158 160.5264 3.61 161.4143 3.42 160.2983 3.66
159 161.5188 3.61 162.4070 3.42 161.2906 3.66
160 162.5267 3.61 163.4153 3.43 162.2985 3.66
161 163.5192 3.61 164.4081 3.43 163.2909 3.66
162 164.5270 3.61 165.4164 3.43 164.2987 3.66
163 165.5196 3.61 166.4092 3.43 165.2912 3.67
164 166.5273 3.61 167.4174 3.43 166.2989 3.67
165 167.5200 3.62 168.4103 3.44 167.2915 3.67
166 168.5276 3.62 169.4184 3.44 168.2990 3.67
167 169.5204 3.62 170.4114 3.44 169.2917 3.67
168 170.5279 3.62 171.4194 3.44 170.2992 3.67
169 171.5208 3.62 172.4125 3.44 171.2920 3.67
170 172.5282 3.62 173.4203 3.45 172.2994 3.67
171 173.5212 3.62 174.4135 3.45 173.2922 3.67
172 174.5286 3.62 175.4212 3.45 174.2996 3.68

(continued)
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by using the change factor Km. From column 3 of Table C.4, the change factor is Km = 2.90. 
Thus, the reduction in measurement for teeth 0.003 inch thin would be 0.003 inch × 2.90 
or 0.0087 inch. The measurement over wires with teeth 0.003 inch thin would be 2.8431 − 
0.0087, or 2.8344 inches.

As an example of metric dimensions, we will take a 2.500-module gear. We will assume 
an even-tooth external gear of 26 teeth, 14.5 pressure angle measured with two wires, of 
1.728 mm in diameter (for one module). At 2.500-module, the wire size is 4.320 mm. From 
Table C.4 for 26 teeth we read a measurement value of 28.4314 inches. This value is for 

TABLE C.4 (Continued)

External Gears: 14.5 Pressure Angle

Number 
of Teeth

1.728 Wire Diameter
Alternate 

1.92 Wire Diameter
Alternate 

1.68 Wire Diameter

M Km M Km M Km

173 175.5215 3.63 176.4145 3.45 175.2926 3.68
174 176.5288 3.63 177.4221 3.45 176.2998 3.68
175 177.5219 3.63 178.4155 3.45 177.2928 3.68
176 178.5291 3.63 179.4230 3.46 178.3000 3.68
177 179.5223 3.63 180.4165 3.46 179.2930 3.68
178 180.5294 3.63 181.4239 3.46 180.3002 3.68
179 181.5226 3.63 182.4174 3.46 181.2933 3.68
180 182.5297 3.63 183.4248 3.46 182.3003 3.68
181 183.5230 3.63 184.4183 3.47 183.2936 3.68
182 184.5299 3.64 185.4256 3.47 184.3005 3.68
183 185.5233 3.64 186.4193 3.47 185.2938 3.69
184 186.5302 3.64 187.4265 3.47 186.3006 3.69
185 187.5236 3.64 188.4202 3.47 187.2940 3.69
186 188.5304 3.64 189.4273 3.47 188.3008 3.69
187 189.5239 3.64 190.4210 3.48 189.2942 3.69
188 190.5307 3.64 191.4281 3.48 190.3010 3.69
189 191.5243 3.64 192.4219 3.48 191.2944 3.69
190 192.5310 3.64 193.4289 3.48 192.3011 3.69
200 202.5321 3.66 203.4326 3.50 202.3018 3.70
201 203.5260 3.66 204.4267 3.50 203.2957 3.70
300 302.5395 3.72 303.4573 3.60 302.3063 3.75
301 303.5355 3.72 304.4534 3.61 303.3022 3.75
400 402.5434 3.75 403.4706 3.66 402.3087 3.78
401 403.5404 3.75 404.4676 3.66 403.3056 3.78
500 502.5458 3.78 503.4788 3.70 502.3101 3.80
505 503.5433 3.78 504.4763 3.70 503.3076 3.80
∞ (N+2).5558 2.87 (N+3).5145 2.87 (N+2).3159 3.87

Note: Measurements over wires and change factors for 1 diametral pitch external standard-addendum 14.5 pres-
sure angle spur gears with 1.728, 1.92, and 1.86 diameter wires. For any other diametral pitch, divide mea-
surements given in table by the diametral pitch. Change factors are the same for all diametral 
pitches. For 1 diametral pitch, arc tooth thickness is 1.57080 inches. For 1-module, arc tooth thickness is 
1.57080 mm.
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1-module. We need to interpret this value in millimeters and then change millimeter value 
from 1-module to 2.500-module. The calculation procedure is

 
M

M
0 0393701

2 500
25 400.

.
.in/mm
module

at 2.500× = mmodule  (C.1)

 
M ×

= × =
2 500
1 000000

28 4314 2 500 71 0785
.
.

. . .
module

mm  (C.2)

If the teeth are to be cut thin by 0.075 mm, the change in M is

 M in millimeters = 0.075 mm × Km = 0.075 × 2.90 = 0.2175 mm (C.3)

The measure over two pins, 4.320 mm in diameter is then 71.0785 – 0.2175, or 70.8610 mm.

C.1.1.2  Example No. C.2

An even-tooth external gear of 20 teeth, 20 diametral pitch, and 20° pressure angle with 
teeth to be cut 0.004 inch is measured with three sizes of wires 0.096, 0.0864, and 0.084 inch. 
Using Table C.2 and Table C.3, the following simple computations are made:

Wire size 1Pd, inches 1.92 1.728 1.68
Wire size 20Pd, inches 0.096 0.0864 0.084
Measurement 1Pd, inches 23.0227 22.3900 22.2249
Measurement 20Pd, inches 1.1511 1.1195 1.1112
Change factor 2.07 2.26 2.33
Teeth to be thin, inches 0.004 0.004 0.004
Reduction in measurement for thin teeth 0.004 inch 
× Km, inches

0.0083 0.0090 0.0093

Measurement with teeth 0.004 inch thin, inches 1.1428 1.1105 1.1019

In using three sizes of wires in this case, it is possible to measure the tooth thickness at 
the pitch diameter and also to obtain a check on the involute profile. (If all three wire mea-
surements indicate the same pitch line tooth thickness, the involute curve going through 
the points touched by the wires must be a true involute.)

C.1.1.3  Example No. C.3

An odd-tooth internal gear of 51 teeth, 8 diametral pitch, 20° pressure angle is measured 
with 0.180-inch-diameter wires, which, when placed in the tooth space of the gear, are not 
diametrically opposite by one-half tooth interval. From Table C.5, column 2, the measure-
ment between wires for 1Pd is 49.6404 inches. For 8Pd, the measurement is 49.6404 inches/8, 
or 6.20505 inches. The change factor Km from Table C.5 is 2.71, and this, when multiplied by 
the desired thinness of the teeth, will indicate the increase in measurement between wires.

C.1.2 Interpretation of Results

The approximate desired thickness or thinness of the teeth may be determined by the 
change factor Km and the difference between the actual measurement and the computed 
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TABLE C.5

Internal Gears: 20° Pressure Angle

No. of 
Teeth

1.44 Wire 
Diameter

Alternate 
1.68 Wire Diameter

No. of 
Teeth

1.44 Wire Diameter
Alternate 

1.68 Wire Diameter

M Km M Km M Km M Km

5 3.4090 2.30 1.68 wires too large 
below 15 teeth6 4.6595 2.46 106 104.6650 2.73 103.7102 2.88

7 5.4823 2.43 107 105.6535 2.73 104.6989 2.88
8 6.6608 2.52 108 106.6650 2.73 105.7105 2.87
9 7.5230 2.50 109 107.6537 2.73 106.6994 2.87
10 8.6617 2.56 110 108.6651 2.73 107.7107 2.87
11 9.5490 2.55 111 109.6539 2.73 108.6998 2.87
12 10.6623 2.59 112 110.6651 2.73 109.7110 2.87
13 11.5669 2.58 113 111.6541 2.73 110.7002 2.87
14 12.6627 2.61 114 112.6651 2.73 111.7112 2.87
15 13.5801 2.60 12.4222 8.58 115 113.6543 2.73 112.7006 2.87
16 14.6630 2.63 13.5459 5.95 116 114.6651 2.73 113.7114 2.86
17 15.5902 2.62 14.5026 5.09 117 115.6545 2.73 114.7010 2.86
18 16.6633 2.64 15.5901 4.65 118 116.6651 2.73 115.7117 2.86
19 17.5981 2.63 16.5414 4.35 119 117.6547 2.73 116.7014 2.86
20 18.6635 2.65 17.6147 4.15 120 118.6651 2.73 117.7119 2.86
21 19.6045 2.64 18.5668 3.98 121 119.6548 2.73 118.7018 2.86
22 20.6636 2.66 19.6311 3.87 122 120.6651 2.73 119.7121 2.86
23 21.6099 2.65 20.5854 3.76 123 12.6550 2.73 120.7022 2.86
24 22.6638 2.67 21.6429 3.69 124 122.6651 2.73 121.7123 2.86
25 23.6143 2.66 22.5997 3.61 125 123.6552 2.73 122.7026 2.86
26 24.6639 2.67 23.6520 3.56 126 124.6651 2.73 123.7125 2.85
27 25.6181 2.67 24.6112 3.50 127 125.6554 2.73 124.7029 2.85
28 26.6640 2.67 25.6591 3.46 128 126.6651 2.73 125.7127 2.85
29 27.6214 2.67 26.6206 3.42 129 127.6556 2.73 126.7032 2.85
30 28.6641 2.68 27.6649 3.38 130 128.6652 2.73 127.7129 2.85
31 29.6242 2.68 28.6285 3.35 131 129.6557 2.73 128.7036 2.85
32 30.6642 2.68 29.6699 3.32 132 130.6652 2.73 129.7130 2.85
33 31.6267 2.68 30.6353 3.29 133 131.6559 2.73 130.7039 2.85
34 32.6642 2.69 31.6739 3.27 134 132.6652 2.73 131.7132 2.85
35 33.6289 2.69 32.6411 3.25 135 133.6560 2.73 132.7042 2.85
36 34.6643 2.69 33.6773 3.23 136 134.6652 2.73 133.7134 2.85
37 35.6310 2.69 34.6462 3.21 137 135.6561 2.73 134.7045 2.84
38 36.6643 2.69 35.6804 3.20 138 136.6652 2.73 135.7135 2.84
39 37.6327 2.69 36.6507 3.18 139 137.6563 2.73 136.7047 2.84
40 38.6644 2.70 37.6831 3.16 140 138.6652 2.73 137.7137 2.84
41 39.6343 2.69 38.6547 3.15 141 139.6564 2.73 138.7050 2.84
42 40.6644 2.70 39.6855 3.14 142 140.6652 2.73 139.7139 2.84
43 41.6357 2.70 40.6582 3.13 143 141.6565 2.73 140.7053 2.84
44 42.6645 2.70 41.6975 3.11 144 142.6652 2.73 141.7140 2.84
45 43.6371 2.70 42.6614 3.10 145 143.6566 2.73 142.7055 2.84
46 44.6645 2.70 43.6893 3.09 146 144.6652 2.73 143.7141 2.84

(continued)
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TABLE C.5 (Continued)

Internal Gears: 20° Pressure Angle

No. of 
Teeth

1.44 Wire 
Diameter

Alternate 
1.68 Wire Diameter

No. of 
Teeth

1.44 Wire Diameter
Alternate 

1.68 Wire Diameter

M Km M Km M Km M Km

47 45.6383 2.70 44.6644 3.08 147 145.6568 2.73 144.7058 2.84
48 46.6646 2.70 45.6910 3.08 148 146.6652 2.73 145.7143 2.84
49 47.6394 2.70 46.6670 3.07 149 147.6569 2.73 146.7061 2.84
50 48.6646 2.71 47.6926 3.06 150 148.6652 2.73 147.7144 2.84
51 49.6404 2.71 48.6694 3.05 151 149.6570 2.73 148.7063 2.84
52 50.6646 2.71 49.6940 3.04 152 150.6652 2.73 149.7145 2.83
53 51.6414 2.71 50.6716 3.04 153 151.6571 2.73 150.7065 2.83
54 52.6647 2.71 51.6953 3.03 154 152.6652 2.73 151.7146 2.83
55 53.6422 2.71 52.6737 3.02 155 153.6572 2.73 152.7068 2.83
56 54.6647 2.71 53.6965 3.02 156 154.6652 2.73 153.7148 2.83
57 55.6431 2.71 54.6756 3.01 157 155.6573 2.73 154.7070 2.83
58 56.6648 2.71 55.6975 3.01 158 156.6652 2.73 155.7149 2.83
59 57.6438 2.71 56.6774 3.00 159 157.6574 2.73 156.7072 2.83
60 58.6648 2.71 57.6985 3.00 160 158.6652 2.73 157.7150 2.83
61 59.6445 2.71 58.6789 2.99 161 159.6575 2.73 158.7074 2.83
62 60.6648 2.71 59.6994 2.99 162 160.6652 2.73 159.7151 2.83
63 61.6452 2.71 60.6805 2.98 163 161.6576 2.73 160.7076 2.83
64 62.6648 2.71 61.7003 2.98 164 162.6652 2.73 161.7152 2.83
65 63.6458 2.71 62.6819 2.97 165 163.6577 2.73 162.7078 2.83
66 64.6649 2.72 63.7011 2.97 166 164.6652 2.73 163.7153 2.83
67 65.6464 2.72 64.6832 2.96 167 165.6578 2.73 164.7080 2.83
68 66.6649 2.72 65.7018 2.96 168 166.6652 2.73 165.7154 2.83
69 67.6469 2.72 66.6844 2.96 169 167.6579 2.73 166.7082 2.83
70 68.6649 2.72 67.7025 2.95 170 168.6652 2.73 167.7156 2.82
71 69.6475 2.72 68.6856 2.95 171 169.6580 2.73 168.7084 2.82
72 70.6649 2.72 69.7032 2.95 172 170.6652 2.73 169.7157 2.82
73 71.6480 2.72 70.6867 2.94 173 171.6581 2.73 170.7086 2.82
74 72.6649 2.72 71.7038 2.94 174 172.6652 2.73 171.7158 2.82
75 73.6484 2.72 72.6878 2.94 175 173.6582 2.73 172.7087 2.82
76 74.6649 2.72 73.7044 2.94 176 174.6652 2.73 173.7158 2.82
77 75.6489 2.72 74.6888 2.93 177 175.6583 2.73 174.7089 2.82
78 76.6649 2.72 75.7049 2.93 178 176.6652 2.73 175.7159 2.82
79 77.6493 2.72 76.6897 2.93 179 177.6584 2.73 176.7090 2.82
80 78.6649 2.72 77.7054 2.92 180 178.6652 2.73 177.7160 2.82
81 79.6497 2.72 78.6905 2.92 181 179.6584 2.73 178.7092 2.82
82 80.6649 2.72 79.7059 2.92 182 180.6652 2.73 179.7161 2.82
83 81.6501 2.72 80.6914 2.92 183 181.6585 2.73 180.7094 2.82
84 82.6649 2.72 81.7064 2.91 184 182.6652 2.73 181.7162 2.82
85 83.6505 2.72 82.6922 2.91 185 183.6586 2.73 182.7095 2.82
86 84.6650 2.72 83.7068 2.91 186 184.6652 2.73 183.7162 2.82
87 85.6508 2.72 84.6929 2.91 187 185.6587 2.73 184.7097 2.82
88 86.6650 2.72 85.7072 2.91 188 186.6652 2.73 185.7163 2.82

(continued)
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measurement. To determine the variations in tooth thickness, the following relationship 
is noted:

 ∆
∆

t
M
K

=
m

 (C.4)

where
Δt—the desired thickness or thinness of the teeth
ΔM—the difference between computed and actual measurement
Km—the change factor taken from the appropriate table

Tables C.3 through C.7 are based on the arc tooth thickness being exactly half the circu-
lar pitch. For 1 diametral pitch, this value is 1.57080 inches. For other diametral pitches, the 
value is 1.57080 divided by the diametral pitch.

When metric dimensioning is used, the arc tooth thickness value for 1-module is 1.57080 
mm. For other modules, the arc tooth thickness is 1.57080 multiplied by the module.

When teeth are “thinned” to get backlash, the actual design tooth thickness is the thick-
ness calculated (from the diametral pitch or the module) minus the amount of tooth thin-
ning used in Equation C.4 for external teeth—or plus the amount of tooth thinning used in 
Equation C.4 for internal gears. The change in the M value is subtractive for external teeth 
and additive for internal gears.

TABLE C.5 (Continued)

Internal Gears: 20° Pressure Angle

No. of 
Teeth

1.44 Wire 
Diameter

Alternate 
1.68 Wire Diameter

No. of 
Teeth

1.44 Wire Diameter
Alternate 

1.68 Wire Diameter

M Km M Km M Km M Km

89 87.6511 2.72 86.6936 2.90 189 187.6588 2.73 186.7098 2.82
90 88.6650 2.72 87.7076 2.90 190 188.6652 2.73 187.7164 2.82
91 89.6514 2.72 88.6943 2.90 200 198.6652 2.74 197.7168 2.81
92 90.6650 2.72 89.7080 2.90 201 199.6591 2.74 198.7107 2.81
93 91.6517 2.72 90.6950 2.90 300 298.6654 2.74 297.7192 2.79
94 92.6650 2.72 91.7084 2.89 301 299.6612 2.74 298.7151 2.79
95 93.6520 2.72 92.6956 2.89
96 94.6650 2.73 93.7087 2.89 400 398.6654 2.74 397.7203 2.78
97 95.6523 2.73 94.6962 2.89 401 399.6623 2.74 398.7172 2.78
98 96.6650 2.73 95.7090 2.89 500 498.6654 2.74 497.7210 2.77
99 97.6526 2.73 96.6968 2.89 501 499.6629 2.74 498.7185 2.77
100 98.6650 2.73 97.7093 2.88 ∞ (N – 2).6652 2.75 (N – 3).7238 2.75
101 99.6528 2.73 98.6974 2.88
102 100.6650 2.73 99.7096 2.88
103 101.6531 2.73 100.6979 2.88
104 102.6650 2.73 101.7099 2.88
105 103.6533 2.73 102.6984 2.88

Note: Measurements between wires and change factors for 1 diametral pitch internal standard-addendum 20° 
pressure angle with 1.44- and 1.68-inch-diameter wires. For any other diametral pitch, divide measure-
ments given in table by the diametral pitch. Change factors are the same for all diametral pitches. For 1 
diametral pitch, arc tooth thickness is 1.57080 inches. For 1-module, arc tooth thickness is 1.57080 mm.
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TABLE C.6

Internal Gears: 14.5° Pressure Angle

No. of 
Teeth

1.44 Wire Diameter
Alternate 

1.68 Wire Diameter
No. of 
Teeth

1.44 Wire Diameter
Alternate 

1.68 Wire Diameter

M Km M Km M Km M Km

5 3.5517 2.38 1.68 wires too large 
below 15 teeth

6 4.8157 2.61 106 104.6650 2.73 103.7102 2.88
7 5.6393 2.63 107 105.6535 2.73 104.6989 2.88
8 6.8262 2.77 108 106.6650 2.73 105.7105 2.87
9 7.6894 2.79 109 107.6537 2.73 106.6994 2.87
10 8.8337 2.89 110 108.6651 2.73 107.7107 2.87
11 9.7219 2.91 111 109.6539 2.73 108.6998 2.87
12 10.8394 2.99 112 110.6651 2.73 109.7110 2.87
13 11.7449 3.01 113 111.6541 2.73 110.7002 2.87
14 12.8438 3.07 114 112.6651 2.73 111.7112 2.87
15 13.7620 3.09 115 113.6543 2.73 112.7006 2.87
16 14.8474 3.13 116 114.6651 2.73 113.4114 2.86
17 15.7752 3.15 117 115.6545 2.73 114.7010 2.86
18 16.8504 3.19 118 116.6651 2.73 115.7117 2.86
19 17.7858 3.20 119 117.6547 2.73 116.7014 2.86
20 18.8529 3.24 120 118.6651 2.73 117.7119 2.86
21 19.7945 3.25 121 119.6548 2.73 118.7018 2.86
22 20.8550 3.27 122 120.6651 2.73 119.7121 2.86
23 21.8017 3.29 123 121.6550 2.73 120.7022 2.86
24 22.8569 3.31 124 122.6651 2.73 121.7123 2.86
25 23.8078 3.32 125 123.6552 2.73 122.7026 2.86
26 24.8585 3.34 126 124.6651 2.73 123.7125 2.85
27 25.8130 3.35 127 125.6554 2.73 124.7029 2.85
28 26.8599 3.37 128 126.6651 2.73 125.7127 2.85
29 27.8176 3.38 129 127.6556 2.73 126.7032 2.85
30 28.8612 3.40 130 128.6652 2.73 127.7129 2.85
31 29.8216 3.40 131 129.6557 2.73 128.7036 2.85
32 30.8623 3.42 29.4774 9.11 132 130.6652 2.73 129.7130 2.85
33 31.8251 3.43 30.4589 8.18 133 131.6559 2.73 130.7039 2.85
34 32.8633 3.44 31.5089 7.57 134 132.6652 2.73 131.7132 2.85
35 33.8282 3.45 32.4867 7.14 135 133.6560 2.73 132.7042 2.85
36 34.8642 3.46 33.5314 6.81 136 134.6652 2.73 133.7134 2.85
37 35.8311 3.46 34.5071 6.55 137 135.6561 2.73 134.7045 2.84
38 36.8650 3.47 35.5472 6.34 138 136.6652 2.73 135.7135 2.84
39 37.8336 3.48 36.5229 6.15 139 137.6563 2.73 136.7047 2.84
40 38.8658 3.49 37.5599 6.00 140 138.6652 2.73 137.7137 2.84
41 39.8359 3.50 38.5357 5.86 141 139.6564 2.73 138.7050 2.84
42 40.8665 3.51 39.5702 5.75 142 140.6652 2.73 139.7139 2.84
43 41.8380 3.51 40.5463 5.65 143 141.6565 2.73 140.7053 2.84
44 42.8672 3.52 41.5788 5.56 144 142.6652 2.73 141.7140 2.84
45 43.8399 3.52 42.5556 5.48 145 143.6566 2.73 142.7055 2.84
46 44.8678 3.53 43.5861 5.41 146 144.6652 2.73 143.7141 2.84

(continued)
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TABLE C.6 (Continued)

Internal Gears: 14.5° Pressure Angle

No. of 
Teeth

1.44 Wire Diameter
Alternate 

1.68 Wire Diameter
No. of 
Teeth

1.44 Wire Diameter
Alternate 

1.68 Wire Diameter

M Km M Km M Km M Km

47 45.8416 3.54 44.5635 5.34 147 145.6568 2.73 144.7058 2.84
48 46.8683 3.54 45.5924 5.28 148 146.6652 2.73 145.7143 2.84
49 47.8432 3.55 46.5704 5.22 149 147.6569 2.73 146.7061 2.84
50 48.8688 3.56 47.5979 5.17 150 148.6652 2.73 147.7144 2.84
51 49.8447 3.56 48.5765 5.13 151 149.6570 2.73 148.7063 2.84
52 50.8692 3.57 49.6027 5.08 152 150.6652 2.73 149.7145 2.83
53 51.8461 3.57 50.5820 5.04 153 151.6571 2.73 150.7065 2.83
54 52.8697 3.58 51.6070 5.00 154 152.6652 2.73 151.7146 2.83
55 53.8474 3.58 52.5869 4.97 155 153.6572 2.73 152.7068 2.83
56 54.8701 3.58 53.6109 4.93 156 154.6652 2.73 153.7148 2.83
57 55.8486 3.59 54.5913 4.90 157 155.6573 2.73 154.7070 2.83
58 56.8705 3.59 55.6144 4.87 158 156.6652 2.73 155.7149 2.83
59 57.8497 3.60 56.5953 4.85 159 157.6574 2.73 156.7072 2.83
60 58.8709 3.60 57.6175 4.82 160 158.6652 2.73 157.7150 2.83
61 59.8508 3.60 58.5990 4.80 161 159.6575 2.73 158.7074 2.83
62 60.8712 3.61 59.6204 4.77 162 160.6652 2.73 159.7151 2.83
63 61.8517 3.61 60.6024 4.75 163 161.6576 2.73 160.7076 2.83
64 62.8715 3.61 61.6230 4.73 164 162.6652 2.73 161.7152 2.83
65 63.8526 3.62 62.6055 4.71 165 163.6577 2.73 162.7078 2.83
66 64.8718 3.62 63.6254 4.69 166 164.6652 2.73 163.7153 2.83
67 65.8535 3.63 64.6083 4.67 167 165.6578 2.73 164.7080 2.83
68 66.8721 3.63 65.6277 4.65 168 166.6652 2.73 165.7154 2.83
69 67.8543 3.63 66.6110 4.64 169 167.6579 2.73 166.7082 2.83
70 68.8724 3.63 67.6297 4.62 170 168.6652 2.73 167.7156 2.82
71 69.8551 3.63 68.6135 4.60 171 169.6580 2.73 168.7084 2.82
72 70.8727 3.64 69.6316 4.59 172 170.6652 2.73 169.7157 2.82
73 71.8558 3.64 70.6158 4.58 173 171.6581 2.73 170.7086 2.82
74 72.8729 3.65 71.6334 4.56 174 172.6652 2.73 171.7158 2.82
75 73.8565 3.65 72.6179 4.55 175 173.6582 2.73 172.7087 2.82
76 74.8731 3.65 73.6351 4.54 176 174.6652 2.73 173.7158 2.82
77 75.8572 3.65 74.6199 4.52 177 175.6583 2.73 174.7089 2.82
78 76.8734 3.65 75.6366 4.51 178 176.6652 2.73 175.7159 2.82
79 77.8678 3.66 76.6218 4.50 179 177.6584 2.73 176.7090 2.82
80 78.8736 3.66 77.6381 4.49 180 178.6652 2.73 177.7160 2.82
81 79.8584 3.66 78.6236 4.48 181 179.6584 2.73 178.7092 2.82
82 80.8738 3.66 79.6395 4.47 182 180.6652 2.73 179.7161 2.82
83 81.8590 3.67 80.6253 4.46 183 181.6585 2.73 180.7094 2.82
84 82.8740 3.67 81.6408 4.45 184 182.6652 2.73 181.7162 2.82
85 83.8595 3.67 82.6270 4.44 185 183.6586 2.73 182.7095 2.82
86 84.8742 3.67 83.6420 4.43 186 184.6652 2.73 183.7162 2.82
87 85.8600 3.67 84.6285 4.42 187 185.6587 2.73 184.7097 2.82
88 86.8743 3.68 85.6431 4.41 188 186.6652 2.73 185.7163 2.82

(continued)
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C.1.3 Odd-Tooth Gears

It should be noted in Tables C.3 to C.7 that the measurement values for odd numbers of 
teeth represent dimensions over two wires that are not diametrically opposite to each 
other by one-half tooth interval. Thus, to determine the dimension from the top of one 
wire to the center of the gear, the following computation should be used:

 Dimension over wires − wire diameter = dimension between wire centers (C.5)

 

Dimension between wire centers

cos
.

90
0 5

°
×

N

++

=

wire diameter

radius from top of one wire to

2

center of gear

 (C.6)

C.1.4 Special Pressure Angles and Number of Teeth

Because of the relative simplicity of the exact formulas, it is not recommended that inter-
polation be made from the tables in the case of special pressure angles. Where the num-
ber of teeth is greater than is to be found in the appropriate table, an interpolation may 

TABLE C.6 (Continued)

Internal Gears: 14.5° Pressure Angle

No. of 
Teeth

1.44 Wire Diameter
Alternate 

1.68 Wire Diameter
No. of 
Teeth

1.44 Wire Diameter
Alternate 

1.68 Wire Diameter

M Km M Km M Km M Km

89 87.8605 3.68 86.6299 4.41 189 187.6588 2.73 186.7098 2.82
90 88.8745 3.68 87.6442 4.40 190 188.6652 2.73 187.7164 2.82
91 89.8610 3.68 88.6313 4.39 200 198.6652 2.74 197.7168 2.81
92 90.8747 3.68 89.6452 4.38 201 199.6591 2.74 198.7107 2.81
93 91.8614 3.69 90.6326 4.38 300 298.6654 2.74 297.7192 2.79
94 92.8749 3.69 91.6462 4.37 301 299.6612 2.74 298.7151 2.79
95 93.8619 3.69 92.6338 4.36
96 94.8750 3.69 93.6472 4.36 400 398.6654 2.74 397.7203 2.78
97 95.8623 3.69 94.6350 4.35 401 399.6623 2.74 398.7172 2.78
98 96.8752 3.69 95.6481 4.34 500 498.6654 2.74 497.7210 2.77
99 97.8627 3.70 96.6361 4.34 501 499.6629 2.74 498.7185 2.77
100 98.8753 3.70 97.6489 4.33 ∞ (N – 2).6655 2.75 (N – 3).7238 2.75
101 99.8631 3.70 98.6372 4.33
102 100.8754 3.70 99.6497 4.32
103 101.8635 3.70 100.6382 4.31
104 102.8756 3.70 101.6505 4.31
105 103.8638 3.70 102.6392 4.30

Note: Measurements between wires and change factors for 1 diametral pitch internal standard-addendum 14.5° 
pressure angle with 1.44- and 1.68-inch-diameter wires. For any other diametral pitch, divide measure-
ments given in the table by the diametral pitch. Change factors are the same for all diametral pitches. For 
1 diametral pitch, arc tooth thickness is 1.57080 inches. For 1-module, arc tooth thickness is 1.57080 mm.
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TABLE C.7

External Gears: 25° Pressure Angle

No. of 
Teeth

1.728 Wire Diameter
Alternate 

1.68 Wire Diameter
No. of 
Teeth

1.728 Wire Diameter
Alternate 

1.68 Wire Diameter

M Km M Km M Km M Km

5 7.0472 1.47 6.9202 1.59
6 8.3340 1.60 8.2003 1.64 56 58.4287 2.03 58.2726 2.05
7 9.1536 1.64 9.0199 1.68 57 59.4071 2.03 59.2509 2.05
8 10.3533 1.67 10.2155 1.72 58 60.4293 2.04 60.2730 2.05
9 11.2142 1.70 11.0762 1.75 59 61.4084 2.04 61.2521 2.05
10 12.3667 1.73 12.2260 1.77 60 62.4299 2.04 62.2735 2.05
11 13.2536 1.75 13.1126 1.79 61 63.4097 2.04 63.2532 2.06
12 14.3768 1.77 14.2338 1.81 62 64.4304 2.04 64.2739 2.06
13 15.2814 1.79 15.1381 1.83 63 65.4109 2.04 65.2543 2.06
14 16.3846 1.81 16.2397 1.85 64 66.4309 2.04 66.2742 2.06
15 17.3021 1.83 17.1570 1.86 65 67.4120 2.05 67.2553 2.06
16 18.3908 1.84 18.2445 1.88 66 68.4314 2.05 68.2746 2.06
17 19.3181 1.85 19.1716 1.89 67 69.4130 2.05 69.2562 2.06
18 20.3959 1.86 20.2483 1.90 68 70.4319 2.05 70.2749 2.06
19 21.3310 1.88 21.1832 1.91 69 71.4140 2.05 71.2571 2.06
20 22.4002 1.88 22.2515 1.92 70 72.4323 2.05 72.2752 2.07
21 23.3415 1.89 23.1926 1.92 71 73.4150 2.05 73.2579 2.07
22 24.4038 1.90 24.2542 1.93 72 74.4327 2.05 74.2755 2.07
23 25.3502 1.91 25.2005 1.94 73 75.4159 2.06 75.2586 2.07
24 26.4069 1.92 26.2566 1.95 74 76.4331 2.06 76.2758 2.07
25 27.3576 1.93 27.2071 1.95 75 77.4167 2.06 77.2594 2.07
26 28.4096 1.93 28.2586 1.96 76 78.4335 2.06 78.2761 2.07
27 29.3640 1.94 29.2128 1.96 77 79.4175 2.06 79.2601 2.07
28 30.4120 1.94 30.2603 1.97 78 80.4339 2.06 80.2763 2.07
29 31.3695 1.95 31.2177 1.97 79 81.4183 2.06 81.2607 2.07
30 32.4141 1.95 32.2619 1.98 80 82.4342 2.06 82.2766 2.08
31 33.3743 1.96 33.2220 1.98 81 83.4190 2.06 83.2614 2.08
32 34.4159 1.96 34.2632 1.99 82 84.4345 2.07 84.2768 2.08
33 35.3786 1.97 35.2258 1.99 83 85.4196 2.07 85.2620 2.08
34 36.4176 1.97 36.2664 2.00 84 86.4348 2.07 86.2771 2.08
35 37.3824 1.98 37.2292 2.00 85 87.4203 2.07 87.2625 2.08
36 38.4191 1.98 38.2655 2.00 86 88.4351 2.07 88.2773 2.08
37 39.3858 1.98 39.2323 2.01 87 89.4209 2.07 89.2631 2.08
38 40.4205 1.99 40.2666 2.01 88 90.4354 2.07 90.2775 2.08
39 41.3889 1.99 41.2349 2.01 89 91.4215 2.07 91.2636 2.08
40 42.4217 2.00 42.2675 2.02 90 92.4357 2.07 92.2777 2.08
41 43.3917 2.00 43.2374 2.02 91 93.4221 2.07 93.2641 2.08
42 44.4228 2.00 44.2683 2.02 92 94.4359 2.07 94.2779 2.08
43 45.3942 2.00 45.2396 2.02 93 95.4227 2.07 95.2646 2.08
44 46.4239 2.01 46.2690 2.02 94 96.4362 2.07 96.2780 2.08
45 47.3965 2.01 47.2417 2.02 95 97.4232 2.08 97.2650 2.09
46 48.4248 2.01 48.2697 2.03 100 102.4369 2.08 102.2785 2.09
47 49.3986 2.02 49.2435 2.03 101 103.4247 2.08 103.2663 2.09

(continued)
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easily be made. Thus, from Table C.3, the measurement over 1.728-inch-diameter wires for 
a 1-diametral-pitch, 335-tooth, 20° external gear would be

 303 4538
34
100

100 0027 337 4547. . .+ × =  (C.7)

C.1.5 Measurement of Racks

For 1.728-inch wires, the decimal values of Tables C.3, C.4, and C.7 show that the amount 
the measurement over wires exceeds the outside diameter of standard even-tooth gear. 
Therefore, if the decimal value given infinity (∞) is divided by 2, the amount the 1.728-inch 
wire projects above the top of the 1-pitch rack is obtained. These values are

14.5° 20° 25°

0.2779ʺ 0.2323ʺ 0.2241ʺ

Since the addendum of a 1-pitch gear is 1.0000 inch, the amount the wire projects above 
the pitch line is 1.0000 plus the above values.

For any other diametral pitch Pd, divide the values by Pd and use wires 1.728-in./Pd in 
diameter.

C.1.6 Relation between Depth of Cut and Tooth Thickness

If the generation gear cutter* is fed into the blank, an amount exactly equal to the whole 
depth of the tooth, the gear is cut† without backlash. To provide backlash, the teeth must be 

* Backlash in gears milled with a form-milling cutter is usually produced by side-cutting a desired amount to 
thin the teeth that have been cut to standard depth.

† This rule applies to common trade practices with small gear teeth. Large gear teeth are often cut with a hob 
that produces these teeth with the right backlash at design whole depth.

TABLE C.7 (Continued)

External Gears: 25° Pressure Angle

No. of 
Teeth

1.728 Wire Diameter
Alternate 

1.68 Wire Diameter
No. of 
Teeth

1.728 Wire Diameter
Alternate 

1.68 Wire Diameter

M Km M Km M Km M Km

48 50.4257 2.02 50.2740 2.03 200 202.4424 2.11 202.2825 2.11
49 51.4006 2.02 51.2452 2.03 201 203.4363 2.11 203.2764 2.11
50 52.4265 2.02 52.2710 2.04 300 302.4443 2.12 302.2839 2.12
51 53.4024 2.02 53.2468 2.04 301 303.4402 2.12 303.2798 2.12
52 54.4273 2.02 54.2716 2.04 400 402.4453 2.13 402.2845 2.13
53 55.4041 2.02 55.2483 2.04 401 403.4422 2.13 403.2815 2.13
54 56.4280 2.02 56.2721 2.05 500 502.4458 2.13 502.2850 2.13
55 57.4056 2.03 57.2497 2.05 ∞ (N + 2).4482 2.14 (N – 2).2866 2.14

Note: Measurements between wires and change factors for 1 diametral pitch internal standard-addendum 25° 
pressure angle with 1.44- and 1.68-inch-diameter wires. For any other diametral pitch, divide measure-
ments given in table by the diametral pitch. Change factors are the same for all diametral pitches. For 
1 diametral pitch, arc tooth thickness is 1.57080 inches. For 1-module, arc tooth thickness is 1.57080 mm.
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made thinner by an equal amount, Δt (increment of t). The formulas for finding the excess 
depth of cut, E, from Δt and vice versa are given in Table C.8. The relationships are exact 
for hobs or rack-shaped tools. They are approximate for gear shaper cutters.

C.1.6.1  Example No. C.4

A total backlash of 0.016 inch is desired between a 30-tooth, 14½ degree pinion and a 100-
tooth, 14½ degree gear, and 0.008-inch backlash will be taken on the pinion and 0.008 inch 
on the gear. From Table C.4, the wire measurement for the pinion should be 2.98 × 0.008 
inch = 0.0238 inch under the computed values, and for the gear, it should be 3.48 × 0.008 
inch = 0.0278 inch undersize. If after a trial cut, the wire measurement on the gear is only 
0.010 inch under the computed value, the backlash provided is 0.010/3.48 = 0.0029 inch. 
This is 0.008 inch – 0.0029 inch = 0.0051 inch, which is too little, and, from Table C.8, the 
cutter must be fed in deeper by 1.93 × 0.0051 inch = 0.0098 inch.

C.1.7 Helical Gears

The pin measurement to helical gears may be computed using a conventional approach; an 
approximate value can be computed using, for this purpose, the spur gear measurement 
tables (see Table C.9).

Even-tooth helical gears should be measured with two wires. Odd-tooth helical gears 
should not be measured with two wires but may be measured with three wires under 
certain conditions, or indirectly with one wire. Three wires may be used provided that the 
face width and helix angle of the gear will permit the arrangement of two wires in adjacent 
tooth spaces on one side of the gear and a third wire in a tooth space on the opposite side, 
so that all three wires will automatically adjust themselves to establish aligned contact 
with a micrometer’s measuring surfaces. In cases where three wires cannot be used, the 
gear should be mounted on an arbor and a radial measurement made from the top of one 
wire to the axis of the gear (see Table C.10).

It should be emphasized that the practice of using two wires for measuring odd-tooth 
helical gears and correcting the results by the application of a cos(90°/N) factor is not valid 
and may result in serious errors.

TABLE C.8

Change in Depth of Cut versus Change in Tooth Thickness

Pressure Angle 
of Gear, Degrees

E, Extra Depth of Cut 
to Thin Depth (Δt)

Δt, Amount Teeth Are Cut Too 
Thin due to Excess of Cut E

14 ½ E = 1.93 × Δt ∆t
E

E= =
1 93

0 52
.

.

17 ½ E = 1.59 × Δt ∆t
E

E= =
1 59

0 63
.

.

20 E = 1.37 × Δt ∆t
E

E= =
1 37

0 73
.

.

25 E = 1.07 × Δt ∆t
E

E= =
1 07

0 93
.

.

30 E = 0.87 × Δt ∆t
E

E= =
0 87

1 15
.

.

  



793Appendix C

TABLE C.9

Wire Measurement of Standard Helical Gear

For A-Z Gear Co.
Data from Drawing

Date: Month, Day, Year
Drawing No.: N 00-0000

Functions of ψ (psi)

1. Number of teeth N = 14 cos 40° = 0.7660444
2. Diametral pitch in 
plane of rotation

Pd = 18.3850656 1
40

1 305407
cos

.
°
=

3. Pitch diameter D = 07615ʺ 1
40

2 224529
3(cos )

.
°

=

4. Helix angle (psi) with 
axis (tan ψ = π D/L)

cos 40°

5. Normal pressure angle 
(phi sub n)

ϕn = 14.5°

6. Normal tooth 
thickness

Tn = 0.0654ʺ
Computations

7. Find normal diametral 
pitch (may show on 
drawing)

P Pn d= × = × =
1

18 38 1 305407 24
cos

. .
ψ

8. Find wire diameter
G

P
= = =
1 728 1 728

24
0 072

. .
.

n

9. Find number or teeth 
in equivalent spur gear N Ne = ×

°
= × =

1
40

14 2 224529 31 143406
3(cos )

. .

Data from tables (see Table C.4)
10. Refer to proper table and using even-tooth values only interpolate for values (M − D) for Ne teeth (for 
1 diametral pitch gears, D = N):

1 Diametral Pitch Values

N D M (M − D) Diff.

Next lower (even) (a) 30 (c) 30ʺ (d) 32.4429ʺ (e) 2.4429ʺ (f ) 0.0049ʺ
Next higher (even) (b) 32 32ʺ 34.4478 2.4478
Ne value (9) = 31.143406
N value (a) = 30
Diff. (g) = 1.1434

( ) .
.

. .
( )

( )
( )

M D− = + × =2 4429
1 1434

2
0 0049 2 245

e
g

f

7

11. Find (M − D) for specified normal 
diametral pitch ( )

( ) .
.M D

M D
P

− =
−

= =1
2 4457

24
0 1019

n

12. Find measurement for odd-tooth gear M1 = (M − D)1 + D = 0.1019ʺ + 0.7615ʺ = 0.8634ʺ
13. Measurement for odd-tooth gear M1

2
 = odd-tooth helical gears should be mounted on an arbour 

and a radial measurement should be made from one wire to the 

center of the gear
14. Reduction in measurement over wires to 
thin teeth 0.002 inch in normal plane 
(Table C.10)

∆
∆

M
K t

=
×

=
×

=n

cos
. .
.

.
ψ

2 33 0 002
0 7660444

0 0061

Measurement over wires for teeth 0.002 
inch thin in normal plane

M2 = M1 − ΔM = 0.8634ʺ − 0.0061ʺ = 0.8573ʺ
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ppendix C
TABLE C.10

Change Factor K for 1.728-inch Wires Used on External Helical Gears

No. of 
Teeth

Normal Pressure Angle = 14.5° Normal Pressure Angle = 20°

ψ = 15° ψ = 20° ψ = 25° ψ = 30° ψ = 35° ψ = 40° ψ = 45° ψ = 15° ψ = 20° ψ = 25° ψ = 30° ψ = 35° ψ = 40° ψ = 45°

6 2.07 2.06 2.05 2.03 2.00 1.96 1.91 1.81 1.79 1.77 1.73 1.69 1.64 1.58
10 2.34 2.33 2.30 2.27 2.23 2.17 2.10 2.02 2.00 1.96 1.92 1.85 1.78 1.69
15 2.56 2.56 2.54 2.49 2.42 2.37 2.25 2.14 2.12 2.07 2.01 1.93 1.84 1.75
20 2.72 2.69 2.65 2.59 2.52 2.44 2.32 2.22 2.18 2.13 2.07 1.99 1.90 1.79
25 2.81 2.77 2.73 2.66 2.58 2.49 2.35 2.28 2.24 2.18 2.11 2.03 1.93 1.81
30 2.89 2.84 2.80 2.71 2.63 2.53 2.39 2.33 2.28 2.22 2.14 2.05 1.95 1.83
35 2.95 2.90 2.86 2.76 2.68 2.56 2.42 2.36 2.31 2.25 2.17 2.08 1.97 1.84
40 3.01 2.96 2.91 2.81 2.72 2.59 2.44 2.40 2.34 2.28 2.20 2.10 1.98 1.85
45 3.07 3.01 2.96 2.85 2.75 2.62 2.46 2.42 2.36 2.30 2.21 2.12 2.00 1.86
50 3.12 3.06 3.00 2.88 2.78 2.64 2.48 2.44 2.38 2.32 2.23 2.13 2.01 1.87
60 3.20 3.13 3.07 2.95 2.83 2.69 2.52 2.47 2.41 2.34 2.25 2.15 2.03 1.89
70 3.27 3.20 3.12 3.00 2.88 2.72 2.55 2.49 2.43 2.36 2.27 2.16 2.04 1.90
80 3.32 3.25 3.16 3.05 2.92 2.76 2.58 2.51 2.44 2.38 2.28 2.17 2.05 1.90
90 3.37 3.29 3.20 3.08 2.95 2.79 2.61 2.53 2.46 2.39 2.29 2.18 2.06 1.91
100 3.40 3.33 3.23 3.12 2.98 2.81 2.63 2.54 2.47 2.40 2.30 2.19 2.06 1.91
120 3.45 3.37 3.26 3.16 3.02 2.84 2.65 2.56 2.49 2.42 2.31 2.20 2.07 1.91
140 3.48 3.40 3.29 3.18 3.04 2.86 2.67 2.57 2.50 2.42 2.32 2.21 2.07 1.91
160 3.51 3.42 3.31 3.20 3.06 2.87 2.68 2.58 2.51 2.43 2.32 2.22 2.07 1.91
180 3.53 3.45 3.33 3.22 3.07 2.88 2.69 2.59 2.52 2.44 2.33 2.23 2.07 1.91
200 3.55 3.46 3.35 3.23 3.08 2.89 2.69 2.60 2.52 2.44 2.34 2.23 2.07 1.92
250 3.59 3.50 3.38 3.25 3.09 2.90 2.70 2.61 2.53 2.45 2.35 2.23 2.08 1.92
300 3.61 3.52 3.40 3.26 3.10 2.91 2.70 2.62 2.54 2.46 2.37 2.23 2.09 1.93
350 3.63 3.53 3.41 3.27 3.11 2.92 2.70 2.62 2.54 2.46 2.37 2.23 2.09 1.93
400 3.64 3.54 3.42 3.28 3.11 2.92 2.71 2.63 2.55 2.47 2.37 2.24 2.09 1.94
450 3.65 3.55 3.43 3.29 3.12 2.93 2.71 2.64 2.56 2.47 2.37 2.24 2.09 1.94
500 3.66 3.56 3.44 3.30 3.12 2.93 2.71 2.64 2.56 2.47 2.37 2.24 2.09 1.94

Note: K =
cos
sin

φ
φw

	 Reduction in measurement =	K	× amount teeth are to be thin (in normal plane) ÷	cos ψ, or reduction in measurement = K	× amount teeth are to be thin (in plane 
of rotation of the gear). The amount of reduction is the same for all diametral pitches for a given tooth-thickness reduction.

  



795Appendix C

TABLE C.11

Trigonometric Functions

ϕ° arc ϕ sin ϕ tan ϕ cot ϕ cos ϕ sec ϕ cosec ϕ

1° 0.01745 0.01745 0.01746 57.2900 0.99985 1.0002 57.2990
2 0.03491 0.03490 0.03492 28.6360 0.99939 1.0006 28.6540
3 0.05236 0.05234 0.05241 19.0810 0.99863 1.0014 19.1070
4 0.06981 0.06976 0.06993 14.3010 0.99756 1.0024 14.3360
5 0.08727 0.08716 0.08749 11.4300 0.99619 1.0038 11.4740
6° 0.10472 0.10453 0.10510 9.5144 0.99452 1.0055 9.5668
7 0.12217 0.12187 0.12278 8.1444 0.99255 1.0075 8.2055
8 0.13963 0.13917 0.14054 7.1154 0.99027 1.0098 7.1853
9 0.15708 0.15643 0.15838 6.3138 0.98769 1.0125 6.3925
10 0.17453 0.17365 0.17633 5.6713 0.98481 1.0154 5.7588
11° 0.19199 0.19081 0.19438 5.1446 0.98163 1.0187 5.2408
12 0.20944 0.20791 0.21256 4.7046 0.97815 1.0223 4.8097
13 0.22680 0.22495 0.23087 4.3315 0.97437 1.0263 4.4454
14 0.24435 0.24192 0.24933 4.0108 0.97030 1.0306 4.1336
15 0.26180 0.25882 0.26795 3.7321 0.96593 1.0353 3.8637
16° 0.27925 0.27564 0.28675 3.4874 0.96126 1.0403 3.6280
17 0.29671 0.29237 0.30573 3.2709 0.95630 1.0457 3.4203
18 0.31416 0.30902 0.32492 3.0777 0.95106 1.0515 3.2361
19 0.33161 0.32557 0.34433 2.9042 0.94552 1.0576 3.0716
20 0.34907 0.34202 0.36397 2.7475 0.93969 1.0642 2.9238
21° 0.36652 0.35837 0.38386 2.6051 0.93358 1.0711 2.7904
22 0.38397 0.37461 0.40403 2.4751 0.92718 1.0785 2.6695
23 0.40143 0.39073 0.42447 2.3559 0.92050 1.0864 2.5593
24 0.41888 0.40674 0.44523 2.2460 0.91355 1.0946 2.4586
25 0.43633 0.42262 0.46631 2.1445 0.90631 1.1034 2.3662
26° 0.45379 0.43837 0.48773 2.0503 0.89879 1.1126 2.2812
27 0.47124 0.45399 0.50953 1.9626 0.89101 1.1223 2.2027
28 0.48869 0.46947 0.53171 1.8807 0.88295 1.1326 2.1301
29 0.50615 0.48481 0.55431 1.8040 0.87462 1.1434 2.0627
30 0.52360 0.50000 0.57735 1.7321 0.86603 1.1547 2.0000
31° 0.54105 0.51504 0.60086 1.6643 0.85717 1.1666 1.9416
32 0.55851 0.52992 0.62487 1.6003 0.84805 1.1792 1.8871
33 0.57596 0.54464 0.64941 1.5399 0.83867 1.1924 1.8361
34 0.59341 0.55919 0.67451 1.4826 0.82904 1.2062 1.7883
35 0.61087 0.57358 0.70021 1.4281 0.81915 1.2208 1.7434
36° 0.62832 0.58779 0.72654 1.3764 0.80902 1.2361 1.7013
37 0.64577 0.60182 0.75355 1.3270 0.79864 1.2521 1.6616
38 0.66323 0.61566 0.78129 1.2799 0.78801 1.2690 1.6243
39 0.68068 0.62932 0.80978 1.2349 0.77715 1.2868 1.5890
40 0.69813 0.64279 0.83910 1.1918 0.76604 1.3054 1.5557
41° 0.71559 0.65606 0.86929 1.1504 0.75471 1.3250 1.5243
42 0.73304 0.66913 0.90040 1.1106 0.74314 1.3456 1.4945
43 0.75049 0.68200 0.93252 1.0724 0.73135 1.3673 1.4663

(continued)
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C.2  Trigonometric Functions

Table C.11 lists some trigonometric functions for general reference. Those doing an exten-
sive amount of gear calculating will find it necessary to have a whole book of seven-place 
trigonometric tables. With modern computer equipment for engineering work, trigono-
metric values can readily be acquired.

C.3  Involute Functions

The involute function is widely used in gear calculations. A short table of involute func-
tions for general reference is given in this section. The involute functions of an angle is 
called “inv ϕ” or simply “θ”. Inv ϕ equals θ in radians (see Table C.12).

C.4  Arc and Chord Data

Gear teeth are often measured by vernier calipers. The addendum setting for the calipers 
has to be made slightly larger than the gear addendum. Conversely, the chordal tooth 
thickness value is slightly smaller than the arc tooth thickness of the part. Table C.13 
illustrates the “rise of arc” hc and the “chordal thickness” tc. Tabulated values are given 
for 1 diametral pitch. The chordal thicknesses given have no allowance for backlash. The 
values shown should be divided by the pitch and then given proper allowance for back-
lash and an appropriate tolerance.

The values given in Table C.13 may be read in millimeters for 1-module. For other sizes 
of teeth, multiply the table value by the module.

TABLE C.11 (Continued)

Trigonometric Functions

ϕ° arc ϕ sin ϕ tan ϕ cot ϕ cos ϕ sec ϕ cosec ϕ

44 0.76794 0.69466 0.96569 1.0355 0.71934 1.3902 1.4396
45 0.78540 0.70711 1.00000 1.0000 0.70711 1.4142 1.4142
46° 0.80285 0.71934 1.03550 0.96569 0.69466 1.4396 1.3902
47 0.82030 0.73135 1.07240 0.93252 0.68200 1.4663 1.3673
48 0.83776 0.74314 1.11060 0.90040 0.66913 1.4945 1.3456
49 0.85521 0.75471 1.15040 0.86929 0.65606 1.5243 1.3250
50 0.87266 0.76604 1.19180 0.83910 0.64279 1.5557 1.3054
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TABLE C.12

Involute Functions (inv ϕ = tan ϕ − arc ϕ)

ϕ inv ϕ Diff. ϕ inv ϕ Diff. ϕ inv ϕ Diff. ϕ inv ϕ Diff.

0.0° .0000000 0 10.0° .0017941 548 20.0° .0149044 2325 30.0° .0537515 5841
0.1 00000 0 10.1 18489 559 20.1 151369 2350 30.1 543356 5889
0.2 00000 0 10.2 19048 571 20.2 153719 2375 30.2 549245 5936
0.3 00000 1 10.3 19619 582 20.3 156094 2401 30.3 555181 5983
0.4 00001 1 10.4 20201 594 20.4 158495 2427 30.4 561164 6032
0.5 00002 2 10.5 20795 605 20.5 160922 2453 30.5 567196 6080
0.6 00004 2 10.6 21400 617 20.6 163375 2479 30.6 573276 6129
0.7 00006 3 10.7 22017 629 20.7 165854 2505 30.7 579405 6177
0.8 00009 4 10.8 22646 642 20.8 168359 2532 30.8 585582 6227
0.9 00013 5 10.9 23288 653 20.9 170891 2558 30.9 591809 6277
1.0° .0000018 6 11.0° .0023941 666 21.0° .0173449 2585 31.0° .0598086 6326
1.1 00024 7 11.1 24607 678 21.1 176034 2612 31.1 604412 6376
1.2 00031 8 11.2 25285 690 21.2 178646 2640 31.2 610788 6427
1.3 00039 10 11.3 25975 703 21.3 181286 2667 31.3 617215 6477
1.4 00049 11 11.4 26678 716 21.4 183953 2694 31.4 623692 6529
1.5 00060 13 11.5 27394 729 21.5 186647 2722 31.5 630221 6580
1.6 00073 14 11.6 28123 742 21.6 189369 2750 31.6 636801 6631
1.7 00087 16 11.7 28865 755 21.7 192119 2778 31.7 643432 6684
1.8 00103 19 11.8 29620 769 21.8 194897 2806 31.8 650116 6735
1.9 00122 20 11.9 30389 782 21.9 197703 2835 31.9 656851 6789
2.0° .0000142 22 12.0° .0031171 795 22.0° .0200538 2863 32.° .0663640 6841
2.1 00164 25 12.1 31966 809 22.1 203401 2892 32.1 670481 6895
2.2 00189 27 12.2 32775 823 22.2 206293 2922 32.2 677376 6948
2.3 00216 29 12.3 33598 836 22.3 209215 2950 32.3 684324 7002
2.4 00245 32 12.4 34434 851 22.4 212165 2980 32.4 691326 7057
2.5 00277 35 12.5 35285 865 22.5 215145 3009 32.5 698383 7110
2.6 00312 37 12.6 36150 879 22.6 218154 3039 32.6 705493 7166
2.7 00349 40 12.7 37029 894 22.7 221193 3069 32.7 712659 7221
2.8 00389 44 12.8 37923 908 22.8 224262 3099 32.8 719880 7277
2.9 00433 46 12.9 38831 923 22.9 227361 3130 32.9 727157 7332
3.0° .0000479 50 13.0° .0039754 938 23.0° .0230491 3160 33.0° .0734489 7389
3.1 00529 52 13.1 40692 952 23.1 233651 3191 33.1 741878 7446
3.2 00581 57 13.2 41644 968 23.2 236842 3221 33.2 749324 7502
3.3 00638 60 13.3 42612 983 23.3 240063 3253 33.3 765826 7559
3.4 0698 63 13.4 43595 998 23.4 243316 3284 33.4 764385 7618
3.5 00761 67 13.5 44593 1014 23.5 246600 3316 33.5 772003 7675
3.6 00828 71 13.6 45607 1029 23.6 249916 3347 33.6 779678 7733
3.7 00899 75 13.7 46636 1045 23.7 253264 3378 33.7 787411 7793
3.8 00974 79 13.8 47681 1061 23.8 256642 3411 33.8 795204 7851
3.9 01053 83 13.9 48742 1077 23.9 260053 3444 33.9 803055 7911
4.0° .0001136 88 14.0° .0049819 1093 24.0° .0263497 3476 34.0° .0810966 7970
4.1 01234 92 14.1 50912 1109 24.1 266973 3508 34.1 818936 8031
4.2 01316 96 14.2 52021 1126 24.2 270481 3542 34.2 826967 8091
4.3 01412 101 14.3 53147 1142 24.3 274023 3575 34.3 835058 8152

(continued)
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TABLE C.12 (Continued)

Involute Functions (inv ϕ = tan ϕ − arc ϕ)

ϕ inv ϕ Diff. ϕ inv ϕ Diff. ϕ inv ϕ Diff. ϕ inv ϕ Diff.

4.4 01513 106 14.4 54289 1159 24.4 277598 3608 34.4 843210 8214
4.5 01619 110 14.5 55448 1176 24.5 281206 3642 34.5 851424 8275
4.6 01729 116 14.6 56624 1193 24.6 284848 3675 34.6 859699 8337
4.7 01845 120 14.7 57817 1210 24.7 288523 3709 34.7 868036 8399
4.8 01965 126 14.8 59027 1227 24.8 292232 3744 34.8 876435 8463
4.9 02091 131 14.9 60254 1244 24.9 295976 3777 34.9 884898 8525
5.0° .0002222 136 15.0° .0061498 1262 25.0° .0299753 3813 35.0° .0893423 8589
5.1 02358 142 15.1 62760 1279 25.1 303566 3847 35.1 902012 8653
5.2 02500 147 15.2 64039 1298 25.2 307413 3882 35.2 910665 8717
5.3 02647 154 15.3 65337 1315 25.3 311295 3918 35.3 919382 8783
5.4 02801 158 15.4 66652 1333 25.4 315213 3953 35.4 928165 8847
5.5 02959 165 15.5 67985 1352 25.5 319166 3988 35.5 937012 8913
5.6 03124 171 15.6 69337 1369 25.6 323154 4025 35.6 945925 8979
5.7 03295 177 15.7 70706 1389 25.7 327179 4060 35.7 954904 9045
5.8 03472 183 15.8 72095 1406 25.8 331239 4097 35.8 963949 9112
5.9 03655 190 15.9 73501 1426 25.9 335336 4134 35.9 973061 9179
6.0° .0003845 196 16.0° .0074927 1445 26.0° .0339470 4170 36.0° .0982240 9247
6.1 04041 203 16.1 76372 1463 26.1 343640 4207 36.1 991487 9315
6.2 04244 209 16.2 77835 1483 26.2 347847 4245 36.2 1000802 9383
6.3 04453 216 16.3 79318 1502 26.3 352092 4282 36.3 1010185 0452
6.4 04669 223 16.4 80820 1522 26.4 356374 4320 36.4 1019637 9522
6.5 04892 230 16.5 82342 1541 26.5 360694 4357 36.5 1029159 9591
6.6 05122 237 16.6 83883 1561 26.6 365051 4396 36.6 1038750 9662
6.7 05359 245 16.7 85444 1581 26.7 369447 4434 36.7 1048412 9732
6.8 05604 252 16.8 87025 1601 26.8 373881 4473 36.8 1058144 9803
6.9 05856 259 16.9 88626 1621 26.9 378354 4512 36.9 1067947 9875
7.0° .0006115 267 17.0° .0090247 1642 27.0° .0382866 4550 37.0° .1077822 9947
7.1 06382 275 17.1 91889 1662 27.1 387416 4590 37.1 1087769 10019
7.2 06657 282 17.2 93551 1683 27.2 392006 4630 37.2 1097788 10092
7.3 06939 291 17.3 95234 1703 27.3 396636 4670 37.3 1107880 10166
7.4 07230 298 17.4 96937 1725 27.4 401306 4709 37.4 1118046 10239
7.5 07528 307 17.5 98662 1745 27.5 406015 4750 37.5 1128285 10314
7.6 07835 315 17.6 .0100407 1767 27.6 410765 4790 37.6 1138599 10388
7.7 08150 323 17.7 102174 1789 27.7 415555 4832 37.7 1148987 10464
7.8 08473 332 17.8 103963 1810 27.8 420387 4872 37.8 1159451 10539
7.9 08805 340 17.9 105773 1831 27.9 425259 4913 37.9 119990 10615
8.0° .0009145 349 18.0° .0107604 1854 28.0° .0430172 4956 38.0° .1180605 10692
8.1 09494 358 18.1 109458 1875 28.1 435128 4996 38.1 1191297 10769
8.2 09852 367 18.2 111333 1898 28.2 440124 5039 38.2 1202066 10847
8.3 10219 376 18.3 113231 1920 28.3 445163 5082 38.3 1212913 10925
8.4 10595 385 18.4 115151 1943 28.4 450245 5134 38.4 1223838 11004
8.5 10980 395 18.5 117094 1965 28.5 455369 5166 38.5 1234842 11082
8.6 11375 404 18.6 119059 1989 28.6 460535 5210 38.6 1245924 11163
8.7 11779 413 18.7 121048 2011 28.7 465745 5253 38.7 1257087 11242
8.8 12192 423 18.8 123059 2034 28.8 470998 5297 38.8 1268329 11323

(continued)
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TABLE C.12 (Continued)

Involute Functions (inv ϕ = tan ϕ − arc ϕ)

ϕ inv ϕ Diff. ϕ inv ϕ Diff. ϕ inv ϕ Diff. ϕ inv ϕ Diff.

8.9 12615 433 18.9 125093 2058 28.9 476295 5341 38.9 1279652 11404
9.0° .0013048 443 19.0° .0127151 2081 29.0° .0481636 5384 39.0° .1291056 11486
9.1 13491 453 19.1 129232 2104 29.1 487020 5430 39.1 1302542 11568
9.2 13944 463 19.2 131336 2129 29.2 492450 5474 39.2 1314110 11651
9.3 14407 473 19.3 133465 2152 29.3 497924 5518 39.3 1325761 11734
9.4 14880 483 19.4 135617 2177 29.4 503442 5564 39.4 1337495 11818
9.5 15363 494 19.5 137794 2200 29.5 509006 5610 39.5 1349313 11903
9.6 15857 505 19.6 139994 2226 29.6 514616 5655 39.6 1361216 11987
9.7 16362 515 19.7 142220 2250 29.7 520271 5702 39.7 1373203 12072
9.8 16877 526 19.8 144470 2274 29.8 525973 5748 39.8 1385275 12159
9.9 17403 538 19.9 146744 2300 29.9 531721 5794 39.9 1397434 12245
10.0° .0017941 20.0° .0149044 30.0° .0537515 40.0° .1409679

Note: For any value of ϕ not given in the table, special working tables may be easily constructed. Thus,
	 inv 46.6 = tan 46.6 − arc 46.6 = 1.0574704 − 0.8133234 = 0.2441470
	 inv 46.7 = tan 46.7 − arc 46.7 = 1.0611742 − 0.8150688 = 0.2461054
	 inv 46.8 = tan 46.8 − arc 46.8 = 1.0648918 − 0.8168141 = 0.2480777

TABLE C.13

Chordal Tooth Thickness and Chordal Addendum for Gears of 1 Diametral Pitch—Divide Values 
by Diametral Pitch for Other Pitches

CL

(Chordal
addendum)

(Chordal tooth
thickness)

(Pitch
diameter)

(Rise
of arc)

ac

hc

d
tc

a

Pitch circle

Notation:

ac—Chordal addendum

tc—Chordal thickness

hc—Rise of arc

a—Addendum

d—Pitch diameter

No. of 
Teeth, N

Chordal 
Thickness, 

tc

Chordal 
Addendum, 

ac

Rise of 
Arc, hc

No. of 
Teeth, N

Chordal 
Thickness, 

tc

Chordal 
Addendum, 

ac

Rise of 
Arc, hc

8 1.56072 1.07686 0.7686 58 1.57060 1.01063 0.01063
9 1.56283 1.06836 0.06836 59 1.57061 1.01045 0.01045
10 1.56434 1.06158 0.6158 60 1.57062 1.01028 0.01028

(continued)
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TABLE C.13 (Continued)

Chordal Tooth Thickness and Chordal Addendum for Gears of 1 Diametral Pitch—Divide Values 
by Diametral Pitch for Other Pitches

No. of 
Teeth, N

Chordal 
Thickness, 

tc

Chordal 
Addendum, 

ac

Rise of 
Arc, hc

No. of 
Teeth, N

Chordal 
Thickness, 

tc

Chordal 
Addendum, 

ac

Rise of 
Arc, hc

11 1.56546 1.05597 0.05597 61 1.57062 1.01011 0.01011
12 1.56631 1.05133 0.05133 62 1.57062 1.00995 0.0095
13 1.56697 1.04733 0.04733 63 1.57063 1.00979 0.00979
14 1.56750 1.04401 0.04401 64 1.57064 1.00964 0.00964
15 1.56793 1.04109 0.04109 65 1.57064 1.00949 0.00949
16 1.56827 1.03852 0.03852 66 1.57064 1.00934 0.00934
17 1.56856 1.03623 0.03623 67 1.57065 1.00921 0.00921
18 1.56880 1.03425 0.03425 68 1.57065 1.00907 0.00907
19 1.56901 1.03245 0.03245 69 1.57065 1.00884 0.00884
20 1.56918 1.03083 0.03083 70 1.57066 1.00881 0.00881
21 1.56933 1.02936 0.02936 71 1.57066 1.00869 0.00869
22 1.56946 1.02803 0.02803 72 1.57066 1.00857 0.00857
23 1.56957 1.02681 0.02681 73 1.57067 1.00845 0.00845
24 1.56967 1.02569 0.02569 74 1.57067 1.00834 0.00834
25 1.56976 1.02466 0.02466 75 1.57068 1.00822 0.00822
26 1.56984 1.02372 0.02372 76 1.57068 1.00812 0.00812
27 1.56991 1.02284 0.02284 77 1.57068 1.00801 0.00801
28 1.56997 1.02202 0.02202 78 1.57068 1.00791 0.00791
29 1.57003 1.02126 0.02126 79 1.57068 1.00781 0.00781
30 1.57008 1.02056 0.02056 80 1.57068 1.00771 0.00771
31 1.57012 1.01989 0.01989 81 1.57068 1.00762 0.00762
32 1.57016 1.01927 0.01927 82 1.57069 1.00752 0.00752
33 1.57020 1.01869 0.01869 83 1.57069 1.00743 0.00743
34 1.57024 1.01814 0.01814 84 1.57069 1.00734 0.00734
35 1.57027 1.01762 0.01762 85 1.57069 1.00725 0.00725
36 1.57030 1.01713 0.01713 86 1.57070 1.00717 0.00717
37 1.57032 1.01667 0.01667 87 1.57070 1.00713 0.00713
38 1.57035 1.01623 0.01623 88 1.57070 1.00701 0.00701
39 1.57037 1.01581 0.01581 89 1.57070 1.00693 0.00693
40 1.57039 1.01541 0.01541 90 1.57070 1.00685 0.00685
41 1.57041 1.01504 0.01504 91 1.57071 1.00678 0.00678
42 1.57043 1.01468 0.01468 92 1.57071 1.00671 0.00671
43 1.57045 1.01435 0.01435 93 1.57071 1.00664 0.00664
44 1.57046 1.01401 0.01401 94 1.57071 1.00657 0.00657
45 1.57048 1.01371 0.01371 95 1.57072 1.00649 0.00649
46 1.57049 1.01318 0.01318 96 1.57072 1.00641 0.00641
47 1.57050 1.01312 0.01312 97 1.57072 1.00634 0.00634
48 1.57051 1.01285 0.01285 98 1.57072 1.00631 0.00631
49 1.57052 1.01259 0.01259 99 1.57072 1.00623 0.00623
50 1.57053 1.01234 0.01234 100 1.57073 1.00617 0.00617
51 1.57053 1.01209 0.01209 110 1.57074 1.00561 0.00561
52 1.57055 1.01186 0.01186 120 1.57075 1.00514 0.00514

(continued)
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C.5  Hardness Testing Data

Almost all drawings for gear parts will need a hardness testing specification. The method of 
hardness testing will depend on the material and the size and shape of piece. Table C.14 gives 
general recommendations for the more commonly used hardness test methods. Table C.15 
shows the approximate conversion between the different hardness test scales.

TABLE C.13 (Continued)

Chordal Tooth Thickness and Chordal Addendum for Gears of 1 Diametral Pitch—Divide Values 
by Diametral Pitch for Other Pitches

No. of 
Teeth, N

Chordal 
Thickness, 

tc

Chordal 
Addendum, 

ac

Rise of 
Arc, hc

No. of 
Teeth, N

Chordal 
Thickness, 

tc

Chordal 
Addendum, 

ac

Rise of 
Arc, hc

53 1.57056 1.01164 0.01164 Rack 1.57080 1.00000 0.00000
54 1.57057 1.01142 0.01142
55 1.57058 1.01121 0.01121
56 1.57059 1.01102 0.01102
57 1.57059 1.01082 0.01082

Source: The Fellows Gear Shaper Co., The	 Involute	 Curve	 and	 Involute	 Gearing, The Fellows Gear Shaper Co., 
Springfield, VT, 1940. With permission.

Note:	 For notations, see illustration.

TABLE C.14

Hardness Testing Apparatus and Application for Gears

Instrument
Shape and Type of 

Intender Loading Recommended Use

Brinell 10-mm steel or 
tungsten carbide 
ball

3000 kg For large gears and shafts in range of hardness from 100 
to 400 Brinell. (If gears have a hard case, the case depth 
must be sufficient and the core strength adequate to 
support the area under test. Rockwell C test may be 
used to reveal any error from such irregular 
conditions.) Brinell tests, when fairly representative of 
the general hardness, are a good measure of the 
ultimate tensile strength of the material.

Rockwell C Diamond Brale 
penetrator (120° 
diamond cone)

150 kg For gears medium to large in size. Range 
approximately 25 to 68 Rockwell C

Rockwell A Diamond Brale 
penetrator (120° 
diamond cone)

60 kg For small gears and tips of large gear teeth. Range 62 
to 85 Rockwell A

Rockwell 
30-N

Diamond Brale 
penetrator (120° 
diamond cone, 
special indenter)

30 kg For small parts and shallow case-hardened parts

Rockwell 
15-N

Diamond Brale 
penetrator (120° 
diamond cone, 
special indenter)

15 kg Lightest Rockwell load. For testing very small parts 
and checking the working sides of teeth. Check for 
very thinly case-hardened parts. Rockwell 15-N is 
used 72-93.

(continued)
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TABLE C.15

Approximate Relation between Hardness Test Scales

Brinell 3000 kg, 
10 mm

Rockwell
Vickers 
Pyramid

Scleroscope 
(Shore)

Tukon 
(Knoop)C A 30-N 15-N

70 86.5 86.0 94.0 1076
65 84.0 82.0 92.0 820 90 846
63 83.0 80.0 91.5 763 87 799

614 60 81.0 77.5 90.0 695 81 732
587 58 80.0 75.5 89.3 655 79 690
547 55 78.5 73.0 88.0 598 74 630
522 53 77.5 71.0 87.0 562 71 594
484 50 76.9 68.5 85.5 513 67 542
460 48 74.5 66.5 84.5 485 64 510
426 45 73.0 64.0 83.0 446 61 466
393 42 71.5 61.5 81.5 413 56 426
352 38 69.5 57.5 79.5 373 51 380
305 33 67.0 53.0 76.5 323 45 334
250 24 62.5 45.0 71.5 257 37.5
230 20 60.5 41.5 69.5 236 34

Brinell 3000 kg, 
10 mm

Rockwell
Vickers 
Pyramid

Scleroscope 
(Shore)B 30-T 15-T

200 93 78.0 91.0 210 30
180 89 75.5 89.5 189 28
150 80 70.0 86.5 158 24
100 56 54.0 79.0 105
80a 47 47.7 75.7
70a 34 38.5 71.5

a Based on 500-kg load and 10-mm ball.

TABLE C.14 (Continued)

Hardness Testing Apparatus and Application for Gears

Instrument
Shape and Type of 

Intender Loading Recommended Use

Vickers, 
pyramid

136° diamond 
pyramid

50 kg All applications where piece will not be too heavy for 
machine. For use in testing hardness of shallow cases, 
etc.

Scleroscope Does not indent 
surface. Diamond-
tipped tup bounced 
on specimen

For applications permitting no damage or indentation 
to surfaces (results not always comparable with 
indentation hardness tests).

Tukon Knoop indenter 500–1000 g 
for practical 

use

A laboratory instrument used only for finding the 
hardness of material on pieces of cross-sections, e.g., 
hardness from surface inward, every 0.05 mm (0.002 
inch), or hardness of individual microconstituents. 
All test areas must have flat mirror-polished surface. 
An extremely delicate and precise test. Used for any 
hardness.

  



803

Appendix D: On the Concept of 
Novikov Gearing and the Inadequacy 
of the Terms “Wildhaber–Novikov 
Gearing” and “W–N Gearing”

“The beginning of wisdom is to call things by their right names.”

(An old Chinese proverb)

Novikov gearing was invented in the early 1950s by Dr. M.L. Novikov. An increased power 
density through a gear train is the main advantage of Novikov gearing.

The concept of Novikov gearing had been disclosed by Dr.  Novikov in three main 
sources. His doctoral dissertation (Novikov 1955) is the first source in which the novel 
concept of gearing is discussed. Second, the Soviet Union patent (Novikov 1957) had been 
granted to Dr. Novikov on his invention of the novel gear system. Third, a comprehen-
sive discussion on the concept of Novikov gearing can be found in the monograph by 
Dr. Novikov (1958).

The kinematics and geometry of Novikov gearing are disclosed in detail in these three 
sources (Novikov 1955, 1957, 1958). The discussion below is mostly based on the original 
works of Dr. Novikov.

D.1 Kinematics and Geometry of Novikov Gearing

An attempt to demonstrate the principal features of the novel system of gearing, namely, 
Novikov gearing, has been undertaken by the author (Radzevich, in press), from where 
additional information on the issue can be derived.

D.1.1  Preamble

For a long while, gear experts in Western countries had very limited access to original 
sources in which the concept of Novikov gearing is discussed in detail. In Western coun-
tries, gear experts who were deeply involved in research and development of Novikov 
gearing often had no access even to the S.U. Pat. No. 109113 (Novikov 1957) granted on 
Novikov gearing. For example, Dyson et al. (1986) made an analysis of Novikov gearing 
in comparison to the helical gearing earlier proposed earlier by Ernst Wildhaber (1926). 
When making the comparison, Dyson et al. mistakenly referred to S.U. Pat. No. 109750 
(Pisulin 1957) and not to S.U. Pat. No. 109113 (Novikov 1957)—a very common mistake 
committed by many gear experts in Western countries. The monograph by Dooner and 
Seireg (1995) is another good example of this concern.

The aforementioned, along with numerous other cases of using wrong sources of infor-
mation for the comparison, makes it clear that the authors (Dooner and Seireg 1995; Dyson 
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et al. 1986), as well as many others, were not familiar with the main sources (Novikov 1955, 
1957, 1958); moreover, they were not familiar with the main patent (Novikov 1957). This 
has resulted in a poorly made comparison of the two inventions (Novikov 1957; Wildhaber 
1926).

Chironis (1967) came very close to understanding and correctly interpreting the concept 
of Novikov gearing, but even he failed to make the correct conclusions from his analysis.

It should be mentioned here that in his work, Chironis (1967) quoted Wildhaber’s opin-
ion: “All the characteristics of the Novikov gearing are completely anticipated by my pat-
ent. My gearing never had a real test here, although a pair of gears was made in the 1920s. 
It would be wrong to dismiss the Russian development as old and known.” The discussion 
below reveals that Dr. Wildhaber was mistaken when he made the statement, “All the char-
acteristics of the Novikov gearing are completely anticipated by my patent.” Moreover, it 
is easy to show that the helical gearing by Ernest Wildhaber (U.S. Pat. No. 1,601,750) is not 
workable in nature. For this purpose, it is sufficient just to recall the result earlier obtained 
by Leonhard Euler in the eighteenth century on involute tooth profile for mating gears.

D.1.2  Main Features of Novikov Gearing

Novikov gearing had been developed with the intent to increase the contact strength of 
gear teeth. Gearing of this kind features higher contact strength due to the favorable curva-
tures of interacting tooth flanks. Under equivalent contact stress, similar dimensions, and 
comparable rest of the design parameters, greater circular forces are permissible through 
the proposed gearing.

Novikov gearing was developed for but not limited to parallel axis gear trains. However, 
gear pairs featuring intersecting axis, as well as gear pairs having crossing axes of the 
rotations of the gears, can be designed on the basis of the concept proposed by Novikov.

Possible geometries of tooth profiles of the Novikov gears are schematically shown in 
Figure D.1. Here, a section of the tooth flanks by a plane that is perpendicular to the instant 
axis of relative rotation is shown. The axis is through the current point of contact of the 
tooth flanks.

In Figure D.1, the point of intersection of the planar section by the axis of instant relative 
rotation is denoted by P. The points of intersection of the planar section by the axes of the 
gear and of the pinion are designated as O1 and O2. A point A is the point of meshing (in its 

rN

O1 O2ρ
C

B
A A

C

AB

FIGURE D.1
The only schematic is used in S.U. Pat. No. 109113 to explain the concept of Novikov gearing.
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current location). The line of action is denoted as PA. Ultimately, ДAД is the circle center-
ing at point P. The circle corresponds to the limit case of the tooth profiles (in the case that 
the profiles are aligned to each other).

Multiple curves BAB illustrate examples of possible tooth profiles of one of the mating 
gears. All the curves BAB are arbitrary smooth regular curves, which are located inside 
the limit circular arc ДAД (i.e., the arcs BAB are situated within the body side of the limit 
tooth flank of one of the gears). All the tooth profiles BAB feature a high rate of conformity 
to the limit circular arc ДAД.

Multiple curves CAC illustrate examples of possible tooth profiles of the second set of 
mating gears. All the curves CAC are arbitrary smooth regular curves, which are located 
outside the limit circular arc ДAД (i.e., the arcs CAC are located within the body side of the 
limit tooth flank of the other of the two gears). All the curves CAC feature a high rate of 
conformity to the circular arc ДAД.

Location and orientation of either the straight line of meshing or the smooth curved line 
of meshing are specified in a space in which location and orientation of the axes of rota-
tions of the gear and of the pinion are given. The line of meshing is located reasonably 
close to the axis of instant relative rotation of the gears. Either constant or time-dependent 
(smoothly varying in time) speed of motion of the point of contact along the line of mesh-
ing is assigned. A coordinate system is associated with the gear, and a corresponding 
coordinate system is associated with the pinion. In the coordinate systems, the moving 
meshing point traces contact lines. One of the contact lines is associated with the gear, and 
another one is associated with the pinion. Certain smooth regular surfaces through the 
meshing lines can be employed as tooth flanks of the gear and of the pinion. The follow-
ing requirements should be fulfilled so the surfaces could be used as the tooth flanks of 
Novikov gearing:

• At every location of the point of contact, the tooth flanks should have a common 
perpendicular; thus, the requirements of the main theorem of meshing should be 
satisfied.

• Curvatures of tooth profiles should correspond to each other.
• No tooth flank interference is allowed within the working portions of the surfaces.

Once two surfaces are generated by one of the moving curves BAB and by one of the 
moving curves CAC, the above-listed requirements are fulfilled and the surfaces can be 
employed as tooth flanks of Novikov gearing.

Consider a plane through the current meshing point, which is perpendicular to the 
instant axis of relative rotation. Construct two circular arcs that center at points within the 
straight line through the pitch point and the meshing point. The arc centers are located 
within the line of action and close to the pitch point. The constructed circular arcs can be 
considered as an example of tooth profiles of the gear and the pinion. Tooth flanks are 
generated as loci of tooth profiles that are constructed for all possible locations of the con-
tact point. The working portion of one of the two tooth flanks is convex, while the work-
ing portion of the other tooth flank is concave (in the direction toward the axis of instant 
relative rotation). In some cases, the radii of tooth profiles can be of the same magnitude 
and equal to the distance from the meshing point to the axis of instant relative rotation. 
Centers of both profiles in such cases are located at the axis of instant relative rotation. 
Under such a scenario, the contact type is reduced from a point to a line. This would 
require the center distance to be highly accurate and independent of operation conditions, 
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which is impractical. Point-type contact is preferred when designing tooth profiles. There 
needs to be only a small difference between the radii of curvature of the tooth profiles. 
It should be born in mind that under a run-in period, a point-type meshing of the gear 
teeth will transform into a line-type meshing of the tooth profiles, as mentioned above. 
However, the theoretical point-type contact of the tooth flanks will be retained.

Generally speaking, tooth profiles do not need to be of circular arc shapes. Tooth profiles 
of other geometries (those always passing through the meshing point) should be located 
(for one gear) within the interior of the above-mentioned circular arc profile that centers at 
the point within the axis of instant relative rotation, as shown in Figure D.1. For the other 
gear, the tooth profile should be located outside the circular arc.

The above discussion will be easier to understand when a boundary circle of radius rN 
that has a pitch point P as the center is drawing through the point of contact, point K (in 
Figure D.1, this circle was added by the author to the original drawing by Dr. Novikov). It is 
proposed that this circle be called the boundary Novikov circle or simply the boundary N-circle.

Novikov himself did not use the concept of the boundary circle (the concept of the 
boundary circle was introduced later by Dr. Radzevich, in around 2008). This concept has 
proven to be convenient in the theory of high-conformity gearing and in Novikov gearing 
in particular. As an example, Figure D.2 illustrates the tooth flank of a gear G, which makes 
contact with the tooth flank of a mating pinion P at point K. Circular-arc teeth profiles G 
and P center at points og and op, respectively. The centers are chosen to fulfill the necessary 
condition for magnitudes ρg and ρp for radii of curvature of the teeth profiles G and P at 
the point of tangency K (ρg > ρp). However, because the circular arcs G and P intersect the 
boundary N-circle, gearing of this kind is not feasible. As shown below, helical gearing by 
Ernst Wildhaber (1926) features such unfavorable configuration of circular-arc teeth pro-
files, which makes Wildhaber’s helical gearing not workable in nature.

Law of motion of the meshing point (i.e., speed of the point and its trajectory) should 
be chosen to minimize the friction and wear losses. Friction and wear losses are propor-
tional to the relative sliding velocity in the gear mesh. Therefore, it is desired to reduce the 
sliding velocity as much as possible. For this purpose, the line of meshing should not be 
located too far from the axis of instant relative rotation. On the other hand, having the line 
of meshing too close to the axis of instant relative rotation is also not desired, as the contact 
strength of the gear tooth flanks is reduced as a result. In addition, it is recommended to 
ensure favorable angles between the common perpendicular (along which the tooth flanks 
of one of the gears act against the tooth flanks of another gear) and between the axes of 
rotations of the gears.

�e boundary N-circle

P

rN
K

op

og

ρp

ρg

FIGURE D.2
Use of the concept of the boundary N-circle has proven to be helpful in distinguishing feasible and nonfeasible 
circular-arc tooth profiles for Novikov gearing.
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Opposite sides of tooth profiles are designed in a way similar to that just discussed. Tooth 
thicknesses and the tooth pitch are assigned to ensure the required bending strength of 
the teeth.

The face width of the gear or length of the gear teeth should correlate to their pitch to 
ensure the required value of the face contact ratio (mF). Gear pairs can feature either one 
point of contact (when working portions of the tooth flank contact each other in just one 
point, excluding the phases of the teeth reengagement) or multiple contact points (when 
tooth flanks contact each other at several points simultaneously).

For parallel axis gear pairs, it is preferred to employ a straight line as the line of meshing. 
The straight line is parallel to the axes of rotations of the gear and of the pinion. Speed of 
motion of the contact point along the straight line of meshing may be of constant value. In 
this particular case, radii of curvature of tooth profiles in all sections by planes are equal 
to each other. Tooth flanks in this case are a kind of regular screw surface. Gears that fea-
ture tooth flanks of such the geometry are easy for manufacture, and they can be cut on 
machine tools available on the market.

An example of parallel axis gearing with limit geometry of tooth profiles is illustrated 
in Figure D.1. Point contact of the teeth flanks in this particular case is transformed to line 
contact. The curved contact line is located across the tooth profile. If the axial thrust in the 
gear pair needs to be avoided, herringbone gears can be used instead.

Kinematics and geometry of Novikov gearing are different from those of involute gear-
ing and gearing of other designs.

Referring to Figure D.3, consider a parallel-axis Novikov gear pair that is composed of a 
driving pinion and a driven gear.

The gear is rotated about the axis Og, while the pinion is rotated about the axis Op. The 
axes of rotations Og and Op are a certain “center distance” apart from one another. The 
rotation of the gear ωg and the rotation of the pinion ωp are synchronized with each other 
in a proper manner.
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O1

R
2

R 1

R
1H

R1r

R2H

R2H

R2r

ρ

αA h́

r2r

r1
r2

r2H

r1H

A

FIGURE D.3
A schematic (see figure 62 on page 146 in Novikov (1958)) that illustrates the concept of Novikov gearing in 
more detail.
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The pitch circle of the gear is of radius Rg, and the pitch circle of the pinion is of radius 
Rp. The pitch circles (Rg and Rp) are tangent to one another. The point of tangency of the 
pitch circles is the pitch point P of the gear pair. Line Lϕ is a straight line through pitch 
point P at a certain transverse pressure angle (ϕt) in relation to the perpendicular to the 
centerline Og – Op.

Point of contact K of tooth flanks of the gear and of the pinion is a point within the 
straight line Lϕ. The farther the contact point K is situated from the pitch point P, the more 
freedom there is in selecting radii of curvature of the tooth profiles. At that same time, the 
farther contact point K is situated from pitch point P, the higher losses there are on friction 
between the tooth flanks and wear of tooth flanks. Ultimately, actual location of contact 
point K is a kind of tradeoff between the two mentioned factors.

Further, let us assume that the pinion is stationary and that the gear is performing 
instant rotation in relation to the pinion. The axis, Pln, of the instant rotation, ωpl, is the 
straight line through pitch point P. The axis of the instant rotation, Pln, is parallel to the 
axes Og and Op of the rotations ωg and ωp. When the pinion is motionless, contact point K 
traces a circle of limit radius rlim centering at P.

Pinion tooth profile P can either align with a circular arc of the limit circle (rlim) or be 
relieved in the body side of the pinion tooth. As a consequence, the location of the center 
of curvature (cp) of the convex pinion tooth profile P within the straight line Lϕ is limited 
just to the straight line segment PK. The pitch point is included in the interval, as shown in 
Figure D.3, while contact point K is not.

On the other hand, location of the center of curvature (cg) of the concave gear tooth pro-
file G within the straight line Lϕ is limited to the open interval P → ∞. Theoretically, pitch 
point P can be included in that interval for K. However, this is completely impractical, and 
the center of curvature cg is situated beyond pitch point P. Because of that, the radius of 
curvature (rp) of the convex pinion tooth profile P is smaller than that (rg) of the concave 
gear tooth profile G, (rp < rg).

It should be mentioned here that there are no physical constraints to design a gear pair 
having a convex gear tooth profile but a concave pinion tooth profile.

Both, the pinion and the gear are helical and of opposite hand. No spur Novikov gear-
ing is feasible in nature. Because of the gears are helical and of opposite hand, the point of 
contact will move axially along the gears while remaining at the same radial position on 
both gear and pinion teeth. It is therefore fundamental to the operation of the gears that 
contact occurs nominally at a point and that the point of contact moves axially across the 
full face width of the gears during rotation. It is clearly a condition of operation that in 
a given profile the tooth surfaces should not interfere before or after culmination, when 
rotated at angular speeds that are in the gear ratio.

Transverse contact ratio (mp) of the Novikov gear pair is zero (mp ≡ 0). Face contact ratio 
(mF) of the gear pair is always greater than one (mF > 1).

In transverse section of the gear pair, the contact point K is motionless. For parallel axes 
configuration, the line of action, LA, is a straight line through the contact point K. The line 
of action (LA) is parallel to the axes Og and Op.

D.1.3  Construction of the Boundary N-Circle

The boundary N-circle for Novikov gearing can be constructed in the way briefly outlined 
below.

Consider two axes of rotations Og and Op of a parallel-axis Novikov gearing as it is sche-
matically depicted in Figure D.4. The axes Og and Op are at a certain center distance C. The 
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gear and the pinion are rotating about the axes Og and Op, and the rotations are labeled as 
ωg and ωp, respectively. Gear ratio of the Novikov gearing is equal to u = ωg/ωp.

The center distance C is subdivided by a point P on two segments, OgP and OpP. Ratio 
of lengths of the straight line segments OgP and OpP is reciprocal to the gear ratio u of 
Novikov gear pair. Once the straight-line segments OgP and OpP become the pitch radii 
OgP = rg and OpP = rp of the Novikov gear pair, then the equality rg/rp = u is observed. Point 
P is the pitch point of the Novikov gearing.

A straight line Lϕ through the pitch point P is at the transverse pressure angle ϕt with 
respect to perpendicular to the centerline OgOp. Two points K are within the straight line 
Lϕ and are displaced from the pitch point P a certain distance ±l from the pitch point P. 
Lines of action are the two straight lines through the points K that are parallel to the rota-
tion axes Og and Op. This distance, namely, the displacement, l, of the line of action is one of 
the most important geometrical parameters of Novikov gearing. The strength of gear teeth 
and the performance of a gear pair strongly depend on the value of the displacement l.

The line of action, which is located beyond the pitch point, P (in the direction of rota-
tion of the gears), features positive displacement, ±l. A conformal gear mesh of this kind 
is referred to as the BY-mesh of the Novikov gear pair. The line of action, which is located 
before the pitch point (in the direction of the rotation of the gears), features negative dis-
placement, –l. A conformal gear mesh of this kind is referred to as the BF-mesh of the 
Novikov gear pair.

In order to avoid violation of the conditions of meshing, as well as targeting wear reduc-
tion and reduction of friction losses, the contact lines are displaced at a reasonably short 
distance from the axis of instant rotation, Pln.

Let us assume that the pinion is motionless; the contact point, K, then traces a circle 
within the corresponding transverse section of the gear pair. The circle centers at P. 
Similarly, the gear can be assumed to be stationary; the contact point, K, then traces a circle 
within that same transverse section of the gear pair. This circle also centers at P. It is clear 
from the above consideration how the boundary circle of radius l can be constructed.

A transverse section of a Novikov gear pair is subdivided by a circle of radius rN = ∣l∣ 
onto two areas. The area within the circle of radius rN (including points within the circle 
itself) represents the area of possible shapes of tooth profiles of one of the mating gears, 
and the area outside the circle of radius rN (including points within the circle itself) repre-
sents the area of possible shapes of tooth profiles of another of two mating gears.
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rgωp
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Lφ

φt
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K

�e boundary N-cirle

FIGURE D.4
Construction of the boundary N-circle for Novikov gearing.
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D.1.4  Possible Geometries of Teeth Flanks for Novikov Gearing

Prior to design mating tooth profiles of a Novikov gear pair, the N-circle should be drawn. 
Refer to Figure D.5, where N-circle of radius rN is constructed for the pinion tooth profile 
(Figure D.5a), and for the mating gear tooth profile (Figure D.5b) of a Novikov gear pair.

The displacement l is of positive value (l > 0) for the pinion addendum. Tooth profile 
of the pinion addendum is a convex segment of a smooth regular curve, P i

a  (i = 1, 2, …), 
through the contact point Ka. Radius of curvature, RP , of the addendum profile is equal to 
or less than the radius rN of the N-circle (RP ≤ rN). The case of equality RP = rN is the limit 
case, which is mostly of theoretical interest. Geometrically, profile of the pinion addendum 
can be shaped in the form of a circular arc of the radius rN. This case of profile of the pinion 
addendum is the limit one of theoretical importance.

It should be stressed here that no one of feasible profiles P i
a  of a pinion addendum inter-

sects the N-circle. The pinion addendum profile is entirely located within the N-circle. 
Therefore, not any arc of a smooth regular curve can be used as tooth profile of the pinion 
addendum. Circular arc, arc of ellipse at one of its apexes, and cycloidal profile containing 
an apex are examples of applicable kinds of curves for the addendum tooth profiles. Spiral 
curves (involute of a circle, Archimedean spiral, logarithmic spiral, etc.) are examples of 
smooth regular curves no arc of which can be used in design of a pinion tooth addendum. 
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FIGURE D.5
Examples of possible tooth flank geometries for Novikov gearing: possible shapes of teeth flanks of a pinion (a), 
and of a mating gear (b).
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Due to radius of curvature of a spiral curve (as well as of many others curves) this is chang-
ing steadily when a point is traveling along the curve. Schematically this is illustrated in 
Figure D.6. Shown in Figure D.6a, an ellipse-arc ab is entirely located within the N-circle. 
The ellipse-arc, ab, can be selected as tooth addendum profile of a high-conformity gear 
pair. An ellipse-arc cd (Figure D.6a) is entirely located outside the N-circle. The ellipse-arc, 
cd, can be selected as tooth dedendum profile of a high-conformity gear pair. Ultimately, 
an ellipse-arc ef (Figure D.6b) intersects the N-circle. The ellipse-arc, ef, cannot be used as 
tooth profile of a high-conformity gear pair. The same is valid for most spiral curves.

Therefore, at the point of tangency, K, spiral curves intersect the corresponding N-circle, 
which is prohibited. Ultimately, it should be clear that variety of smooth regular curves 
can be used in the tooth profile design of Novikov gearing. The variety of curves is not 
limited to circular arc only.

The displacement l is of negative value (l < 0) for the pinion dedendum (Figure D.5a). 
Tooth profile of the pinion dedendum is a concave segment of a smooth regular curve, P i

b 
(i = 1, 2, …), through the contact point Kb. Radius of curvature, RP, of the dedendum profile 
is equal to or exceeds the radius rN of the N-circle (RP ≥ rN). The case of equality RP = rN is 
the limit case, which is mostly of theoretical interest. Geometrically, profile of the pinion 
addendum can be shaped in the form of a circular arc of the radius rN. This case of profile 
of the pinion addendum is the limit one of theoretical importance.

Constraints imposed on tooth profile geometry of the pinion dedendum are similar to 
those imposed on the tooth profile of the pinion addendum. The dedendum profile is 
entirely located outside of the N-circle, share a point with the N-circle (the contact point 
Kb), and does not intersect the N-circle. Smooth regular curves not of all kinds can be 
implemented in design of the pinion tooth dedendum.

An analysis similar in much to that performed above with regard to the pinion tooth 
profile can be performed with regard to the gear tooth profile as well. The analysis is illus-
trated in Figure D.5b. The gear tooth addendum, G i

a, is entirely located within the bound-
ary N-circle, while the gear tooth dedendum, G i

b, is entirely located outside the boundary 
N-circle. Both, profile of the gear tooth addendum G i

b, as well as profile of the gear tooth 
dedendum G i

a share a common point with the boundary N-circle (the point Ka in the first case 
and the point Kb in the second). No intersection of tooth profiles G i

a and G i
b is allowed 

within tooth height of the gear and of the pinion.
An importance of the concept of N-circle for gear engineers is as follows.
An N-circle of a Novikov gear pair is a kind of constraint imposed on the gear tooth 

profile and on the pinion tooth profile. The gear engineer is free to select an arc of any 
smooth curve to shape the tooth addendum profile if the arc is entirely located within the 
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FIGURE D.6
Examples of feasible (a) and nonfeasible (b) ellipse-arc tooth profiles for Novikov gearing.
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N-circle. The gear engineer is also free to select an arc of any smooth curve to shape the 
tooth dedendum profile if the arc is entirely located outside the N-circle.

A possibility of a Novikov gear pair having two contact points, K′ and K″ simultane-
ously, inspired R.V. Fed’akin to propose (1955) a kind of Novikov gear pair that is featur-
ing not one contact line CL, as Novikov gear system does, but two lines of action instead. 
The invention by R.V. Fed’akin is schematically illustrated in Figure D.7. Two contact lines, 
namely CLBF and CLBY, are straight lines parallel to the axis of instant rotation of the gears. 
The contact lines CLBF and CLBY pass through the points K′ and K″. They are at distances +l 
and –l from the pitch point P respectively. As Novikov gears are helical, the contact points 
K′ and K″ are displaced in axial direction in relation to one another at a distance ΔZ. This 
distance can be computed from the formula

 ∆Z
l

= 2
tanψ

 (D.1)

The axial displacement of contact points results in smoother rotation of the driven shaft 
of the Novikov gear pair.

Average number of contact points between the gear and the pinion teeth flanks is dou-
bled in the Novikov gear pair of this design.

When designing Novikov gears the gear designer is free to pick a favorable smooth 
curve to shape tooth profile of the gear and of the pinion. An arc of the curve must be 
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FIGURE D.7
On the concept of Novikov gearing having two lines of contact that is proposed by R.V. Fed’akin.
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entirely located inside the N-circle for the tooth addendum, and a corresponding arc of the 
dedendum must be entirely located outside the N-circle of radius rN.

D.1.5  Contact of Teeth Flanks for Novikov Gearing

A possibility to ensure favorable conditions of contact of teeth flanks of Novikov gearing 
is the major advantage of gear system of this design. In order to systematically describe 
favorable conditions of contact of the teeth flanks, design parameters of a Novikov 
gear pair that influence the geometry of contact of the teeth flanks G and P should be 
considered.

Consider the configuration of the interacting teeth flanks at the point of culmina-
tion. Figure D.8 shows a section in the transverse plane. The pinion, which has a left-hand 
helix, is rotating, ωp, about the axis Op in a clockwise direction and is driving the gear. The 
last is rotating, ωg, about the axis Og. The point of contact, K, moves in a direction at right 
angles to and into the plane of the paper in Figure D.8. The pinion and the gear have work-
ing pitch radii of rp and rg = u · rp, respectively, where u is the gear ratio. The basic condition 
that the angular velocity ratio is equal to the gear ratio requires that the common normal 
at the point of contact between the teeth pass through the pitch point P. The angle ϕt is 
the transverse pressure angle. With teeth of involute form, this condition is maintained as 
the gears rotate with the teeth in contact. With circular arc teeth, however, the condition 
occurs at only one instance in any one transverse plane as the pitch circles roll together. 
Immediately before and immediately after the configuration shown in Figure D.8, there 
is no contact in that particular plane between the teeth shown. French (1965) proposed 
to refer to the instantaneous contact of profiles in a transverse section as the culminating 
condition.

When the gears are loaded, due to elastic deformation of the gear materials, the contact 
point spreads over a certain area of contact, which results in a finite contact period.

Contact lines on the gear tooth flank, G, and on the pinion tooth flank, P, are helices 
of the opposite hands. If the screw parameter, pp, of the pinion tooth flank (reduced 
pitch of the pinion), P, is given, then for the computation of the screw parameter, pg, of 
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FIGURE D.8
Design parameters of Novikov gear pair that influence geometry of contact of teeth flanks G and P.
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the gear tooth flank G (reduced pitch of the gear), the expression pg = pp/u can be used. 
This means that for Novikov, helical gears, which are in point contact, will transform 
rotation with a constant gear ratio if their screw parameters pg and pp are related as 
follows:
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p
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p

g

p
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φ

φ
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where pg = rg tan λg, and λg is the lead angle, and rg is the pitch radius of the gear. Similarly, 
pp = rp tan λp, λp is the lead angle, and rp is the pitch radius of the pinion.

Because Novikov gears are helical and of opposite hands, the point of teeth flanks con-
tact will move axially along the gears while remaining at the same radial position on both 
gear and pinion teeth. It is therefore fundamental to the operation of the Novikov gears 
that contact occurs nominally at a point and that the point of contact moves axially across 
the full face width of the gears during rotation. It is clearly a condition of operation that, 
in a given profile, the tooth surfaces do not interfere before or after culmination, when 
rotated and angular speeds that are in the gear ratio.

D.2 Main Features of Helical Gearing by Wildhaber

In 1926, a famous American gear engineer Dr.  Ernst Wildhaber had been granted the 
U.S. Patent No. 1.601.750 on helical gearing. The helical gearing by Dr. Wildhaber features 
circular-arc tooth profile. The main features of gearing of this design are illustrated in 
Figure D.9.

The invention relates to the tooth shape of gears, which run on parallel axes, and may 
be applied to helical gears, such as single helical gears and double helical gears or her-
ringbone gears. To provide accurate gearing of circular arc profile is one of the purposes of 
helical gearing (Wildhaber 1926). No other tooth profiles except for circular arc profile are 
proposed in this invention.

Referring to Figure D.9, 1 denotes a helical gear having teeth (2) in contact with the teeth 
(3) of a mating pinion (4). As it is customary, the helical gearing is analyzed with reference 
to a normal section, i.e., line 2 – 2 in the upper portion being normal to the helix of the 
pitch circle. The lower portion illustrates the said normal section 2 – 2 for both pinion 4 
and gear 1.

As an example, it has been assumed that the tooth profiles (6) of the gear (1) are circular 
arcs of the radii (7) and centers (8) in the normal section shown. The centers (8) are situated 
close to the pitch circle (9) of the gear. Location of the centers (8) in relation to the line of 
action is not specified in the invention. The corresponding teeth of pinion 4 are shaped in 
such a way as to allow rolling of pitch circles (9 and 10) on each other, as well known to 
those skilled in the art. So, no freedom in choosing the pinion tooth profile is allowed in 
the invention.

When the gear tooth (2) is in position, as shown in Figure D.9, and its center is at 8, 
then it contacts with tooth 3 at point 11, which may be determined by a perpendicular 
to tooth 2 through point 12. Point 12 is the contact point between the two pitch circles 
9 and 10. Commonly, point 12 is referred to as the pitch point. The said perpendicular is 
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in the present case the connecting line between pitch point 12 and center 8 of the tooth 
profile.

Another position of the gear tooth, 2′, and that of the corresponding pinion tooth, 3′, is 
shown in dotted lines in Figure D.9. The tooth profiles contact here at point 11′, which can 
be determined like point 11. It can be noted that the contact point has traveled from 11 
to 11′ during the small angular motion of the gears.* A certain line of action LA is passes 
through points 11 and 11′. The contact point has passed practically over the whole active 
profile during a turning angle (13) of the gear, with the angle corresponding to only a 
fraction of the normal pitch 14, 14′. The said normal pitch equals the circular pitch of the 
normal section shown. With numerous inconsistencies and discrepancies between the 
design parameters of the gear pair being omitted, it is of critical importance to stress 
here that the traveling of the contact point within a transverse section† of the gear pair 
indicates that transverse contact ratio mp of helical gearing (Wildhaber 1926) is larger than 
zero (mp > 0).

* The ability of the contact point to travel over the tooth profile is mentioned several times in the patent 
description.

† Once the contact point is traveling within the normal section 2 – 2, the projection of the contact point onto 
transverse section starts to travel within the transverse section.

Oct. 5, 1926 1,601,750
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Helical gearing
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FIGURE D.9
Schematic of E. Wildhaber’s helical gearing (U.S. Pat. No. 1,601,750, 1926).
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In the gearing based on the invention (Wildhaber 1926), the contact point between 
two normal profiles passes over the whole active profile during a turning angle, which cor-
responds to less than one half the normal pitch and usually to much less than that.

It is then claimed that helical gearing (Wildhaber 1926) is capable of ensuring better 
contact between the teeth of the gear and of the pinion in a direction perpendicular to the 
contact line between two mating teeth. Therefore, it is expected that the proposed helical 
gearing features line contact of tooth flanks of the gear and of the pinion.

The gearing based on the invention (Wildhaber 1926) is strictly a gearing for helical 
teeth. It would not be advisable on straight teeth, on account of the explained short dura-
tion of contact between tooth profiles. It should be pointed out here that in the invention 
(Wildhaber 1926), only a short duration of contact can be anticipated and not instant con-
tact between tooth profiles.

The working profiles of the gear are concave and circular, and their centers are substan-
tially situated on the pitch circle of the gear. The convex working profiles of the pinion 
are also of circular shape. Their radii are substantially the same as those of the mate tooth 
profiles. The centers of these profiles are similarly situated on the pitch circle of the pinion. 
Because the centers of the teeth profiles are situated within the corresponding pitch circles, 
the centers cannot be situated within the line of action.

The performed analysis reveals that Wildhaber’s (1926) helical gearing is a kind of 
helical gearing that has a noninvolute tooth profile and features transverse contact ratio 
that exceeds zero (mp > 0). According to the results of the research undertaken earlier by 
L. Euler (in the eighteenth century), gear pairs of this particular nature are not feasible 
physically.* In other words, the results of the research earlier obtained by L. Euler reveals 
that Wildhaber’s (1926) helical gearing is not workable in nature.

The infeasibility of Wildhaber’s (1926) helical gearing and the principal features of 
Novikov gearing (to be considered below) allow the conclusion that these two kinds of 
gearing cannot be combined into common gearing. They must be considered individually 
and separately from one another.

D.3  Principal Differences between Novikov Gearing 
and Helical Gearing by Wildhaber

Dr. Wildhaber’s helical gearing features circular-arc tooth profile. This particular feature of 
Wildhaber’s invention was confusing to some gear engineers in Western countries. Taking 
into account that both Novikov gearing and Wildhaber gearing are kinds of helical gears, 
less experienced gear engineers loosely decided to combine both gear systems into one 
common system and to refer to Novikov gearing as Wildhaber–Novikov gearing or just 
W–N gearing for simplicity. This combination is incorrect as outlined below. Therefore, 
the two gear systems cannot be combined in a common system, and they should be con-
sidered separately from each other. The above-mentioned terms Wildhaber–Novikov gearing 
and W–N gearing are meaningless. Both of them should be eliminated from gear engineer-
ing vocabulary as it is adopted by proficient gear experts.

* It should be stressed here that Wildhaber’s (1926) helical gearing is some kind of mistake committed by Dr. 
Wildhaber. Unfortunately, this mistake became widespread within the gear engineering community.
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The main difference between two gear systems is in that that:

• Transverse contact ratio mp for Novikov gearing always equals zero (mp = 0). This 
is a strict requirement for Novikov gearing. Total contact ratio mt in this case is 
equal to face contact ratio mF, i.e., the expression mt = mF > 1 is valid for Novikov 
gearing.

• Transverse contact ratio mp for Wildhaber gearing always exceeds zero (mp > 0) as 
the contact point is traveling within transverse section (“. . . the contact point has 
passed practically over the whole active profile during a turning angle 13 of the 
gear . . .”). Thus, total contact ratio mt in this case is equal to the sum of transverse 
contact ratio mp and face contact ratio mF, i.e., the expression mt = mp + mF > 1 is 
valid for Wildhaber gearing.

It is clear that no kind of gearing can simultaneously feature two different values of trans-
verse contact ratio, namely, the transverse contact ratio mp = 0 and the transverse contact 
ratio mp > 0. This inconsistency makes clear the impossibility of combining Novikov gear-
ing and Wildhaber gearing to come up with a certain common gear system.

As a consequence of the equality mp = 0, Novikov gearing can be designed to have a 
reasonably small difference between curvatures of the convex tooth profile of one member 
and the concave tooth profile of the mating member in a Novikov gear pair. Wildhaber 
gearing does not allow that.

D.4  Possible Root Causes for the Loosely Used Terms 
Wildhaber–Novikov Gearing and W–N Gearing

From the author’s standpoint, unfamiliarity of Western engineers with the original pub-
lications (Novikov 1955, 1957, 1958) is the root cause of incorrect interpretation of the con-
cept of Novikov gearing. Absence of access to the original documents (Novikov 1955, 1957, 
Novikov 1958), some of which were classified for a long period of time, along with the so-
called Iron Curtain, created a significant barrier for Western engineers who are interested 
in the novel system of gearing.*

Because of that, in Western countries, attention was wrongly focused on the similarity 
of circular-arc tooth profiles, which is of secondary importance in Novikov gearing, and 
not on zero transverse contact ratio (mp = 0), which is of critical importance in Novikov 
gearing. Once the equality mp = 0 is valid for a gear pair, the gear engineer gets much 
freedom in designing teeth profiles of mating gears, making them maximally conformal 
to one another.

It should be mentioned here that as early as in November 13–16, 1957, an all-union sci-
entific conference, “Practice of Implementation of Novikov Gearing,” had been held in 
Moscow. A decision to call the novel system of gearing Novikov gearing had been adopted 
by the said conference. This decision honors Dr. Novikov as the inventor of a novel system 
of gearing and that it should be acknowledged by gear experts all around the world.

* No scientific publications by Western gear engineers who quoted the original publications by Novikov (1955, 
1958) are known to the author. The other original publication by Dr. Novikov (1957) is often mistakenly quoted 
as S.U. Pat. No. 109750 (Pisulin 1957).
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D.5 Brief Biographical Sketch of Dr. Mikhail L. Novikov (1915–1957)

Not too much is known about Dr.  M.L.  Novikov. It 
is known that he was born on March 25, 1915, in the 
city of Ivanovo (Russia). He was born to a lower class 
family—his parents were workers. At the age of 15, he 
began working as an apprentice at a machine-build-
ing factory.

Beginning in 1934, Novikov studied at Moscow 
Bauman Technical University (MBTU). After two 
years of his study at MBTU was over, he switched 
to the Military Aircraft Engineering Academy 
(MAEA), bearing the name of the famous scientist 
Prof. N.I. Zhukovsky. It is likely that this transition 
was due to his significant achievements in educa-
tion. After graduation from MAEA in 1940, he 
was offered the chance to work there in one of the 
special departments. In a short period of time, he 
went from being an assistant professor to being the 
Chair of the department, having a military rank of 
colonel.

In parallel to teaching engineering courses for the academy students, which was a must 
for him, Novikov was involved in intensive research. He was granted numerous pat-
ents on inventions most of which were of critical importance to aviation. In particular, 
Dr. Novikov was concerned with the problem of increasing the bearing capacity of gear 
pairs. The research undertaken in this particular area of mechanical engineering ended 
with the development of a novel system of gearing, which was later called Novikov gearing 
in his honor.

Mikhail Novikov became very well known in the international engineering commu-
nity for the invention of a novel system of gearing. His idea was that he could over-
come  the barrier caused by the relations between the curvatures of the contacting 
surfaces when the gear tooth surfaces are in line contact. For this purpose, he pro-
posed to reduce the transverse contact ratio, mp, of a helical gear pair to zero (mp = 0). 
Under such a scenario, the total contact ratio, mt, of the gear pair is equal to the face 
contact ratio, mF, and, thus, the expression mt = mF > 1 is valid. For gearing of this kind, 
the gear designer has more freedom in setting curvatures of mating tooth flanks of a 
gear pair.

Evolving this concept, Prof. Novikov proposed that arcs of smooth regular curves be 
chosen as the profiles of helical gear (Novikov 1956). These arcs are constructed in a 
plane that is perpendicular to the axis of instant rotation of the gears (perpendicular to 
the pitch line of a gear pair). In particular (but not necessarily), circular arcs could be 
used in the design of the teeth profiles. The difference between the curvatures of the 
convex tooth profile of one of the gears and the concave tooth profile of the mate is kept 
small to absorb the manufacturing errors, as well as the teeth flank displacements under 
the load, etc.

Nonproficient researchers, having a wrong understanding of the kinematics and 
geometry of Novikov gearing, mistakenly identified Novikov gearing with the helical 
gearing earlier proposed by E.  Wildhaber (Wildhaber 1926). For Wildhaber’s helical 

Dr. Novikov, M.L. (1915–1957)
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gearing, the expression mt = mF > 1 is not valid, as for this gearing, another relation 
among the design parameters is observed (mp > 0, mF > 0, and mt = mp + mF > 1). They 
loosely call Novikov gearing Wildhaber–Novikov gearing or, for simplicity, W–N gearing. 
Proficient gear engineers realize the inadequacy of these last two terms and avoid using 
them.

Novikov’s invention became very popular in the former USSR and later in Russia, and 
he was awarded a prestigious national prize. Lots of research on Novikov gearing had 
been carried out in the U.S.A. as well as in other Western countries. His invention inspired 
many researchers, which resulted in valuable contributions being made to the theory of 
gearing.

Through all his life, Novikov was a modest person in spite of his fame and power.
Intensive research work ceased with his sudden death at a young age—a catastrophe for 

his family, colleagues, and students.

D.6 Brief Biographical Sketch of Dr. Ernst Wildhaber (1893–1979)

Ernst Wildhaber is one of the most famous inventors in the 
field of gear manufacture and design. He received 279 pat-
ents, some of which have a broad application in the gear 
industry because of his work as an engineering consultant 
for Gleason Works. Dr. Wildhaber’s most famous inventions 
are (a) the hypoid gear drive, which is still used in cars, and 
(b) the Revacycle method, a very productive way to generate 
straight bevel gears.

Dr. Wildhaber graduated from the Technische Hochschule 
of Zurich University in Switzerland and then came to the 
United States in 1919. In 1924, he went to work for Gleason 
Works, where he began the most successful period of his 

career as a creative engineer and inventor.
Some of Wildhaber’s former colleagues from Gleason Works have recounted how deeply 

impressed they were with his creativity, imagination, almost legendary intuition, and 
alacrity. This last characteristic was even the source of a colleague’s complaint stating that 
Wildhaber was not as patient as university professors when giving explanations. Could 
it be that he expected his coworkers to comprehend at the same speed as his thoughts? 
They remembered that he even sped up the stairs, taking two steps at a time. Wildhaber’s 
inventions reveal signs of his originality. He proposed different pressure angles for the 
driving and coast tooth sides of a hypoid gear, which allowed him to provide constancy 
of the tooth top land.

Wildhaber’s invention milestone was the Revacycle and the unusual shape of the tool 
based on the location of blades on a spatial curve. His theoretical developments also 
display his originality; for example, he found the solution to avoiding singularities and 
undercutting in hypoid gear drives.

Ernst Wildhaber’s talent was recognized not only in the United States but also by the 
world engineering community and particularly by his alma mater, Zurich University, 
which awarded him an honorary doctorate in engineering in 1962.

Dr. Ernst Wildhaber (1893–1979)
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GEAR PAIRS AND CAM MECHANISMS HAVING POINT SYSTEM 
OF MESHING BY M.L. NOVIKOV (S.U. PATENT NO. 109,113)

Novikov’s patent (S.U. Patent No. 109,113 of 1956) is a rare publication that is not avail-
able to most gear experts. No translation of the patent from Russian to English is 
available for the public. This causes problems in the proper understanding and inter-
pretation of the significance of this milestone invention.

Because of this and for the readers’ convenience, an invention disclosure of Novikov’s 
gearing, along with a translation from Russian to English, is presented below to be 
freely discussed and compared with Wildhaber’s gearing.
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Classification 47h, 6 №109113

USSR

INVENTION DISCLOSURE

to the Certificate on Invention

M.L. Novikov

GEAR PAIRS AND CAM MECHANISMS HAVING POINT 
SYSTEM OF MESHING

Filed: April 19, 1956, application №550525 to Committee on Inventions
and Discoveries at Council of Ministries of the USSR

Known designs of gearing, those featuring point system of meshing, feature low 
contact strength and are not widely used in practice.

Contact strength of known designs of gearing, those having a line system of mesh-
ing, including the widely used involute gearing, is limited as well.

The proposed gearing features higher contact strength due to favorable curvatures 
of interacting tooth flanks. Under equivalent contact stress, similar dimensions and 
comparable rest of the design parameters, greater circular forces are permissible by 
the proposed gearing. Lower sensitivity to manufacturing errors and to deflections 
under the load is another advantage of the proposed gearing.

The proposed gearing can be designed either with parallel, or with intersecting, 
or with crossing axes of rotations of the gears. External gearing as well as internal 
gearing of the proposed system of meshing is possible. Tooth ratio of the proposed 
gearing either can be of constant value or can be variable, and time dependent. The 
proposed concept of gearing can be utilized in the design of cam mechanisms.

Possible tooth profiles in cross-section of tooth flanks by a plane that is perpen-
dicular to the instant axis of relative rotation through the current point of contact are 
illustrated in the Figure.

Here, the point of intersection of the planar cross-section by the axis of instant rela-
tive rotation is denoted by P.

O1 and O2 are the points of intersection of the planar cross-section by the axes of 
the gear and of the pinion.

A is the point of meshing (in its current location).
PA denotes the line of action.
ДAД is the circle centering at point P which corresponds to the limit case of the 

tooth profiles (in the case the profiles are aligned to each other).
Several curves BAB represent examples of tooth profiles of one of the mating gears. 

The curves BAB are arbitrary smooth curves, which are located inside of the circular 
arc ДAД (i.e., the arcs are located within the bodily side of the limit tooth flank of 
one of the gears). The curves BAB are located close to the circular arc ДAД and they 
feature high rate of conformity to the circular arc.

Several curves CAC represent examples of tooth profiles of the second of the mat-
ing gears. The curves CAC are arbitrary smooth curves, which are located outside of 
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the circular arc ДAД (i.e., the arcs are located within the bodily side of the limit tooth 
flank of the other of two gears). The curves CAC are also located close to the circular 
arc ДAД and they feature a high rate of conformity to the circular arc.

The entity of the invention is disclosed below in detail.
Location and orientation of either straight line meshing or of smooth curved line of 

meshing is specified in a space in which location and orientation of axes of rotations 
of the gear and of the pinion are given. The line of meshing is located reasonably 
close to the axis of instant relative rotation of the gears. Either constant or time-
dependent (smoothly varying in time) speed of motion of the point of meshing along 
the line of meshing is assigned. A coordinate system is associated with the gear, and 
a corresponding coordinate system is associated with the pinion. In the coordinate 
systems, the moving meshing point traces contact lines. One of the contact lines is 
associated with the gear, and the other one is associated with the pinion. Certain 
smooth regular surfaces through the meshing lines can be employed as tooth flanks 
of the gear and of the pinion. The following requirements should be fulfilled in order 
for the surfaces to be used as the tooth flanks:

• At every location of the point of meshing, the tooth flanks should have a 
common perpendicular; thus, the requirements of the main theorem of 
meshing should be satisfied.

• Curvatures of tooth profiles should correspond to each other.
• No tooth flank interference occurs within the working portions of the 

surfaces.

The proposed kinds of tooth flanks fulfill the above-listed requirements and allow 
high contact strength of the gear teeth.

Consider a plane through the current meshing point, which is perpendicular to the 
instant axis of relative rotation. Construct two circular arcs centering at points within 
the straight line through the pitch point and the meshing point. The arc centers are 
located close to the pitch point. The constructed circular arcs can be considered as an 
example of tooth profiles of the gear and the pinion. Tooth flanks are generated as loci 
of tooth profiles constructed for all possible locations of the meshing point. The work-
ing portion of one of two tooth flanks is convex, while that of the other tooth flank is 
concave (in the direction toward the axis of instant relative rotation). In a particular case, 
radii of tooth profiles could be of the same magnitude and equal to the distance from 
the meshing point to the axis of instant relative rotation. Centers of both profiles in this 
particular case are located at the axis of instant relative rotation. Under such a scenario, 
point kind of meshing is reduced to a special kind of line kind of meshing. This would 
require extremely high accuracy of the center distance and independence from opera-
tion conditions, which is impractical. Point meshing is preferred when designing tooth 
profiles. Only a small difference between the radii of curvature of the tooth profiles is 
desired. It should be kept in mind that under a run-in period of time, point meshing of 
the gear teeth will be transforming to the above-mentioned line meshing of the tooth 
profiles. However, the theoretical point contact of the tooth flanks will remain.

Tooth profiles can differ from the circular arcs. However, tooth profiles of other 
geometries (those always passing through the meshing point) should be located 
(for one gear) within the interior of the above-mentioned circular arc profile that is 

  



826 Appendix D

centering at the point within the axis of instant relative rotation, as shown in Figure. 
For the other gear, the tooth profile should be located outside the circular arc.

Law of motion of the meshing point (i.e., speed of the point and its trajectory) should 
be chosen in such a way that would minimize the friction and wear losses. Friction 
and wear losses are proportional to the relative sliding velocity in the gear mesh. 
Therefore, it is desired to reduce the sliding velocity as much as possible. For this pur-
pose, the line of meshing should not be too far from the axis of instant relative rota-
tion. On the other hand, too close a location of the line of meshing to the axis of instant 
relative rotation is also not desired, as that reduces the contact strength of the gear 
tooth flanks. In addition, it is recommended to ensure favorable angles between the 
common perpendicular (along which the tooth flanks of one of the gears act against 
the tooth flank of another gear) and between the axes of rotations of the gears.

Opposite sides of tooth profiles are designed in a way similar to that just dis-
cussed. Tooth thicknesses and pitch are assigned to ensure the required bending 
tooth strength.

Face width of the gear or length of the gear teeth should correlate to their pitch 
to ensure the required value of the face contact ratio. Gear pairs can either feature 
one point of contact (when working portions of the tooth flank contact each other in 
just one point, excluding the phases of the teeth reengagement) or feature multiple 
contact points when tooth flanks contact each other at several points simultaneously.

For parallel axis gear pairs, it is preferred to employ a straight line as the line of 
meshing, which is parallel to the axes of rotations of the gear and of the pinion. The 
speed of the meshing point along the straight line of meshing can be of constant 
value. In this particular case, the radii of curvature of tooth profiles in all cross- 
sections by planes are equal to each other. Tooth flanks in this case are a kind of 
regular screw surface. Gears that feature tooth flanks of such geometry are easy to 
manufacture, and they can be cut using machine tools available in the market.

An example of parallel axis gearing with limit geometry of tooth profiles is illustrated 
in the Figure. Point contact of the tooth flanks in this particular case is transformed to 
line contact. The curved contact line is located across the tooth profile. When axial 
thrust in the gear pair needs to be avoided, herringbone gears can be used instead.

SUBJECT OF THE INVENTION

Gear pairs, as well as cam mechanisms that have a point system of engagement, 
which differ from known designs in terms of the following: (a) Tooth profiles are cre-
ated as the lines of intersection of the tooth flanks by planes, which are perpendicu-
lar to the axis of instant relative rotation and that pass through the point of meshing 
in its current location, are circular arcs or other smooth regular curves, those con-
formal to radii of curvature of the circular arc centering at the point of intersection 
of the instant axis of rotation by the plane, while the line of action, that is the loci of 
points of meshing in space (within which configuration of the axes of rotations of 
the gear and of the pinion are specified), is a straight line or a smooth regular curve.

HELICAL GEARING BY ERNST WILDHABER (U.S. PATENT NO. 1,601,750)

With the greatest respect to Dr. Ernst Wildhaber and to what he has done in the field 
of gearing and gear machining, it should be mentioned here that his helical gearing 

  



827Appendix D

(U.S. Patent No. 1.601.760 of 1926) is some kind of mistake. This mistake could be for-
given—we all commit mistakes from time to time.

Unfortunately, this mistake has significantly affected further developments in the 
field of gearing, and ultimately, it has resulted in the wide usage of the completely 
wrong term “Wildhaber–Novikov gearing” or “W–N gearing.”

The combination of Wildhaber’s gearing with the gearing proposed by Dr. V.L. Novikov 
is incorrect, and thus, it should be eliminated from scientific vocabulary. These two com-
pletely different kinds of gearing, namely, that proposed by Dr. E. Wildhaber and that 
proposed by Dr. V.L. Novikov, must be considered individually and should not be com-
bined to form the wrong term “Wildhaber–Novikov gearing.”

For this purpose and for the readers’ convenience, an invention disclosure of 
Wildhaber’s gearing is presented below so it can be discussed freely and compared 
with Novikov’s gearing.
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• Code H: A historic paper that provided the first* important technical information 
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• Code S: A design standard or design guide that may be important in gear design 
or manufacturing work.

• Code P: A technical paper that provides a viewpoint or specific data that is useful 
as supplemental information to what is given in this book.
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